Supplementary Appendix I: Proofs

In this appendix, we present all the proofs of the propositions in the paper.

Proof of Proposition 1: Let’s look for participatory RE equilibrium, where ¢ = 1. All we need to do
is to check the four conditions specified in Definition 1.

First, we look at the retailer’s problem: Note the profit function can be expressed as m = (p—w+
TQ)E min(¢0D, q) — cq+ (wd —r(1—0))ED, which is a typical newsvendor problem (plus a constant
0+

¢
p7w+r%

,
(wh +7(1 — 0))ED), and therefore the optimal order quantity ¢° is given by F' <¢‘;) _

Since in equilibrium, the retailer’s belief is consistent with the outcome, we have (5 =¢ = 1.

o_ pr—1 c
Thus, ¢° = 0F <p_w+r190).

Note in equilibrium, we also need consumer’s belief to be consistent with the outcome, i.e.,

£ = A(¢°) = Emin(¢0D, ¢°)/ E(¢9D) = Emin(D, F~! (wire )/ ED-
Finally, we need to check, given £ = E min(D, F~1 (p—wfr 7))/ E D, consumers are indeed willing
to visit store, i.e., us > u,, which gives us the condition ’
Emin(D, F~ (1))
— + ———
hs < EDp T [he+ (1= 0)h,). (SA.1)
Note the right hand side of condition (SA.1)) is decreasing in 6 and is also boundless for 6 € R.
E min(D,F~ 1(76)0))
Therefore, there exists a unique #° € R such that hs = — 8 [hy 4 (1 — 6°)h,] and

condition (SA.I) is equivalent to 6 < #°. Since 6 € (0,1) in our model, we truncate the cutoff point
and set 1° = min(max(6°,0),1).

Based on the analysis above, we find the condition for a participatory equilibrium is 6 < ¢°. In

c
1—0
p—w+r=p5—

such case, the equilibrium store inventory level is ¢° = §F 1 (
since condition (SA.1)) will not hold otherwise. O

, which is strictly positive,

Proof of Proposition 2: Let’s look for participatory RE equilibrium, where ¢ = 1.

First, we look at the retailer’s problem: Note the profit function can be expressed as m =
(p — w)Emin(¢0D, q) — c¢q + (wd — (1 — ¢)(1 — 0))ED, which is a typical newsvendor problem
(plus a constant (wf — r(1 — ¢)(1 — @))ED), and therefore the optimal order quantity ¢ is given by

() e
E (&0) - opmwr

Since in equﬂibrium, the retailer’s belief is consistent with the outcome, we have (5 =¢ = 1.
Thus qp = 0F (m)

Note in equilibrium, we also need consumer’s belief to be consistent with the outcome, i.e.,

£ = A(¢?) = Emin(¢0D, ¢?)/E($6D) = Emin(D, F~(55;))/ED.

Finally, we need to check given £ = Emin(D, F~ ( —))/ED, consumers are indeed willing to



visit store, i.e., us > u,, which gives us the condition

Emin(D, F’l(pfw))
=D Oho + (1 —0)(ho + hy). (SA.2)

Note the left hand side of condition (SA.2) is decreasing in 6 and is also boundless for § € R. There-
Emin(D,F~1(-%-
fore, there exists a unique 67 € R such that hy, = ( =5 (’H"))tho + (1 — 6P)(ho + h,) and

condition (SA.2) is equivalent to § < #P. Since 6 € (0,1) in our model, we truncate the cutoff point
and set P = min(max(6?,0),1) and thus we get the equilibrium result.

Note 85& ° >0 and 68# = 0. Also, when r = 0, condition 1) implies condition l) and
thus 0P > 0° or P > °. Therefore, 37 > 0 such that ¢? > ¢° if and only if r < 7. O

hs <

Proof of Proposition 3: If 8 < 4P, then we have

1-0
7° = pEmin(0D, ¢°) — cq° + wE(0D — ¢°)*" — TET(HD —¢°)"
< pEmin(0D, ¢°) — c¢° + wE(0D — ¢°) "
< pEmin(0D, ¢*) — c¢’ + wE(0D — ¢*)" = 7P
where the second inequality is because ¢P rather than ¢° is the optimal solution that maximizes the
newsvendor profit function #P.

If P < 9° and 6 € [P, )°), then we have

1—
7° = pEmin(0D, ¢°) — c¢¢° + wE(OD — ¢°)* — TETH(HD —¢°)t

)Emin(6D, q°) — c¢° + wdED — rE(1 —0)D

—(p-w—r
>wE0D —rE(1 —0)D ==?

If 0 > max(yP,°), then 7° = wEOD —rE(1 — 0)D = «P. O
Proof of Proposition 4: Since this is just the base model with a new set of parameter § and D’, similar
to the proof of Proposition 1, we can show that the participatory equilibrium exists if and only if

Emin(D/, F'~Y{(—<—))

— a7
p—w+rl 9,9

ED

hs < [ho + (1 — )Ry (SA.3)

and in the participatory equilibrium, we have ¢V = 1 and ¢* = ' F'(——<+—) > 0. Since D' = [1 —

p—’ll)—‘rT o7
FE min <D,F1 <01_0,>>
a(1-0)]D and F'(z) = F(m), the right hand side of condition (SA.3)) equals to EDZHHTT [hot+
(1 —@')h,], which is decreasing in 6 and is also boundless for # € R. Therefore, there exists a unique
Emin(D7F*1(W))
powtr S grany
0V € R such that hy = 5 —[ho+ (1 —6'(6"))h,] and condition (SA.3) is equivalent

to 6 < 0Y, where 0'(6V) = %, i.e., the posterior fraction of high-type customers given prior 6°.
Since 6 € (0,1) in our model, we truncate the cutoff point and set ) = min(max(6",0),1) and thus
we get the equilibrium result.



Since 0" > 0, it is easy to show that condition (SA.3) implies condition (SA.1), and thus 6° > 6°.
Therefore, their truncated counterparts ¥° > v. O

Proof of Proposition 5: If 8 < ¢V, then we have

1—
7° = pEmin(0D, ¢°) — cq¢° + wE(0D — ¢°)" — TETH(HD —-¢°)t

1—6¢
< pEmin(0D, ¢°) — cq¢° + wE(OD — ¢°)T —rE . 0D — ¢°)*
1 _pn
= pEmin(0'D’, ¢°) — c¢° + wE(0'D' — ¢°)* —rE 9/0 O'D' —q¢°)*
1-0

< pEmin(elDquv) _ qu 4 ’LUE(Q’D/ _ qv)—i- _ TE (HID/ . qv)+ — 7TU

0/
where the first inequality is because of # > 0, the second inequality is because ¢¥ rather than ¢° is
the optimal solution that maximizes the newsvendor profit function 7.

If @ > ¢°, then we have 7° = wEID —rE(1 —0)D < wEOD — rE(1 — «)(1 — 0)D = wE0'D" —
r(1—60)D' = z".

If 0 € [¥,¢°), then 7° = (p — w + r%)Emin(ﬁD,qo) —c¢®° 4+ (wh — r(1 — 0))ED, while
™ =wE0'D' —rE(1 —0)D' = wEID — rE(1 — a)(1 — 6)D. Then, by Envelop Theorem, 25— —

%’;j — %7;: = —Fmin(dD,¢°) < 0. To conclude the result, we just need to note that it is indeed gl(l;ssible
to have m° > 7%, e.g., when « is very close to 0. O
Proof of Proposition 6: Comparing us;, and u,, we have
® uUg iy > U, if the following condition holds
hs < ho+ (1 —0)h, (SA.4)

Then, consumers visit store if store is in stock. Thus, retailer profit function is 7 = pE min(6D, q)—
cg+wE(D —q)t —rES2(0D — ¢)t = (p—w+r52)Emin(6D, q) — cq + (wh — (1 — 0))ED,
which is a typical newsvendor problem (plus a constant (wf 4+ r(1 — ))ED), and therefore the

optimal order quantity ¢% = F ! £ ) Note condition (SA.4]) is equivalent to 6 < 1;“,

5
where )% = min(max(%:*hsﬂ), 1), given 8 € (0,1). Moreover, note if the critical fractile
m >1 (0> m, given 6 € (0,1)), then ¢* = 0, i.e., store is never in stock and
thus consumers actually always buy online as a result.

e If condition |) does not hold, i.e., 8 > 1[)“, then s ;n < u, and consumers buy online directly.

Then, it is easy to see that the optimal store inventory level is ¢* = 0.

By setting ¢ = min(m, Y%, we get the market outcome.

Finally, to prove ¥ > 9°, we only need to note the following two facts: First, since con-

dition (SA.1) implies condition (SA.4), we have z;a > 1°; second, since ;Tcrl—" > 1 (or 6 >
—wHr g
m) lmpheS that qo = 0, we have m Z '(/}O. ]



Proof of Proposition 7: If 6 < 1°, then we have

1-96
7° = pEmin(0D, ¢°) — cq¢° + wE(OD — ¢°)" — TET(QD —-¢°)t

1—
= pEmin(dD, ¢*) — cq® + wE(OD — ¢*)" — TETH(OD — gt =7
If > 4%, then we have 7° = wEOD — rE(1 — 0)D = 7°.
If 6 € [°,9?), then we have
m° =wE0D —rE(1 —6)D

<(p—w+r JEmin(6D, q") — cq® + wEOD — rE(1 —60)D

1-6

= pEmin(dD, ¢*) — cq® + wE(OD — ¢*)" —rE 0

(0D — ')t ==
[

Proof of Proposition 8: First, note condition (10) in the paper implies condition (SA.2), thus ¢?* < )P,
Moreover, it is easy to check that 9" = 4. Since PP < P, we have PP <t

L If & < 9P, then 7P = pEmin (0D, q") — cg’ + wE(0D — ¢")t = pEmin (0D, ¢"*) — c¢?® +
wE(AD — ¢?*)" = 7P% and
7P = pEmin (0D, ¢") — c¢” + wE(AD — ¢*)*
> pEmin (0D, ¢%) — c¢* + wE(D — ¢*)*
1-0

> pEmin (0D, ¢*) — cq* + wE(OD — ¢*)* —rE——(0D — ¢*)" = =°

where the first inequality is because ¢” is the unique maximal of 7#P. Thus, we have 7P = 7P¢ > 7.

2. If 0 € [P, min(¢P, %)), then

7P = pEmin (D, ¢P) — c¢” + wE(OD — ¢P)*
> pEmin (0D, ¢*) — c¢® + wE(OD — ¢*)*

1-90
> pEmin (0D, ¢*) — c¢* + wE(D — ¢*)* — TET(GD — ¢t =7

and

1-96
7% = pEmin (0D, ¢*) — cq® +wE(0D — ¢*)* — TET(QD —q")7"

1-6
= pEmin (6D, ¢") — eq”® +wB(OD — ¢ = rE=— (0D — ¢")* = "

Thus, we have 7P > 7% = 7P?

