Online Appendix

A. Acronyms

Table 6: Summary of the acronyms used in this paper.
Acronym Abbreviated Words

RI Rolling Intrinsic
BH Bucket Hedging
FH Factor Hedging
NFH Naive Factor Hedging

FTFH Fine-tuned Factor Hedging

MVH Minimum Variance Hedging

CMVH Constrained Minimum Variance Hedging
PCA Principal Component Analysis

HEM Hedging Effectiveness Metric

BHEM Backtesting Hedging Effectiveness Metric

Table 6 summarizes the acronyms used throughout this paper.

B. Deltas with Exact Storage Valuation

Proposition 9 in this appendix extends the pathwise delta characterization established in Proposi-
tion 2 to the case of exact storage valuation. We let F, := (Fy, m,m € Npp1), Vn € N\ {N — 1}
denote the futures curve at time 7T}, exclusive of the spot price s, = F, ,. We also define Fy,_, := 0.

The stochastic dynamic program (SDP) for exact storage valuation (Lai et al. 2010, §2) is

Vi(@n, Fr) = aéﬁ%;( )p(a’7 sn) + 0K [Vn+1(xn - a, Fn+1)|FrIL] ) (17)

for all n € N and (z,, F,) € X X S%f " where V,,(xy, Fy,) denotes the optimal value function in
stage n and state (x,, F},), and Vy(zn, Fy) := 0, for all xx € X (recall that Fry = 0).

Proposition 7 characterizes the optimal value function and an optimal operating policy of this
SDP. The proof of this result is a simple adaptation of the proofs of Lai et al. (2010, Theorem 1)
and Secomandi (2010, Theorem 1).

Proposition 7 (Concavity and basestock optimality). In every stage n, the function V,(zy, Fy)
is concave in x,, for each given F,, and the optimal policy for the SDP (17) features two basestock

targets, b,(F,), b,(Fy,) € X, such that b,(F,) < b,(F,) and an optimal decision rule A% (x,, Fy)

satisfies
C[\/ [xn - bn(F'rl”’ Tn € [Ovbn(Fn2)7
A:L(xrw Fn) = 0, _ In € [QJL( n)? bn(Fn)]’ (18)
CW A [xn = bu(Fy)], n € (ba(F,),T).
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Proposition 8, based on Lemma 1, establishes basic properties of the optimal value function
and basestock targets, which are used to establish Proposition 9. All of these results are based on

Assumption 2.

Assumption 2 (Capacities and maximum space). The capacity limits C! and CW as well as the

maximal inventory level T are integer multiples of some positive real number Q).

Lemma 1 is related to Secomandi (2010, Propositions 2 and 3). We define the set X? as
{0,Q,2Q,...,7}.

Lemma 1 (Characterization). Under Assumption 2, in every stage n € N: (a) The function
Vi(z, F,) is piecewise linear continuous in inventory x € X with break points in set X for each
given futures curve F,, € %ffn; (b) There exist optimal basestock levels b, (F,) and b,(F,) in set
XQ,VF, e R

Following Lemma 1 we define the finite set of feasible actions at inventory level x € X" as

A@) = {z-7)vC,. . 2—(l2/Q] +2)Q,z — (|z/Q] + 1)Q} U {0}
U{z - [2/Q]Q,x — (|2/Q] - 1)Q,...,.a ACWV},

with {0} removed if it is a duplicate.

Proposition 8 (Representation and Lipschitz continuity). Under Assumption 2, in every stage
n € N: (a) For all inventory levels v € X and futures curves F, € RY ™™ it holds that Vy(x, F,) =
MaXee A/ (z) P(; 8n) + OB Vo1 (20 — a, Frp1)|Fy]; (b) For each given inventory x € X it holds that
the function Vy(z, F,,) is Lipschitz continuous in the futures curve F,, € §Rﬂ\:_"; i.e., there exists
Ln(x) € Ry such that |V, (2, F2) — Vo(z, FY)| < Lo(x) S0 |F2,, — FL,.|, V!, F2 € R ™.

m=n m ’7

In Proposition 9 we indicate by z, the optimal inventory level in stage m € N\ {0} and by

