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Incentive-driven Information Dissemination in Two-tier Supply Chains 

Online Appendix: Mathematical Proofs 

 

Derivation of conditional expectations under Assumptions A1 and A2 

It follows that           is multivariate normal with covariance matrix as follows: 

            

            

              

              

   
      

      
 . 

By Degroot (1970, p. 55), it follows that            is normally distributed with the following mean: 

                        
         

  
  

        
       .  

Similarly,      ,        and         are bivariate normal with covariance matrices as follows: 

                
    

       
 ,           

         
         

 . 

The posterior distributions of   and   , given   , have the following means: 
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  .    

 

Derivation of the operations subgame equilibrium in system B, for given   

By the first-order conditions of (3),         
                 

       
 

        

      
      . Without vertical 

information acquisition, with         and the first-order conditions of   
   

, we have   
   

 
     

 
. Then 

  
       

                  

       
 

  

             
 .  

The ex-ante system profit is: 

           
         

      
      

    
           

         
       

     

         
         

                   

        
 

  

            
      

  
 

             
       

         
         

                   

        
 

  
 

             
, since          and            .  

With         and the first-order conditions of   
   

, we can follow a similar procedure to establish the 

equilibrium outcome for the case with vertical information acquisition.     

 

Derivation of the operations subgame equilibrium in system SC, for given           

By the first-order conditions of (3), we have             
                 

       
 

        

      
      .  

If        , with             and the first-order conditions of (4), we have: 

  
     

 
                        

       
       . 

  
     

 
                          

             
 

  

             
    

  
 

      
  .  

The ex-ante profit of the retailer is: 



2 
 

           
     

      
     

   
     

   
      

     

       
       

    
    

  
    

  

            
             

  

             
          

  

  
 

             
.  

Similarly, the ex-ante expected profit of supplier   is      
           

     
     

       
 .  

We can follow similar procedures to establish the equilibrium outcomes for the other three cases, 

                     . Signal price    should be deducted (added) from (to) the expected profit of the 

supplier   (retailer) if      to obtain the total ex-ante profits.     

 

Proof of Proposition 1.  

By Figure 3, we can derive the suppliers’ signal prices    and   . The expected ex-ante profits of the 

suppliers are as shown in Table 3. The equilibria are illustrated in Table A-1. 
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Note.   
  

 

             
. 

Table A-1. Derivation of NE for System SC 

By Table A-1, only one pure strategy NE can be sustained in system SC, where    
      

 
 ,     .  

 

Derivation of the operations subgame equilibrium in system RC without horizontal information 

sharing  

We will focus on        in the form of                       . The objective functions of the 

retailers are given in (6). First-order conditions give        
                                     

 
,      . 

Under ordering policy                  and the first-order conditions, we have:  

          
                                             

 
,      . 

Applying these two equations for every possible    and   , we will have four equations in four unknowns: 

               ,                ,          
    

     
 

  

     
,           

    

     
 

  

     
. The unique coefficients are obtained by solving these equations.  

The equilibrium order quantity              
                     

        , where   
  

              
.  

If        , with              and the first-order conditions of (8),   
     

 
     

 
      . Thus, 

  
     

   
      

                     

       
 

  

              
  . We can follow similar procedures to 

establish the outcomes for the other three cases.  
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When the retailers share information, we can follow a similar procedure to obtain the outcomes, except 

that we now focus on           in the form of                             . With all the 

outcomes, we can then calculate the ex-ante profits by substitutions.     

Proof of Lemma 1.  

The results can be proved by comparing the relevant ex-ante profits as shown in Table 4.   

Proof of Lemma 2.  

By Figure 4 and Table 4, the supplier’s maximum ex-ante profits in areas I – IV are: 
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 . 

Comparing these profits,   
      

  ; and if           
      

   ,   
     

  and   
      

 ; if    
     

   
  ,   

    
   and   

      
  ; if           

      
   ,   

    
    and   

     
   .    

