Online Supplement to

Determining Optimal Parameters of Expediting Policies

A. Proofs

Proof of Proposition 1. If one or more of the previous [ orders have been expedited in period ¢, then
Zi 1 ot ; = K. Therefore, if ZZ 1 ot ; < K, then none of the previous [ orders has been expedited in period ¢.
The newest outstanding order, ozf 1, corresponds to the demand of the previous period, d;_;, and all other

outstanding orders, o/",,...,0;,, correspond to their respective outstanding order of the previous period,

+ + .
Op_1,15--+90¢_1,-1"

of = di_1, fori=1,
0/ 1.1, fori=2...1

It remains to be proven that ojfi =d,_; for i=2...1. Note that
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+ §:+ }: E:
Otflz 0 1,i—1 — tz—

i.e., the total number of units outstanding from the previous [ — 1 orders after the expediting decision in

i=1

period ¢t — 1 is below K. Therefore, along the same line of arguments as above, we obtain

L {dt_g, for i =2,

+
0, =01, 1=
t,i t—1,i—1 + .
0 94 9, fori=3...1

and Zi;zl OQL_QJ < K. Iteratively, we can show that we obtain o:fi =d;_;fori=1...1. (]
Proof of Proposition 2. To prove that S*(K) = (F5<**)~'(b/(b+ h)) is increasing in K, we prove that
F5e' (k) is decreasing in K. F5*""(-) can be written as (see Equation (11))
k
F5= P (k)= 50 () ZZf )G = = ZfL““ 55 (k—1), (18)
j=0 7=0 ¢=0

where F5¢ (+) can be determined from Equation (3),

Fie(k), fork<K
FLE k — D ) 9
ot (k) {1, for k> K.

From Equation (18), we obtain the first-order finite difference of Fi5***"(-) with respect to K,
AgF5orm (k)= = ZfL " @) AR FSs (k—1)

and from Equation (19), we obtain the first-order finite difference of F5 (-) with respect to K,

Fie(K)—1, fork=K,
0, otherwise.

AxFje(k)= {

Clearly A F)¢ (k) <0, which implies that Ax F5<*" (k) < 0. Thus, F5<*" (k) is decreasing in K and S*(K)

is increasing in K. O



Proof of Proposition 3. To prove quasi-convexity of Z*(S, K) in K for a given S, we show that Z*(S, K)
is decreasing in K for K < K*(S) and increasing in K for K > K*(S) by showing that the first-order finite
difference A Z*(S, K) (Equation (16)) is negative for K < K*(S) and positive for K > K*(S).

Note that the first term of Equation (16), 1 — F5¢(K), is always positive and it suffices to show that the
second term of Equation (16), b—c, — (b+h)F5* (S — K — 1), is negative for K < K*(S) and positive for
K > K*(S).

K < K*(S): From Equation (17), we know that K *(S) is the largest integer satisfying Fi5" (S — K*(S)) >
(b—c,)/(b+h). Thus, F5~ T (S—K) > (b—c,)/(b+h) for K < K*(S) and we obtain b—c, — (b+h)F5 (S —
K —1)<0 for K < K*(S).

K > K*(S): Because K*(S) is the largest integer satisfying F5"' (S — K*(S)) > (b—e¢,)/(b+h), we know
that Fi" T (S—K) < (b—e¢,)/(b+h) for K > K*(S)+ 1. Thus, we obtain b—c, — (b+h)F5" T (S— K —1) >0
for K > K*(S). O

Proof of Proposition 4. Because K*(S) =5 — (Fé"“)fl (b_c ), we obtain K*(S+k)=K*(S)+k, ie., if

b+h

S increases, then K*(S) increases by the same quantity. Therefore, we can show that Z*(S, K*(S)) is convex
in S by showing that Z*(S, K) is convex in S and K, given K = K*(S).
The second-order finite difference function of Z*(S, K') with respect to S and K is

A% xZ°(S,K)=(b+h) que )T S = g) + o (K )Fé"“(S—K)] —(b—c.) fp(K).

