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Proof of Lemma 1: Consider the following dynamic program:

gi(z,2) = max  {—cy+ Efi(y,z, D)}, (7)
z<y<min(z+u,z)
where
fi(y, z,d) = Oglgﬁid,z){f?(y ~D+py+agi1(y—1z—1}, (8)

and go(x,2) =0, for z > x > 0, where L(z) = (—p + ac)x — h(z)" — b(—x)™.
Let G¢(y,2) = —cy + Efi(y,2,D) and Fy(y,z,1) = L(y — 1) +py + agi_1(y — 1,z — ). Tt can
be shown by induction that 0 < a%gt(x, z) + %gt(x, z) < p — c. Note that

p—oac+h— a(a%ﬁt_l(y —lz—=1)+ %@-1(,@— l,z=1)), ifl<y,

g _
aFt(ywzal) =
p—oac—b— a(a%@t_l(y —lLz=10)+ %T)t_l(y —l,z=1), ifl>uy.

Clearly, when b > p — ac, %Ft(y,z,l) >0if I <y; and %F‘t(y,z,l) < 0if I > y. This implies
that fi(y,z,d) = Fy(min(y,d), z,d) for y < z and

gi(x,2) = max {—cy + EFy(min(y, D), 2, D)},
z<y<min(z+u,z)

= ocmax Ayt -act h)E(y - D)* +aEg-1((y — D)",z — min(y,d))}.

Compare the above equation with Equation (2), we have v,(x,z) = gi(z,2) for all z,z and
t=0,...,T, and V(z, 2) = G¢(y, 2) for all y,z and t = 0,...,T, when b > p — ac. Therefore,
we have 0 < (%Tjt(m, z) + %T)t(x, z) <p-—c

To show that V;(y, z) satisfies properties (a), (b) and (c), we only need to show that —V (y, 2)
is Li-convex, or equivalently, ~G(y,2) is Lf-convex. In the following, we prove by induction
that —g;(x, 2) and —Gy(y, 2) are both Li-convex for t =1,...,T.

We have go(z,z) = 0 for z > 2 > 0. Clearly, —go(z, ) is Li-convex. Suppose —gi_1(z, 2)

is Li-convex. It can be easily verified that L(z) is concave. By Lemma 1 of Zipkin (2008),



—Gi_1(y—1,z—1) is Li-convex in (y, z,1) and —L(y —1) is L%-convex in (y,1). Then, Fy(y, z,1) =
Ly — 1)+ py + agi—1(y — 1,z — 1) is Li-convex. By property (b) of Lemma 2 of Huh and
Janakiraman (2010), we see that —f;(y, z,d) = min  {—F}(y,2,1)} is Li-convex in (y, 2)
- - 0<!<min(d,z)
for fixed d. Thus, —Gy(y,2) = cy — Efi(y, z, D) is Li-convex. Again, by property (b) of Lemma
2 of Huh and Janakiraman (2010), —g(x, z) = min {~Gi(y,2)} is Li-convex. This
r<y<min(z+u,z)
completes the induction and the proof. O

Proof of Theorem 2: Let ;(z) = argmax V;(y, 2) and y; (x4, ¢;) = 7¢(2¢ + q¢). Since Vi(y, 2)
0<y<z

is concave in y, the optimal production threshold is given by

T, if xp > yf (ze, @),
Yi(2e, qr) = argmax Vily, z + qr) = v (ze,qe), i xp < yj(xe,q) < ¢+ u,
2 <y<min(z¢+u,re+qt)
T + u, if 2 +u < yi (e, qu).

Clearly, y; (x¢, q;) depends only on the sum x; + ¢.

Since Vi(y, z) is Lf-convex and ¢;(z) = argmin{—V;(y, z)}, by property (c) of Lemma 2 of
0<y<z

Huh and Janakiraman (2010), we have 0 < %gt(z) < 1. This proves properties (a) and (b). O
Proof of Proposition 3: It can be shown by induction that 0 < %Et(x, z,u) < p— c. Note
that v (x,q,u) = v(z,x + q,u) + cx. Thus, a%vt(a;,q, u) = %@t(x,x + q,u) € [0,p — ] and

2 2

88(12 ve(z,q,u) = L50(x,z + q,u) < 0. This proves properties (a) and (b).