Ap(t, zy, F,,(t)) the delta under an optimal policy.
Proposition 9 (Pathwise deltas with an optimal policy). Under Assumption 2, for every n €
N\ {0} it holds for all m € Ny, ,, € X, t € [Ty—1,Ty), and F™(t) € RY™" that

An(tn F(0) = 2oTm gohon e 0,6, (B} +0V1{a5, € Gun(F). 71})

F(t,Ty) )
sm Ay (z) Fo)| 2, F™(t)]. (19)

m

0OA-2



0.2 4 02r 1
(RIS 8 o1 1
ot . ot 1
—01f - 01k 1
g-i.;g::_gaﬁ-.i'-_i'ﬁii
o anad
P i
-03 -031 a7 * vV 4
o & 7
0.4 o 4; 3: o
g . v “o
. [ IS
05 o Decemon -ost,™ v
—— January = = August
- ﬁ L L L L L L L L L "FAS:{LL:‘EW ] il L L L L L L L L L : t :(S)i‘po‘z:rber ]
2 4 6 8 10 12 14 16 18 20 22 2 4 6 8 10 12 14 16 18 20 22
Maturity Label (m) Maturity Label (1)
(a) First Factor, Heating Season (e) First Factor, Rest of the Year
03
oah ]
By -
“$ ST ]
SRs
°r Bt Rt N 1
TR = -
—02f 4 ~02} 4
031 - -03F 4
-04r 1 04 ~6 - April
= -May
081 -atsoodted S i
—— January = = August
il L L L L L L L L L ’\Ff:rz:‘ary ] il L L L I L L L L L : t :(S)eﬂpo‘le;:rber ]
2 4 6 8 10 12 14 16 18 20 22 2 4 6 8 10 12 14 16 18 20 22
Maturity Label (m) Maturity Label (1)
(b) Second Factor, Heating Season (f) Second Factor, Rest of the Year
0. 03
0.2 4 02r
01F
Y PO i
oL B TN PR R e TG L L]
P L
~0.14 ]
—02f 4 ~02} 4
031 - -03F 4
-04r 1 04 ~6 - April
=€ -May
—— N b -V -J
081 o vecemver[| 05T g
—— January = = August
el I T8 g
2 4 6 8 10 12 14 16 18 20 22 2 4 6 8 10 12 14 16 18 20 22
Maturity Label (m) Maturity Label (1)
(c) Third Factor, Heating Season (g) Third Factor, Rest of the Year
03
02r 1

01

pFEIREIE g ey ety

] ]
-0.2F — -0.2 1
031 - -03F 4
-04r 1 04 ~6 - April
=€ -May
—— N b -V -J
081 o vecemvar[| 05T R
—— January = ®» = August
o6l —&— February || o6l = + = September ||
March : = = =October
2 4 6 8 10 12 14 16 18 20 22 2 4 6 8 10 12 14 16 18 20 22
Maturity Label (m) Maturity Label (1)
(d) Fourth Factor, Heating Season (h) Fourth Factor, Rest of the Year

Figure 6: The estimated loading coefficients of the first four factors in the heating season (panels
(a)-(d)) and rest of the year (panels (e)-(h)) monthly PCAs over the period from January 1997 to

December 2012.
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Figure 7: The percentage of the total futures price log return variance explained by the first four
factors in the heating season (panel (a)) and rest of the year (panel (b)) monthly PCAs over the
period from January 1997 to December 2012.

Table 7: Estimated standard errors of the HEM estimates reported in Table 2.

K°=3 K¢ =23 K¢ = 3 plus Noise
K | NFH FTFH BH NFH FTFH BH NFH FTFH BH
1 1.81 1.85 0.43 1.89 1.89  0.35 1.88 1.88 0.23

2 7.56 0.67 0.27 | 62.05 0.2 0.22 31.22 0.46 0.14
3 0.40 0.25 0.24 | 167.01 0.26 0.18 183.37  0.23  0.12
) 6.47 024 02491391 0.21 0.18 | 5,045.80 0.19 0.12
10| 030 024 02439149 0.17 0.17 | 4,572.57 0.14 0.12
15| 033 024 0.24 | 304.62 0.18 0.17 | 4,021.19 0.13 0.12
20 026 024 0.24| 4982 0.18 0.18 675.35 0.12  0.12
23| 024 024 024 0.18 0.18 0.18 0.12 012 0.12

C. Loading Coefficients and Futures Price Log Return Variance
Explained

Figures 6 and 7 display the estimated monthly loading coefficients and the percentage of the total
futures price log return variance explained by the first four factors, respectively, in the heating

season and the rest of the year.