3. If 6 € [min(¢P, 1*), max (P, 1)),



o if YP < ¢)® then

1-6
7% = pEmin (§D, ¢*) — cq® + wE(OD — ¢*)" — TEie (6D — ¢»)*
i a a a\+ 1-6 a\+ a
= pEmin (0D, ¢") — c¢"* + wE(0D — ¢"*) —TET(OD—QP) =P

and

1—-6
7 = pEmin (0D, ¢*) — cq” +wE(0OD — ¢*)" — TET(HD —q")"

= <p—w+r 9
>wEOD —rE(1—-60)D =n=?

> Emin (0D, q") — cq* + wEOD —rE (1 —60)D

Thus, we have 7% = 7P?* > 7P,

o if P > 1)* then

1—
7% = pEmin (AD, ¢*) — cq® + wE(OD — ¢*)" — T‘ETG(QD — ¢t

1 _
= pEmin (0D, ¢") — eg?® + wEOD — )" — B (0D — oyt = 7

and

7P = pEmin (D, ¢P) — cq” + wE(OD — ¢P)*
> pEmin (0D, ¢*) — c¢® + wE(OD — ¢*)*
1-0

> pEmin (0D, ¢%) — c¢* + wE(D — ¢*)* —rFE 7

(0D — ¢*) " = x°
Thus, we have P > 7 = 7P?,

4. If 6 > max(yP, %), then 7P = 1% = 7P* = wEOD — rE(1 — 0)D.

O]

Proof of Proposition 9: The addition of virtual showrooms only creates a new customer pool with D’

and €. Then since P is determined by condition (SA.2|), ¢PY should be determined by condition

E min D’,F’lfl —< . .. . oy
hs < ( 5D (”_“’))Qho + (1 — €)(ho + hy), which is implied by condition (SA.2)). Thus, we have

YrY < P
If < 9P, then 7P = pEmin (AD, ") — cq? + wE(OD — ¢*)* = pEmin (0D, ¢?*) — cq?’ +
wE(#'D’ — ¢?*)" = 7P and

7P = pEmin (0D, ¢") — c¢’ + wE(AD — ¢*)*
> max (pE min (6D, ¢") — c¢’ + wE(6D — )", wE6D)
1-¢
0/

> max (pE min (G/D/, q”) —cq’ + wE(G/D/ — q”)+ —rFE (G/D/ — q”)+, wE0'D' —rE (1 — 9/) D’) =Y

If € [¢PY,9P), then 7P = pEmin (AD,¢?) — cq? + wE(OD — ¢?)" = (p —w) Emin (4D, ¢°) —



cq? + wEOD > wEO'D' —rE (1 —0")D = 7P? and
q

7P = pEmin (0D, ¢") — c¢” + wE(AD — ¢*)*
> max (pE min (6D, ¢") — c¢” + wE(6D — )", wE6D)
1-¢
0/

> max (pE min (¢'D’,¢") — cq" + wE(¢'D’ — q”)+ —rE (¢'D' — q”)+, wE0'D" —rE (1-0') D’) =7

If 0 € [P, max(¢P,4y)), then 7 = wEOD —rE(1 — 0)D and 7P* = wE'D’ — r(1 — §')D’, and

1-¢
9/

o
= (p —w+ rv> E min (H’D/, q”) —c¢" +wE0' D —rE (1 — 0’) D'

>wE0'D' —rE(1-0") D’
=wE0D —r(1—a)E(1-6)D

> max (7P, 7P)

v = pE min (QID/,qv) - qu —l—wE(@lD/ _qv)+ —rE (Q/D/ _qv)+

If & > max(y?,¢?), ¥ = 7 = wEI'D' — r(1 — ¢)D' = wEOD —r(1—a)E(1-0)D >
wEOD —rE(1 —0)D = 7P,

O]

Proof of Proposition 10: Let’s first prove the part (i):

Think of the case with virtual showroom as a new base model with a new customer pool. Then,
since ¥ > 1°, we should also have V% > ).

If 0 € [V, ¥"?), then

1-¢
o’

7% = pE min (G’D’, q“a) —cq"" + wE(@’D/ — q”a)+ —rk (Q/DI - qw)+

_
= (p —w+r 0 ) FE min (H'D', qm) —cq" +wE0'D —rE (1 — 9’) D'
>wEY'D' —rE(1-6)D' =="
and
o
T = pEmin (0/1)/7 qva) — qua + ’U}E(QID/ _ qva)+ _ ’I"El 0,0 (elD/ _ qva)+
_pn

> pEmin (6'D’,¢%) — c¢* + wE(0'D" — qa)+ gl 4 = )"

9/
1—
> pEmin (0D, ¢%) — cq® + wE(OD — ¢*)" — TETH(OD — ¢t =7

Thus, we get part (i).
Next, let’s look at part (ii):

Since we can think of the case with virtual showroom as a new base model with new customer
pool (6 and D’), the proof should be similar to the proof of Proposition 8 and thus omitted.



O]

Proof of Proposition 11: Let’s first look at the case when 6§ < ¢P. In Proposition 3, we have shown
that 7P > «°. Thus, all we need to show is that physical showroom is strictly better than the other
three options as well.

7P = pEmin (0D, ¢") — c¢” + wE(AD — ¢*)*
> max (pE min (6D, ¢") — c¢’ + wE(6D — )", wE6D)

/

0/

> max (pE min (H'D/, q”) —cq’ + wE(G/D/ — q”)+ —rE (G/D/ — q”)+, wE0'D' —rE (1 — 9/) D’) =Y

A similar argument could be used to prove P > 7¥% by simply replacing the superscript - with -v¢
in the equation above. Finally, compared with the case where there is only availability information

7P = pEmin (0D, ¢") — c¢” + wE(OD — ¢*)*
> max (pE min (6D, ¢%) — c¢® + wE(0D — ¢*) ™, wEHD)
1-0

> max (pE min (0D, ¢*) — ¢¢* + wE(0D — ¢*)* — T’ET(HD — ¢, wEOD — rE (1 —6) D) =7

So, we can conclude 7* = 7P.

Next, let’s look at the case where 0 > P. Let’s first show the suboptimality of the option of
offering only physical showroom:

e if < max(¢?,1°), then

1—
7° = pEmin (6D, q°) — c¢¢° + wE(OD — ¢°)* — TETH(QD —¢°)"

> Emin (0D,q°) — c¢° + wEOD —rE (1 —60) D

= (p—w—i—r 0
>wE0D —rE(1—-60)D =xP

o if 6 > max(yP,¢°), then 7° = wEOD —rE (1 —0)D = 7P
So in the following analysis, we only need to look at the other four types of information.

e Case 1: 0 < 9°. Note that if ¥P > ¢°, we don’t even have this case. So in the following proof,
we only focus on the case when ¢? < ¢)°. Note when a = 0, we have ¢ = ¢° and 9" = ¢°.
Also, it is easy to check that % < 0 and % < 0. Then, let’s set a1 = argmin |0 — Y ()]

a€l0,1]
and ag = argmin |0 — " («)|. Since Vo ¢¥ < ', we have ag < ao.
a€gl0,1]

— If @ < aq, then 6 < ¢¥ < min(¢°, p¥*) < ®. Therefore, 7¥ = 7¥* and 7® = 7°. Moreover,

1-6
7

/

7’ =pEmin (6'D’,¢") — c¢" + wE(0'D' — q”)+ —rE 0D — qv)-‘r

9/
1-0
> pEmin (0D, ¢%) — cq* + wE(OD — ¢*)" — TET(OD — ¢t =7

> pEmin (§'D’,¢%) — c¢* + wE(0'D’ — qa)+ —vE @D - qa)+



Thus, 7* = 7.

— If a € (g, ), then ¥ < 6 < min(¥°,9"*) < 7. Therefore, 7* = w°. Also,

and

= pEmin (¢'D’, ¢"*) — c¢"* + wE(¢'D’ — q”a)Jr —rE

> pEmin (0'D’,¢%) — c¢* + wE(0'D’ — q“)Jr —rE

= pE min (HID’, q”a) —cq’ + wE(Q’D/ — q”a)Jr —rE

= (p—w—}—r

>wE0'D' —rE(1-6)D' =x"

1—-¢
o'

1-¢
7 (OID/ _ qa)+

(QI.D/ _ q’UCL)+

1 _
> pEmin (0D, ¢%) — cq® + wE(6D — q“)+ — TETG(HD - qa)+ =7

/

9/
> E min (G'D’, q”a) —cqd"* +wE0'D —rE (1 - 9') D’

(QID/ _ qva)+

/

Thus, we can conclude 7* = 7v%.

— If a > ag, then ¥ < ¥ < 6 < p° < ¢p*. Therefore, 7* = 7° and 7% = 7¥*. Thus, we only
need to compare 7° and 7¥. Because ——,— = r(1—6)ED > 0, there exists a3 > ag such
that 7° > 7% if and only if « € (ag,as3). Thus, 7* = 7° if a € (a9, a3); 7" =7V if @ > as.

e Case 2: 0 > ¢°.

(¥ —=°)

— If 6 € [max(¢°, ¥P), max(1p®, ¢P)], then let’s set of = argmin |0 — " («v)].

x If o < of, then ¥ < ¢° < § < ¢¥* < p*. Therefore, 7¥ = wEY'D' — rE(1 —60")D' >

a€(0,1]

wEOD — r(1 —0)D = 7°. Also,

and

1-6¢
a = pF min (GID/’qva) o qua+wE(9/D/ B qva)+ —rE 7 (G/D/ o qva)+
> pEmin (0D, ¢%) — cq® +wE(@'D' —¢%) " — e g — gyt
p ,q") — cq® + wE( ¢")" —rB—g—( q°)
1-0
> pEmin (0D, ¢%) — cq® + wE(0D — ¢*)* — rE——(0D - )t =r°
/
a = pFE min (GID/ qva) — cqva +’U)E(9/D/ — qva)+ —TEl — 0 (GID/ _qva)+
) 0/

/

:<p—w+7ﬂ 9/
>wEY'D' —rE(1-6)D ==’

) E min (H’D', q”“) —c¢" +wE0'D —rE (1 — 9') D'

Thus, we can conclude 7* = 7%,



x If a > o/, then ¥ < min(¢°, 7¥%) < max(1)°, %) < § < ¥*. Therefore, 7% = 7¥ and

1—
7@ = pEmin (AD, ¢*) — cq® + wE(0D — ¢*)" — ’I”ETQ(HD —qY"

> Emin (0D, q¢%) — cq* + wEOD — rE (1 —0) D

= <pw+r

>wE0D —rE(1—-60)D =nx°

Thus, we conly need to compare 7¥ and 7. Because a(ﬂ;;ﬂa) =r(1—-60)ED > 0,
there exists o > o} such that 7% > 7V if and only if o € (o], a}). Thus 7* = 7% if
a € (of,ah); 7 =7"if a > ab.

— If > max(yp*, ¢P), then since ¥ < 9° and ¥® > 1°, we have ¢¥* > ¥. Also, note 1)*
is determined by condition , which is implied by condition hs < h, + (1 — 6')h,,
which could be shown to determine the cutoff 1. Thus, we also have ¢ < ¢%. Then, if
6 > max(¢?,9*), we have ¥ = 7% = wEO'D' —rE(1 —0')D" > wEOD —rE(1 — 0)D =

7® = 7P = w°. So we can conclude 7* = 7¥. In this case, we can simply set of = oy = 0.