022
(c) If we can show oy (z,z,u) = v(x,z — xz,u) — cx is supermodular in (z,u), then we
have %;uvt(x,q,u) = %vt(m,z,u)\z:;Hq > 0. In the following, we prove by induction

that o;(x, z,u) is supermodular in (z,u), m(z,u) = v4(z, z,u) is supermodular in (z,u), and
%ﬁt(m, z,u) + %ﬁt(az, z,u) is nondecreasing in u.

Clearly, this is true for ¢ = 0 since vp(z,z,u) = 0. Now, suppose U;_1(z, z,u) is super-
modular in (z,u), m—1(z,u) is supermodular in (z,u), and %Et,l(m,z,u) + %ﬁt,l(x,z,u) is

nondecreasing in u. Then, it is easy to verify that V;(y,z,u) is supermodular in (z,u) and

I;(z,u) = Vi(z, z,u) is supermodular in (z,u). Moreover,

SVl )+ 5 Vi) = L)+ [ [ (y=6 6 ) 5o (56 =€ wlol) e

which is nonincreasing in u. Equivalently, %Vt(g—ﬂi z,u+9) < 8%‘_/,5(3], z,u) for 6 > 0. Similar
to the proofs of Lemma 1 and Theorem 2, we can show that the optimal production threshold

yi(z, q,u) is nonincreasing in u and |%yt(:c, z,u)| < 1. Thus, for fixed x and z, there exist u;



and us, with uy < us, such that
x4u, ifu€0,u],
ye(@, 2,u) = S gy (z,u), if u € [ug,ug),

x, if u € [ug, 00).
When u € [0,u1], 0(x, z,u) = Vi(z, 2,u), which is supermodular in (z,u). When u € [uz, 00),
v(x, z,u) = Vi(z + u, z,u), which is supermodular in (z,u) since Vi(y, z,u) is supermodular
in (z,u) and (y,2). When u € [u1,us], if 7 (z,u) = z, then v (x,z,u) = Vi(z, z,u), which
is supermodular in (z,u). This also implies that m(z,u) = ¥(z, z,u) = Vi(z,z,u) is super-

modular in (z,u). If g:(z,u) < z, we have v(z,z,u) = Vi(y(z,u), z,u) and vt(z: zZ,u) =

2Vi(5e(z,u), 2,u). Thus, for § > 0,

0 0 -
—0(x, 2z + 0,u) = —Vi(Ge(z + 6, u), z + 0, u)

ou ou
0 - 0 - 0
> R _— = —9 .
ou (yt(z u) +6 z +5 ’LL) ou (y,z,u) auvt(xaz’u)

This implies that o¢(x, z,u) is supermodular when u € [uj,ug]. Therefore, for fixed x and
z, 59 v(x, z,u) in nondecreasing in u on [0,u;), (ui,u2), and (ug2,00). Moreover, it can be
verified that hm (2, z,u) < hm ~0(x, z,u) and 1%?2 %T)(x,z,u) < hm ~0(x, z,u). Thus,
%v(az, z,u) in nondecreasing inu for all u and v¢(z,u, z) in supermodular in (u,z). Similarly,
we can show a%z_)t(x, z,u) + %T)t(x, z,u) is nondecreasing in u. This completes the induction
and the proof. O
Proof of Theorem 4: Let Vi(y,z) = L(y) + Et;_1(z — y + (y — D)*). Similar to the proofs
of Lemma 1 and Theorem 2, we can show that @ (z) is concave, V;(y, z) is jointly concave and
supermodular, and 0 < g;(z) < 1. We can also show by induction that v:(z) is continuously
differentiable, 0 < 0;(z) < p — ¢, and 0'(0) = p — c.

Next, we show by induction that §;(z) satisfies the following properties:
(a) if z > tyP, then 9 (2) = ¢,
(b) if z < tyP, then 2 < gu(2) < ¢,
(c) if z < ¢, then yt( ) =z, and
(d) 9¢(z) is nonincreasing in ¢.