Setting K = K*(S), we obtain

K*(S)—1

A2 Z°(S,K*(S)) = (b+h) Z FEeG) At (S = 5)

+(b+ h)fp (K*(8)Fp (S = K*(8)) = (b —¢.) f5- (K*(S))-

Because Fi (S — K*(S)) = F5 ' ((F5*")~ (b+h)) > Z+Z, we can replace F5" (S — K*(S)) by b+“ to
obtain the lower bound
K*(8)-1
A5 Z°(S.K7(8) 2 (b+h) Z Fo N f5 (S =)
b—c
+(b+h) fp (K(S5)) —(b—c,) fp (K7(S))
b+h
K*(8)—1
=(b+h) Z F5G) 5 (S =)
>0,
which proves that Z°(S, K*(95)) is convex is S. O

Proof of Proposition 5. The proof of Proposition 5 uses the following Lemma:

LEMMA 1. The expected number of orders from which units are expedited, EC°(K), has the following
property:
AKEC°(K) > Fje(K) —1.



Proof of Lemma 1. Before we derive the lower bound on AgEC®(K) = — 37, Ax P (e, =0), we calculate
an upper bound on Ag P (e; =0), the probability that no units from the order placed ! periods before are
expedited with respect to the expediting level K. For [ > 3, we have

AxP(er=0)=fp(K+1) = fo(0)f5 (K +1) = fo(0) [fp " (K +1) = fp(0)f5 *(K + 1)]
—[1=fo(0)][1 = fo(0)]f5*(K).
Because fp (K +1) — fp(0)f5 (K +1) =Yy f5 (k) fo(K +1—k) >0, we can simplify this expression

to
AP (er=0) < fp(K+1) = fp(0)fp (K +1).
Similarly, we obtain AxP (e2=0) < f3(K+1)— fp(0)f5(K +1) for I=2 and AP (e; =0) < fL(K+1)

for [ = 1. Therefore,

AREC(K) > —fh(K+ 1)+ 3 [fo(0)f5 (K +1) — f (K +1)].

=2

After decomposing the sum, we shift the index of the first sum by 1 and re-compose the sums. This results

AEC™(K) =~ (K +1)+ 3 [fo(0) =1 fb (K + 1)
Using
[fp(0) = 1] fp(K +1) = F (K +1) - Fl“(KJr 1)+ fo(0)fp(K +1) — fp(K +1)
=FS'Y(K +1) ZfD VFp(K +1—k)— fL(K+1)
> FUYK +1) ZfD — fL(K +1)
=FpH (K 41) - 7 (K+ 1),
we obtain

AEC(K) > —fp (K +1) + Z_ [Fp (K +1) = Fp(K +1)] .

=1

After decomposing the sum, shifting the index of the first sum by 1, and simplifying results, we obtain
AKEC°(K) > Fhe(K)— F)(K +1) > F(K) — 1.

O

The inequality 0 < K* follows from the definition of the expediting level. To prove that K* < K* holds, it
remains to be shown that Z(S*(K), K) — Z(S*(K), K) is decreasing in K.

The cost difference between Z(S*(K),K) and Z(S*(K),K) for a given expediting level K can be fully

attributed to the difference in the expected expediting cost, because S*(K) is independent of the expe-

diting cost components. To prove that Z(S*(K),K) — Z(S*(K),K) is decreasing in K, we show that



Ax [Z(S*(K), K) — Z(S*(K), K)} = ¢;[AKECY — ARECY] + ¢, [ARECY — AREC?] + ¢, [AxECY — A, EC?]
is negative.

The first term can be written as AxEC® — AgECT = [Fhe(K)—1] + So o foe (k) fo(K + 1 —
k) = [F5e(K)—1] + f5(K + 1) — f5"(K 4+ 1)fp(0) < F5(K 4+ 1) — 1 and is negative. The sec-
ond term can be written as ARECY — AgEC® = [Fhe(K) —1] + 302 S0 o foe (k) fo(K + 1+ -
g = k) = [FE(K)=1] + X3 [fB (K +1+i0) = SO0 5T ) oK +1+i-q— k)| < Fb(K) +
Yo fo(K+1+i-q)—1 and is also negative. The third term can be written as AxECY — AgEC? =
[Fhe(K)—1] + S0, AxP(e;=0). Using Lemma 1, we obtain AxEC” — AxEC? < [Fhe(K)—1] —
[Fée (K) - 1} =0, which completes the proof. a

