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Proof of Lemma 1. The inverse supply function is defined as Sk_l(q) = inf{p : Sp(p) > ¢q}. Under
Assumption 2(i) and (i), S} 1(0) = p™ and S, (¢) is continuous and increasing in ¢ for ¢ > 0.
Assumption 2(iii) implies that S, '(¢) > 0 for ¢ > 0. Hence, Cx(q) = /OqSk_l(ac)dw is continuously
differentiable, convex, and strictly increasing in ¢ for ¢ > 0.

Consider the optimal allocation problem in (2), rewritten below

Clq) = min{ S Cilg:):qi >0, > ¢ = q}. (A1)
ieG! ieG!
For any § > 0, the objective in (A.1) is convex on a closed convex set {(q, ¢,1 € G q e 0,7,
g € [0,q], > ¢ = q}. Hence, the theorem on convexity preservation (Heyman and Sobel 1984,
ieG!

p. 525) implies that C7(q) is convex in q.

For a given g > 0, let the minimizer for (A.1) be {¢}}, which has two properties: 1) If ¢/ > 0, then
C!(q}) = po, for some constant py > 0 that depends on the given ¢; 2) If ¢f = 0, then C(0) > po.!

Define G def {i e G': Cl(q}) = po}. For k ¢ GL, we have ¢j = 0 and C},(0) > pg. Then, for
sufficiently small € > 0, we have C1(q+¢) = Y. Ci(qf +¢;), for some g; > 0 and > & =¢. Using

ieGl ieGl

Taylor’s expansion, we can write

Clg+e)= X [Ci(q)) +eCl(a)) + o(e:)] = CL(q) + epo + o(e).

ieGl
Similarly, we can show that C!(q) — CT(q — ¢) = epy + o(¢). Hence, C!(q) is differentiable with
derivative (CT)'(¢) = po > 0.
For i € GL, wehave py = Cl(q}) = S; ' (q), implying S;(po) = ¢} For k ¢ G, we have C%(0) > po,
implying S, 1(0) = p™ > pg, which in turn implies Sk (po) = 0 = ¢} due to Assumption 2(i). Hence,

St(po) = > Si(po) = . q = q, which leads to py = (SI)_I(q) = (€Y (q). Note that (SI)_I(q) is
ieGT €G!
continuous in ¢ because S’ (p) satisfies Assumption 2. Hence, (C1)'(q) is continuous in ¢.

Similar results can be shown for the problem in (3), which completes the proof. |

Proof of Theorem 1. We first prove that (12) is optimal in the scenario of Ls — g —Wy>0. In
this scenario, constraints (10)-(11) imply that ¢/ > Ly — ¢’ — W, > 0. If we set ¢/ at the lower bound

Ly — q' — Wy, then ¢ = W, and es = 0, which clearly minimize the objective function in (9).

'To see property 1), note that if ¢f, i > 0 and C}(¢}) < Ci(q}), we can strictly reduce the objective by increasing
q; by e and reducing ¢ by &, where £ > 0 is small. Thus, for ¢;,q; > 0, Cj(q¢;) = CJ.(q}) = po. Note that pp > 0
because C;(g;) is convex and strictly increasing in ¢;. To see property 2), note that if C;(0) < po = Cj(q;), we can
strictly reduce the objective by setting g; = ¢ and reducing g; by ¢, where £ > 0 is small.



When Ly — ¢! — W, < 0, we have ¢* = 0 because: (i) if ¢ > 0 and es > 0, then a lower ¢!
reduces the objective value in (9); (i) if ¢/ > 0 and e, = 0, then ¢¥ = Ly — ¢/ — ¢/ < W,, and we

can reduce ¢f” and increase ¢ to lower the objective in (9). Hence, ¢/* = 0, and (9)-(11) becomes

: 14 I 14
min —rq, +h(q¢ +q; — Ls)t,
QXE[O,HS]{ qs (q qs S)}

where we set h(e) = 0 for e < 0 without affecting the optimal solution. An interior optimal solution
satisfies b/ (¢/ +qY* — Ls) = r, or ¢V* = Ls—q*+u(r), which is in the interior if 0 < Ls—q ! +u(r) < Wi.
If Ly — q' + pu(r) > W, then ¢¥* = W,. If Ly — ¢/ + u(r) < 0, then ¢¥* = 0. This proves (12).

