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A Selected Proofs

Proof of Proposition 1. Taking derivative with respect to ¢;, one has:
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Applying the envelope theorem (Milgrom 2004), one has that:

mi(B(ci), ci, B) = m(ﬁ(c),c,ﬁ)_/c Wdc_
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The rest of the proof follows by taking m;(5(¢), ¢, ) = 0 and equating the above with

mi(B(ci), iy B) = FN N e)E[{B(e;) < ¢j + X + Z;} - (B(ei) — ¢ — X)]. O

Proof of Proposition 2. Taking derivatives of bidder ¢’s profit with respect to ¢;, and using

OE [mln{bZ,X +c¢ + Zz} —C; — X]
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one obtains the partial derivative specified in the proposition. Applying the envelope theorem, one

¢ Imi(B(c), ¢, B)
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has that:
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The bidder’s equilibrium profit can be simplified as:

=1

M
mi(B(ci), ci, B) = E{H{Cz’ < c:n),—i} (Z g B(ei) < X +¢j + Zj}) (B(ei) — ¢ — X)
+ qimZil{e; < cony,—i Blei) > X +ci + Zi}

+ @i Zil{ci > cany,—i> Bleny,—i) > X + e+ Zi}]
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+ g ZII{ B(min{c;, c.ny,—i}) > X + e+ Zi}} :



Also, the profit associated with the highest cost ¢ is strictly positive because of the potential value
available for suppliers at the spot market: m;(3(¢),¢,8) = ¢ uE [ZZ‘H{,@<C(1:N)7_1') >X+c+ Zz}]

All together, one obtains the integral equations in the proposition. This concludes the proof. ]

Proof of Theorem 1. By Proposition 4, we have E[PNF4] > Zthl PNFA By standard argu-
ments based on the envelope theorem (Milgrom 2004), it can be shown that the expected payment
under first-price auction is given by E[PFP4] = Zt 1 [ (1:n5) + Xe + Feq: N))/f(c(lzN))]. Let
PIPA = E [C(LN) + X+ F(ca.n )/f(c(1 N))]. Denote the event of buying from the FA winner
under naive FA by INFA .= I{B(c:n)) < pi(e, Xi, Zy)}. By Proposition 4, one has (using the
notation p. = Elg]):

pFA = Zﬂzt ,6,8) +E[qo(c, X¢)] + E Zﬁt c),pt) (v(ci) + X¢ — qo(c, X3))
N
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where (a) follows from 7;,(3(¢),¢,8) = E[A4;Zi(1 — IVFY] and r;,(B(c),pr) = H{B(c;) <

B(cj),Vj # i, B8(c;) < pe(e, Xy, Zy)}, and (b) follows by go(c, X;) = Zf\il A;(c; + X3). Substituting

the expression of PF'74, one has:
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pNFA_PFPA = N"E[AZi (1 TV +E | Ai(ei + X)(1 - HNFA)]
=1 i=1

+E [V (v (C(1~N>) +Xo)] = E [o(cqny) + Xi

(ZA Zzt+ZA G —v 1N))> (1_]INFA)] ) (A_l)
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where (a) follows by the fact that Zf\i 1A =1

1. Concentrated Markets. Without loss of generality, we assume M = N. One has
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lim [PNFA - pFPA] = lim E KZ AiZiy + ZAM - v(c(lzN))> (1- JINFA)]
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where (a) follows from applying bounded convergence theorem to limy_,~ E [('U(C(l: N)) — g) (1

because c¢(1.n), the lowest private cost among the N participants of the auction stage, converges
(1:N) g

_ HNFA)] —



Fea:ny)
fleq:ny)
Zfil Ai(Zip+c¢i) —c= Zfil Ai(Ziy+c¢i—c)>0and 1 — INFA > ( for any sample path.

to ¢ in probability and — 0 in probability when N — oo. The inequality follows from

2. Diffused Markets. We note that limp;_, Zf\i 1 9i,m = 0. By bounded convergence theorem,

one has:

lim lim E
N—o00 M—00

N
D AiZii(1- HNFA)] =0, (A-2)
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where the order of the limits is consistent with the diffused market assumption.

