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Part A of the online supplement provides some general results that are used in Part B, which contains the
proof of the analytical results of the paper.

Part A: General Results

Lemma 1. Fach of the following are equivalent to X <p, Y:

1. Xt Sst Y},Vt

Fx(t
. fX( ) is decreasing in t.
Fy(t)
Proof. For (1) see Equation 1.B.7 in Shaked and Shanthikumar (2007). For (2), see Theorem 1.3.3 in Miiller
and Stoyan (2002). |

Lemma 2 (Closure of stochastic order under mixture). Let X, Y be two random variables such that for all
realizations of the random vector Z, we have [X|Z = 2] <4 [Y|Z = 2]. Then, X <4 Y.

Proof. The proof directly follows Theorem 1.2.15 in Miiller and Stoyan (2002). |
) . ) . Fc(t) . .
Lemma 3. Assumption 4 is equivalent to having that Fall) is a log-convex function of t.
A
d 1. T _ . iy Fcl) _ 4, = d 1T _
Proof. Note that 5 InFx(t) = —rx(t). Since alnF 0 GInFg(t) — 3 InFc(t) = ra(t) — rc(t),
A

the result follows from Assumption 4 and the fact that a differentiable function is convex if and only if its
derivative is increasing. [ ]
Lemma 4. Assume that g is a differentiable and log-convex function. Then, % 1s decreasing in x for
any a > 0.

Proof. Tt suffices to show that In g(gz(f_)a) =1Ing(z) —Ing(z + a) is decreasing in z. Define G :=In g, a convex
function by assumption. Since % In g(g;ﬁl) = %G(m) — %G(m +a) <0, based on the fact that the derivative
of a convex function is increasing, we have that In 22 is decreasing in z. [ ]

g(z+a)

Lemma 5. If the random variable X is IFR, then X, is stochastically decreasing in t.



Proof. Choose t <t"and s > 0, arbitrarily. We have rx,, (s) = rx(t'+s) and rx, (s) = rx(t+s). Since X has
the IFR property, we have Vs, rx, (s) < rx,, (s). Thus, Xy <p, X; by definition which implies X, <y X,
because hazard rate order implies the stochastic order (see Lemma 1). |

Lemma 6. IfFx(t) is differentiable, then the mean residual lifetime of a random variable X is differentiable.

d
Moreover, we have: %EXt =rx(t)EX; — 1.

Proof. See Gupta and Bradley (2003). ]

Part B: Proofs for Analytical Results

We provide proofs in three sections. Proof of Theorem 1 is given in the first section. The second section
includes proofs for Theorems 2-5, Corollaries 1-2, and Proposition 1. The final section provides proofs for
Theorems 6 and 7.

Proof of Theorem 1:
We first prove a preliminary lemma that facilitates proving the main results.

Lemma 7. Assumptions 3-5 apply to A; and Cy as well. In other words, for all s,t > 0, we have Cy <p, Ay,
re, (s) —ra,(s) is decreasing in s, and ra,(s), re,(s) are increasing in s.

Proof. The result follows by noting that rx, (s) = rx (¢ + s) for any random variable X, and ¢, s > 0. [ |

In what follows, we let K; denote the lifetime of the i** AVF, i.e., K; = 0, if the i*® AVF does not mature
and K; = Z;, if otherwise.

Proof of Theorem 1. We prove Theorem 1 for all realization of M;, and K; for ¢ =1,..., N, where N is the
total number of AVF chances. Since AVF creation variables are not affected by the policy in use based on
Assumption 6, the result generalizes using Lemma 2 (closure of stochastic order under mixture).

Let L(t,n) denote a patient’s residual lifetime at ¢, given n remaining AVF chances, under the optimal
policy (one that maximizes a patient’s survival function probability for each time ¢). Suppose one could set
the AVF use time (rather than setting the surgery time) at ¢ + u. Let L(u) be a patient’s residual lifetime
at time ¢ when we plan to use current AVF at ¢ + u and follow the optimal policy for the subsequent n — 1
AVF chances. We prove that FL(U) (a) is decreasing in u (for any a). Since for y, the surgery time, we have
y = u — m;, this is equivalent to proving that the residual lifetime stochastically decreases in y.