The objective function in (9) is convex on a closed convex set {(¢’, L, Wy, qF,¢Y) : ¢/ €[0,7], Ls €
[0,L],W, € [0,W],q¢f € [0,g],(10)and (11)} for any § > 0, L > 0, and W > 0. By the theorem
on convexity preservation under minimization (Heyman and Sobel 1984, p. 525) we conclude that

a(qI,LS, W) is jointly convex in (¢!, L, Wy). ]

Proof of Lemma 2. We verify the consistency between (13) and (14) by considering each of the four
regions. The inequality in (14) is
ST(p) + Wigs sy —ul-p) 2 L—4q". (A.2)

In region Ay, L —q' < —pu(r), and (A.2) clearly holds if p = p° def —h'(¢' — L). Note that p°® < —r.
Thus, for any other price p; < p°, the left side of (A.2) becomes —u(—p1), which is strictly less than
L — ¢'. Hence, p° is the minimum price for (A.2) to hold.

In region Ay, L —q' € (—pu(r), W — u(r)). If p= —r, then (A.2) holds because W — u(r) > L —¢.
For any other p; < —7, (A.2) does not hold because —u(—p1) < —u(r) < L — ¢’.

In region Az, L —q' € [W — u(r), W]. If p = —h' (¢! + W — L) € [-r,0], then (A.2) holds with
equality: W — (¢! + W — L) =L —¢'.

Lastly, in region Ay, L — ¢! > W. If p = (CF)(L — W — ¢!) > (CF)'(0), then (A.2) also holds
with equality: (L —W —¢")+W =L —¢.

Hence, the minimum price p for (A.2) to hold is exactly P(q’, L, W, ST") defined in (13). |

Proof of Theorem 2. Using Theorem 1, we can write
Clg' L, W) = C"(q"™) = ¢ +hlg" +¢" +4¢" - 1),

where ¢ and ¢¥* are given in Figure 1 under the four events with the following indicator functions:

Lay = li<g—per):

Laz = —Li<giuer) T locgi4w—u(r) (A3)
lay = _1L<qI+W—u(r)+1LSqI+W7

1a, = 1pogriw-



We denote 6,41.(-, ) = 5(, -,-) when A; occurs. Then, using the optimal policy in Figure 1, we have

Ca, (', L,W) = h(¢" - L),

= —T — I T T
Ca(q', L,W) = —r (L —q"+ u(r)) + h(u(r)), (Ad)
Cas(q¢" . L,W) = —r W +h(¢'+ W — L),

Cald", LW) = CF(L—¢'~W)—rW.

Using (A.3), we can write the expected second-stage cost as
4
E[C(¢", L, W)] = > E[Ca,(¢", L, W)14,]
i=1

=E |:(6’A1 (qlv L, W) - aAQ (q17 L, W)) ]-LSqI—,u(r):|
E [(CA2 (qla LW)— Ca, (qla L, W)) 1L<qI+W—u(T)}

+E |:6A3 (qI7 L, W)lLSqI—l—W] —-E [6A4 (qI= L, W)1L>qI+W} : (A’5)
It can be verified that C (¢!, Ls, W) is differentiable in ¢! except at ¢/ = L, — W, where the
left derivative is —(CF)'(0) and the right derivative is A/(0). Because L and W have continuous

distributions, E[é (ql , L, W)] is differentiable in ¢! everywhere. Next, we compute its derivative.
The first three expectations in (A.5) all assume the form of E[g(qI,L, W)]-Lgb(qI,W)]7 for some
functions g(¢’, L, W) and b(q’,W). Let L € (L,L), W € (W, W), and let the joint probability density

function of (L, W) be f(I,w). We use “V” and “A” for max and min operations. We have

d ; LVb(g! w)

€ loa! LW L] = 77 [/ / Vot s ] (A6)
d9(q’, L, W) v (g, w)
[Tlmb(q%m + /W (¢ b(q" w), w) f (b(ql’w)’w)qulb(qaw)e@,ﬂ duw.