O]



Supplementary Appendix II: Extensions

In the paper, we have the following main findings:

1. Adding physical showrooms may reduce profits.
2. Adding virtual showrooms may reduce profits.

Providing only availability information never reduces profits.

> w

There is no complementary effect between physical showrooms and availability information.

5. There is no complementary effect between physical showrooms and virtual showrooms.

In this appendix, we extend our basic model in three different ways. The goal is to show the
robustness of the results listed above.

II1  Endogenous Online Channel

In this section, we relax the assumption in the paper that the online channel is exogenous. Suppose
both online and offline channels follow the standard newsvendor setup. The retail price is p, which
is the same across both channels. Unit inventory costs are c¢; and ¢, in the store and online channel,
both of which are smaller than p. For each unit sold online, if it is not returned, the retailer can get
the revenue p, i.e., the price of the product; if it is returned, the retailer incurs net cost k (i.e., the
retailer cannot make money from dealing with returns). The retailer decides the inventory levels in
both channels, g5 and ¢,, in the beginning.

Consumers setup is the same as before. We assume when the online channel is out of stock, those
who are willing to buy online will leave for other websites to buy the product at the same price and
obtain the same utility u,. Note, when consumers encounter a stockout in store, they will buy from the
retailer’s online channel first. In many companies (e.g., Bonobos and Warby Parker), store employees
are trained and equipped with digital devices to help store customers order online. However, when
customers are shopping online at home, it is hard for a firm to persuade customers to come to store
when online is out of stock. Our model setup is to capture this difference. |Gao and Su (2016]) use
a similar assumption to study a specific omnichannel fulfillment strategy, i.e., buy-online-and-pickup-
in-store.

With this model setup, we can find that consumer’s utility functions, and thus their channel
choices, remain unchanged.

II1.1 Base Model
Given belief ¢, the retailer’s total profit is

e If $ =1, then

+
7(qs, qo) = pE min (0D, q5) — csqs + [pf — k(1 — )] E'min <<D — %) ,qo> — Colo



o [f qg =0, then
7(qs, qo) = [p0 — k(1 — 0)]Emin (D, q,) — coqo

Definition I11.1. A RE equilibrium (qs, 4o, P, gZA),é) satisfies the following:
1 Given é, if us > Uy, then ¢ = 1; otherwise ¢ = 0;
1. Given gZ;, (gs, 9o) = argmax m(qs, Go);
iii. € = A(gs);
w. ¢=¢.
Proposition II1.1. In the base model, the RE equilibrium is given as follows:

o If hy < &lho + (1 = 0)hy] and co = [pf — k(1 — 0)], then consumers visit store (i.e., ¢° =1)
and g3 = 0F (%), q5 = 0;

o if hy < &lho + (1 — 0)h] and ¢, < [pf — k(1 — 0)]% and cs < k2 84 + %, then consumers visit
store (i, 9 =1) and o = 0P~ ({555). 03 = " (Gt e>> P (k)
e otherwise, no one comes to store (i.e., ° =0) and q2 =0, ¢S = ( — k(l 7 )

where gf _ Emin(DéF;—l(%S>>7 ES _ E‘min(D,FE_;(‘z‘a:z:;)) '

I11.2 Physical Showrooms
Suppose there is a physical showroom in the store. Given belief qg, the retailer’s total profit is
o If ¢ =1, then
7 = pEmin (0D, ¢5) — ¢sqs + pEmin ((0D — ¢5)", ¢o) — cogo

o If QAﬁ =0, then
= [pfd — k(1 —0)|Emin (D, q,) — ¢oqo

Proposition I11.2. With physical showrooms, the RE equilibrium is given as follows:

. Ifh o Emin(DF () gy

=5 (1 =0) (ho + hy) and cs < c,, then consumers come to store (i.e.,
¢P =1) and ¢§ = 0F (%), ¢5 = 0;

o if hy < (1—0)(ho + hy) and cs > co, then consumers come to store (i.e., ¢P = 1) and g5 =0,
g6 = 0F (%)

e otherwise, no one comes to store (i.e., ¢* =0) and ¢ =0, ¢b = F~! (W&*@)’



. B Emin(D,F1(%)) B o
Proposition I11.3. If (1 —0) (h, + h,) < hs < [ho + (1 —6) hy] and [pf — k(1

0)]% < co < cs, then consumers visit store if there is no physical showroom (i.e., ¢° =1) and they
buy online directly if there is physical showroom (i.e., ¢? = 0). Also, in this case, physical showroom
decreases profit, i.e., w° > 7P

This shows that our first finding, i.e., physical showrooms could backfire, is robust.

I11.3 Virtual Showroom

Suppose there is a virtual showroom online. This is just a special case of the base model, with D’ and
.

Proposition I11.4. With virtual showrooms, the RE equilibrium is given as follows:

o Ifhs <&flho + (1 = 0)hy] and ¢, > [pb' — k(1 — 6')] %, then consumers visit store (i.e., ¢" =1)
and q¥ = H’F’_l(%), qr = 0;

o if hy < &lho+ (1 —0")h] and co < [pf' — k(1 —0')]% and ¢, < k‘lg—,el + %7, then consumers visit
store (i.e., 3* = 1) and ¢* = 0'F'~1 (Zﬁfgﬁ‘j); ¢ =F""1 <p79,7,§€1,9,)) — [t <Z'(‘is:9€3);

e otherwise, no one comes to store (i.e., ¢* =0) and ¢° =0, ¢¢ = F'~1 (m),

. 1 =1 (cs Emin( D', F'—1 (9’@%30))
where é_i) _ E'mln(Dl;g/ (p >>7 55) _ ( - k(1-6") ’

. Emin(D,F‘l(%)) ) Emin(D,F—l(%»
Proposition II1.5. If =D [ho + (1 —0)hy] < hs < =D [ho + (1 —0) hy]
and [pd' — k(1 —0')]% < c,, then consumers visit store if there is no virtual showroom (i.e., ¢° =1)
and they buy online directly if there is virtual showroom (i.e., ' =0). Also, in this case, there exists
o such that virtual showroom decreases profit (i.e., 7° > @) if ¢, > Co.

This shows that our second finding, i.e., virtual showrooms could backfire, is robust.

I11.4 Availability Information

Suppose there is availability information.

o If hy < ho+(1—0)h,, then consumers will come to store only if it is in stock. Then, the retailer’s
profit is

B : : s\t
7 =pEmin (0D, q5) — csqs + [pf — k(1 — )] E min (D — y) v Go | — Coo

o If hy > hy, + (1 — 0)h,, then consumers never come to store. Then, the retailer’s profit is
m=[pd — k(1 —0)|Emin(D, ¢,) — ¢o¢o-

Proposition I11.6. With availability information, the market outcome is given as follows:



o Ifhs <ho+ (1= 0)h and co > [pf — k(1 — 0)]S, then consumers wvisit store if store is in stock

andQS_eF ( )QO_O
o if hy < ho+ (1—=0)hy and co < [pf — k(1 —0)]% and c; < k150 + . then consumers visit store

if store is in stock and ¢ = OF ! (Zﬁ:%), @@ =F! <p9 e 9)) <9cs 33);

Q:\e

e otherwise, no one ever comes to store and ¢¢ =0, ¢% = F~1 (W&_Q)),

Proposition I11.7. Availability info never reduces profit, i.e., w7 > w°.

This shows that our third finding, i.e., availability information never reduces profit, is robust.

I11.5 Joint Implementation
Here, we only look at the two pairs, i.e., physical showrooms and availability information, and physical

showrooms and virtual showrooms. Our goal is to check if there is any complementary effect between
them.

I11.5.1 Physical showrooms and availability information
Suppose there are both physical showrooms and availability information.
o If hy < (1 —0)(ho+ h,), then consumers would always visit store. Thus,
7 =pEmin (0D, ) — csqs + pEmin ((0D — g5)", ¢0) — cogo

o if (1 —6)(ho+ hy) < hs < hy+ (1 — 0)h,, then consumers come to store only if it is in stock.
Thus,

+
7 =pEmin (0D, qs) — csqs + [p — k (1 — 0)] E min ((D - %) ,qo) — Colo

e if hy > hy + (1 — 0)h,, then no one ever comes to store. Thus,

7 =[pd —k(1—0)] Emin (D, q,) — coqo

Proposition IT11.8. 7P < max(nP, 1%)

This shows that there is no complementary effect between physical showroom and availability
information.

I11.5.2 Physical showrooms and virtual showrooms

Suppose there are both physical and virtual showrooms. This is just the same as the physical showroom
only scenario with a different customer pool D’ and ¢’.

Proposition I11.9. 7P¥ < max (7P, 7")

This shows that there is no complementary effect between these two types of showrooms.



I12 Continuous Valuation

Suppose consumer valuation V' is continuously distributed on [0, +00). Let G(v) be the proportion
of consumers with a valuation v or lower. Ex ante, consumers know the distribution G but not their
valuations, so they are homogeneous. Ex post, consumers will learn their valuations after purchase or
by checking the product in store.

All other model elements remain the same as before.

I12.1 Base Model

If consumers buy online directly, after they get the delivery, they can realize their valuation. For a
consumer with V', if she keeps it, she gets payoff V' — p — h,; if she returns it, her payoff is —h, — h..
Then, only those with V' < p — h, will return the product. The ex ante expected payoff of buying

online directly is
o = By max(V —p — ho, —ho — hy)

Note those with V' € (p—h,., p) will not like the product (since V' < p) but they don’t return it because
the return cost is too high (since V. —p > —h,).

In the store, if there is stock, then consumers can realize their valuation, and only those with
V > p will make a purchase on the spot, and the others will leave. If store is out of stock, they can
buy online. So the expected payoff is

us(€) = —hs + EBy max(V —p,0) + (1 — E)u,
Here, as what we did in the paper, we assume consumers would consider both channels, i.e.,
U > 0 and us(1) > 0.

Denote the fraction of customers who visit store as ¢. In an equilibrium, this could be either 0
or 1, since consumers are ex ante homogeneous.

Given belief ¢, the retailer’s profit function is

7(q) =pG (p) EpDin (q) — cq (I12.1)
+ (WG p=hr) =1Gp= k)] EpDout () (112.2)
+ [wG (p— hy) = rG (p — hy)] (1 - gzé) EpD (112.3)

where Djn(q) = min(§D, zs), and Dou(q) = (6D — 5ks)*.

Definition 112.1. A RE equilibrium (q, ¢, gﬁ,é} satisfies the following:
1 Given é, if us > uo, then ¢ = 1; otherwise ¢ = 0;
ii. Given ¢, ¢ = arg max m(q);

iii. £ = A(qg), where A(q) = "2D/CE),

0. (;3: 0.



Proposition I12.1. If hy < hS, then consumers visit store (i.e., ¢° = 1), and ¢° = G (p) F~! ( - < )

_ G(P*h'r) G(P*hr)
VG TG

Ep min (D,F‘l (pw @(p_hﬁ —o
where hY = £° (Ey max(V — p,0) + hy — Ey max(V — p, —h;)) and £° = ED[f(p) G ’
otherwise, no one comes to store (i.e., ° =0), and ¢° = 0.