— Base case: n=1: Based on Assumption 2 on a patient’s survival, we can calculate FL(U) (a) for different
values of u, a, k as follows (see Figure 1).
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Figure 1: Possible cases for F,)(a).
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P[C; > a] = Fc, (a).

e Case 1: a < u: We have F,y)(a)

e Case 2: [a— k]T <u < a: We have

Frw(a) =P[C; > u, Ay > a —u] = P[C; > ulP[Ay1y > a — u|Cy > u]

¢ CL [, > P[4, > a|A, > u] = Fo, (u) o2t
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e Case 3: 0 <u < [a— k]": We have:

Frw(a) =P[Cy > u, Apyy > a — u, Crpugr > a— (u+ k)]
P[C; > u] PlAyys > k|C; > ul P[Cuyy > a — (u+ k)| Ay > k, Cr > 4]
()

Fa(k+u) Feld = Fc,(u) Fc,(u+k)
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in which () represents implication by Assumption 2. Note that FL(U)(a) is continuous within each range,
and its value on the boundary points coincides. Therefore, it suffices to prove that in each range, FL(u) (a) is
decreasing. In Case 1, the function is constant and thus the result holds trivially. In Case 2, since Cy <p, As
according to Lemma 7 (which requires Assumptions 3-5), the function is decreasing using Lemma 1. In Case
fct (U)
fAt (u)

3, Lemma 7 and Lemma 3 imply that is log-convex in u. Using Lemma 4, we have that FL(U)(a) is

decreasing in wu.

Let L(t,n,u) be the patient’s residual lifetime at ¢ when we use the current AVF chance at ¢t + u and
follow the optimal policy for the subsequent AVF chances. We now present the induction step:

— Induction step: Assume L(t,n — 1,us) <4 L(t,n — 1,uy), for all uy < us. We prove that if u; < ug,
then L(t,n,us) <g L(t,n,uq).

To calculate the lifetime of the patient for the case of multiple AVF chances, we assume that AVF's are
created sequentially and never in parallel (supported by Assumption 1). Since stochastic order is a partial
order, using the transitivity property we can instead prove that L(ug) <s; L’ and L' <g L(uj), in which L’
is the lifetime under a hypothetical situation similar to L(u;) with the difference that the decision to use
the subsequent AVF is delayed until us + k (see Figure 2).
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Figure 2: Induction step and the hypothetical random variable L.

o L(ug) <4 L': For x < ug + k, we have that FL(U2)(x) = FL(t717U2)(m) and F/ (z) = FL(t717ul)(m).
Thus the result follows from induction base. Otherwise, we have

FrL(uz) (@) = Fr(ug) (U2 + %) Friu, 11on-1) (@ — [uz + &),
FL/ (.’L’) = FL/ (UQ + k).FL(U2+k7n_1)(x - [UQ + k])
Based on the previous result, we have FL(U2)(U2 + k) < Fr(ug + k), and thus we get the result.
o L' <g L(t,n,u1). For z < uy + k, we have that Fr,y,)(z) = Fr/ () = Fr,1,uy) (). For z > uy + k,
Friu)(®) = Fr (u1 + k) Friu 1x,n-1,0) (2 — [u1 + k]),
Fr (z) = Fr(u1 + k) FL(u, +lon-1,us—u) (2 — [u1 + K]).

Using the induction hypothesis, we have L(u; + k,n — 1,us —u1) <g L(us + k,n —1,0), and thus we
have the desired result.



Proofs of Theorems 2, 3-5, Corollaries 1-2, and Proposition 1:

We prove the optimality of threshold policies (Theorem 3) in three steps. First in Proposition 2, we prove
the existence of an optimal HD-duration threshold policy for the case n = 1. Next, we prove Theorems 4-5
and Corollary 1 for the special case n = 1. Finally, using these results, we prove that the same threshold
policy formed in Proposition 2 is optimal for the case n > 1, as well.