For (a), we show by induction that when z > ty°, vj(2) = 0. For t = 0, vj(2) = 0. Now,
suppose that when z > (t — 1)y°, v;_;(2) = 0. Then, when z > ty®, we have z — & > (t — 1)y°
for ¢ <y Thus, v, ,(z — &) =0 for £ <y and

oV, / o A~/
By W] =P e [ yea=o



This implies that §;(z) = y°. Therefore, when z > ty/°,

b
) =a [ o= 6@ — o [ 61 - ol .
This completes the induction. Moreover, from the :bove analysis, we can see that the fact
vj(z) = 0 when z > ty® implies that §;.1(z) = y°. Therefore, (a) holds for ¢t = 1,...,T.
Next, we prove (c).

Note that for z < g, we have

oV, S
G| =L -a [ 6060 = (1 ap— e (1= a)p+ h)EE) 20
y==2 z
This implies that g;(z) = z when z < g and %—‘;’f(y, 2) =0 when z > 3.
y=19¢(2)
For (b), first note that for ¢t = 1,...,7, when z > ¢, we have %(y, 2) =0, ie.,

y=101(2)
L'(9:(2)) — a(l — @(4:(2)))0;_1 (2 — 9(2)) = 0. Therefore, for t =1,...,T, when z > g,

[e.9]

9t (2)
@z<z>—a</0 (= 90O+ [0l 1(— il2)(©)ae)

gt (2)
9t (2)

_ () + o /0 81 (2 — )p(€)de

< L'(9e(2)) + a®(5e(2)) 01 (2 — 9e(2))
)

)
— L) + ((2

(i 2))L(A 9¢(2))
1
ST o((2) L'(gi(2))- ()
Since 7;,_,(z) > 0, we have
3| =0 —a [ G- ye@ae <o

This implies that g;(z) < y*. Next we show that §;(z) > Z when z < ty. It can be easily verified

that §1(z) = min(z,3°). Thus, §1(z) > z when z < y®. Now, suppose that §;—1(z) > 7% when

z < (t — 1)y°. Then, in period ¢, we have %(y, z) =L'(2) — ol — ®(2))0,_, (522). We
y==
consider two cases: Tz < g and Lz > . For the first case, we have 7 < %z < g. Thus,
oV, z z
f(y, 9 =) —al-2C)p-)=(1-ap—c—((L-ap+h)a’) =0
Y y== 3 t t
This implies that 7;(z) > 7. For the second case, by (9), we have
Lot 1 , t—1 ot
< L =0(9— ,
#a( 579 < Ty O () = 06 ()
where 0(y) = lflq(fg/) = pfc*(?:gf;r)h)q’(y). It can be verified that 6(y) is nonnegative and
nonincreasing on [0,y"]. Therefore,
oV, z Zo . t—1
Ty(y’ z) - = L’(;) —o(l - q’(z))vé—ﬂTz)



> 1_1@@)(9(;’) - ae(:&t_l(%z))) = 1_1@(;)(9(;) -85

t
where the last inequality is due to the inductive assumption that §,—1(*12) > A5z = 2.

2))) = 0,

This implies that g:(z) > 7.
For (d), we show by induction that 7:(2) > 9;11(2) and 94(2) < v;,,(2). We have 9)(z) =0
and 0;(z) > 0 for all . Thus, 9{(z) < 0}(z). Now, suppose 0;_;(z) < 9;(z). When z < ¢, we

have §¢(z) = g141(2) = 2 and

0(2) — 0 (2) = a /0 (0 (= — €) — il — £)lE)de < 0.

When z > g, we have

ov;

5y 2) = L(ji1(2)) = a(l = $(2)if 1 (= = 1 (2))

y=0t+1(2)
> L(j1()) = a1 = () (= = i1 ()) = 0.

This implies that g;(z) > g:+1(2). We also have
It Jt41
04(2) = 0t41(2) = L'(@) — L'(Gr41) + a(/ U1 (z = §)p(€)dE — /0 v;(z = §)p(§)de)
Yt

0

< —(p—act W)(@(G) - B(Gii1)) +a / o (2 — ()

Yt+1

< ~(p - ac+ B)(@() ~ B(G)) +a " (- ele)de

=—((1—a)c+h)(®(H) — P(Gt41))

<0

s U,
where 9, = 94(2), Ur+1 = Ut+1(2), and the last inequality is due to the fact that g;(z) > gi4+1(2).