112.2 Physical Showrooms

With physical showrooms, when store is out of stock, consumers are still able to realize their valuation.
In such case, only those store customers with V' —p — h, > 0 will keep on buying online. So

us(€) = —hy + EBy max(V — p,0) + (1 — €) By max(V — p — h,,0)

Then, the retailer’s profit is

7 =pG (p) EpDin (q) — cq (112.4)
+wG(p+ ho)EpDout (q) (112.5)
+ [wG (p— hy) — G (p — hy)] (1 - ¢3) EpD (112.6)

where Djy(q) = min(¢D, =), and Doyt(q) = (¢D — =%)+.

G(p) G(p)
Proposition 112.2. With physical showrooms, if hs < h%, then consumers visit store (i.e., P = 1),
and ¢° = G (p) F~1 (G‘E;ﬂrho) , where hf = EPE, max(V — p,0) + (1 — €°) Ey max(V — p — h,, 0) +
G
Ep min (D,F—1 (pw (;f,frho) ) )
ho — Ey max(V — p,—h,) and & = — G(p) ; otherwise, no one comes to store

(i.e., o =0), and g° = 0. Moreover, hi > hS if and only if r is small enough.

Proposition 112.3. If hY < hS and hs € [h%, h2), then consumers come to store in the base case but
buy online directly if there is physical showroom. As a result, providing physical showrooms reduces
total profit (i.e., 7P < 7°).

This shows that our first finding, i.e., physical showrooms could backfire, is robust.

I12.3 Virtual Showrooms

Similar to what we did in the paper, we assume virtual showrooms help to screen out some “low-type”
customers. Specifically, the signal consumers receive after checking with the virtual showroom is still
binary: those whose valuation V' < © will realize their valuation is low and therefore leave the market
without any purchase, while those whose valuation V > ¢ will know their valuation is greater than v
and update their belief about the valuation distribution to G’ such that Yo > 9, G'(v) = %(Gﬂ()ﬁ)
Here, we assume threshold v < p — h,, i.e., virtual showrooms would screen out only those who really
don’t like the product and are bound to return the product if they buy it online. The total number

of customers left in the market is D' = [1 — G(?)]D.



Thus, the model is the same as base model except for a new customer pool, D’ and G'. We
denote EY, as the expectation over V given G'.

Proposition I12.4. With virtual showrooms, if hs < hY, then consumers visit store (i.e., ¢* =1), and

v o n—1 c
q = G (p) F p—wél(—p_hr) +TG/gp—hr)
G'(p) G'(p)

. A1
ED min (D’F ( _ él(P*hrs_‘_ G/(P*hr) ))
and £ = PP TG
- EpD

D
q’ = 0. Moreover, hy < hg.

) , where hY = & (E{, max(V — p,0) + ho, — B}, max(V — p, —h;))

; otherwise, no one comes to store (i.e., o* =0), and

Proposition 112.5. If hy € [hY,h2), then consumers come to store in the base case but buy online
directly if there is virtual showroom. As a result, there exists w such that providing virtual showrooms
reduces total profit (i.e., 7’ < 7°) if w < w.

This shows that our second finding, i.e., virtual showrooms could backfire, is robust.

112.4 Availability Information
With availability information, if it is shown that store is in stock, then ug jn, = —hs+ Ey max(V —p,0).
Apparently, consumer will not go to store if store is out of stock.

Denote ¢;,, as the fraction of customers visiting store when it is in stock. Then, the retailer’s
profit function is

7 (q) = pG(P)pinEDin (a) — cq (112.7)
+ [wG(p = hy) =G (p = b)) (1 = ¢in) EDin, (q) (112.8)
+ [wG(p = hy) = 7G(p = by )] EDout (q) (112.9)

where Din(q) = min(D, gl-) and Douw(q) = (D — gl-)*.

Proposition 112.6. With availability information, if hs < hS, then consumers come to store if store is
in stock and buy online if store is out of stock, where h? = Ey max(V —p,0)+h,— Ey max(V —p, —h,)

and ¢* = G (p) F~! p—wé@’thr ao—ny | otherwise, no one comes to store, and ¢* = 0.
G(p) G(p)

Proposition I12.7. Compared to the base case, providing availability information never decreases
profit, i.e., T > w°.

This shows that our third finding, i.e., availability never reduces profit, is robust.

112.5 Joint Implementation

Here, we only look at the two pairs, i.e., physical showrooms and availability information, and physical
showrooms and virtual showrooms. Our goal is to check if there is any complementary effect between
them.



I12.5.1 Physical showrooms and availability information

Suppose there are both physical showrooms and availability information. Now even if store is out of
stock, consumers may still want to visit store, us oyt = —hs + Ey max(V — p — hy,0); if store is in
stock, usin = —hs + Ey max(V —p,0).

o If hy < Eymax(V —p— hy,0) + hy — Ey max(V — p, —h,.), then consumers come to store even
if store is out of stock. Thus,

— — q +
7= pEpmin (G (p) D, q) —cq+wG(p+ho)ED<D— G(p))

o If By max(V —p—h,,0)+h,— Ey max(V —p,—h,) < hy < Ey max(V —p,0)+ h, — Ey max(V —

p, —h;), then consumers come to store only if it is in stock. Thus,

— — q +
7 =pEpmin (G (p) D,q) — cq + [wG (p — hy) — rG (p — hy)] ED<D — C_;(p))

o If hy > Ey max(V — p,0) + h, — Ey max(V — p, —h,), then no one comes to store. Thus,
= [wé (p—hy)—1G(p— hr)} EpD
Proposition I12.8. 7P < max(nP, 1%)

This shows that there is no complementary effect between physical showrooms and availability
information.

112.5.2 Physical showrooms and virtual showroom

Suppose there are both physical and virtual showrooms. This is just the same as the physical show-
rooms only scenario with a different customer pool D" and G’.

Proposition I12.9. 7PY < max (7P, 7").

This shows that there is no complementary effect between these two types of showroom.

II3 Informed and Uninformed Customers

Suppose that there are two groups of customers: a fraction A of them are informed and a fraction 1— A
of them are uninformed. Informed customers know they are high type (v). But uninformed customers
don’t know their type ex ante; they just know 6 of them are high type (v) while the others are low

type (0).

Everything else remains the same as the base model. Note the uninformed customers’ behavior
remains the same as what we described in the simple model. So, here we only describe informed
customers’ behavior. In this section, we use subscripts -, and -; to denote the parameters regarding
uninformed and informed customers, respectively.



113.1 Base Model
For uninformed customers, their utility functions are given in the paper and are also presented here:

® Uyy =0(v—p—hy)— (1 —0)(ho+ hy)

N

L4 us,u(é) = —hs + 59(’0 _p) + (1 - f)uo,u

For informed customers, they don’t have valuation uncertainty, but still they need to face avail-
ability uncertainty. Specifically, their utility functions are

L uo,izv_p_ho
o usi(€) = —hs+ & —p)+ (1 —E)ugy

Denote the fraction of informed customers who visit store as ¢;, and the fraction of uninformed
customers who visit store as ¢,,. We only consider the cases where people from the same group choose
the same channel. Therefore, we have four possible equilibrium outcomes:

L. ¢ =0,¢, =0
2. 9i=1,0,=0
3. i =0,y =1
4 ¢i=1,6y=1

Note if usz(é) > Uy, then we must have usu(é) > Upy. Thus, ¢; = 1,¢, = 0 cannot be an
equilibrium. So we have 3 left.

Given beliefs (51 and (ﬁu, the retailer’s profit function is

o if g%l =1 and gZ;u: 1, then

m(q) =pEmin ((A+ (1 —X)0) D, q) — cq

+
Fwh—r(1—0)]E(1—\) [D_/\Jr(lq—/\)e
q +
+wE)\<D—)\+(1_)\)9)
e if ¢; =0 and ¢, = 1, then
m(¢) =pEmin ((1 — ) 0D, q) — cq
+wo—r(1-0)]E[0-XD-1 ’

+wEAD

o if gﬂz =0 and ggu =0, then

7(q) = [wf —r(1 —0)|E(1 — A\)D + wEAD



Definition I13.1. A RFE equilibrium (gi)u,qﬁi,q,é, qgu,(zgz) satisfies the following:

i Given é,

b = 1if ugy > o and ¢ = 1 if ue; > ue,
“ 0 if Us,y < Uo,u ! 0 if Us,j < Uo,i

ii. Given ¢y, d;, ¢ = arg max, m(q);

141. éz A(q), where A(q) = Emgl((/%ﬁ—s(—l(l_;\;\;fz%aq) ;

. Gu= bu,di = 1.
Proposition 113.1. In the base model, the RE equilibrium is as follows:

o if hy < &Tho, then all customers come to store, i.e., ¢; =1,¢; =1

o if &5ho < hs < &5[ho + (1 — O)h,], then only uninformed customers come to store, i.e., ¢ =
0,0y =1;

e otherwise, no one comes to store, i.e., ¢; = 0,¢; =0,

. 1 c —
Emin{ D.FH o amaa= sy, Emin( D.F | ——21=g
PmWHT T =X)0 p—wirizl
d&s ’
and So ED :

o _
where £7 = =D

113.2 Physical Showrooms

Suppose there is a physical showroom. The informed customers’ utility functions remain the same as
in the base model, since showrooms do not have any effect on them.

Given beliefs ngBZ and gZ;u, the retailer’s profit function is
o if le =1 and gZ;u =1, then
m=pEmin((A+(1—-X)0)D,q) — cq
+wE[A+(1-=X)0)D —q]"
e if ; = 0 and ¢, = 1, then
7 =pEmin ((1 —X)0D,q) — cq
q1t
+ wiE <1_/\)D_§
+wEAD
o if g%l =0 and gZ;u =0, then
m=[wh—r(l-0)]E(1l—-ND+wEXD

Proposition 113.2. With physical showrooms, the RE equilibrium is as follows:
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o if hy < &Phy,, then all customers come to store, i.e., ¢f =1,¢5 =1

o if &Ph, < hy < EPOh, + (1 — 0)(ho + hy), then only uninformed customers come to store, i.e.,
gblp =0, ¢P =1;

e otherwise, no one comes to store, i.c., ¢! =0, =0,

where P = Emin(D’Z;)l(p—cw» .

Proposition I13.3. If max{&5h,, POh,+ (1 —0)(ho+hy)} < hs < &S[ho+ (1 —0)h,], then uninformed
customers come to store in the base case and buy online if there is physical showroom while informed
customers always buy online. As a result, physical showroom decreases total profit, i.e., w° > 7P,

This shows that our first finding, i.e., physical showrooms could backfire, is robust.

I13.3 Virtual Showrooms

Suppose there is a virtual showroom online. Note virtual showrooms do not affect informed customers.
It simply screens out a of low-type uninformed customers. Then D' = [1 — a(1 — 0)(1 — \)|D,

0 = 24— and X =

A
Ta(1-0) T—a(l-0)(1—N)"

Here, we refer to those remaining in the market as the customers.