We use the following notations in what follows.

e v"(NF,n,t): the value function (the remaining QALE of a patient) at state (NF,n,t) under an
arbitrary policy 7

e v(NF,n,t,y): the value function of the policy consisting of surgery planned at ¢ + y for the current
AVF chance and then the optimal policy for the subsequent decisions.

e v(NF,n,t): the optimal value function at state (NF,n,t).

Note that we supposed Assumptions 1-2 and 6 in defining the dynamic programming model (see Section
3.4). Let my denote the policy of using CVC for the rest of the patient’s life (hereafter referred to as the
“no-AVF” policy). Under this policy, the patient remains on a CVC until she dies, and since her residual
lifetime under this policy is Cy, her QALE is ¢.E[Cy], i.e., we have VNF,n : v™(NF,n,t) = ¢.EC;. Since
v™(NF,n,t) = q.EC; for any NF and n, we use v™(.,.,t) to denote this independence.

Let s denote a general patient state. Note that the value function of an arbitrary policy , i.e., v™(s),
is the expected quality adjusted lifetime of a patient under that policy. In what follows, we let v™(s|E)
represent the value function of the policy 7 conditional on an event . For instance, (v (s) —v™(s)|C; < )
denotes the QALE difference between two arbitrary policies m; and o conditional on the event Cy < y.

We use Lemmas 8-10 to prove Proposition 2.
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Figure 3: Linking v(NF,n,t,y), v(NF,n,t +y,0), and v (NF,n,t + y).

Lemma 8. The following equality holds for v(NF,n,t,y).
v(NF,n,t,y) = Fe,(y) [o(NF,n,t +y,0) —o™ (.t +y) | +0™(,.,1)

Proof. Consider Figure 3. We want to prove that the difference between the value functions of the policy
consisting of surgery planned at ¢ + y for the current AVF chance and then the optimal policy for the
subsequent decisions and the no-AVF policy, i.e., v(NF,n,t,y) — v™(.,.,t), equals Fcg, (y) [U(NF,n,t +
y,0) —v™ (., ., t+y)].

If Cy < y, then the patient dies before the AVF surgery, in which case there is no difference between
the two policies. If Cy > y, which happens with probability Fc, (y), then the difference between the two
policies equals the difference between the value function at the state (NF,n,t+y) when we follow the policy
consisting of immediate surgery for the current AVF chance and then the optimal policy for the subsequent
decisions and that of the same state but following the no-AVF policy, i.e., v(NF,n,t+y,0) —v™(.,.,t +y).
Therefore, we have v(NF,n,t,y) — v™(.,.,t) = Fe,(y)[v(NF,n,t + y,0) — v™(.,.,t + y)| and thus the
result. |

For Lemma 9, let w(t,m, k) denote the residual HD utility adjusted lifetime expectancy of a patient at
time ¢t (which is the patient’s QALE without subtracting the AVF creation disutility) under a scenario in
which the patient undergoes the surgery at ¢ for her only AVF chance and the AVF maturation time and
AVF lifetime are deterministically set at m and k, respectively.



Based on Assumption 2 on a patient’s survival, we can calculate w(t, m, k) as follows:
m
w(t,m, k) = qc/ xfe, (x)dx
0

k
+Fcc (m) |:q0m+qa/ fot+m (l’)d.’L‘ + FAt+m (k) [qak" + qCECt+m+k] . (1)
0

We can express v(NF, 1,t,0) and v™(.,.,t) using w(t,m, k) as follows:
v(NF,l,t,O):—d+EM7K|NF[w(t7m,k)]7 (2)
v™ (., ., t) = w(t,m,0) : Vm. (3)
We will use these equalities in later proofs.

Lemma 9. Suppose Assumptions 2-5 and 8. We have %w(t,m, k) is non-negative and decreasing in t and
m.