D. Standard Errors of the Hedging Effectiveness Metric and Back-
testing Hedging Effectiveness Metric Estimates

Tables 7 and 8 include the standard errors (estimated by bootstrapping) of the HEM estimates in
Tables 2 and 4, respectively, discussed in §8.2.2. Table 9 reports the standard errors (also estimated
by bootstrapping) of the BHEM estimates in Table 5 analyzed in §8.2.3.
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Table 8: Estimated standard errors of the HEM estimates reported in Table 4.
K°=3
K° =3 K° =23 plus Noise
L L L

3 5 10 3 5 10 3 5 10
098 085 034|144 1.13 0.44 | 1.05 0.79 0.38
1.01 0.76 0.25|1.39 1.03 0.35] 0.98 0.69 0.29
1.03 0.75 0.25|1.39 1.02 0.34 | 0.95 0.67 0.27
1.04 0.74 0.25|1.39 1.00 0.34 | 0.95 0.68 0.26
1.05 0.75 0.25 | 1.40 1.00 0.34 | 0.94 0.68 0.26
1.05 0.75 0.25 | 1.40 1.00 0.34 | 0.94 0.67 0.26
20| 1.05 0.75 0.25| 140 1.00 0.34 | 0.94 0.68 0.26
23 11.05 0.75 0.25| 140 1.00 0.34 | 0.94 0.68 0.26

=N U CRE PN

Table 9: Estimated standard errors of the BHEM estimates reported in Table 5.
CMVH
L
NFH FTFH BH 3 5 10
K In-Sample
1 13.61 14.23 0.54 13.94 8.63 1.43
2 3,360.35 0.23 0.54 12.67 7.65 1.32
3 7,835.22 0.52 048 10.01 5.71 0.90
5
10
15

1,771.76 0.72 049 9.04 5.03 0.82

1,576.81 0.52 046 8.49 4.63 0.75

63.23 045 046 8.47 4.62 0.75

20 2.19 046 046 8.49 4.63 0.75

23 0.46 046 046 8.48 4.62 0.75
Out-of-Sample

1 11.13  13.63 0.26 15.08 9.62 0.65
2 1,753.42 3.70 0.96 12.07 6.41 0.16
3 162,487.42 221 135 11.16 5.55 0.28
5 5,661.23 1.61 1.55 10.88 5.26 0.37
10 717.60 1.65 1.67 10.65 5.06 0.42
15 656.86 1.68 1.69 10.65 5.05 0.43
20 4.37 1.68 1.68 10.62 5.04 043
23 1.68 1.68 1.68 10.63 5.04 0.43
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E. Proofs

We denote by Y the vector (Y, k € K) of K uncorrelated standard normals. Givenn € N'\{N —1}
and m € N, 11, we define B n+1(Y) as the quantity

Ty — jzzoﬁzkn_+ Thy1 — EE:Ohlknyk )

kek kek

exp

and B™"H(Y) as the column vector (8" (Y),m € Npi1). Under price model (2), we can
equivalently express Fj, 1., given Fy, m, as F, 87" HY) and F,41 given F, as diag(F) 3™ 1(Y)
— the notation F), is introduced at the beginning of Online Appendix B. The equalities F, ,, =
E [Fpst.m|Fom] = FpmlE { "”“(Y)] imply that

E[Bm(tt,Y)] =1. (20)

We use this notation and (20) in the proofs of Lemma 2 and Proposition 8.
We define by W/ (z, F}) := 0K [VT, | (x, F,,11)|F},] the policy m continuation function in stage
n € N\ {N — 1} given the inventory level x and the futures curve F,. We use this notation in the

proof of Proposition 2. This notation allows us to write

N-1
VJ(IL‘?FTL) = Z5m_"E[p(A;(:L’%,Fm),sm)|x,Fn]

N-1

= p(Al(z, F,), sn) + Z S E[p(AT (2T, F), sm)|x — AL (x, Fy,), F]
m=n+1

= p(A% (2, Fy), sn) + 0B [V (x — AR (%, F), Fop1) | F]

= p(AL(z, Fn), sn) + Wii(z — Af(z, Fy), Fy).