Proposition 113.4. With virtual showroom, the RE equilibrium is as follows:

o if hy < &l ho, then all customers come to store, i.e., ¢} =1,¢;, =

o if E&5ho < hs < &5[ho + (1 — O)h,], then only uninformed customers come to store, i.e., ¢¢ =
0,0y =1;

e otherwise, no one comes to store, i.e., ¢7 = 0,07 = 0,

H r Bl—1 c _
f7min (D o (perT (1-0/)(1-x) )) Emin <D/,F/1 <c 1—¢7 >>
N+ (1-2)6’ and 55 _ p—wtr g

v __
where £} = 5D ED

Proposition II3.5. If max{&5ho,&4ho + (1 — 0 )R]} < hs < &[ho + (1 — 0)hy], then uninformed
customers come to store in the base case and buy online if there is virtual showroom while informed
customers always buy online. As a result, there exists w such that providing virtual showroom decreases
total profit (i.e., 7 > ") if w < w.

This shows that our second finding, i.e., virtual showrooms could backfire, is robust.

113.4 Availability Information

With availability info, customers (including informed) don’t need to form beliefs.

11



e If hy < h,, then both informed and uninformed customers go to store if in stock. Thus, retailer’s
profit

m=pEmin ((A+ (1 —=X)0)D,q) — cq

q

+wh—r(1-0)]E1-N [D_Hu_A)e

q +
ExXlD — ——MM—
tw A( )\+(1—)\)0)

o if hy < hs < hy + (1 — 0)h,, then only uninformed customer will go to store if in stock. Thus,
7 =pEmin ((1 — X) 0D, q) — cq
q +
+[w0—r(1—0)]E[(1—)\)D——

0
+wEAD

o if hy > hy + (1 — 0)h,., then no one ever comes to store. Thus,
m=[wd—r(1-0)]E(l—-N)D+wEAD

Proposition I13.6. With availability information,

o If hy < hy, then both informed and uninformed customers go to store if store is in stock, and

q“—()\+(1—)\)6)F1<

C .
a—va—o |’
P—wWHT ST Ng )

o If hy < hg < hy + (1 — @)h,, then only uninformed customer will go to store if in stock, and
@@ =(1-X\N0oF! (p—wjrlﬁ

o Ifhs > ho+ (1 —0)h,, then no one ever comes to store, and q* = 0.
Proposition 113.7. Compared to the base case, providing availability information never decreases

profit, i.e., m* > w°.

This shows that our third finding, i.e., availability information never reduces profit, is robust.

I113.5 Joint Implementation

Here, we only look at the two pairs, i.e., physical showrooms and availability information, and physical
showrooms and virtual showrooms. Our goal is to check if there is any complementary effect between
them.

113.5.1 Physical showrooms and availability information

Suppose there are both physical showrooms and availability information.

12



o If hy < min(hy, (1 —8)(ho+ hy)), then informed customers go to store if in-stock and buy online
if stockouts; uninformed customers always go to store. Thus,

T=pEmin (A 4+ (1-XN)0)D,q) —cqg+wE(A+1—-X)80)D—q)"

o If ho < (1 —6)(ho+ hy) and hy < hs < (1 — 6)(ho + hy), then informed customers always buy
online; uninformed customers always go to store. Thus,

7 =pEmin((1—-X)0D,q) —cq +wE((1 =)D — ¢)* + wEAD

o If hy > (1—0)(ho+hy) and (1 —0)(ho+ hy) < hs < h,, then informed customers go to store if in
stock and buy online if stockouts; uninformed customers go to stock if in stock and buy online
if stockouts. Thus,

7 =pEmin ((A+ (1 —-X)0)D,q) — cq

q

+[wh —r(1-0)] E(1-2) [D—Hu—w

q +
+wE)\(D—)\+(1_)\)0>

e If max(ho, (1 —0)(ho + hy)) < hs < ho + (1 — 0)h,, then informed customers always buy online;
uninformed customers go to store if in stock and buy online if out of stock. Thus,

7 =pEmin ((1 — \) 6D, q) — cq
+lwh—r(-6)E[a-xD-1 !

0
+wEAD

e If hy > hy+ (1 — 0)h,, then no one ever comes to store. Thus,
m=[wd—r(1—0)]E(l—-N)D+ wEXD
Proposition I13.8. 7P > max(nP, %) if and only if EPh, < hs < min(he, (1 — 0)(ho + hy)).
Let us compare consumer equilibrium behavior in the three scenarios when &Ph, < hs < min(h,, (1—
0)(ho + hr):
i. Physical showrooms only:

— informed customer: buy online

— uninformed customer: go to store
ii. Availability information only:

— informed customer: go to store if in stock, buy online if stockouts

— uninformed customer: go to store if in stock, buy online if stockouts
iii. Physical showrooms and availability information:

— informed customer: go to store if in stock, buy online if stockouts

13



— uninformed customer: always go to store

Proposition shows that when different types of customers require different types of infor-
mation, we may need to offer both physical showroom and availability info. Specifically, we need
physical showrooms to attract uninformed customer, and availability information to attract informed
customers to the store.

113.5.2 Physical showrooms and virtual showrooms

Suppose there are both physical and virtual showrooms. This is similar to the physical showrooms
only scenario with D', # and X.

Proposition I13.9. 7P¥ < max(nP, 7").

This shows that there is no complementary effect between these two types of showrooms.

14



114 Proofs

Proof of Proposition [IT1.1: Note nonparticipatory equilibrium, (0, £~ (m) 0,0,0), always ex-
ists. Same as what we did in the paper, we are going to look for participatory equilibrium, where
¢° =1 and ¢2 > 0. All we need to do is to check the four conditions specified in Definition

First, we look at retailer’s problem: In the participatory equilibrium, retailer’s belief is consistent,

i.e., » = ¢° = 1. Then, the retailer’s profit is

+
7 =pEmin (0D, qs) — csqs + [pf — k (1 — 0)] E min ((D - %) ,qo> — Colo-

It is easy to verify the profit function is jointly concave in (g¢s, g,). Note the first order derivatives are
given as follows: g” = k:l op (%) +(p— k150 9) (% + go) —cs and g” [P0 — k(1 —0)] F (% +qo)—
co- Given that g5 > 0 and qo > 0, it is easy to find the optimal solutlon is given as follows:

o if ¢o = [pf — k(1 — 6)]%, then F(%) = % and ¢o =0

o if co < [pf — k(1 —0)]% and ¢, < k150 + % then F(%) = Z‘(:Sl:‘é‘s and F(% +q,) = S=h(I=0)

o if co < [pf — k(1 —0)]% and ¢, > k:lTTG + % then ¢; = 0 and F(q,) = P

Thus, to ensure participatory equilibrium, we need (i) ¢, = [pf — k(1 — 0)]% or (i) ¢, < [pf —
k(1 —0))% and ¢, < k5% + %

Let’s first look at case (i): In equilibrium, we also need consumer’s belief to be consistent with the

outcome, i.e., £ = A(¢2) = Emin(¢°D, ¢°/0)/E(¢°D) = Emin(D, F~ ( ))/ED. Then, we go back
Emin(D,F

to consumer’s decision. To ensure ¢° = 1, we need us > u,, i.e., hs < w[h + (1 —=0)h,).

Next, let’s look at case (ii): In equilibrium, we also need consumer’s belief to be consistent with

the outcome, i.e., £ = A(q?) = Emin(¢°D,q2/0)/E(¢°D) = Emin(D, F~ (oci ffj))/ED Then, we

.. . Emin(D,F~1(555=5¢))
go back to consumer’s decision. To ensure ¢° = 1, we need ug > u,, i.e., hy < =D k(1-6) [ho +

(1— 6)h,].

Based on the analysis above, we find the conditions for a participatory equilibrium are

o Iy < W [ho+(1=0)hy] and ¢, > [pf — k(1 —6)]<, in which the equilibrium outcome

is ¢° =1, q° = OF! (;) and ¢¢ = 0.

min(D,F 1 bcs—co
o hy < ZEOLGEZE) g 4 (1 gy, and ¢, < [p — k(1 — )]

the equilibrium outcome is ¢° =1, ¢¢ = §F ! <Z’Ei‘:§‘;>, @ =F1 (WM) — F! (Zﬁ:‘é‘;).

and ¢g < leTe + %, in which

1Y

O]

Proof of Proposition [II1.3: Note nonparticipatory equilibrium, (0, £~ (m) 0,0,0), always ex-
ists. Same as what we did in the paper, we are going to look for participatory equilibrium, where

P =1.
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First, we look at retailer’s problem: In the participatory equilibrium, retailer’s belief is consistent,
i.e., » = ¢ = 1. Then, retailer’s profit is 7 = pE min(0D, qs) — csqs + pEmin((0D — qs) ", qo) — coqo =
pEmin(0D, qs + qo) — ¢sqs — €oqo- Then, it is easy to find that the optimal solution is as follows

e if ¢5 < ¢,, then ¢f = 6F~ (?S) and ¢b =0

o if c; > c,, then ¢¥ =0 and ¢b = 0F~ (;")

Let’s first look at the case when ¢s; < ¢,. In equilibrium, we also need consumer:s belief to be
consistent with the outcome, i.e., &¥ = A(¢}) = Emin(¢*D, ¢5/0)/E(¢?D) = E min(D, Ffl(%))/ED.

Then, we go back to consumer’s decision. To ensure ¢ = 1, we need us > u,, i.e., hy < fPGhO +(1-

0)(ho + hy). Therefore, we need hy < W% + (1 —60)(ho+ hy).

Next let’s look at the case when c¢; > ¢,. In equilibrium, we also need consumer’s belief to be
consistent with the outcome, i.e., pr: A(q¥) = 0. Then, we go back to consumer’s decision. To ensure
¢P =1, we need us > uy, i.e., hy < &P0h,+ (1 —0)(ho + hy). Therefore, we need hs < (1 —0)(ho + hy).