Proof. To have differentiability of w in k, it suffices to assume that Fa () and Fc(x) are differentiable at all
values of & because they in turn imply that Fa, (2) and Fe, (z) (as a direct result) and EC, (using Lemma
6) are differentiable functions in x.

We have:
d - d b - d
%w(t, m, k) =Fc¢, (m) Zpda ; aofa,, . (x)dx + FAHm(k)% [qak + chCt+m+k]
d _
+ [dikFAtﬁ»m (k)] [Qak + QCECt+m+k]:| (4)

= Fct (m) |:qakat+m (k) + FAt+m (k) {qa + qc [rct+m (k)ECt+m+k - 1]}

tay o (W)aak + qcu«:chM@ (5)

=Fc,(m)Fa,,.,.(k) |:Qa — qe + @BCipmk[rc,(m+ k) —ra, (m+ k)] (6)

where Equation 4 follows from Equation 1 using the product rule in calculating the derivatives of products
of two functions, Equation 5 follows from Equation 4 by using Lemma 6, and finally Equation 6 follows from
Equation 5 by rearranging terms.

We can prove that %w(t, m, k) is decreasing in ¢ and non-negative by showing that it is a product of the
following three non-negative decreasing functions:

1. Fc,(m): This is decreasing in ¢, since Cy is stochastically decreasing in ¢ based on Lemma 5 and that
C is IFR by Assumption 5.

2. Fa,,,(k): This is decreasing in ¢, since Aty is stochastically decreasing in ¢ based on Lemma 5 and
that A is IFR by Assumption 5.

3. ¢a — G + @ECrymyk[re, (m + k) —ra, (m+k)]:

e non-negative: We have that ¢, > ¢. by Assumption 8. Also, rc,(m + k) > ra,(m + k) based on
Lemma 7 (which requires Assumptions 3-5).

e decreasing: ECY .+ is decreasing in ¢, because Cyy 1 is stochastically decreasing in ¢ by Lemma
5 and the fact that C' is IFR by Assumption 5. Also, re,(m + k) —ra,(m + k) is decreasing in ¢
based on Lemma 7.

Using the same logic, we can show that %w(t, m, k) is decreasing in m.



Lemma 10. Suppose Assumptions 2-6 and 8. For any NF, we have v(NF,1,t,0) —v™(.,.,t) is decreasing
mn t.

Proof. Choose t; < to, arbitrarily. We have that Vm : %[w(t%m, k) —w(t1,m, k)] < 0 by the linearity of
the differential operator and Lemma 9 (which requires Assumptions 2-5 and 8). This implies that

Yk, m :w(tz,m, k) —w(ty, m, k) < w(tz,m,0) —w(ty, m,0).
But by Equation 3 we have: Vm,t : w(t,m,0) = v™(.,.,t). Thus,
Vk,m : w(ta,m, k) — w(ty, m, k) <o™(., . ta) —0™(., ., t1).
Taking expectation from both sides with respect to M, K|NF and Equation 2 gives us:
v(NF,1,t3,0) —v(NF,1,t1,0) <0™(., ., ta) —0™(., ., t1).

Note that taking expectation is justified based on Assumption 6. By rearranging the terms in the above
inequality, we obtain the desired result. |

Proof of Theorem 2. This result is in fact a corollary to Lemma 10. By assuming d =0, M =0, and K = oo
with probability 1, we obtain v(NF,1,t,0) = gaEA;. Since v™(.,.,t) = q¢EC; by definition, we have that
qaE[A;] — gcE[C}] is decreasing in t. The result then follows by assuming g4 = gc = 1. |

Proposition 2 (Existence of Threshold Policies for n = 1). Assume n =1 and fix NF, arbitrarily. Under
Assumptions 2-6 and 8, there exists a threshold policy 7*(NF') that mazimizes the QALE of the patient.