Last we show that the optimal production thresholds of the system with only the allowance
constraint are exactly the same as those of the relaxed system and therefore satisfy properties
(a), (b), (c) and (d) in Theorem 4. We only need to show that v;(z, z) = 04(2) for z < §:(z2),

and a%‘_/t(y, z) <0 for y > g¢(z). This then implies that

_ gi(2), if z <yi(2),
argmax Vi(y, z) =

rsys2 x, if x> y(2).

In other words, y; (¢, q1) = Ge(v¢ + @) = Je(ze + q1)-

When ¢t = 0, we have 9y(z,2) = 09(z) = 0. Now, suppose that v;_;(z,2) = 0,_1(2) for
x < g—1(z), and 8%1715,1(31, z) <0 for y > §—1(z). Then, when z < g(z), since 0 < gj(z) < 1
and g,_,(z) > 9;(2), we have §i(2) — & < G1(z — &) < Gr_1(2 = &) for & < §4(z). This implies
that (§:(2) — D)* < gi-1(z —y + (y = D)T). Thus, 0,1 ((fe(2) = D)",z =y + (y — D)*) =
dr-1(z —y+ (y — D)") and Vi(4:(2), 2) = Vi(9:(2), 2). As a consequence, (z) = V;(§:(2), z) =



H(Ue(2),2) < te(x, z) for & < ge(2). Clearly, v¢(x,z) < 0:(2). Therefore, v(z,2) = 0(2) for
& < §(z). Similarly, we can show that Vi(y,z) = Vi(y, z) for y < §(z). We can also prove
by induction that V;(y, ) is continuously differentiable. Since V;(y, z) is concave in ¥, then for

y > Ji—1(2), we have

C;r;‘_@(y?z) < aay‘z(yt(z),z) = Vi((2),2) = 0.

This completes the induction and the proof. O
Proof of Theorem 5: The proof is similar to the proofs of Lemma 8.5 and Theorem 8.4 in
Porteus (2002). O
Proof of Proposition 6: Similar to the proof of Lemma 1, we can show that o;(x, z,u) is

jointly concave in (z,z,u). Therefore, vi(x,q,u) = v(x,x + q,u) is jointly concave in (q,u).

This implies that Fir(cq, ¢y, x,q,u) = —cqq — cyu + vr(z, ¢, u) is jointly concave in (g, u). O
Proof of Proposition 7: (a) Note that 8;?%% + ?9255 %L(ZT + g:gg; = 0 and gzqu%
8;?”%“7? + gzggq = 0. Since g:gf; = —1 and gigg; = 0, we have %% = —%gzgz and % =
%6;5}, where A = a;;;T 6;5} — (gzgz)z Since Fr is jointly concave in (q,u), A > 0 and
8;527” < 0. Moreover, gzgg = gzgﬁ > 0. Therefore, % < 0 and %HTZT < 0. Similarly, we have
%0 <0 and 9T < 0.

(b) By Envelope Theorem, %Ff(cq,cu,x) = —qr(cq, ) < 0 and %F;(cq,cu,w) =

—wi(cq, cu, ) < 0. Moreover, Frr(cq, ¢y, x,q,u) is convex in (cq, ¢,). Since convexity is preserved
under maximization, F(cq, ¢y, x) is convex in (cq, ¢y).

(¢) When ¢, = 0, the system can be viewed as one with only the allowance constraint.
Thus, the second stage problem can be formulated by optimality equation (3), and the first
stage problem can be formulated as 1}]1;%8{{—6(16_[ + or(q)}. Let F(cg,q) = —cqq + vr(q) and
let K be the smallest ¢ such that T)}(qB = 0. Then for ¢ < K, v}:(q) > 0, and for ¢ > K,
v/-(q) = 0. This implies that ¢}-(0,0,0) = K. Note that vp(z) is twice differentiable. Thus we
have 0/.(K) = 0. As a consequence,
 aae F(cq 47(c4,0.0)) 1