B. First and Second Order Finite Differences of the Objective
Functions

In this section, we derive the first- and second-order finite differences of the simplified objective function
Z°(S,K)=hEI(S,K)+bEB(S,K) + ¢,EC"(K),

with the expected on-hand inventory level EI(S, K)=3"7_.(S — k) f5°"" (k), the expected backorder level,
EB(S,K) =Y 1 o(k—S)f5""(k), and the expected total number of expedited lead time periods EC*(K) =

e (k- K) fL— (k). Then, we derive the first-order finite differences of the probability that units
are expedited in a period, ECY(K) = [1 — FOLi (K)], the expected number of expediting batches, EC*(K) =
Yo [1=Fle (K +i-q)], and the expected number of orders from which units are expedited, EC°(K) =
L= Y0 [ S f o (k) + 50 fL - (ma0)]

First- and Second-Order Difference of Z*(S,K) w.r.t. S
The first-order finite difference of the expected on-hand inventory level, EI(S, K), with respect to the order-

up-to level S is
S+1 s
ASEI(S,K) =Y (S+1—Fk)f5"( Z foetm (k) = F5et(S).

k=0

The expected pipeline stock at the end of a period is EP( ) =Y kf5etm (k). Note that EP(K) is
independent of S and, thus, AgEP(K) =0. The first-order finite difference of the expected backorder level,
EB(S,K)=EI(S,K)+EP(K)— S, with respect to the order-up-to level S can be written as

ASsEB(S,K) = AsEI(S,K) + AsEP(K) — 1= F5"(S) — 1.

The expected total number of expedited lead time periods, ECV(K), is also independent of S and we
obtain AgEC?(K) = 0. Thus, the first-order finite difference of our simplified objective function with respect
to the order-up-to level S is

AsZ°(S,K) =hAgEI(S,K) +bAsEB(S, K) + ¢, AsECY(K) = (b+ h)F5" (S) — b,
and the second-order finite difference of our simplified objective function with respect to the order-up-to

level S can be written as

A2Z°(S,K)=[(b+h)E5" " (S) —b] — [(b+h)F5" (S —1) —b] = (b+h) f5 " (S).



First-Order Difference of Z*(S,K) w.r.t. K
From Equation (3), we obtain the first-order finite difference of the distribution of the number of units
outstanding from the previous [ orders after expediting, fi . (-), with respect to the expediting level K,
FL(K)—1, fork=K,
Arcfhe (k) = £S5 (k) = F550k) = { 1= Fh(K), for k=K +1, (20)
0, else.
Using Equation (20), the first-order finite difference of the distribution of the number of units outstanding
from the previous [ orders at the end of the period, f5(-), with respect to the expediting level K can be

written as
Agfb(k ZAKfm )fo(k—j)=[FL(K)=1] [fo(k— K) = fo(k— (K +1))]. (21)

From Equations (11) and (20), we obtain the first-order finite difference of the distribution of the number
of units outstanding at the end of the period with expeditable lead time L. and non-expeditable lead time

L., f5" (), with respect to the expediting level K,
foet( ZAKf D5 k= 5) = [Fpe(K) = 1] [fp" T (k= K) = fp" T (k= (K +1))] . (22)

The first-order ﬁmte difference of the expected on-hand inventory level, EI(S,K), with respect to the

expediting level K can be written as
S S S
AREI(S,K) =Y (S = k)f5= " (k) =Y (S — k) f5erm™ Z S — k) A f& (k).
k=0 k=0 k=
Using Ag f5o"" (k) = [F5e(K)=1] [f5" T (k= K)— f5" " (k— (K +1))] from Equation (22) and re-

arranging terms results in

s s
AREI(S, K) = [F(K)=1] | Y (S=k)f5rt (k—K)— Y (S—k) 5" (k= (K+1))
k=K k=K-+1
We now shift the indices of the two sums by K and K + 1, respectively, and obtain
[S—K S—-K-1
AREI(S, K) = [Fp-(K) = 1] | Y (S=K-k)fp' k)~ Y (S-K-1- k)fé"“(k)]
k=0

— [Fe(K) —1] FEH (s — K —1).