We define by W,,(z, F)) := 0E [Vy41(z, F11)|F)] the optimal continuation function in stage
n € N\ {N — 1} given the inventory level 2 and the futures curve F),. We use this notation in the
proofs of Lemma 1 and Propositions 8 and 9. We denote by v, (z,a, F},) the objective function of
the maximization on the right hand side of the SDP (17). We use this notation in the proofs of

Propositions 8 and 9 and Lemma 3.

Proof of Proposition 1 (FH positions). The system of linear equations (7) can be expressed
as BT diag(F"n(t))g" (t) = BT diag(FM»(t))A™Hn (t) + ET_ diag(F*n () A™Hn (t). Premul-
tiplying both sides of this expression by (B[_,diag(F"(t))) - diag™! (F*(t)) (B )71 yields
the claimed result. O

Lemma 2 is needed in the proof of Proposition 2.
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Lemma 2 (Pathwise derivatives). Under Assumption 1(a), given x € X, for everyn € N\{N—1}
and m € Np11 it holds that

dVyq(z, Fry) _ o 1 (T Ft1) Fogim (21)
an,m aFn+1 m Fn,m ’
ame an,m

Proof. We interpret F), ,, as a parameter and write Fy41(F),,) to explicitly indicate the depen-
dence of Fj, 11 on this parameter. In particular, as Fy41m = Fum ﬁ{nH(Y), Fy41.m depends on
F, n but every other Fj, ¢, with £ > m, does not.

We first show that conditions (A1)-(A4) in Appendix A of Broadie and Glasserman (1996) hold
with respect to E[V," | (2, Foy1(Fnm)) | Fy).

(A1) Under model (2) the quantity 0Fy,41,¢(Fn,m)/O0Fnm exists with probability 1 because it is

"m0 (YY) if £ = m and to 0 when ¢ > m.

equal to
(A2) Fix z and let D), denote the set of futures curves F,i; at which V7, (z, F,41) is
differentiable with respect to each element of F,,1;. Assumption 1(a) and Rademacher’s theorem
imply that V[T ,(x, F,,41) is differentiable almost everywhere on EFEN =1 with respect to each
element of F, 1. Price model (2) implies that P(F,11(Fym) € Dy 4|F,) = 1, where P denotes
probability, for all F,, ,, € J,.
(A3) This is Assumption 1(a).

(A4) The random variable Fj, i1, (Fpm) is almost surely Lipschitz continuous with integrable

modulus A" 1Y) because |Frstm(F2 ) — Fnpim(Fr )| = ﬁg{nH(YﬂFgm — Fp .|, for all
Fy oy B2, € Ry, and EJ m"H(Y)] = 1. Every other random variable F, 1 (F, ), with m < £,

is almost surely Lipschitz with integrable modulus 0 because each such random variable does not
depend on Fj, ;.

Following Broadie and Glasserman (1996, p. 280), (21) holds because under conditions (A1l)-
(A2) the pathwise derivative dV;,41(x, Fyy1)/dFy m satisfies

dVi i (z, Fuy) _ NZI OV (2, Fry1) OF 114 oV (z, Fruyr)

— n,n—+1 Y
an,m 8F‘nJrl,E aFn,m 8F’n—l—l m Bm ( )

aan—&-l( n+1) Fn+1,m
af?nJrl,m Fn,m '

l=n+1

Expression (22) follows from Proposition 1 in Broadie and Glasserman (1996). O

Proof of Proposition 2 (Pathwise deltas). For simplicity of exposition, we prove the claimed

result for ¢ = 0 and n = 1. The proof for the general case follows similar steps. As F} = F(Tp), in

OA-7



this proof we use the notation F} in lieu of the notation F(Tp).
Suppose m = 1. Formula (5) and expression (22) in Lemma 2 (applied withn =0 and n+1 =1,

because n in the current proof corresponds to n + 1 in Lemma 2, m = 1, and x1 = x) imply that