0
7(]%(0 7070) = — = — T T o = —00. O
acq ! cq=0 %F(an q;(cm 07 O)) cq=0 UC/ZC(qT(CW 0’ O)) cq=0

Proof of Proposition 8: Since ¢, = 0, the system can be viewed as one with only the

allowance constraint. Let Q(z, q) denote the expected cumulative amount produced, under the
optimal policy, from period t to the end of the planning horizon, with starting inventory level x

and remaining allowance ¢q. Then, up(w,z) = W Note that Q(x,q), for t =T, ..., 1,
T k)



can be computed recursively as

Qt(x,Q) _ EQtfl((l' - D)+7Q)7 if ¢ > yf(m,c),

vi(@,q) — 2+ EQi1((y; (z,q) — D),z + c—y/(x,c)), otherwise,
and Qo(z,q) = 0. We can then show by induction that, for 1 <t < T, v}(z) < 0 when z < ty°,
and 7}(2) = 0 when z > ty®. This implies that ¢i(0,0,z) = (Ty® — x)*. We can also show by

induction that a@th(x, q) = 0 when = 4 ¢ > ty®. As a consequence,

( ‘170 O) = ’ * 2 :
va cq=0 (QT(Ovovo))
Ty’ 5Qu(0,Ty") — Qe(0, Ty’
_ 50T — O TY) 0 g 0) 0. O
(Tyb)? deq

Proof of Theorem 9: Let g;(z,2) = v(z,z — x) — cx, fi(y,z,d) = fi(y,z —y,d), and L(z) =
(=p+ ac)z — h(z)™ — b(—z)T. Then we can rewrite the optimality equations in (5) and (6) as
(7) and (8). In the proof of Lemma 1, we show that 0 < —gt(a: z) + %gt(:z,z) < p—cand
Fi(y,z,0) = Ly — 1) + py + agi_1(y — 1,z — 1) is concave in I. Let l;(y, z) = argmax{L(y — 1) +

0<I<z
py+agi—1(y—1,z—1)}. When | <y, we have

0 0 0
—F(y,z,1)=p— ac—l—h—a(%gt,l(y— l,z—1)+ %gt,l(y —1,z—1)) >0.

ol
This implies that I;(y, 2) = argmax{(—p + ac)(y — 1) = b(l —y) +py + age_1(y — 1,z —1)}. Let
y<I<z
wi(q) = argmax{(p—ac—b)w+ag;_1(—w,q—w)}. Then l;(y, z) = y+w; (z—y). Given inventory
0<w<q

level y;, remaining allowance ¢;—1, and realized demand d, the optimal amount of demand to
fulfill equals min(d, y;+w*(q—1)). By property (c) of Lemma 2 of Huh and Janakiraman (2010),
we have 0 < d%wf(q) <1.

For (c), note that wj(q) = argmax{(p — ac — b)w + ag—1(—w,q — w)}. If we can show
0<w<q

8%9,5(3:, z) + %Qt(x,z) > 6%9,5_1(3:, z) + %Qt_l(x z), then we have wf(q) > w;, (q). Next we
show by induction that E%gt(x, z) + %gt(x, z) < 8xgt+1(:v z) + %gtﬂ(x,z) and %gt(x, z) <
LGz, 2).
Clearl 25 9.4 >O:@_ 95 d@— >0 = 9 =
early, 5-91(x, 2)+5;91(x, 2) > 5290(7, 2)+5-90(x, 2) and 7 g1(z, 2) > 5200(, 2).
Now, suppose #-g;-1(%, 2) + s Gt-1(2, 2) < 22Gt(%, 2) + £ge(, 2) and Lge1(, 2) <

Then, we have wy(q) > wf,,(¢q). By the structure of the optimal fulfillment policy,

