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Appendix A: Proofs of results

Proof of Proposition 1. Problem (2) is a concave maximization problem in q̄i subject to linear

constraints. Let λi and πi be the dual multipliers associated with the constraints q̄i ≥ 0 and q̄i ≤Ai,

respectively. Then, the necessary and sufficient optimality conditions are given by:

∂Πi(q̄i, q̄
∗
−i)

∂q̄i
+λi−πi = (a− ci)E[αi]− 2bq̄iE[α2

i ]− bE

[
αi
∑
j 6=i

αj q̄
∗
j

]
+λi−πi = 0,

λiq̄i = 0, πi(Ai− q̄i) = 0,

λi ≥ 0, πi ≥ 0, 0≤ q̄i ≤Ai, i= 1, . . . , n. (1)

Suppose there exists an optimal solution where q̄∗j < Aj for some j ∈ {i+ 1, . . . , n}. From (1),

πj = 0 and ∂Πj(q̄j, q̄
∗
−j)/∂q̄j ≤ 0. Moreover, λi = 0 and ∂Πi(q̄i, q̄

∗
−i)/∂q̄i ≥ 0.

a− cj − 2bq̄∗j (σ
2
j +µ2

j)/µj − b
∑
k 6=j

µkq̄
∗
k ≤ 0 (2a)

a− ci− 2bq̄∗i (σ
2
i +µ2

i )/µi− b
∑
k 6=i

µkq̄
∗
k ≥ 0. (2b)

1
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After simplifying (2a) and (2b), we obtain

bBi = 2bq̄∗i (σ
2
i +µ2

i )/µi− bµiq̄∗i + ci ≤ a− b
∑
k

µkq̄
∗
k ≤ 2bq̄∗j (σ

2
j +µ2

j)/µj − bµj q̄∗j + cj < bBj,

which contradicts Bi ≥Bj. The last inequality follows since q̄∗j <Aj. �

Next, we study some structural properties of βk and Γk(β) that will be used when characterizing

the market equilibrium in Theorem 1.

Lemma 1. Γk(β) is decreasing in β for k ∈ {0, . . . , n}.

Proof of Lemma 1 Lemma 1 directly follows from the definition of Γk(β). �

Lemma 2. Γk(Bk)≤ Γk(Bk+1) = Γk+1(Bk+1) for k ∈ {0, . . . , n− 1}.

Proof of Lemma 2 Γk(β) decreases in β, and Bk ≥Bk+1. Thus, Γk(Bk)≤ Γk(Bk+1).

Γk+1(Bk+1)−Γk(Bk+1) = bµk+1Ak+1− bBk+1

µ2
k+1

2σ2
k+1 +µ2

k+1

+
ck+1µ

2
k+1

2σ2
k+1 +µ2

k+1

=bµk+1Ak+1− b
(
Ak+1

(
2σ2

k+1 +µ2
k+1

µk+1

)
+
ck+1

b

)
µ2
k+1

2σ2
k+1 +µ2

k+1

+
ck+1µ

2
k+1

2σ2
k+1 +µ2

k+1

= 0

As a result, Γk(Bk)≤ Γk(Bk+1) = Γk+1(Bk+1). �

Lemma 3. We have that Bk∗+1 <βk∗ ≤Bk∗.

Proof of Lemma 3 Note that Γk∗(βk∗) = 0 and Γk∗(Bk∗) ≤ 0 from the definition of k∗. Γk(β)

is decreasing in β, thus βk∗ ≤ Bk∗ . From Lemma 2, Γk∗(Bk∗+1) = Γk∗+1(Bk∗+1) > 0, where the

inequality follows from the definition of k∗. As a result, βk∗ >Bk∗+1. �

Lemma 4. (i) For each firm i= 1, . . . , k∗, q̄∗i ≤Ai, and the marginal profit is equal to zero.

(ii) The marginal profit of each firm i= k∗+ 1, . . . , n at q̄∗i is positive.

Proof of Proposition 4 We first prove the first claim. It follows from Lemma 3 that,

q̄∗i = (βk∗ − ci/b)
(

µi
2σ2

i +µ2
i

)
≤ (Bi− ci/b)

(
µi

2σ2
i +µ2

i

)
=Ai, i= 1, . . . , k∗.
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Hence, q̄∗i is feasible to the capacity constraint. Next, we show that
Πi(q̄

∗
i , q̄
∗
−i)

∂q̄i
= 0 for i= 1, . . . , k∗.