A’f(O,xl,Fé) _ 1 8Uﬂ(0,$1,F0/) _ OE[Vf(xl,FlﬂFé] ) |:dV17r(.7}1,F1)
5(0,Ty) 5(0,11) OFp 0Fp

Fj|. 2
e im] e

It follows from (21) in Lemma 2 and s; = F; that

der(xl,Fl) _ 8‘/?(1’1,171) S1

. 24
dF071 881 F071 ( )
Pick a vector F; at which V" (z1, Fy) is differentiable. It follows from Assumption 1(b) that
avlﬂ-(xlvFl) _ ap(air(l‘bfl)ﬂgl) + 8I/VlTr('Tl _a/lr(xlaFI%Fl/) (25)
0s1 P =T, 0s1 1= 0s1 FI-F,

The first term on the right hand side of (25) can be expressed as follows:

dp(af (x1, F1),51)
881

(plsy + caf (1, Fr)
= N 881

§1=81

1{&7{(%1,?1) < 0}

§1=351
a(qusl — cw)a’f(xl,Fl)

Do {af (z1, F1)) > 0}

S81=81

_ (¢11{a§(x1f1> <0+ oV {aT (a1, F1) > 0}) o (z1,F1). (26)

_|_

As FY does not depend on s1, the second term on the right hand side of (25) is zero:

anr(xl - air(xlafl)7 Fll)
881

—0. (27)

F/=F,
It follows from (26) and (27) that (25) can be expressed as

oV (z1, F)
0s1

= (¢11{a;f(x1,ﬁ) <0} + oV 1{aT (21, F1) > 0}) af(z1,Fp).  (28)
Fi=F;

Expressions (23), (24), and (28) imply that
Foa

)

AT(0,21, F}) = |(6"{AT (21, F1) < 0} + 0V {AT (21, FY) < 0} ) ;14T (2, Fy)|or, By .

Thus, the claimed property holds for m =1 (recall that z; = 7).
The cases corresponding to m = 2,..., N — 1 can be dealt with by recursively applying a logic

similar to the case m =1. O
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Proof of Proposition 3 (Bounds on deltas). We derive the inequality AT (¢, z,, F(t)) <
3(t, T,n) oW CW. The inequality AT (¢, z,, F(t)) > 6(t, Tpn)¢'CT can be established in an analogous
manner. It holds that

At B@) = ST grglar on B . B < 0)

+¢WV AT (a7 Fn) WAT, (27, Fin) > 0}y, F(1)]
g(tv Tm)

mm[qswcwsm\xn, F(t)]

- Elsm|F (¢, Tm)]
= o7, )¢WCWW

= 5t TV eV,

where the first and last equalities follow from Proposition 2 and the property E[s,,|F(t,T,,)] =
F(t,T,,), respectively. O

Proof of Proposition 4 (BH optimality). The objective function of model (13) is nonnegative
for any value of q(t). Thus, setting g(t) = A”(t) optimally solves the version of this model obtained
by replacing A™°(t) with A™(¢t). O

Proof of Proposition 5 (CMVH positions). We omit the suffix (¢) for ease of exposition.
Using the constraints in set Q% to set to zero in the objective function the vector qZ", rearranging,

and ignoring constant terms yields the unconstrained model

min ( ) dlag(FE")gN L £”d1ag(F£”) n—2 ( ) dlag(Fﬁn)gN L £"d1ag(FL”)A7r An
q n

-2 ( ) dlag(FE”)g b ﬁ"dlaug(FL")A7T Ln

Ln

Because § 1 is assumed positive definite, the necessary and sufficient optimality conditions for

this model are

diag(F5 )N~ o diag(FFm) g™ n — diag(FF)e) Mo diag(FAm) A™Fn

— dlag(Fﬁn)f —b E"dlag(Fﬁn)A” Ln = 0.
The optimal solution is thus

. -1
g = AT+ diag T (FE) (60505) e diag(FE AT O
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Proof of Proposition 6 (Approximate equivalence). We suppress the suffix (¢) to simplify
the exposition. For a given K factor model let ¥, _; be its corresponding matrix of factor loading
coefficients and ¢€X | the analogue for this model of the matrix €Y' Interpret €5 ,(At) as a
function of At. For sufficiently small At, taking a first-order Taylor series approximation of each
element of X | (At) around 0 allows us to write £ | (At) =~ AtY,,_; (Zn_1)". The resulting version
of model (15) is

qréliQnL At (g — A™)" diag (F) Sy_1 (Sn_1)" diag (F) (g — A™). (29)