Based on the analysis above, we find the conditions for a participatory equilibrium are

Emln(D,F‘_l(c—s)> .
o hy < 5 ~-0ho + (1 = 0) (ho + hy) and ¢s < c,, in which the equilibrium outcome is
P =1,q0=0F"1(%), g5 =0;
e hy < (_1 — 0)(ho + hy) and ¢5 > ¢,, in which the equilibrium outcome is @P , ¢ =0,
9 = 0F 1 ();

Emin(D,F~
Proof of Proposition[IT1.3: If (1 —60) (ho+ hy) < hs < ( D ( )) [ho + (1 —0) h,] and [pf —
k(1 — 9)]CS < ¢o < ¢, according to Propositions [[I1.1] and [[I1.2] we can easily find that ¢° =1, q; =
OF (%), q5 =0 and ¢P = 0,65 = 0,95 = F ' (;5—¢r—57)- Then,

m° = pEmin (0D, q;) — csq;
> [0 — k (1 - 6)] Emin (D, ) — codf = 77

where the inequality is because ¢; = 0 and ¢, = ¢} is a feasible but not the optimal solution to the
case where there is no physical showroom. O

Proof of Proposition[II1.: The proof is similar to the proof of Proposition We only need to
replace D and 6 with D’ and ¢’. Details are omitted. O

Proof of Proposition [II1.5: IfEmin(Déi_l(%» [ho ( 0) hy] < Emm(DF < >) [ho + (1 —0) hy]

r ED
and [pd — k(1 — 9’)]%5 < ¢, then ¢° = 1,45 = (;S) = 0 and ¢¥ = 0,q” = 0,q) =
F’fl(m). Then, 7° = pEmin(0D, ¢2)—csq; and 7% = [pt’ —k(l—ﬁ’)]Emin(D,qg)—coqf;. Note
by Envelop Theorem, we have 8(%7;7”) = ¢q? > 0. Also, note when ¢, = pf/ — k(1 —0"), 7¥ = 0 < 7°.
Thus, there exists ¢, such that 7° > 7% if ¢, > ¢,. O
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Proof of Proposition [IT1.¢: If hs < h, + (1 — 0)h,, then consumers come to store only if it is in stock.
For the profit function

+
7 = pE min (9D7QS) — Csqs + [pe - k(l - 9)]Emin <<D - %) 7q0> — CoYo

it is easy to check it is jointly concave in (gs, ¢o). Note the first order derivatives are g” = ki GF (‘{; ) +
(p 13 Il 9) (% + qo) — ¢s and a” =[pd — k(1 —0)] F (% + qo) — ¢o. Given that quOand qo = 0,
it is easy to find the optimal solutlon is given as follows:

o if co > [pf — k(1 — 0)]%, then F(%) =% and g5 =0

o if ¢, < [p0 — k(1= 0)]% and ¢, < k152 + %, then F(% +q2) =

o if o < [pf — k(1 —6)]% and ¢; > k157 + G, then ¢f = 0 and F(g3) = 5tr=p

If hs > ho + (1 — @)h,, then all customers always buy online. Then, profit function is = =

[pf — k(1 — 0)]Emin(D, q,) — ¢oqo. Thus, ¢¢ =0, ¢% = F’l(m). O

Proof of Proposition [IT1.77:

o If hy <ho+ (1 —6)hy and ¢, > [pf — k(1 — )] %, then 7 = pE'min (0D, ¢5) — csq5.

— If hy < &[ho + (1 — 0)h,], then 7° = pEmin (6D, ¢9) — csq5 = 7%

— If hg > &9[ho + (1 — 0)hy], then 7° = [pf + k(1 — )] Emin (D, ¢5) — coqy < 7%, where the
inequality is because g5 = 0 and g, = ¢ is also a feasible but not the optimal solution to
the case where there is availability information;

o If hy < ho+(1—0)hy and ¢, < [pf — k(1 —0)]< and ¢; < k%—k%", then 7 = pE min (0D, ¢%) —

. q° +
esd? + [p0 + k(1= 0)] Emin ( (D= %), a8 ) - coat

o\ T+
— Ifhy < €[ho+(1—0)h,], then 7° = pE min (0D, ¢°)—csq°+[pd — k (1 — 6)] E min ((D - %) ,qg> -
CoGy = T%;
— hs > &lho + (1 — 0)h,], then 7° = [pf — k(1 — 0)] Emin (D, q)) — coqS < ©*, where the
inequality is because g5 = 0 and g, = ¢; is also a feasible but not the optimal solution to
the case where there is availability information;

e Otherwise, then 7% = [pf — k (1 — 0)] Emin (D, ¢%) — coq% = 7°.

Proof of Proposition [IT1.8 o If hy < (1 —06)(ho+ h.), then
P = qrr}]ax {pE min (6D, qs) — ¢sqs + pE min ((HD —q)", qo) — coqo}
= pEmin (9D, ¢?) — csqb + pEmin (0D — ¢8) ™, ¢5) — cogh = 7”
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o If (1 — 0)(ho + hy) < hy < ho + (1 — 0)h,, then

+
% = max {pE min (0D, qs) — csqs + [pf — k(1 — 6)] E'min (( — %> ,qo> - coqo}
4s,90>0 0

D
a\ t
= pEmin (0D, ¢?) — csqt + [pf — k(1 — 6)] Emin << — qg) ,q(‘f) — Coq =7

o If hy > hy+ (1 — 6)h,, then

P = max{[p@ k(1—6)] Emin (D, q,) — coqo}

go>
=[pd+k(1—0)] Emin(D,qS) — coqs = w°

O]

Proof of Proposition[II1.9: First, similar to the proof of Proposition we can find the RE equi-
librium for the case when there are both physical and virtual showrooms. We simply replace D and
6 with D’ and €'. The results are given as follows:

E D’ F/ 1
o If h, < mm( . ( )>9’h + (1 —=6") (ho + hy) and ¢4 < ¢, then consumers come to store

(ie., ?* = 1) and ¢&" = 0'F'~ I(C};)7 &’ =0;

. if h < (1 =0)(ho + hy) and ¢s > ¢,, then consumers come to store (i.e., ¢** = 1) and ¢¢t" = 0,
9/F/ 1( )

e otherwise, no one comes to store (i.e., ¢*V = 0) and ¢&* = 0, ¢b* = F'~! (W&—M)'

Then, let’s compare profits.

o Ifhy < Emin(DEZ G iy + (1 ) (hy + h) and e, < . then

PY — pEmin (0'D’, ¢8") — csqt” + pE min ((Q’D’ &), qﬁw) — coqy’
= pEmin (0'D’, ¢%) — cs¢t + pE min <(9’D’ —q) ,qo> — Cogh = 7P
o If hy < (1—6")(ho+ hy) and ¢ > ¢,, then

PY — pEmin (D', ¢5") — coqh’
=pEmin (0'D', ¢5) — cogh = 7P

e Otherwise,
PU = [pf — k(1 —6)] Emin (D', ¢5") — cogh’
v\t
<pEmin (0'D’,q?) — csq® + [pf' — k (1 — ¢')] Emin ((D’ - %—?) ,q}j) — Coq’ =T

where the inequality is because ¢s = 0, g, = ¢b" is also a feasible solution to the case where there
is only virtual showroom.

18



O]

Proof of Proposition [[I2.1: Note nonparticipatory equilibrium, (0,0, 0, 0), always exists. Same as what
we did in the simple model, we are going to look for participatory equilibrium, where ¢° = 1 and ¢° > 0.
All we need to do is to check the four conditions specified in Definition

First, we look at retailer’s_problem: Given belief qg = 1, the retailer maximizes total profit
m = pEmin(G(p)D, q) — cq + [wG(p — hy) = rG(p — )| B(D — #5)"
=(p— wG(g;)lr) + TG(GE(_p})LT) )Emin(G(p)D, q) — cq + (wG(p — h,) — rG(p — h,)) ED, which is a typical

newsvendor problem (plus a constant (wG(p — h,.) —rG(p — h,))ED), and therefore the optimal order

1

quantity ¢° = G(p)F~

SN
L T BMREL0)

R Note in equilibrium, we also need consumer’s be}ief to be consistent with the outcome, i.e.,
£° = A(¢°) = Emin(¢D, ¢°/G(p))/E(¢D) = Emin(D, F~( ) ))/ED.

G ) .G )
PmUTEGy T Gm)

Finally, we go back to consumer’s decision. To ensure ¢ = 1, we need ugs > u,, which gives us
the condition hy < hj. O

Proof of Proposition [II2.7: Let’s look for participatory RE equilibrium, where ¢ = 1.

First, we look at retailer’s problem: Given belief qg = 1, the retailer maximizes total profit = =
pEmin(G(p)D, q) — cq +wG(p+ ho) E(D — 5ks)" = (p— wciig,f;“)Emin(G(p)D, q) — cq+ (wG(p+
ho))ED, which is a typical newsvendor problem (plus a constant ((wG(p + ho))ED), and therefore

C
. G(p+ho)
PG

the optimal order quantity ¢” = G(p)F~!

R Note in equilibrium, we also need consumer’s be}ief to be consistent with the outcome, i.e.,
& = A(¢") = Emin(¢D, ¢*/G(p))/E(¢D) = Emin(D, F~ (—457))/ED.
G(p)
Finally, we go back to consumer’s decision. To ensure ¢ = 1, we need us > u,, which gives us
the condition hs < h%.

Note 8 > 0 and 8[;15 = 0. Also, when r = 0, we have h? < h%. Therefore, 37 > 0 such that
hE > h2 if and only if r < 7. O

Proof of Proposition [IT2.3: If kY < h? and hs € [R5, k], then

_ B qo +
7 = pEmin (G (p) D,q°) — c¢° + [wG (p — hy) — G (p — hy')] E<D - )
> [wG (p— hy) —rG (p— hy)] ED = o?

where the inequality is because ¢ = 0 is a feasible but not the optimal solution to the case where there
is no physical showroom. O

Proof of Proposition [II2.7]: Since this is just the base model with a new set of parameters G’ and D',
similar to the proof of Proposition we can show that the participatory equilibrium exists if and
only if hy < hY.
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Next, let’s show that hy < h3: Note that

: 1o -1 c
Epmin | D', F T T ) G )
e = L)

Ep D'
Epmin | D, F~! = c _
(—hr) ,  Glo—hr)—G(D)
_ P TEm T G
B EpD
: —1 c
FEpmin | D, F GG, GG
< P Gp) G(p) _ e
EpD

and then,

hy =¢° (E(/ max (V — p,0) + h, — E{, max (V — p, —hr))

g Ey max (V —p,0) —EvlinaX(V—p—i—hr,O) by
1-G(v)
~ ¢ Eymax (V —p,0) — Evr_nax(V —p+h,0) ot
1-G(v)
<& (Eymax (V —p,0) — Ey max (V — p+ hy,0) + hy + h,) = hg
O]
Proof of Proposition [[12.5: If hs € [hY, h?), then
_ _ qo +
7° — ¥ =pEmin (G (p) D,¢°) — ¢¢° + [wG (p — hy) — rG (p — hy)] E<D— el )>
p
— [wG (p—he) =7(G(p—hy) = G (V)] ED
G'(p_hr) G(p—h) ~ -
=|p—w—= +r—= Emin (G (p) D,q°) — cq° — rG (v) ED
G (p) G (p) (€@ D7) ®)
By Envelop Theorem, we have a(w;;wv) = —é(g(_p})“)E min (G (p) D,¢°) < 0. To conclude the result,
we just need to note that it is indeed possible to have 7° > 7%, e.g., when « is very close to 0. ]

Proof of Proposition [II2.6: Solving for sy > u,, we have the condition hs < h%. In this case, the
retailer’s profit is

— ~ q +
w:pEmin(G(p)D,q) —cq+ [wG(p—hr)—TG(p—hr)]E<D—(—;(p)>

Thus7 qa = G (p) Fil ( @(gz—h7»§+TG(z_7—hr) ) .