Proof. Fix t, and NF, arbitrarily. Assume that we plan the surgery at ¢t + y. By Lemma 8, we have:
U(NF717t?y) :Fct(y) U(NF’ 1’t+y70) 7U7T0("',t+y) +/Uﬂ-o(""t)

For this decision to be an optimal action, it is necessary that surgery at t + y is no worse than the no-AVF
policy, i.e., (NF,1,t +y,0) > v™(.,.,t +y).
Since v(NF,1,t+y,0) —v™(.,.,t+y) is decreasing in y by Lemma 10 (which requires Assumptions 2-6 and
8), and Fc,(y) is decreasing in y, then v(NF,1,t,y) is decreasing in y for all y that satisfy the necessary
condition. Thus, the optimal action is to perform surgery at ¢ if v(NF,1,¢,0) > v™(.,.,t), and no surgeries,
if otherwise.

Now, we form the policy 7* as follows based on whether v(NF,1,0,0) < v™(.,.,0) or not.

e v(NF,1,0,0) < v™(.,.,0): we have that for V¢ : v(NF,1,0,0) < v™(.,.,0), since v(NF,1,¢,0) —
v™(.,.,t) is decreasing in ¢t by Lemma 10. As a result, the no AVF surgery (i.e., “CVC forever”) is
optimal for all £. Choose 7*(NF') = 0 in this case.

e vy(NF,1,0,0) > v™(.,.,0): we have that 3’ < oo such that for ¢ < t/, we have v(NF,1,0,0) >
v™(.,.,0), and v(NF,1,0,0) < v™(.,.,0) for t > ¢ because v(NF,1,t,0) — v™(.,.,t) is decreasing in
t. For t < ¢/, surgery at t is optimal, and for ¢ > ¢/, the patient should remain on a CVC, i.e., the no
surgery policy is optimal. Choose 7*(NF) = ¢’ in this case.

The policy 7*(NF) is optimal for n = 1 by construction. |

Now that we have achieved the first step in proving the optimality of threshold policies, we prove Theorems
4-5 and Corollary 1 for the special case n = 1. Once we prove the optimality of 7*(NF') for all n in Theorem
3, which requires Assumptions 1-8, these results also generalize.

Proof of Theorem 4 for n = 1. Based on the way we constructed 7*(NF; d) in Proposition 2, we have:
t>7*(NF;d) < v(NF,1,t,0;d) <v™(.,.,t). (7)
Define d**(NT,t) as follows:

dcr(NF, t) = ]EM7K‘NF[’LU(2(I, m, ]{1)] - Uﬂo(., ,t) (8)



Note that by Equation 2, we have:
d*(NF,t) =d+v(NF,1,t,0) —v™(.,.,t). (9)
By Equation 7 and the above equality, we have:
t>7"(NF) < d“(NF,t) <d (10)
Thus, d*" (N F,t) is indeed a critical value for AVF creation disutility in determining the optimal decision. W
Proof of Theorem 5 for n = 1. We have:

d*(NF,t) =P[K = 0|NF|Ep(w(t,m,0)] + P[K > O|NF|Ep z[w(t,m, z)] —v™(.,.,t) (11)
=P[K =0|NFJv™(.,.,t) + P[K > O|NF|En, z[w(t,m, 2)] — v™(., ., t) (12)
=P[B = 1|NF](En,z[w(t,m,z)] —v™(.,.,1)), (13)

where Equation 11 follows from the definition of d**(NF\t) in Equation 8, the law of total probability and
definitions of K and Z, Equation 12 follows from Equation 11 by using the fact v™(.,.,t) = w(t,m,0) (see
Equation 3), and Equation 13 follows from Equation 12 by rearranging terms. |

Note that we can use Equation 13 to numerically calculate the critical disutility by calculating Eps, z[w(t, m, 2)],
either by Monte-Carlo simulation or analytically, and v™(., ., t) using the equality v™(.,.,t) = ¢.EC}.

Proof of Corollary 1 forn = 1.
By Equation 13, we have d(NF,t) = P[B = 1|NF|(En z[w(t,m,z)] — v™(.,.,t)). By Assumption 7,
the AVF surgery success probability is decreasing in NF'. Therefore, we have that the critical disutility is
decreasing in N F for any t.