The last expectation in (A.5) is in the form of E[g(¢!, L, W)1L>b(qI,W)] and its derivative is

d
—Elg(q",L,W)1 = U/ Il w l,wdldw} A7
arEld LW ] = g7 | [ sl L)) (A7)

89 qI7L7W w (% ql,w
= E[%lLﬂ?(qﬂW)} - /W (¢".b(q", w), w) f (b(q17W)W)%lb(qaw)ewﬂ duw.

Now, applying (A.6)-(A.7) to the derivatives of the expectations in (A.5), we find that the integral
term g(q’,b(¢", w),w) in (A.6)-(A.7) becomes

(Cald" lw) = Cay (a1 w) [ iy =0

(Canla’ s Lw) = Cag (@ Lw)) |t oy = 0
Cas(a", 1 w)|,_ g tw =-Trw,
Cald' Lw) = —rw,



where we have used the value of 6,41.(', -,+) given by (A.4). This leads to

4 o~
d A~ I %% § : 8CAi(qI7L7 " )
quE[C(q 7L7 )] = £ E[ 8q1 A;

= E[—(CF)’(L— W—q")1a, + B (¢"+ W= L)La, +r1la, + b (¢" - L)1A1]

E[ - P(qI7L7VVvSF)]7
where the last equality follows from Lemma 1 and the definition in (13).
Now, because the objective in (15) is convex in q', ¢"* > 0 is optimal if and only if

(™) + -LE[B(g" LW = () (g") - E[P(g", LW, 57)] = 0,

dg’
which is equivalent to (SI)_I(qI*) = P(q"™,S%) or ¢'* = ST(P(¢'*, ST)).

On the other hand, ¢* = 0 is optimal if and only if (C! )/(0) > P(0,S8%), which is equivalent to
ST(P(0,5%)) = 0. (To see the equivalence, note that S’(p) = 0 if and only if p < (€Y' (0).) Thus,

the same condition ¢/* = 1 (ﬁ(ql * SF )) is necessary and sufficient for ¢/* = 0. ]

Proof of Theorem 3. IG’s profit function: Given a first-stage price pg > 0, IG i € G! commits
to produce S;(po) = Pipo, incurring a cost of %ci(ﬂipo)2. Thus, the profit is 8;p3 — %ci(ﬂip0)2 =
ﬁi(l — %clﬂi) pg. Note that the first-stage price pg is equal to the expected second-stage price, which

can be written as (using (23)):
I Ix(pl gF

We define B_; def BT — B; and write generator i’s expected profit as
a ﬁi(l - %Ciﬁi) Ix F\2
mi(Bi; B, = —— 3 Bi + B—is ) A8

which proves (25).

FG’s profit function: Given the first-stage price pg, FG j € GF plans to produce S;i(po) = Bjpo
and receives a predispatch payment of ﬁjpg. When uncertainties are realized and the price is ps,

2

generator j’s actual production is 8;p;, incurring a cost of %cj (Bjp$)?. The production deviation

B;(pd — po) is settled at ps, resulting in a revenue of 3;(pf — po)ps (can be negative if ps € (0,po)).
Thus, the total expected revenue of generator j is
Bt + BiE[(0F — po)ps] = Bjpg — BipoE[ps] + B5E[pd ps)
= Bipy — Bipy + BiE[py (0F +15)]
= B;E[()*],

where the second equality is due to pg = E[ps], which follows from Theorem 2, and the last equality is



due to the fact that pf - p; = 0. Thus, the expected profit is

1 1

BiE[(p)?] - gch[(ﬂjpj)2] =B (1 - §Cjﬁj)E[(Pj)2}-
Equation (21) implies that p} can be expressed as
1 1

pi= gL =We—d)" = Zp(La—Wo—g"(8",87)".

def

We define f_; = BF — B; and write generator j’s expected profit as
a . aly _ 5]‘(1 — %Cjﬁj) Isial o )+ 2
w3353 0-3.81) = S5 B[ (L= W = (3,554 5-) )], (A.9)

which proves (26).