Gy, 2) = —cy + /0 cptac)y — &) —hly — ) +py + agis(y — &2 — E)|o(E)de

y+wy

+ [(=p+ac)y—£&) = b —y) +py+ag1(y — &z —&E)]o(§)dE

o

+

/
|l o)) = b+ py+ s (—uf. =~y — w)lo€)
YTw,



where w; = w;(z — y). Hence,

5ol 2) + 3-Guly.2) =p = ¢ = (1 + DR(y) = (p — ac ~ Dy +v7)

ytwi 9 d
o [T i = €= O+ Ll — 62— Ol
By the definition of wy, a%ﬁt,l(y —w,z —w) + %ﬁt,l(y —w,z—w) < (p— ac—Db) for any
w € [0,w]] and 2 F5r0t-1(y —w, 2z —w) + %T;t_l(y—w,z—w) < (p— ac—"0) for any w € [w}, z].
This implies that

éét(% z) + ﬁét(y, 2) <p—c—(h+0)®(y) — (p — ac—b)®(y +wii,)

oy 0z
ytwin 9 0
o [ - 6= 0+ St = €2 — 10l
=p—c—(h+b)2(y) — (p — ac—b)P(y + wiy,)
+wiy 0 0 _ d
o [T Iy 62— 0+ Ll — 6.2 - Olole)de
0 - 0 -
= 6*Gt+1(y7 z) + %Gt—i-l(ya z).
Similarly, we can show that Gt(y, z) < 8@6 1(y, 2). It can be verified that, forn =1,...,T,
0 _ 0 0 0 -
%gn(mv Z) + Oz gn(x Z) (aiG (y, ) + %Gn(ya Z)) y:yn(a:’z)’
where y,(z,2) is the optimal order-up-to level in period n. Let g(z) = argmax{—cy +
) 0<y<z
Efi(y,z,D)}. If 41(2) > §r41(2), then yi(z,2) > yry1(x, z) and
0 0 0 0 -
7gt($7 2) gt(x Z) ( Gt(y7 ) + 7Gt(y7 Z))
Ox 0z 9y 0z y=yi+1(z,2)
< (-Grr(9.2) + -G (9.2)
< (5 Gr+1(y, -Gy,
9y 9z y=yi+1(z,2)
0 _ 0

= %91%1(35, z) + Eﬁtﬂ(% z),
where the first inequality is due to the Lf-convexity of —Gy(y,2). If 7:(2) < §i41(2), then

yi(z, 2) < yg1(x, 2). It can be verified that %gt(x,z) < %gt+1($,2). Moreover,

0 0 -~ 0 -
7.615(:1;’2’) = 7Gt(yaz) S 7Gt(y72)
0z 0z y=p(zz) 0% Y=y (52)
8 0
Gt+1(y7 )) = 7@“.1(.7], Z)7
(‘3 y=yi+1(z,2) 0%

where the first inequality is due to the supermodularity of G¢(y,z). Therefore, %gt(m,z) +

%gt(aﬂ,z) < %gt_t,_l(l',?f) + %gt_t,_l(x,Z). Similarly, we can show %gt(:c,z) < %gt+1<$,z>. This

completes the induction and the proof. O

Proof of Proposition 10: Note that wj(q) = ag;gniax{(—p + ac—b)w + agi—1(—w,q — w).
<w<q

When p—ac < b, we have p—ac—b—a(a%gt_l(—w,q—w)—i—%gt_l(—w,q—w)) <p—ac—b<0.

This implies that w;(¢) = 0. When (1 — ac)p < b, we have p —ac—b— a(a%gt_l(—w, qg—w)+



%gt_l(—w, g—w)) >p—ac—b—a(p—c) > 0. This implies that w;(q) = ¢. (a) and (b) are
proved.

For (c), note that given x; and ¢, it is optimal to back order at most w; (z; + ¢ — y¢(x¢, q1))
units of demand, where y(x¢, q;) is defined in the proof of Theorem 2. Since wf(q) is nonde-
creasing in ¢ and z + ¢ — y;(z, q) is nondecreasing in ¢, w; (z¢ + ¢ — y¢(x¢, q¢)) is nondecreasing
in ¢;. Clearly, wy(z; + ¢t — yi(z¢,q)) > 0 when ¢, is sufficiently large. Let ¢; (z;) be the largest
q¢ such that wi(xy + q — yi(x¢, q)) = 0. Then wi(xy + q¢ — ye(ze,q1)) = 0 when ¢ < gf (x¢) and

wi(ze + q — ye(ve,qr)) > 0 when ¢ > ¢; (zy). O
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