Choose NF; < NF,, arbitrarily. Let t; = 7*(NF;) for i = 1,2. By Equation 10, we have d*(NFy,t1) > d
(substitute t; for ¢ and NF; for NF). Since the critical disutility is decreasing in NF for any ¢, we have
d“(NFy,t1) < d, as well. By Equation 10, we have t5 < t; (substitute t5 for ¢t and NF; for NF). [ ]

Before proving Theorem 3, we show the following property for 7*.
Proposition 3. For 7, we have:

1. Vn,NF,t : v™*(NF,n,t) >v™(.,.,t),

2. Vn,NF : v"™*(NF,n,t) —v™(.,.,t) is decreasing in t.
Proof. Fix NF, arbitrarily. We prove the result by induction on n as follows:

e n = 1: We have:

v(NF,1,t,0) —v™(.,.,t) :t<T7(NF)

v (NE,1,t) —v™ (., ., 1) = {
0 D oW,

The function is decreasing for ¢ < 7(NF) by Lemma 10, and for ¢ > 7(NF) trivially. It suffices to
have that v™(NF,1,t) > v™(., ., t), which follows from the fact that 7* is optimal for n = 1.
e Assume the result holds for n = 1,...,l. We prove that it holds for n =1 + 1.

Fort > 7*(NF), we have v™*(NF,l+1,t) = v™(., ., t), since the two policies coincide. For t < 7*(NF),
fix M = m, and K = k for the current AVF chance, arbitrarily. The result generalizes by taking
expectation. Let ' =t+m+kand NF/' = NF+1,if k=0, and NF' = NF, otherwise. We have:

V(NF, I+ 1,t) — v (NF,1,t) = S(t,t') [o"™ (NF',1,t') —v™(.,.,t")]. (14)

where S(¢,t") represent the probability of survival of the patient until time ¢’. We can explain Equation
14 as follows. The difference, in terms of QALE, between the states (NF,l+ 1,t) and (NF,1,t) under



the policy 7* does not start until ¢, which is realized only if the patient survives until ¢’ with probability
S(t,t"). At ¢/, the patient receives v™*(NF’,[,t') for the case we start by [ + 1 AVF chances, whereas
for the case we start by one AVF chance, the patient switches to a CVC forever at ¢’ and receives
v™(.,.,t"). Therefore, we have

DT*(NFal+ 1at) > UT*(NF7]-at) > vﬂo('v'at)a

where the first inequality results from Equation 14 and that o™ (NF”,1,¢') > v™(.,.,#') by induction
assumption, and the second inequality results from induction basis. This proves the first property.

Since v™*(NF,1,t) —v™(.,.,t) is decreasing in ¢, in order to prove the second property, it suffices to
prove that the right-hand side of Equation 14 is decreasing in ¢t. We prove it by showing that it is the
product of the following two non-negative and decreasing functions:

1. S(t',t): The probability is non-negative by definition. First we compute S(t',t) as follows:
S(t,t/) :]P[Ct > m,At+m > k] = ]P)[Ct > m]IP’[AHm > k‘Ct > m] = Fct (m)FAt+m(k)7

where the last equality follows from Assumption 2. Both Fg,(m) and Fa, . (k) are decreasing
in t because Asy, and Ci,, are stochastically decreasing in ¢, for any > 0 by Lemmas 5 and 7.

2. vT(NF'1,t") — v™(.,.,t'): This term is non-negative and decreasing in ¢ using the induction
assumption.

Proof of Theorem 3. We prove the optimality of 7*(NF') formed in Proposition 2 by induction on n. Note
that Proposition 2 required Assumptions 2-6 and 8. The proof additionally requires Assumption 7 to use
Corollary 1 and Assumption 1 regarding decision points in the model.

e n = 1: The policy is optimal for n = 1 by construction.

e Assume the optimality of 7*(NF) for n =1,...,l. We prove it for n =1+ 1.
Fix NF, arbitrarily. We prove the optimality of 7* based on whether ¢ > 7*(NF') or not as follows.