Note that v(cq.ny) —ca:n) = ?((Ccfllz)))) converges in probability to 0 (recall that f(c) > 0). Then,

by bounded convergence theorem we have:
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(Z Ajci — U(C(LN))) (1-— ]INFA)] = A}gnoo A}linooE [(Z Aic; — C(1:N)> (1 —IVFA)
=1 =1
= Jim E [(c = caun) I{BY einy) = e+ Zi + X1 }]
= E[(c—oI{BYP"(c) > c+ Z; + X;}] (A-3)
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Here, BA]\/][DF 4(.) is the bidding strategy under naive FA with M potential suppliers. The second
equation follows since (¢, Z;) has the same distribution as (¢;, Z;+), which has the same marginal
distribution for all 7, and it is independent of ¢(;.y) by the diffused market assumption. The last

equation holds by bounded convergence theorem. Extending Proposition 1 to multiple periods:

c Y B [X I {BNPFA(e) < ¢j + Xi + Zji}]
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FN=1(¢)-SSL P{BNDFA(e) < ¢ + Xi + Z;1}
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where ¢t achieves the minimum. Hence:

T
lim E [PNDFA . PFPA] > lim Z (PtNFA . PtFPA)
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E[(c - ) T{BX T (0) > e+ Z; + X}

E{(c— ) I{c+E[X;] > c+ Z; + X;}] > 0, (A-5)
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where the second expression follows by (A-1), (A-2) and (A-3), the third because ¢ — ¢ > 0, the
fourth by (A-4), and the last because z + z < E[X;]. This concludes the proof. O

Proof of Proposition 5. The proof follows ideas similar to the ones described in the proof of
Proposition 4. Consider the expected total profits from period 1 to period T for bidder ¢ under bid

b;, cost ¢;, and when competitors use equilibrium strategy B_,;:
T
mi(bi, e, B;) = Y miulbi,ci, B;), where
t=1
Ti(biyci, B_;) = E- [(bi — ¢ — X¢) rig(bi, B_i(c—i), pile, X¢, Zt))
+ [pi(C, X4, Zi,t) —C — Xt} H{bi < /B(cj)avj #* i}]l{bi > pz’(& X, Zi,t)} )

where the first term is the profit in the event that bidder i is the FA winner and his bid is below
his own spot market price, and the second term is the profit when he is the FA winner but loses to

his own spot market price. Substituting p;(c, X¢, Z;) = ¢; + X¢ + Z;; into the above, one has:
mit(bi,ci, B;) = E_ [ (bi —ci = Xo) I{b; < B(cy),Vj # i} 1{b; < c; + Xy + Zis}

+ ZigI{b; < B(cj),Vj #i}1{b; > c; + X; + Zi,t}]

B 1 < a2 [ ([ RRCETEETY (@) fi, ()]
LE [{bi < B(e;),Vj £} - / ( / e zfxt(x)dx> fZi’t(z)dz] |

Therefore, taking derivative with respect to ¢;, one has:

o (bi, ci, B_;)
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|bi=B(cs) @ E_; []1 {ci <¢j,Vj# i} (=Fx, (bi—¢i — Ziz) + Zigfx, (bi — ¢i — Ziy))
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where: (a) follows from applying Leibniz rule; (b) follows by simplifying terms; and (¢) follows from
the definition of the equilibrium allocation in a monitored FA, in which the FA winner is the lowest

cost supplier given that equilibrium bids are strictly increasing. Let p;; = pi(c, X, Z;), applying



the envelop theorem yields:
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where we omit the arguments of p(-) to simplify notation. Note that

mi(B(ci), ci, B ZE |:mzt )s Dit)— (it Xe)ri e (B(€), pig)+pix — ci — Xe| I{ei < ¢;,Vj # i} 1{B(ci) > pit}

Combining the above two equations, and using the fact that m;+(8(¢), ¢, B_;) = 0, one has

T T

Z]Efi [mit(B(c), pir)] = Z {Ez |:(Ci + X)ri(B(e),pit) — P — i — Xe] I{ei < ¢, V5 # i} 1{B(c;) > pis}

t=1 t=1

+ /CEEz [ri0(B(s), B_i(c—i),pip)] ds}.