Πi(q̄
∗
i , q̄
∗
−i)

∂q̄i
= µi

(
a− ci− 2bq̄∗i (σ

2
i +µ2

i )/µi− b
∑
j 6=i

µj q̄
∗
j

)
,

= µi

(
a− ci− 2bq̄∗i σ

2
i /µi− bq̄∗i µi− b

n∑
j=1

µj q̄
∗
j

)
,

= µi

(
a− ci− b (βk∗ − ci/b)− bβk∗

k∗∑
j=1

µ2
j

2σ2
j +µ2

j

+
k∗∑
j=1

cjµ
2
j

2σ2
j +µ2

j

− b
n∑

j=k∗+1

µjAj

)
,

= µi

(
a− bβk∗ − bβk∗

k∗∑
j=1

µ2
j

2σ2
j +µ2

j

+
k∗∑
j=1

cjµ
2
j

2σ2
j +µ2

j

− b
n∑

j=k∗+1

µjAj

)
,

= µiΓk∗(βk∗) = 0.

Next, we prove the second claim for i= k∗+ 1, . . . , n.

Πi(q̄
∗
i , q̄
∗
−i)

∂q̄i
= µi

(
a− ci− 2bq̄∗i (σ

2
i +µ2

i )/µi− b
∑
j 6=i

µj q̄
∗
j

)
,

= µi

(
a− ci− 2bAiσ

2
i /µi− bAiµi− b

n∑
j=1

µj q̄
∗
j

)
,

= µi

(
a− bBi− bβk∗

k∗∑
j=1

µ2
j

2σ2
j +µ2

j

+
k∗∑
j=1

cjµ
2
j

2σ2
j +µ2

j

− b
n∑

j=k∗+1

µjAj

)
,

> µi

(
a− bβk∗ − bβk∗

k∗∑
j=1

µ2
j

2σ2
j +µ2

j

+
k∗∑
j=1

cjµ
2
j

2σ2
j +µ2

j

− b
n∑

j=k∗+1

µjAj

)
,

= µiΓk∗(βk∗) = 0,

where the inequality follows since Bn ≤ . . .≤Bk∗+1 <βk∗ from Lemma 3. �

Proof of Corollary 1 From Theorem 1, q̄∗1 = . . .= q̄∗k∗ = (βk∗ − c/b)
(

µ
2σ2+µ2

)
, so Π∗1 = . . .= Π∗k∗ .

It follows from Lemma 3 that,

(βk∗ − c/b)
(

µ

2σ2 +µ2

)
> (Bk∗+1− c/b)

(
µ

2σ2 +µ2

)
︸ ︷︷ ︸

Ak∗+1=q̄∗
k∗+1

≥ . . .≥ (Bn− c/b)
(

µ

2σ2 +µ2

)
︸ ︷︷ ︸

An=q̄∗n

Thus, q̄∗1 = . . .= q̄∗k∗ > q̄
∗
k∗+1 ≥ q̄∗k∗+2 ≥ . . .≥ q̄∗n and Π∗1 = . . .= Π∗k∗ >Π∗k∗+1 ≥Π∗k∗+2 ≥ . . .≥Π∗n. �

Appendix B: Corrected analysis of Deo and Corbett (2009)

Deo and Corbett (2009) assumed that firms are uncapacitated and identical. That is, µi = µ, σi = σ,

and ci = c for all i ∈ I. They investigated the problem of a central planner who maximizes the
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expected social welfare by choosing the number of firms (n), and the target production quantity of

each firm (qi). Each producing firm must pay a fixed cost of entry f . The expected social welfare

equals the expected consumer utility minus the expected production cost minus the cost of entry:

W (Q,n) =E

[∫ Q

0

(a− bQ)du− cQ
]
−nf = (a− c)E(Q)− b

2
E(Q2)−nf, (3)

where Q =
∑n

i=1αiqi is the total market supply. The optimal solution to the central planner’s

problem is referred to as the “first-best” solution. Let qfb denote the target production quantity

of each firm that maximizes the expected social welfare in the first-best solution. Deo and Corbett

(2009) showed that qfb for each firm is twice that under competition. (see Lemma 3 in Deo and

Corbett (2009)). However, there is an algebraic mistake in their proof. We show that the correct

value of qfb is equal to
(a− c)

bµ(n+ δ2)
.