— t > 7*(NF): The policy suggests no more surgeries. We argue its optimality as follows.

We argue that the last [ AVF chances will not be used. Note that these AVFs’ possible use time
will be at some ¢’ > t and for some NF' > NF. Since 7* is optimal for n < I, 7*(NF’) > 7*(NF)
(by Corollary 1), and that ¢’ > ¢ > 7*(NF) > 7*(NF"), these AVF chances will not be used .
Thus, we are left with one AVF chance. Similarly, we should not use that chance, either. Thus,
the no surgery decision is optimal in this case.

— t < 7*(NF): The policy suggests surgery at t. We argue that it is optimal as follows.
Assume the surgery is planned at ¢’ := ¢ + y. Note that no surgeries should be performed later
than 7*(NF) (using the logic explained in the first case). Thus, we restrict our attention to
t' < 7*(NF). For all such ¢/, we have that v(NF,n,t',0) = v™(NF,n,t'), based on the induction
assumption. By this equality and Lemma 8, we have

v(NF,n,t,y) = Fc,(y) [vT*(NF,n,t +y) —v™ (., ..t +y)| +v™(,.,1)

We conclude the proof by showing v(NF,n,t,y) is decreasing in y. Since F¢, (y) is decreasing in
y and non-negative, it suffices to have that v™*(NF,n,t +y) — v™(.,.,t 4+ y) is non-negative and
decreasing in y which holds by Proposition 3, respectively.

Proof of Proposition 1. Fix NF, arbitrarily. Based on the way the optimal policy is formed in Proposition
2, we have that for all ¢t € (0,7*(NF)), v(NF,1,t,0) > v™(.,.,t) and for all ¢t € [7*(NF), tmax), we have
v(NF,1,¢,0) <wv™(., . t). Since v(NF,1,¢0) —v™(.,.,t) is a decreasing continuous function, we can find
T*(NF) using a binary search over [0, tmax]- [ ]

Proof of Corollary 2. By Equation 9 and Lemma 10, we have that d“"(NF, t) is decreasing in ¢. The result
then directly follows Equation 10. ]



Proofs of Theorems 6, 7:

Proof of Theorem 6. Fix U = ) arbitrarily. The result generalizes using Lemma 2. Let LT (y) and L(y) be a
patient’s residual lifetime at ¢ when the AVF surgery is planned at y with and without a potential transplant
at t = 1, respectively. We prove that FLT(y) (a) is decreasing in y for any a. Let Tr(¢) be the patient’s
residual lifetime on transplant at v. We have:

Frno (a) = { Fry)(a) ca <y (15a)
@) FL(y) (w)F’I‘r(w) (a - w) ¢ 0.W. (15b)

Equation 15a follows from the fact that transplant benefits a patient’s survival after the transplant, and
Equation 15b follows our assumption that the lifetime of a patient on transplant does not depend on HD
history. The result then follows by Theorem 1, which indicates that F,y)(z) is decreasing in y. |

We use Lemma 11 to prove Theorem 7.

Lemma 11. Consider the random variable Y, a function of the continuous random variable X, defined for
X =z as follows:

(=) cx < 6
V(@)= {g(@)—i—U tx > 0.

where g is a linear function. Then, we have EY (X) = Eg(X) + Fx (0)[U — Eg(Xp)]
Proof. We have

E[Y (X) - g(X)] = Fx(O)E[Y (X) — g(X)|X > 0] = Fx(O)E[U + g(0) — (0 + Xo)], (16)
Fx(O)E[U +g(0) — 9(0) — 9(Xo)] = Fx (O)E[U — g(Xy)], (17)

where the first equality in Equation 16 follows the total law of probability and the fact that Y = g for X < 6,
the second equality follows using the definition of Y and the identity X|X > 6 = Xy + 0, and finally the first
equality in Equation 17 follows by the linearity of g. |

Proof of Theorem 7. In order to prove the theorem, we only show that Lemma 10 holds under the extended
model as well. The rest of the proof follows similar steps taken for Proposition 2 and Theorem 3, which
require Assumptions 1-8.