Monotonicity of g™ (,BI , BF ): Recall that the average price F(ql ,BF ) decreases in q', as dis-
cussed after the definition in (17). Furthermore, because L and W have continuous distributions,
P(q", T is differentiable in ¢! everywhere. Denote Py = 0P /dq’. We have P; < 0.

Equation (23), ¢'* — 8TP(¢'*, BF') = 0, implicitly determines ¢’* as a function of 8, k € GT UGF.
Therefore,

aql * P qI*
95 1-pIP,  BI(1-BIPy)

which proves that ¢'* strictly increases in 3;.

>0, ied!, (A.10)

We finally derive dq’*/ 0p;. To simplify notations, let D = L — W denote the net demand. For
a continuous random variable X, we use fx(x) and Fx(z) to denote the probability density and
cumulative distribution functions, respectively, and let Fx(z) = 1 — Fx(z).

Then, we can write the average price function in (22) as

1 g’ —p(r)

Pl ") = e 0]~ [ mpp@d—a [ 0 ne e aa
— anFp(q") + (an — 1) Fp(q" — p(r)) + (r — an)Fr(q" — p(r)).
Thus,
_ oP 1
Py =557 = —(ﬁF)QE [(D-4¢")"] < o
o¢"  p'Py,  BE[(D-¢")"] . F
This completes the proof. |

Proof of Corollary 1. When D = L—W > ¢'* (i.e., event A4) occurs with probability one, equations
(21)-(22) imply that P(q¢'*, B¥") = (E[D] — ¢'*)/B¥. Solving equation (23) for ¢'* gives
B[

(8,85 = WE[D]-



Consequently, (25) becomes
Bl - 3aB) B! 2 Bi(1—3eB)
n= e (e = ey
and (26) simplifies to

(ED))* = A, GT U GT) (E[D])?,

- B~ %;ﬁjﬂj)E[(D B! [D])2]

(5) T
81— 3c;6) 5" :
- WE[(D —E[D] + WE[D]) ]
81— 3e;6) 5" /
— W(Var[m + (WE[DD )

— A(j, GF)Var[D] + A(j, G U GF) (E[D])>.

This completes the proof of Corollary 1. ]

Proof of Lemma 3. We first bound the average price in (A.11). Note that

1

q
/ (ql —x)fp(x)dz > 0, and
gl —p(r)

gl —p(r)
/ (¢' — @) f(x)dz > p(r)FL(g — p(r)

+
T — ap T — ap
=m0l g ) = M )
Ch Ch
Using these inequalities, the average price in (A.11) is bounded above by
- 1
P(¢", ") < ZpE[(D = ¢")*] —anFp(q") + (an — ) Fp(q" — p(r)). (A.13)

BF
If a;, > 7, then p(r) = 0 and (A.13) becomes P(q’, ) < BLFE (D —¢")*] = rFp(q"). If ap, < r, then
(A.13) implies P(¢!,pY) < BLFE [(D - ¢")*] — anFp(q"). Combining these two cases, we obtain
1 .
ﬁ—FE (D — ¢")"] — min{r,a,} Fp(q"). (A.14)
We can express and bound E [(D — ¢/)*] as follows:

E[D )] = [ @+ — o) da

P(d",p") <

_ [T _(—np)? /°° 1
=] Voo eXp( 207 >d3:+ ; (up —q ) fp(x)dx
oD > 2 N I
= —= [, yexp(=y*/2)dy+ (np — ¢ )Fplq’)
v 2m THD
o —
< \/% +(up — a")Fnlgh). (A.15)