      
      

   if 

          
     

 
,    

      
      

   otherwise. Hence the claim.      

Proof of Lemma 3.  

Similar to Figure 4, we characterize the decisions by the retailers to disclose signals in system RC when 

they exchange signals, as illustrated in Figure A-1. 

                       

Note.   
  

   
       

                        
,   

  
   

 

              
 

Figure A-1. Information acquisition in system RC with information sharing 

By Figure A-1 and Table 5, the supplier’s maximum ex-ante profits in areas I – IV are: 
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 . 

  
    

   and   
      

     
  . The comparative and sensitive results follow from the expressions for   

  

and   
 .              

Proof of Proposition 2.  

We assume    
    

      
    

   under bilateral information acquisition, and   
    

  under unilateral 

information acquisition. By Lemma 3, bilateral information acquisition will always occur if the retailers 

share information. By Lemma 2, if the retailers forfeit information sharing, when           
     

 
, 

no information acquisition will occur if      
  , while unilateral information acquisition will occur if 

     
  . We analyze the retailers’ decision to share information by comparing their ex-ante expected 
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profits without and with information sharing, taking into consideration the supplier’s signal acquisition. 

The retailers will share information iff both of them are better off. We use subscript   or   on the relevant 

profits, with   for “no information sharing” and    for “with information sharing”. 

When     
        

 
 and      

  , we compare     
     

      
  

  
        

                   
 in Table 3 with 

    
     

      
  

  
 

                 
       in Table 5, where            

    
  . When       , 

  
      

 
 and      

  , where    
   

   

 
, with                 

     
        

           
        

        
     

 ,               
     

               

    
        

        
     

  , 

    

      
       

       
      

     
                

          
   

      
        

         
        

   
       

   
      

   
       

 

         
       

   
      

   
       

        
     

   
 

,      
   and 

         
            

                  . Then, under such conditions, the retailers will share signals 

and the supplier will acquire signals from them both. Otherwise, neither information sharing nor 

information acquisition will occur. 

When     
        

 
  and      

  , we compare     
        with     

     
  . The requirements of 

     
   and          

            
                   cannot hold simultaneously. Thus, the retailers 

will not share signals and the supplier will acquire signal from one retailer at price   
 .  

Similarly, when   
        

 
, we consider the ex-ante profits of the retailers without information sharing 

in the three cases of part 1) in Lemma 2, and follow a similar procedure as above to establish the 

outcomes. Particularly,    
               , where                   

            

   
                  

                 
                   

     

                     
    , and                            ,           represents the 

 th root of  .           represents the  th root of  .       

Proof of Proposition 3.  

We use    
        in Table 4 as the reference. The subscript   stands for the system profit, i.e., the total 

profit of the two retailers and the supplier. The results can be proved by comparing the equilibrium profits 

in Area II, III, and IV of Figure 5. For instance, no information sharing occurs and bilateral information 

acquisition occurs in Area III. With the condition        
      

         
  , we can show     

        

    
             ,    

           
       , and    

           
        with    

    
      

    
  . The 

consumer welfare is defined as                  
 
   , where               

  
 

 
. It can be 

verified that                      . Similar comparative analyses can be conducted for the other areas. 

Most of the comparison results are the same as those in Area III, except in Area IV. In Area IV-a, we 

have     
            

             , and    
           

        with    
    

      
    

  . In Area IV-b, 

we have     
            

        with   
    

 .        

Derivation of the operations subgame equilibrium in system SRC, for given         
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Without information sharing, similar to that in system RC,              
                     

        .  

If        ,    
     

             ,      . With              and the first-order condition of    
     

, 

we have   
     

   
  

                          

     .  

Thus,   
     

   
      

                              

           
  

              
  .  

We can follow a similar procedure as that for         to establish the equilibrium outcomes for the 

other cases. We consider        in the form of                  for        . 

When the retailers share information, we can follow a similar procedure as above. The difference is that 

we now consider           in the form of                                , and           in 

the form of                                 for        .     