Let »(NF,1,t,0) and v™(., ., t) be the equivalents of v(NF, 1,¢,0) and v™(., ., ), respectively, under the
model with the transplant option. Since monotonicity preserves under expectation, it suffices to prove the
result under all possible scenarios (i.e., we use a sample path argument). Under the scenario where the
transplant is canceled, we have v(.) = v(.) and thus the result follows using Lemma 10. Now we consider the
case of no cancellation. If the AVF does not mature, we have v(NF,1,¢,0) — v™(.,.,t) = —d, as the only
difference in QALE is the AVF creation disutility. It remains to prove the result for the case of a successful
AVF creation.

Fix M = m arbitrarily. Let ¢ := ¢t + m be the time of switching to the matured AVF, and U be the
lump-sum QALE the patient receives from transplant. Using Lemma 11 and by considering g(z) = gaz,
X = Ay, and 6 =) — t', we can show that the QALE residual at ¢’ for a patient who is on an AVF from t’
until transplant equals gaEAy +Fa,, (¥ —t')(U — qaEAy). Similarly, we can show that the QALE residual
at ¢ for a patient on the CVC equals qcECy + Fct/ (¥ =) (U — qcECy).

We can calculate v(NF,1,¢,0) — v™(., ., t) as follows:

v(NF,1,t,0) — v™(.,.,t) :FCt (m) [{qA]EAt/ +FAH (v —t') (U — qAEA¢)}_

{qC]ECt« +Fe, (¥ — ) (U - qCIECw)}] —d (18)



Equation 18 can be explained as follows. The patient experiences a QALE difference starting from ¢’ (AVF
maturation time), but only if she survives until then. Therefore the QALE difference after ¢’ is discounted by
Fc,(m). Since Fg, (m) is decreasing in t (see the proof of Lemma 9), it suffices to prove that the term in the
brackets, henceforth denoted by A, is non-negative and decreasing in ¢ (or equivalently ¢'). By rearranging
terms, we obtain :

A = [qAEAt/ — QCECt’:| + |:Fct, (’lb — t/)chO¢ - FAH (’(/) — t/)qAEA,/,:| +U |:FAH (¢ — t/) — FCU (1/) — t/) .
We have:
A Z |:qA]EAt/ — chCt/} + {FCH (1/} — t/)qCEOw — FAH (’(/) — tl)qAEAw}

> [QA]EAt’ - chCt/] +Fa, (¥ —t) [QCECw - (IAEAw] > 0.

where the first inequality follows since U > 0 and FAu (v —t)>Fc . (¥ — ') as a consequence of Lemma 7,
and the second inequality follows because again Fa,, (¢ —t') > Fc,, (¢ —t'). We have g4EAy — qcECy >
FAH (W —1t) {qAJEAw — qC]EC’w} and thus the last inequality, because based on Theorem 2, g4EA; — qcEC}
is decreasing in ¢, t’ < ¢, and FAH (Y —t)<1.

Finally, by rearranging terms in A, we can show that it equals the sum of the following decreasing
functions:

e guEA; — qcEC;: This term is decreasing based on Theorem 2.

o —Fc,(v—t) [qA]EA¢ —qCEC’w} : Since Fc(t') is decreasing and —F¢,, (¢ —t') = —gggfﬁ; by definition,

we have that *Fct, (—t') is decreasing. Since Cy, <z Ay based on Lemma 7, then using Assumption 8
we can show that gaEA, > qcECy. Therefore, the term _FCt/ (Y—t') [qAIE/Lb —qCIECw} is decreasing.

. [FAH (—t)—Fc, (V- t’)] (U —qaEAy): This term is decreasing because Fa,, (¢ —t') — Fc,, (¥ — ')
is decreasing based on the theorem assumption, and U > gaEA, since we assume that a patient’s
residual QALE on transplant is higher than on HD.
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