The inequalities (A.14) and (A.15) lead to

— min{r, ay}Fp(q"). (A.16)

S(. I oF oD (up — 4" )Fp(d’)
P(q,B") < angF " 5F



Using (23) and (A.16), we have

qlmax — ﬁlmaxﬁ(ql max7 BFmin) (Al?)
I max\70 I max
< oD (hp — ¢ ™) Fp(g"™™) . «
< ﬁlma |:\/E5Fmin T = ﬁFmin o mln{r, ah}FD(qua ) :
We now prove ¢! ™ < pp- If the opposite is true, gl max > Ip, then Fp(q'max) > % nd (A.17)
implies
qI max - ,BImaX 9D _ min{r? a’h} < BI max O*D _ min{r? a’h} = pu
/27 BF min 2 \/27 3F min 2 Ds
where o}, = /27 gf'min [ Bfn?ax + mln{;, an} ] This contradicts ¢/ ™ > iy, Therefore, we conclude
that qImax < pp when op < o7,. |

Proof of Theorem 4. Because generator k’s pure strategy space is a finite interval [5] min ) C, 1], it
suffices to show that, Vk € GI UGF, generator k’s profit function is quasi-concave with respect to
to prove the existence of a pure strategy Nash equilibrium (Debreu 1952).

The proof of the quasi-concavity will use the derivatives of P(q’, 3). Differentiating P(q’, 3F") in
(A.11) with respect to ¢’ and using p(r) = (r — az)*/cp,, we obtain

Pid',8) = 8 = 2 Fola’) ~an [Fola’) ~ Folg’ — u(r) + Fild' ~ )
—anfp(q") + [eap(r) + (an, — )] [fold" — u(r) = fr(d" — pu(r))]
- —Biqu ) — e [Fola') — Fola' — u(r)) + Fo(@' — p(r))] s
—anfp(q") + (an — )" [folqd" = pu(r)) = fula" — p(r))],
S o0 gy PP 1 Iy _. Iy _ Iy I_ iy
Pul(g,p") = Poehe ﬁFfD(q ) —cn [fo(q) — folg — p(r) + frlg’ — p(r))] (A.19)

—anfpla") + (an =) [fple" = p(r) = fr(a" = u(r)].
By Lemma 3, if op < 0},, then we have glmax < pp. When ' < ip, and op — 0, all the distri-
bution functions in (A.18)-(A.19) approach zero, except for F'p(g’), which approaches one. Therefore,

when op is small, P; is close to —1/% and Py, is close to zero.

Quasi-concavity of IG’s profit function. The profit function of IG i € G! is expressed as
7; (B Bi, BY) in (25). To prove its quasi-concavity in f;, we will show that its derivative dr;/9p; can
cross zero value from above at most once as §; increases, while holding 8_; and 8% constant.
Noting d¢’*/0p; in (A.10), we differentiate (25) with respect to 3; to obtain
om  Bi(2—aBi) 104" Boi(l—ciBi) — Bi, 1e\2
05~ it o T Greyp )
_ Bi2—cibBi) (¢")’ . Bi(l —cifi) = Bi
(81)*  BI(L—pTPy) (87)°

(g™’




_ (ql*) B
(ql*) I — B — ' o8 — B —
T B - prl) {ﬁ (1= cifi) = (B-i(1 = cipi) = ) B Pl]
TGy )
def

where X (8;; 8, B5) =

above at most once, it suffices to show X decreases in ;. Differentiating X with respect to 3;, we

= 1—¢fB;i+ (ﬂi(l +cif-i) — ﬂ_i)ﬁl. To show Om;/0f; can cross zero value from

have

0x VB, 1
55, =~ T (L cf-)Pu+ (Bl +efi) = f-i) Pu BI(1—pIP,)’

where P11 is derived in (A.19). Note that —c; + (1 +¢;8_;)P1 < 0. Thus, if Py1(¢"*, BF) is sufficiently
small, we can establish 90X /03; < 0. Based on the discussion after (A.18) and (A.19), there exists op,

such that when op < op, we have 90X /9/3; < 0 and, therefore, 7; is quasi-concave in f;.