PG G(p)
If us in < uo, ie., hy > h%, then no one comes to store. So clearly, ¢* = 0. L]
Proof of Proposition [ITI2.7]:
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o If hy < &°(By max(V —p,0) + hy — Ey max(V —p, —h,)),

_ _ q® +
7 = pEmin (G (p) D, q%) — c¢* + [wG (p — hy) — rG (p — hy)] E(D - )

— ~ qo +
:pEmin(G(p)D,qo) —eq® + [wG’(p—hr)—’rG(p—hr)]E(D_ G(p)> = 7°

o If £°(Ey max(V —p,0)+h,— Ey max(V —p, —h,)) < hs <y Emax(V —p,0)+h,— By max(V —
p, —h;), then

— _ qa +
7 = pEmin (G (p) D, ¢%) — c¢¢* + [wG (p — hy) — G (p — hy)] E(D e (p))

> [wG (p—hy) —rG(p—hy)| ED = 7°

where the inequality is because ¢ = 0 is also a feasible but not the optimal solution to the case
where there is availability information.

o If hy > Ey max(V —p,0)+h,—Ey max(V—p, —h,), then 7 = [wG (p — hy) — rG (p — hy)| ED =

7°.

Proof of Proposition [I12.8: o If hy < By max(V — p — hy,0) + hy — Ey max(V — p, —h,.), then

Wpa:%l%({pEDmin(@( )D,q) — cq +wG (p+ ho) E <D—G(> }

= pEpmin (G (p) D,q") — c¢¢” + wG (p + ho) Ep < G

o If By max(V —p—h,,0)+h,— Ey max(V —p,—h,) < hy < Ey max(V —p,0)+ h, — By max(V —
p, —h,), then,

A . g \*
P — max {pED min (G (p) D, q) — cq+ [wG (p — hy) —rG (p — k)| Ep (D — G’(p)) }

= pEpmin (G (p) D,q") — ¢¢” + [wG (p — hy) — G (p — h,)] Ep (D G (p)> =

e If hy > Ey max(V—p,0)+ho—Ey max(V—p, —h,), then 7 = [wG (p — hy) —rG (p — hy)| EpD =

7@,

O]

Proof of Proposition [I12.9: Similar to the proof of Proposition we can get the RE equilibrium
of the case when there are both physical and virtual showrooms. We just need to replace D and G
with D" and G’. Thus, the RE equilibrium is given as follows:

With physical and virtual showrooms, if hs < h%", then consumers visit store (i.e., ¢*¥ = 1), and
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G’ (p+ho)
PTG o)

¢’ =G (p) F'! <c> , where h%" = ¢PVEY, max(V —p,0) + (1 —&PY) B}, max(V —p— h,, 0) +

. =r—1 c
Eps mln(D’,F’ < wG/(T;JrhO)))
ho — EY, max(V — p, —h,) and P = oD < (p) ; otherwise, no one comes to store
D
(i.e., P =0), and ¢P* = 0.

Note that é/gfz;})“’) = G(ga};"). Then, we can find &PV = £P.

RV = PPE'y max(V — p,0) + (1 — EPY)E'y max(V — p — hy, 0) + hy — E'y max(V — p, —h;.)
EPYEy max (V —p,0) + (1 — &PY) By max (V — p — hy,0) — Ey max (V — p+ hy,0)
- 1-G ()
< EPEy max (V —p,0) + (1 — &) By max (V — p — hy,0) — Ey max (V — p+ h;,0) + hy + hy
=& Ey max (V —p,0) 4+ (1 —¢Y) Ey max (V —p — hy,0) — Ey max (V —p+ h,,0) + hy + hy = hE

+ ho + hy

o If hy < ALY, then

_ _ pv +
mPY = pE min (G/ (p) D', qp”) —cq”’ +wG' (p+ ho) E<D’ _ 1 >

G (p)
— ~ qpv +
= pEmin (G (p) D, ¢") — g™ + wG (p + hO)E<D N G(p)>
— ~ qp +
:pEmin(G(p)D,qp)—qu+wG(p+ho)E<D_G(p)> -

o If hy € (ALY, max(RE’, h?)], then

P = [w@' (p—hy) —rG (p— hr)] Ep D'

v +
<pEmin (G (p) D',q") — cg" + [wG' (p = hy) = rG' (p = hy)] Epy (DI - Gf](p)> =

where the inequality is because ¢ = 0 is also a feasible but not the optimal solution to the case
when there is only virtual showroom.

o If by > max(ht’, hY), then 7 = [wG’ (p — hy) — G’ (p — hy)| Ep D' = 7.
O

Proof of Proposition [II3.1: Note nonparticipatory equilibrium, (0,0,0,0,0,0), always exists. Same as
what we did in the paper, we are going to look for participatory equilibrium, where at least one of ¢;
and ¢, is 1.

e Let’s first look for conditions where ¢, = ¢; = 1 is an equilibrium.

22



Given g%u = gZA)Z =1, then the retailer’s profit function is

m(q) =pEmin ((A+ (1 —)\)0) D, q) — cq

+ +
o —r (-0 E-3 [D- ) s um (D- )
— p—w—i—TW] Emin((A+ (1 —=X)0)D,q) — cq

+w@A =N+ —r(1-0)(1—-N]ED
which is a typical newsvendor problem (plus a constant [w (0 (1 —A) +A) —r (1 —0) (1 — A\)] ED),
oty )
Note in equilibrium, we also need consumer’s belief to be consistent with the outcome, i.e.,

Emin| D,F~1 W
éo _ Emin((A+(1-)\)0)D,¢°) PWHT T oN)0 _ ¢
- EO+(1-X))8)D - ED =<1

Finally, we go back to consumer’s decision. To ensure ¢, = ¢; = 1, we need us, > Uo, and
Us; > Uo;, Which gives us the condition hy < £7h,.

and therefore the optimal order quantity ¢° = (A + (1 — \)0) F~1 <

e Next, let’s look for the condition where ¢; = 0 and ¢, = 1.
Given gZA)Z =0 and gZ;u = 1, the retailer’s profit is

w(q) =pEmin (1~ \)6D,q) — cq + [wh —r (1~ )] E[(1 - ) D - %r + wEAD

]Emin((l—/\)0D,q)—cq—|—[(w&—r(l—ﬁ))(l—)\)—l—w)\]ED

0

—[p—w—i—r

which is a typical newsvendor problem (plus a constant [(wd — r (1 —0)) (1 — A) + wA] ED), and
therefore the optimal order quantity ¢° = (1 — \) 0F ! <C>

PR
Note in equilibrium, we also need consumer’s belief to be consistent with the outcome, i.e.,
. Emin(D,Ffl(ﬁ))
fo _ Emin((1-M\)0D,g°) _ p—wtr-5 o
= "—gi=nep ~ — ED =&
Finally, we go back to consumer’s decision. To sure ¢, = 1 and ¢; = 0, we need us, > Uy, and
Us; < Uo,i, which gives us the condition &5 < hy < &5[h, + (1 — 0)h,].

In the end, we note that & > £7. Thus, the conditions for the two types of participatory RE
equilibrium is disjoint. Then, the participatory RE equilibrium is unique. Also, for all the other cases,
we only have nonparticipatory equilibrium. O

Proof of Proposition [I13.3: Let’s look for participatory RE equilibrium,, where at least one of ¢; and
¢y is 1.

e Let’s first look for conditions where ¢, = ¢; = 1 is an equilibrium.

Given qgu = 452 = 1, the retailer’s profit is

r=pEmin (A 4+ (1-XN)0)D,q) —cqg+wE(A+(1—-X)80)D—q)"
=(p-—w)Emin(A+(1-=X)60)D,q) —cqg+w A+ (1—X)6)ED
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which is a typical newsvendor problem (plus a constant w (A + (1 — ) #) ED), and therefore the
optimal order quantity ¢” = (A4 (1 — \)0)F~1(-<-).

p—w

Note in equilibrium, we also need consumer’s belief to be consistent with the outcome, i.e.,

2o _ Emin(O0(0-N0)D,g) _ Pmin(DF(555))

&= E(A+(1-N0)D = ED :

Finally, we go back to consumer’s decision. To ensure ¢, = ¢; = 1, we need us, > Uo, and
Us,i > Uo4, Which gives us the condition hs < &EPh,,.

Next, let’s look for the condition where ¢; = 0 and ¢, = 1 is an equilibrium.

Given g%l =0 and g%u = 1, the retailer’s profit is

7(q) =pEmin (1 — \) 0D, q) — cq + wE[(1 = \) D — q|* + wEAD
=(p—w)Emin ((1—X)0D,q) — cq + [w(l — X\ + w\| ED

which is a typical newsvendor problem (plus a constant [w(1 — \)§ + wA] ED), and therefore the
optimal order quantity ¢? = (1 — \) §F 1 <L)

p—w
Note in equilibrium, we also need consumer’s belief to be consistent with the outcome, i.e.,

gp — Emin(1-X0D.g") _ Emin(D.F ! (35))
- E(I=\)0D = ED :

Finally, we go back to consumer’s decision. To sure ¢, = 1 and ¢; = 0, we need s, > Uo, and
us,i < Up 4, which gives us the condition & < hy < £POh, + (1 — 6)(ho + hy).

Proof of Proposition [I13.3: If max{&She, EP0h, + (1 — 0)(ho + hy)} < hs < &5[ho + (1 — 0)h,], then

7P =[wh —r(1 —0)|E(1l —\)D +wEXD

o1+
<pEmin((1—)\)9D,q°)—cqo+[w@—r(l—@)]E[(l—)\)D—qe] +wEND = 7°

where the inequality is because ¢ = 0 is also a feasible but not the optimal solution to the case where

there is no physical showroom. O

Proof of Proposition [II3.]]: Since this is just the base model with a new set of parameters D', 6", X,

the proof is similar to the proof of Proposition [[I3.1 and thus omitted.

Proof of Proposition [[I3.5: If max{&5he,&5[ho + (1 — 0')h,]} < hs < &3[ho + (1 — 6)h,], then

v (pw e ) B (10 0D.67) e

+ ((wh —r(1=6)) (1= X) +wA) ED — ((wd' —r (1—-6")) (1=X) +wX)ED'

= <p—w—|—’r )Emin((l—)\)QD,qO)—cqo—roz(l—&)(l—)\)ED

A(m°—7?)
By Envelop Theorem, we have =

just need to note that it is indeed possible to have 7° > 7V, e.g., when « is very close to 0.
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= —FEmin ((1 —\) 6D, ¢°) < 0. To conclude the result, we
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Proof of Proposition [I13.6]:

o If hy < h,, then the retailer’s profit can be expressed as

I (1-0)(1-X)
N L WY SR
which is a newsvendor profit (plus a constant [w (6 (1 —A) + ) —7 (1 —6) (1 —\)] ED). Thus,

the optimal inventory level is ¢® = (A + (1 — ) 0) F~! m>,

P—wWHT ST A0

o If hy, < hs < ho+ (1 — 0)h,, then the retailer’s profit can be expressed as

6

= [p—w+r }Emin((l—A)GD,q)—cq—i—[w(@(l—)\)—i—/\)—r(l—@)(l—/\)]ED,

which is a newsvendor profit (plus a constant [w (6 (1 — A) +X) —r (1 —60) (1 — \)] ED). Thus,
the optimal inventory level is ¢* = (1 — \) §F~! <C>;

1—-6
p-w+rTH

o If hy > hy+ (1 — 6)h,, then no one ever comes to store, and thus ¢* = 0.