Corrected Proof of Lemma 3 in Deo and Corbett (2009). Note that

E(Q) = µ
n∑
i=1

qi and E(Q2) =E

[
n∑
i=1

α2
i q

2
i

]
+E

[∑
i6=j

(αiqi)(αjqj)

]
= (σ2 +µ2)

n∑
i=1

q2
i +µ2

∑
i6=j

qiqj

Substituting E(Q) and E(Q2) into the expected social welfare function

W (Q,n) = (a− c)µ
n∑
i=1

qi−
b

2

[
(σ2 +µ2)

n∑
i=1

q2
i +µ2

∑
i6=j

qiqj

]
−nf

Taking the derivative with respect to qi

∂W (Q,n)

∂qi
= (a− c)µ− b

2

[
2(σ2 +µ2)qi + 2µ2

∑
j 6=i

qj

]
= (a− c)µ− b

[
σ2qi +µ2

n∑
j=1

qj

]

The solution to
∂W (Q,n)

∂qi
= 0 for all i= 1, . . . , n is q̄fb =

(a− c)
bµ(n+ δ2)

.

Deo and Corbett (2009) failed to account for symmetric terms in
∑

i6=j qiqj when taking the

derivative of W (Q,n) with respect to qi. �

The next step is to characterize the socially optimal number of firms in the first-best solution

denoted by nfb. Deo and Corbett (2009) found that 1≤ nfb < 1+2δ2, and also nfb = 1 if
2(1 + δ2)

δ
≥

a− c√
bf

(see Proposition 4 in Deo and Corbett (2009)). These results are again inaccurate, because

they were derived using the incorrect value for qfb.
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Substituting qfb =
(a− c)

bµ(n+ δ2)
in the expected social welfare function (3) and simplifying, we

obtain the following optimization problem:

nfb ∈ arg max

{
W (n) =

n(a− c)2

2b(n+ δ2)
−nf

}
. (4)

When δ= 0, the first term in W (n) is constant, and the second term is decreasing in n. As a result,

intuitively, the first-best solution in a deterministic setting is to have a benevolent monopoly that

produces the socially optimal quantity because society then incurs the fixed cost of entry only once.

Deo and Corbett (2009) was able to make the same observation from their incorrect Proposition 4

when δ= 0. On the other hand, when δ > 0, we show that

nfb ∈
{⌊

δ

(
a− c√

2bf
− δ
)⌋

,

⌈
δ

(
a− c√

2bf
− δ
)⌉}

.

Corrected Proof of Proposition 4 in Deo and Corbett (2009). Relaxing n to x ∈ R+, it can be

verified that W (x) is strictly concave in x, and so it can have at most one maximizer. Then, the

first-order condition is given by:

∂W (x)

∂x
=

(a− c)2

2b

δ2

(x+ δ2)2
− f = 0 ⇒ x=

a− c√
2bf

δ− δ2. �

It follows from the correct value of nfb that under yield uncertainty (δ > 0), if
a− c√

2bf
≥ 1

δ
+ δ,

then the society benefits from supplier diversification, i.e., nfb ≥ 1; otherwise, nfb ∈ {0,1}. Note

that
1

δ
+ δ ≥ 1 for any δ ≥ 0. Thus, if the market is not very “attractive”, e.g.,

a− c√
2bf

< 1, it is

socially optimal to have either a monopoly (nfb = 1), or no supplier at all (nfb = 0), regardless

of the level of uncertainty. Deo and Corbett (2009) incorrectly claimed that it is socially optimal

to have a monopoly regardless of the level of uncertainty when
a− c√
bf

< 4. They also stated that

δ≥ 1/2 is a necessary condition for nfb > 1 (see Section 4.5 in Deo and Corbett (2009)). However,

based on the corrected results, it is possible that society benefits from supplier diversification, i.e.,

nfb > 1, even when δ < 1/2 as long as
a− c√

2bf
>

1

δ
+ δ.
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