Recall the meaning of the matrices B,—1 and E,_; introduced just before Proposition 1. We have

H, = L, and H,, = L, so that

and

T T
St (o))" = [ BBy Bna By ] ~

E, 1Bl |, E,.E]

Hence, solving model (29) is equivalent to solving the following model:

. T .. ~ . =
min  (¢"*") diag(F"*")B,-1B,_,diag(F"")q"""
q n

~2(g"*")" diag(F*")B,,_1B]_,diag(F*") A™H

T, = =N AT
-2 (qH”) diag(F"")B,_ET  diag(F"m)A™Hn,

Because the matrix Bn_lB;erl is positive definite, by the assumption on the matrix B,,_1, proceed-

ing as in the proof of Proposition 5 yields the following optimality conditions for this model:
diag(F*")B,,_1 B} diag(F"")q™"" — diag(F"*")B,_1 B, _,diag(F’»)A™"n
— diag(FM*")B,_E]_ | diag(F"")A™Hn = 0.
The solution to this system of linear inequalities is

. -1 L7 57
qﬂ,Hn — A7r,’Hn + diag—l(FHn) (B;Iz-—l) E;[_ldiag(FH")A”’H".D

Proof of Lemma 1 (Characterization). The claimed properties are true in stage N —1, because
Vn_i(zn—1,8n-1) = (¢W8N71 - CW>+ (znv—1 ACWY), and by_;(sny—1) = 0 and by_1(sn_1) =
El{gf)ws Nol— eV < 0}. Make the induction hypothesis that these properties also hold in stages
n+1, ..., N—2. Consider stage n. By definition, W, (-, F})) is the discounted expected value

of piecewise linear continuous functions, each with possible break points only in set X<, which
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implies that this function satisfies the same property. The quantities b,,(F},) and b, (F},) are optimal
solutions to the following maximizations, respectively (see the proof of Theorem 1 in Secomandi
2010):

max Wn(xn+17 Fé) - (¢Isn + CI) Tn+1,

Tpr1E€EX

\W A%
max W, (xpi1, F) — (d) Sp — C ) Tl
Tpi1E€EX

Thus, b,,(F,,) and b,(F}) can be taken to belong to set X?. It follows that (recalling that C! < 0)

s, + cI) O 4+ Wy (2 — CL, F'), n € [0,b, (F,) + CY),
Wsn-1 + ) [on = by ()] + Walbo(F), Fp), @ € [by(Fa) + CL b, (F),
Valwn, Fn) = ¢ Wa(zn, Fy), Ty € [b,(Fp), bn(Fn)l,
dWVsn_ 1 — V) (2 — 0n(F)] 4+ Wi (bo(F), E), 2 € (b,(Fp), bu(F,) + CWV],
PVsn_1 — V)WV + W, (z, — CV, F!), Ty € (by(F,) +CWV, 7

It is easy to check that this function is piecewise linear and continuous in x, with break points in
set X9 for each given F,,. Therefore, the claimed properties are true in stage n. By the principle

of mathematical induction, they hold in every stage. O

Proof of Proposition 8 (Representation and Lipschitz continuity). (a) This part follows
directly from part (b) of Lemma 1.