The first-order finite difference of the expected pipeline stock, EP(K), with respect to the expediting
level K can be determined similarly and is AxEP(K) =1— F5°(K). The first-order finite difference of the
expected backorder level, EB(S, K)=EI(S,K)+EP(K) — S, with respect to the expediting level K can be

written as
AxEB(S,K)=AgEI(S,K)+ AxEP(K)=[1-F5(K)] [1 - F5~*' (S — K —1)].
Using fL_ (k) = f5 (k) from Equation (5) and Agfh(k) = [F5(K)—1][fo(k—K)— fo(k— (K +1))]
from Equation (21), the first-order finite difference of the expected total number of expedited lead time
periods, EC”(K), with respect to the expediting level K can be re-formulated as

EC®(K _le 7L 1K+1 +2[F}3‘1(K)—ﬂ Zlka Zokz—f—l ok

=1 Lk=0




For k < K < K 41, we obtain f5 %" (k) = fL (k) from Equation (3) and (4). This results in

Le
AxECY (K Z FL(K) =Y FhY(K)=F(K)-1.

1=1
Thus, the first-order finite difference of our simplified objective function with respect to the expediting

level K can be written as

Z%(S,K) = hAKEI(S, K) + bAxEB(S, K) + ¢, AKEC* (K)
=[1-F5(K)| [b—c,— (b+h)FiT (S—K-1)].

First- and Second-Order Difference of Z*(S,K) w.r.t. S and K
The first-order finite difference of the expected on-hand inventory level, EI(S, K), with respect to the order-

up-to level S and the expediting level K can be re-formulated as

Ag xEI(S,K) ZZfL G fE T K - §) + AKRI(S, K). (23)

k=0 j=0
Since we already derived a simplified expression for A EI(S, K), we now focus on the first term of Equation

(23). Re-arranging the sums and shifting the index of the last sum results in

K+1

ZZ Le K+1 L +1 k ] ZfLe K+1 FL +1(S j)

k=0 j=0
For j < K +1, we obtain f5¢ KHL(5) = f5e(j) from Equation (3) and for j > K 41, we have fhe Kty =o0.
This results in

ZZ O A U ZfD“ VTS = g) + [L= Fpe (K)JFp (S = K = 1),

k=0 j=0
for the first term of Equation (23). With AxEI(S, K) = [Fj*(K) —1]F5*T'(S — K — 1) for the second term
of Equation (23), we obtain

Ag xEI(S,K) Zf NFE (S — ).

The first-order finite difference of the expected pipeline stock, EP(K), with respect to S and K corresponds
to the first-order finite difference of the expected pipeline stock, EP(K), with respect to K, because EP(K)
is independent of S. The first-order finite difference of the expected backorder level, EB(S, K) =EI(S,K)+
EP(K)— S, with respect to the order-up-to level S and the expediting level K can be written as

AsxEB(S,K)=Ag xEI(S,K)+ AxEP(K 71_ZfD N5t (S — )+ [1— Fhe(K)] - L.

Note that the expected total number of expedited lead time periods, ECV(K), is independent of S. Thus,
the first-order finite difference of our simplified objective function with respect to the order-up-to level S

and the expediting level K is

AsxZ°(S,K) =hAs BI(S, K)+bAs xEB(S, K) + ¢, AxEC” (K)



=(b+h) Zf NES (S = 4)+ (b—e¢,) [1— Fpe (K)] = b,

and the second-order finite difference of our simplified objective function with respect to the order-up-to

level S and the expediting level K can be written as

A2, Z°(S,K)=(b+h) ZfDe VEE TS =)+ (b—c,) [L - Fie(K)] —b

K-—1
— 0+ fhDFET(S = 1= )= (b—c,) [1— F5 (K —1)] +b.
j=0
This can be re-formulated as

A%k Z° (S, K)=(b+h) Zf V5" TS =) + [t (K)Fp T (S = K) | = (b—c.) f5 (K).