If the auctioneer does not buy from one of the FA bidders in the FA, she buys from the spot market.
Therefore, the expected total buying price for the monitored FA from period 1 to period T is:

T N T
szm c),pis) + Y T{ei < ¢,V # i} T{B(c;) > pi,t}pi,t] => pMFA
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where the last equation is established by changing the order of integration and since
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(1- eri(ﬁ(c),pi,t))ﬂ {ci <¢j,Vj#i} =1{B(ci) > pis}[{c; < ¢, Vj #i}.

j=1

Since YN (¢ + X)) {e; < ¢j,Vj #1i} = ca:ny + Xt = qo(c, Xt), one has

N
PMFA = Elgo(c, X0)] +E Z rit(B(e),pit) (v(ci) + Xt — qo(e, Xt))
i=1

This concludes the proof. ]

Proof of Theorem 2. Using the envelope theorem we obtain F [PF P A] = Zle PP A where
PIPA = E [cq.y) + Xe + Fleum)/f(ca.v)]- By Proposition 5, E [PMFA] = 570 | PMF4, and
thus E [PMFA — pFPA) = ST (pMFA — pFPA). One has:

N

pMFA_ pFPA = Elg(e, X)) + E | ris(Be), pi(e, Xy, Zr)) (v(ei) + Xy — qole, Xe))
=1

—E [C(LN) + X+ F(C(lzN))/f(c(er))]

(@ E (M4 = 1) Fca.n)/ fleany)] <0,

where IMFA — ]I{BMFA(C(LN)) < c:n) + Xt + Z(1:n) ¢} 1s the event that FA winner wins over

spot market, and where (a) follows from go(c,z) = cq.n) + @, v(e;)) = ¢ + F(e;)/f(ci), and
ric(B(e),pi(e, Xi, Zt)) = T{ei < ¢j,Vj # i, B(ci) < ci + Xy + Ziy}. We note that c(1.y), the lowest

private cost among the N participants of the auction stage, converges to ¢ in probability as N — oc.

F(ca:ny)
> fleq:ny)

bounded convergence theorem, we have:

In addition converges in probability to 0 (recall that f(c) > 0). Since [IMFA| < 1, by

E [(I'F4 — 1) F(cany)/flecany)] — 0 as N — oo.
The result follows. O

Proof of Theorem 3. From Proposition 5 and Proposition 6, one has E[PFEE — pMFA] —

ST (PFEE — pMEAY where
PtFLE - PtMFA = E[Z]+E [HfLE(U(C(LN)) - Zt)] —E [C(lzN)] —-E [HinA (U(C(LN)) - C(l:N))]
= E[(1-I"")(Z — cany)] + B [P =Y (v(eqny) — cany)] »

where HfLE =1 {C(I:N) < Zt} +1I {,BFLE(C(LN)) < Z; + Xy, C(1:N) > Zt} and
[MFA — ]I{BMFA(C(LN)) <ca.n + Xt + Z(l:N),t}- Since c(1.y) converges to ¢ in probability as

N — oo and ¢ < z; (recall Zy = > 322, Aj(cj + Zjr)), 1 — IFLE converges in probability to zero,



thus, by bounded convergence theorem, E [(1 — If'L¥)(Z, — ¢(1:n))] converges to zero. In addition,

Fle: : .
v(cny) —Can) = f((;(llg;)) converges in probability to 0 (recall that f(c) > 0), and [IFLF —IMFA| <

175 ) (o

2, by bounded convergence theorem, E [( c(1: N)) — C(1: N))] converges to zero.
Next, we show that E[PMFA — pFPA] — ST (pMFA _ pFPAY 4 () as N — oco. From

the proof of Theorem 2, one has PMFA — pFPA = | [(IMFA — D) F(cq.ny)/flea:ny)]. Again,

as N — oo, PMF A PP 4 — 0 by the bounded convergence theorem. Finally, we show that