O
Proof of Proposition [I13.77:
o If hy < &7hy, then
+
e :anzaéc{pEmin(()\—l—(l—)\)G)D,q) —cq+[wh—r(1-0)]E(1-A) {D—H(lq_w]
q +
+oBA(D - 5itg) |
o +
=pEmin(A+(1—-X)0)D,q°) —cq® +[wd —r(1—0)|E(1—N) {D— >\+(f—)\)9]
qo +
—|—wE)\<D— )\_'_(1_)\)9)
:7]'0

o If &7hy < hg < hy,
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Emin (A4 (1= X)0) D, q)—cq+[w (6(1— X+ A) —r(1—6) (1 — )] ED,



— i €5 < hy < &5[ho + (1 — 6)R,], then

W“—rgggc{pEmin((/\+(1—/\)0)D,q)—cq+[w9—r(1—0)]E(1—/\) [D—

conA(0 -5 7) |

>pEmin (A + (1 —=X)0)D,q¢°) —cq® + [wd —r (1 —0)]E(1—N\) [D—

o

q +
px(p-— 94
tw A( )\+(1—)\)9>

:7‘(‘0

=p—w+r(l-0)

> p—w+r(l-0)

1- A
AF(1—N)0

+ [(wh —r(1—0))(1 -\ +wA\ ED

1
6

— otherwise, then

ﬂ“:max{pEmin((/\+(1—)\)9)D,q)—cq+[w@—r(l—@)]E(l—)\) D —

q>0

> [wh —

:7‘(‘0

+
q
+wE)\<D—)\+(1_)\)9> }
r(1—=0)E(1 —A)D +wEAND

] Emin((A+ (1 —X)0)D,¢°) — cq°

] Emin ((1 =)X)6D,q°) —c¢® + [(wd —r (1 —0)) (1 — \) + wA] ED

7
A+ (1—=N0

where the inequality is because g = 0 is a feasible but not the optimal solution to the case
where there is availability information.

o If h, < hs < ho+ (1 — 6)h,, then

— if €5 < hy < &[ho + (1 — 6)h,], then

7% = max
q>0

o
=T

{pEmin((l —\) 6D, q) — cq + [wh —r (1 —9)]E[(1 ~A)D-— %r —i—wE)\D}

— otherwise, then

7% = max

qo +
:pEmin((l—)\)HD,qo)—cq°—|—[w@—r(l—ﬂ)]E[(l—)\)D—9]
{pEmin((l—)\)GD,q)—cq—i—[w@—r(l—@)]E[(l—)\)D—Z

q>0

> [wh —r(1—0)]E(1 —AN)D +wEXD

o
=T

+wEAD

where the inequality is because ¢ = 0 is a feasible but not the optimal solution to the case
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where there is availability information.

o If hy > ho+ (1 — 0)h,, then 7% = [wh —r(1 — 0)]E(1 — \)D + wEAD = 7°.

Proof of Proposition [I13.8:
o If hy < min(&Phe, ho, (1 — 0)(ho + hy)), then
Pt = = max {pEmin (A + (1 = X\)0)D,q) —cqg+wE((A+ (1 =X\ 0)D—¢q)"}
7=
=pEmin (A4 (1 =X)0)D,¢") — cg” + wE(A+ (1 =X\ 60) D —¢")*

= ﬂ'p
o If £Ph, < hs < min(hy, (1 — 0)(ho + hy), then

P? *max{pEmm (A ~N)0)D,q) —cqg+wE(A+(1-X\)0)D—q)*}

nas ((A+(
> pEmin ((A+ (1 —X)
= (p — w)Emin (A + (
> (p—w)Emin ((1 -\

0)D,q") — e’ + wE((A+ (1 —=)X)0)D —¢P)*
1-X)0)D,¢") —cq? +w(A+ (1 — NO)ED
)0D,q") — cg” + wA+ (1 —N)§)ED

Pt = max {pEmin (A + (1 = X\)0)D,q) —cq+wE((A+ (L =X\ 0)D—¢q)"}

> pEmin ((A+ (1 —X)0) D, ¢*) — cqg® +wE(A+(1—-X)0)D —q*)"

=(p—w)Emin((A+ (1 —=X)0)D,q") — cq® + w(A+ (1 = N)O)ED
> (p—w)Emin (A + (1 =X)0)D,q") — cq® + wA+ (1 — N)0)ED
— (1 —6)(1 - \)[ED — Emin(D, m)}

:7‘(‘0’

o If hy < (1 —0)(ho+ hy) and hy, < hs < (1 —0)(ho + hy), then
Pt = = max {pEmin ((1-X)60D,q) —cq+ wE((1—X)§D — o)t + wEAD}
@
= pFEmin ((1 —\)0D,¢") — cg’ + wE((1 = \) 6D — ¢*)" + wEAD

:7‘(’p
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o If hy > (1 —0)(ho + hy) and (1 — 0)(hy + hy) < hs < hy, then

””“:%133‘{pEmin<<A+<1—A>9>qu>—cqﬂw@—“l—gﬂE(l”) [D‘ M(lq»e}
o0y |
= pEmin (A + (1 =) 0) D,¢") — cq” + [wh —r (1 - 0)] E(1 - X) {D‘H(iﬂ_x)ar
+wE/\<D— H(fa_wy

o If max(ho, (1 —0)(ho + hy)) < hs < ho+ (1 — 0)h,, then
+
s :m%({pEmin((l —AN)6D,q) —cq+ [wh —r (1 —9)]E[(1 —AN)D— %} —i—wE)\D}
q=
al+
=pEmin ((1—X)0D,q¢%) — cq® 4 [wh —r (1 —9)]E[(1 —A)D — q@] +wEAD

:’]Ta

o If hy > ho+ (1 — 0)h,, then 7P% = [wl —r(1 — 0)|E(1 — N\)D + wEAD = 7%,
O

Proof of Proposition [I13.9: Similar to the proof of Proposition we can get the RE equilibrium
of the case when there are both physical and virtual showrooms. We just need to replace D, 0, A with
D’,0', N. Thus, the RE equilibrium is given as follows:

o if hy < &h,, then all customers come to store, i.e., ¢ =1, ¢;, =

o if &%hy, < hg < €Y0'hy + (1 —6")(hy + hy), then only uninformed customers come to store, i.e.,
o7 = 0,9, =1;

e otherwise, no one comes to store, i.e., ¢{ = 0, ¢;, =0,

where £ = Emi“(D’g,l(ﬁ)). O

It is easy to find that £V = £P.

o If hy < £Ph,, then

Y = max {pEmin (NM+(Q=X)#)D',q) —cg+wE((N+ (1-X)¢)D' — q)+}

q>0

= rgggc{pEmin(()\-i- (1—=X)0)D,q) —cq+wE((A+(1—X\)¢)D— q>+}

=pEmin (A4 (1= X)) D,q") — cg? + wE((\+ (1 —=\)0) D —¢P)*

:7‘(‘p
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o If &Ph, < hy < EP0'hy + (1 — 0)(ho + hy), then

PV = r(111>a(>)< {pEmin ((1 — )\/) o'D q) —cq+ wH/E((l — )\/) D — %>+ + wEXD/}

+
= max {pEmin ((1—=X)0D,q) — cq + w@E((l —A)D— 2) + wE/\D}
>0 0

p\ t+
=pEmin ((1 — X) 0D, ¢) — c¢? +w9E<(1 —A)D — q€> +wEAD

:7‘(‘p

o If PO'hy + (1 —0)(ho + hy) < hs < EPOhy + (1 — 0)(ho + hy), then

T = [wd —r(1-0)] E(1—-X)D+wEND'
<wd'E(1—-XN)D' +wEND'
=wlE(1 — \)D +wEXD
qp

Jr
<pEmin ((1-=X)0D,q") — cq” + w0E<(1 —AN)D— 0) +wEXD

:7‘(‘p

where the inequality is because ¢ = 0 is also a feasible but not the optimal solution to the case
where there is only physical showroom.

o If hy > &P0h, + (1 — 6)(ho + hy), then 7" = [wh —r (1 —0")]E(1—XN)D' +wEND'. Let’s

compare ¥ with 7¥. Note 7¥ can take only three values:
— if ¢7 = ¢y, = 1, then
7' =pE min ((X + (1 — )\/) 9’) D', q”) —cq”
qv + qv +
O —-r(1-0)|E1-N)|D - " EN(D - ——FF———
ot = (-0 B X) [P - i | B (P i)
>[wd —r(1-6)]E(1-XN)D' +wEXND' =P
where the inequality is because ¢ = 0 is also a feasible but not the optimal solution to the
case where there is only virtual showroom;
— if ¢ =0 and ¢}, = 1, then
¢"1"
 —pEmin (1 X) 0D/, q") - cg" + [wd —r (1 - )] E [(1 _N)D - 9,] L wEND
>[wd —r(1-0)]E(1-X)D' +wEND" =7
where the inequality is because ¢ = 0 is also a feasible but not the optimal solution to the

case where there is only virtual showroom;

—if ¢ = ¢ =0, then 7¥ = [wd —r (1 —¢)E(1—\N)D' +wEND' = 7P".
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Supplementary Appendix III: Numerical Study

The goals of this numerical study are as follows:

1. Investigate the likelihood of 7° > nP;

2. Investigate the likelihood of 7° > 7".
Here, we consider the following parameter values:

e v =00

p =30, w=15

P=¢ — {0.6,0.7,0.8,0.9,1,1.1,1.2,1.3, 1.4}

r=1{1,3,5,7,9}

ho ={1,2,3,4,5}

hs ={1,2,3,4,5}

hy = {1,2,3,4,5}

2 _ c__ 1 1 1 1 1 1 1 1 1
D ~ N(p,0%), where =100, & = {1, 75.5:55: 565 7 755

a ={0.1,0.3,0.5,0.7,0.9}

6 = {0.1,0.3,0.5,0.7,0.9}

There are 1,265,625 cases in total. After checking with the assumptions we made in the paper,
we end up having 914,895 cases. For each case, we calculate the equilibrium profit 7°, 7 and 7 based
on the equilibrium outcomes described in the paper.

We are interested in how frequent 7° > 7P and 7° > 7% happen.

Among all the 914,895 cases, we find that 4.34% of them have 7° > 7P, and 4.58% of them have
m° > 7v.

Figures 1 and 2 show how the results change given different profit margin ratios. Specifically,
given 2=£, we calculate the fraction of cases where 7° > 7P (see Figure 1) and 7° > 7 (see Figure 2).
From these two figures, we find a general pattern: physical showrooms are more likely to reduce
profits when the store channel is less profitable, while virtual showrooms are more likely to reduce
profits when the online channel is less profitable. An implication to retailers: showrooms should be

implemented in their strong channels.



Figure 1: Proportion of instances that physical showrooms backfire (i.e., 7° > 7P)
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Figure 2: Proportion of instances that virtual showrooms backfire (i.e., 7° > 7¥)
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