First-Order Differences of EC/(K), EC*(K) and EC°(K) w.r.t. K

Using fL_ (k)= f5 (k) from Equation (5) and Ax f5(k) = [Fh(K)—1][fp(k—K)— fp(k— (K +1))] from
Equation (21), the first-order finite difference of the probability that units are expedited in a period, ECY (K),
with respect to the expediting level K can be re-formulated as

AEC! (K Z [Fhe (K) = 1] [fo(k— K) — fo(k— (K +1))] = f5e " 1K +1).

Now, re-arranging the sums in the first term and using Equation (4) on the second term results in

K+1

ARECH(K)=[1—F5!( Z flem VRN ) fo (K 41— k).
From Equation (3), we obtain f5 (K +1)=1— F,(K) and, for k < K + 1, we obtain f55*" (k) = 4 (k).
This results in

AxEC! (K prfl ) fo (K +1- k).

Using fL_ (k) = f5 (k) from Equation (5) and Agfh(k) = [F5(K)—1][fo(k—K)— fo(k— (K +1))]
from Equation (21), the first-order finite difference of the expected number of expediting batches, EC*(K),

with respect to the expediting level K can be written as

oo [K+iq
AKEcb<K>=Z S = [FhNE) =1 [folk = K) = fok— (K +1))] = f&5 K +1+i-q)|.

Now, re-arranging the sums in the first term and using Equation (4) on the second term results in

K41

AREC*(K)=) | [1—F5 ' (K)] fo(i-q) Z Fo I k) fo (K + 14— k)]

=0

From Equation (3), we obtain f5 (K +1)=1— F,(K) and, for k < K + 1, we obtain f55*" (k) = f4 (k).

This results in

oo K
ARECY(K) ==Y "> fr (k) fo(K +1+i-q—k).

=0 k=0



Before we analyze the finite differences of the expected number of orders from which units are expedited,
EC°(K)= L.~ .5, P(e; =0), we simplify the term P (e, =0), the probability that no units from the order
placed [ periods before are expedited. For [ > 3, we obtain

2

m

Pe,= Fo o (mk) + > To o (m;0).
1 m=0

0)=

m=0 k=

Using f._ - (m,k) = mo lojrlo+ (m—mn,k) fp(n) from Equation (9) and (10), and with O+ of | (m, k)=
( ‘Zl 105 =m— k) 22 (m — k) from Equation (8), we obtain
co K—n m 1—2
SCRURD 95 9 SN C) SR PRI
n=0 m?(() k=1 =
+Zfol+l< Zo+—m> 2(m).
m=0

With Equations (3) and (7) and, in particular, with f*(m—k) = f5 *(m—k) for m—k <m < K for k> 1,
we obtain

co K—n m K

ZZ fo(k (m—k)fo(n +Z 1—Fp(k)] f5, (K = k) fp(0)

n=0m= Ok 1 k=1

+ D fo(0)fp*(m)+1-Fp*(K 1),

m=

which can be simplified to
Ple;=0)=Fp(K)=2fp(0)Fp " (K) = [1 = 2fp(0)]Fp5 *(K = 1) + fo(0) fo(0) fp *(K) + 1. (24)

Along the same line of arguments as above, we obtain for [ =2

F2(K)+2[1—-FL(K)]|fp(0), for K >0,
1, for K =0,

P(62:O):{

and for [ = 1, we obtain P (e; =0) = F}(K). The expected number of orders from which units are expedited,

EC°(K), with respect to the expediting level K can be re-formulated as
L. Le
AxEC°(K)=L.— L, ZP K =0)+Y P(eff =0) == AgP(e;=0)

which depends on Ag P (e, =0), the probability that no units from the order placed I periods before are
expedited, P (e; =0), with respect to the expediting level K. Using Equation (24), we obtain for [ >3

AgP(e;=0)=fL(K+1)— fp(0)f5 (K +1) = fp(0) [f5 (K +1) = fp(0) f5 2 (K +1)]
— 1= o] — fo(0)]f5 *(K),

and for [ = 2, we obtain

JA(K+1)=2fp(0)f5(K+1), for K >0,

AKP(32:0):{[1Fé(K)][lel)(K)]’ for K =0,

and for [ =1, we obtain Ax P (e; =0)= fL(K +1).