E[PFLE — pOPT] 5 0 as N — oco. According to Appendix F, one has

T
E[POPT] = ZPtOPT7 where, POFT _ [Z¢ + X; + min{0, v(c(1.n)) — Zi}] -
t=1
Together with Proposition 6, one has
PP — POPT = E I (v(cany) — )] - E [min{0, v(cq.n)) — Zi}]
= E [ - 127 (v(ewn) — Z1)]

where I9PT = Hu(ca:.ny) < Zi}. As N — oo, since v(c(1.y) convergence to ¢ in probability, and
c <z, I9PT 5 1 and IF*F — 1 in probability. Thus, PfXF — POPT — 0, by the bounded

convergence theorem. This completes the proof. O

B Ordinary Differential Equations for Numerical Experiments

The following result establishes the ordinary differential equations (ODEs) and the corresponding

boundary conditions that characterize symmetric BNE strategies.
Proposition B1. (ODEs associated with FA mechanisms) Let zp = ¢o + A. Then,

(1) A symmetric and differentiable BNE strategy under naive FA in diffused market satisfies the
following ODE:

agvP(e) _ (N —1f(Q) Ex [(8"7"(e) me— X) T{FYMe) <2+ X}]
de  F(c) [Fx (BNPFA(c) — 20) — (20 — ) fx (BNPFA(c) — 20)]
for any c € [c, 2], with the boundary conditions FNPFA () = 20 + Z, and dBZSFA (20) = 0.

(2) A symmetric and differentiable BNE strategy under monitored FA satisfies the following ODE:

dgM™(c) (N =1)f(c) Ex [min{"™(c) —c— X, A}]

de F(e) PBMFA(¢) < e+ A+ X] 7

for any ¢ € [c, &, with the boundary condition M4 (¢) =+ A+ K, where K = E[X] — A if

E[X] < A, and otherwise K € [0, ] is the unique solution to the equation:



(K + A)Fx(K) — /;a:fx(x)d:c—&- A-Fx(K)=0.

(3) A symmetric and differentiable BNE strategy under flexible FA satisfies the following ODE:

dp™Ee) _ (N —1)f(c) Ex[(b—c—X) - I{b< 2+ X} + (20— ) I{b> 20+ X}]

dc F(e) Pb < 29 + X] b:ﬁFLE(C)7

for any c € [c, z0), with the boundary conditions B¥15(zy) = 20 + T, and dﬁdiLE(zO) =0.

(4) Assume T = 2. Then, a symmetric and differentiable BNE strategy under restricted-flexible

FA satisfies the ODE:
g™ (c) (N = 1)f(c) - Vi(B(c). )

de Flc) - 2400) ’
b=p(c)

where

bo—2z0

Vi(bo,c) = / [(z0 — ¢) + Va(z + 2o, ¢) — Va(bo, ¢)] Fx(x)dx
B(bo,z0,¢)

+V2(b0, C) +E [(bo —Cc— Xl) H{bg < Xi+ Zo}] R

and

VQ(bl, C) = E [(bl —Cc— Xz)ﬂ{bl < X9+ Zo} + (Z() — C)]I{bl > Xy + Zo}] ,

B(by,z0,¢) = inf{z € [0,z]: Va(bo,c) — (20 — ¢) — Va(x + 29,¢) < 0.},

dﬁFLR
C

for any ¢ € [c, 2], with the boundary conditions B (20) = z0 + T, and 5~ (2) = 0.

We note that if X is uniformly distributed over the interval [0,z], the boundary condition
under monitored FA takes the following closed form expression: AMFA(G) = ¢+ A +z —V2AZ. We
further note that while the FA winner under the naive FA, flexible FA, or restricted-flexible FA is
competing against an outside market with price zp + X, and as a result bidders with private cost
higher than zy never win, under the monitored FA the FA winner is competing against his own
spot market price, and therefore the whole interval [c, €] should be considered.

Similarly to asymmetric first-price auctions, our ODEs are not well-behaved at the boundary,
because at the right-hand-side of these we obtain 8. To avoid the singularity at the boundary,
we make the approximation B(zg — €) = B(z0) — € for a small value ¢ = 1075, and a first order
approximation yields 8(z¢9 — €) = 3(z0), when ['(z9) = 0. Since we are looking for BNE in strictly

increasing strategies, and to avoid a flat curve at the boundary, we subtract € from 5(zp) above.
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