Quasi-concavity of FG’s profit function. Denote D = L — W and ¢'* = ¢'*(B8!, B¥"), we can write
FG’s profit function in (26) as

(1= 1c.5.
Wj(ﬁj?ﬁ—jyﬁl) = ME [((D - qI*)+)2} .

We will show that dm;/0f; can cross zero value at most once from above when j; increases.

Differentiating m; with respect to 3; and using g™/ 0p; from (A.12) and the following fact

R R

B /00_2(95 — ") fp(x)dr = —2E[(D — ¢")*],

Ix

we obtain
omj Bl —¢;Bj) = B; 2], Bi2—¢By) e B'E[(D ]
o5 = Py E[((0—a")) | + LG E D - ") ](ﬁF)Q(l_ﬁlpl)
_ BE[((D —¢™)h)?]
= T grpy Y 8808+ 81285, 5-5,61)]
where
V(35858 & (52 - (1)) (167,
2(63.P-5.8") & 80",

sy def (E[(D—q *)+])2
R (PEFDLER

It suffices to show that Y and Z decrease in 3;. Differentiating Y with respect to 3;, we have

oY 5— B _ pBE [(D _ ql*)+]
a—ﬂj 52 (1—ﬁIP ) (5—]—(1+Cj5—j))ﬁIP11 (5F)2 (1_51?1).

J




By the same argument used for the quasi-concavity of m;, we see that when op is sufficiently small,
P, is close to —1/ﬁF and Pq; is close to zero. Thus, there exists op, such that when op < &p, we

have 9Y /0B3; < 0.

Next, we show that Z decreases in ;. Note that 577+ -E[(D —¢")"] = —Fp(¢"*) and
V(") = 2E[(D —¢")*]Fp(¢") n 2(E[(D I*)+]) 2™ Fp(d )—TZJ(QI*))
E[((D=a™")7] (EL(D-a™*)])° B —a™r]
Using this derivative and d¢'* /03, in (A.12), we have
Z =B = 2=¢bBy) e 2=6B5 0 109"
o5, = @y Y4t Vg
_ BT = @2-¢B) g, 2B 20(¢™) (Fp(e™) — v(a™)B
T e T (57 (1— 5P
_ Y™ 2(Fp(g"™) —v(g™))B"
= | Rl ”(1 - BR8P ﬂ

We will show that 1(¢*) is close to F'p(¢'*) when op is sufficiently small and ¢'* < u p to complete
the proof.
For a normal random variable X ~ N (u,c), we can show that E[X 1] = uFx(0) + ¢%fx(0) and
E[(X )] = (1 + 0*)Fx(0) + po? fx (0). Then,
E[(D—¢"™)"] = (up —a"™)Fp(¢"™) +obfp(a™),
E[((D=¢")")*] = (up — 4")* + 0D)Fp(a") + oh(up — a") fo(d"),
[(p — a™)F (™) + o} fo(a")]”

[(np — ")+ apFp(a™) + op(up — a") fola™)
If op < 0}, we have ¢! ™ < ) (Lemma 3). The above expression for ¢(¢’*) implies that as op — 0,

(™) =

we have F'p(¢'*) — 1, fp(¢™) — 0, and 1(¢"*) — 1. Hence, there exists UTD, such that when op < O'L,
we have 0Z/0p; < 0.
To summarize, when op < min{c7},,0p,0op, JE}, the profit function 7; is quasi-concave in ;. This

establishes the existence of a pure strategy equilibrium, i.e., the linear supply function equilibrium. B

Reference

Debreu, G. 1952. A social equilibrium existence theorem. Proceedings of the National Academy of
Sciences 38 886-893.
Heyman, D. P., M. J. Sobel 1984. Stochastic Models in Operations Research. Vol. 2. McGraw-Hill.