Proof of Lemma 4.  

We analyze the decisions by the retailers to disclose signals in system SRC without (with) information 

sharing by Table 6(7), and illustrate them in Figure A-2. By Figures A-2, we can derive the suppliers’ 

signal prices in the equilibrium. Their expected ex-ante profits are as shown in Table 6 and Table 7, for 

the cases without and with information sharing respectively. The equilibria are as illustrated in Table A-2 

and Table A-3. 

. 

a) With no information sharing  b) With information sharing 

Figure A-2. Information acquisition in system SRC,  

Note.    
   

        

                  
,    

  
             

                                
 

                
     

                         

     
                                             

   

                                     
,    

   
 

                 
, 

   
               

 

                       
. 

 

                      

         
     

,    
     

    
     

,    
     

    
     

,    
     

 

            
     

,    
     

 
   

     
,    

     
 (     ) 

   
     

,    
     

 (     ) 
   

     
,    

     
 

         
     

,    
     

    
     

,    
     

    
     

,    
     

 

Table A-2. Derivation of NE for system SRC, without information sharing 
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Table A-3. Derivation of NE for system SRC, with information sharing 

Table A-2 and Table A-3 show that there is a unique pure strategy NE in system SRC with or without 

information sharing, in which,           and     ,      . Hence the claim.    

Proof of Proposition 4.  

By Lemma 4, regardless of the status of information sharing, information acquisition agreement will be 

              in system SRC. The retailers’ decision on information sharing is based on their ex-ante 

profits with and without information sharing. We still use subscript      on the relevant ex-ante profits, 

with   for “no information sharing” and   for “with information sharing”.  

    
     

      
  

  
        

                 
 in Table 6 and     

     
      

  
   

 

                
 in Table 7.  

If        
                              

         
, then     

     
       

     
   

   
 

                
 

  
        

                 
  , and both retailers will be better off with signal exchange.     

Proof of Proposition 5.  

By        and         , we can rewrite (10) as follows: 

        
       

         
                  

        
 

     

   
 

         

      
 

     

      
 

         

      
     (A-1) 

        

  
 

                                                                     

               
 
                  

   .  

        decreases in   for      and increases in   for     , where:  

    
                                                                    

               
        

 
         

   
. 

Note that        . It can be verified that the optimal   can only be   or   when     ,       , or 

    .                  
   

                             
       

              
    . 

If     , where    
   

                  
            

   

               
 ,     ; otherwise,     . 

(11) can be rewritten as:  

      
       

         
                  

       
 

         

      
 

         

      
   .   (A-2) 

      decreases in  . So,       if the supplier has an incentive to acquire signals.  

Therefore if     
                     when      , information acquisition will occur. 

    
                   

                                          

              
 . 

Then it is easy to verify that under the transaction condition specified in the text, the supplier will offer 

payment to acquire all signals.          
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Proof of Proposition 6.  

It can be verified that if the retailer has two signals that satisfy signal structure [A2] in system B and 

system SC, no information acquisition will occur. To maintain consistency, in comparing SC(B) and 

SRC(RC), we assume that the retailer in SC(B) has two signals that satisfy signal structure [A2]; and in 

comparing B and SC, we assume that the retailer has only one signal that satisfies signal structure [A1]. 
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Proposition 6 can be established by comparing the relevant profit gains and consumer welfare across 

various systems.           

 

Derivation of conditional expectations under signal structure I in a bilateral monopoly 

The posterior distribution of   given   is        
  

        
   

 
     , as        
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  .  

For              , the prior distribution of                 is multivariate normal with mean 

zero and covariance matrix as follows: 

                  

 
 
 
 
 
 
               

               

               

     
                

 
 
 
 
 

  
      

      
  

Given                , the posterior distribution of                    is          
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We can derive      ,          ,     ,          , and           as follows: 
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We can follow similar procedures to show:  
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