(b) The claimed property is trivially true in stage N with Ly(z) = 0 for all x € X'. Make the
induction hypothesis that this property holds in stages n+ 1, ..., N — 1. Consider stage n and
pick F!, F2 € xR~

Define C := |0 v CW and €’ := (¢! v $W)C. For each a € [-C,0), we have

pa,sp) = plassp)| = [(8's +ca— (¢'s;, + cal

Lal|s2 — st §¢1032—31 < (s — sl
n n n n n n

IN

For a = 0, it holds that |p(a,s2) —p(a, s})| = 0 < ¢V C|s2 —sL| < C’|s2 — sL|. For each a € (0,C],

we have

p(a,s3) —pla,sp)l = (6" sy —cV)a—(6%Vs), — V)l

< ¢WVlallsy — sh < ¢V Clsh — sp| < C'ls) — 5.
Thus, given z € X and a € A(x) C [-C, (], it holds that
[p(a, s3) = pla, s,)| < C'lsi — sp. (30)
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Replacing Wn(an,Fﬁ/) — Wn(xm_l,Fnl/) with AWn(:an,F,%,,F,%/) for expositional conve-

nience, we have

AWH(:EﬂJrlv Fgla F;/)

= 5| [Vasa(ns1, ding(F2)8"" (V) = Vura (@, diag(FL )81 (¥) |

< O [|Visa(n 1, ding(F2 )81 (Y)) = Vi (e, diag(BL )8 (7)) |
N
< JOE [Ln-l-l(xn-&-l) Z ‘Fram - Fé,m’ﬁﬁ{n+l(y)
m=n-+1
N
- 6Ln+1 ($n+1) Z |F73,m - F’r%,m|E [B;Lrin—i_l (Y)]
m=n-+1
N
= 5Ln+l(xn+1) Z |F3,,m - Fé,m‘v (31)
m=n+1

where the first inequality holds by the modulus inequality Resnick (1999, p. 128), the second
inequality follows from the induction hypothesis, and the last equality follows from (20).

Given z € X and a € A(z), inequalities (30) and (31) imply that for all F!, F? € RV " it
holds that

‘vn(x, a, F?) —v,(z,a, Fﬁ)‘ = ‘p(a, s2) = p(a, sL) + W (z, — a, F,%,) — Wy (xy — a, FT}/)
< pla,s2) = pla, 5h)| + | Wal@n — 0, FZ) = Walwn — 0, )
N
< C,|331 - S'}z’ + 5Ln+1($n - CL) Z ’Fg,m - F&,m|
m=n+1
N
< A{C'V Blosi(@n =)} D 1Fe = Fal:

Thus, the function vy, (z,a, F),) is Lipschitz continuous in F,, € §Rf ™ for each given € X and
a€ A(x).

Part (a) of this proposition and Dudley (2002, Proposition 11.2.2(a), p. 391) imply that the
claimed property holds in stage n. It follows from the principle of mathematical induction that the
claimed property holds in every stage. O

Lemma 3 is needed in the proof of Proposition 9.

Lemma 3 (Differentiability and unique optimal action). Under Assumption 2, for every n € N,

if Vi(xp, Fy) is differentiable with respect to each element of F,, at a given futures curve F,, for

given x, € X, then at (x,, Fy,) there is a unique optimal action, denoted as a(zn, F,), and

OV (xn, Fy) _ aUN(wma;’;(men)aFn) vm e N..

8—Fn,m F, :fn 8Fn,m F, :fn
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Proof. Consider stage n. Part (b) of Proposition 8 and Rademacher’s theorem imply that the
function V,,(x,, F,) is differentiable almost everywhere in each element of F,, for each given x,, € X.
Fix x,, and pick F,, such that Vi(xn, Fy,) is differentiable in each element of F, at F,,. In particular,
this means that OV,,(x,, Fy,)/ds, exists at 5,. Each function v, (x,, a, F,,) with a € A’(x,,) is linear
in s,. This property and part (a) of Proposition 8 imply that there is a unique optimal action
at F,,, because otherwise dV,,(z,, F},)/0s, would not exist at 5,,. This implies that V,,(z,, F,) =
Vn(2n, a’(xn, Fp), Fy) in a neighborhood of F,,. The assumed differentiability of V;,(z,, F},) in each
element of F,, at F,, implies that OV, (xn, F},)/0F,m = 0vp (2, al(xn, Fr), F,) 0F,m at Fp oy, for

allm e N,,. O

*
n

Proof of Proposition 9 (Pathwise deltas with an optimal policy). Under Assumption 2,
an optimal policy satisfies the conditions (a) and (b) stated in Assumption 1 by Proposition 8(b)

and Lemma 3, respectively. Expression (19) then follows from Proposition 2. O
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