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Appendix

LEmMmA EC.1. Forr, >6,(C,), we have the following derivatives:

Ok (rs; C,) 015 = 1/[(1+70)2(ky (75; C))], (EC.1)

6gb(7ds;cr)/67as = 1/[(1 +7as) (kb(Tev ))]7 (EC2)

Oty (r; C) )0y = [ry —Fp(rs; C) /(1 +7) 20 (rs; Cr) (Ko (14 C))]. (EC.3)
Proof of Lemma EC.1: From Equation (7), % =3 +r;i_261?EkaT))z(kb) a +Tsl)z(,—€b). From Equation
(4), g’—g’; = 1+§E’f(’g7) = 1+7 . Then, % = g—gz . gf_: = 7(1”5)124,—%). From ky, = 4,(1 4 73), we have g—’;l‘: =
1+7 +yb87 Since gzb = 13,7, we have gfb = —”g_:b. Then, 2—2 = 27’2 : gfj = 7(1“25)2_1;1’2(,—%).

COROLLARY EC.1. For 0 <7, <7 (y,,C,), O[—4s(rs; C,) (1 +74) + ky(rs; C)] /Ors = =i (1s; C,.)
Proof of Corollary EC.1: The conclusion holds if 0 < r, < §,(C,.), since g, = k, = 0. For §,(C,) <
T < T, w =—(1 —i—rs)ayb U + g—fg = —@p, from Equations (EC.1) and (EC.2). O

Ors

Proof of Lemma 1: From Equation (4), g—’;” = %k(c)” >0 and k; increases and F(k,) decreases
in y,. From Equations (5) and (6a), g— = —F(k, )3k2 =F(k,)[(1+7,)— %k(bc)’“)] so that 7 is quasi-
concave in y,. Then, for r, > 6,.(C,) = %, the optimal ¥, solves g—;b =0, ie., F(k) =

%ﬁf”, and for 0 <r, <6,(C,), the optimal y, = 0. Note that 7,(1 + §,(C,.)) = E[min(&, k,)] >

ko F (k) = 75 (1 + Fb)%fr). Then, 7, < r,. Consequently, from Lemma EC.1, g—z >0.0
Proof of Lemma 2: Note that ¢F(q) is quasi-concave in ¢ and the largest value is achieved at
¢ that solves ¢z(q) = 1. From Lemma EC.1, (v, + ¥,)(1 + min{d,(C,),rs}) increases in r; and y,..
This establishes the existence of 3,.(C,) and 7,(y,,C,). Then, for a given r, € [0,7,), there are two
solutions of ¢ to each of Equations (9a)-(9¢c). Let ¢* > ¢!, for i =1, 2,3, be the solutions to (9a)-(9c),
respectively. Then, ¢4 > g% > q* >G> ¢! > ¢} > ¢} since for the right hand side, (9a) > (9b) > (9¢).
For Equations (6a), (6b), and (6d), the optimal ¢ satisfies F(q) — w(1+ r,)F(k,) =0, F(q) =
w(1+6,(C,)) and F(q) = w, respectively. Then, the boundary of (6¢) and (6d) is wq = qF(q) = y,,
which is (9¢). If r, > 6,(C,), then since vy, = 7, wq =y, +J» and k, = k;, at the boundary of (6a)

and (6b), we have wg = ; ff; (((gr) =Y, + ¥p, which is (9a). Similarly, the boundary of (6b) and (6¢)

is wq = lff((‘g ; = Yr, which is (9b). If r; <6,(C;), (6b) does not exist and 7, = 0. Since wq =y,

and ks =0 at the boundary of (6a) and (6¢), we have wq = qli(fs) =y,, which is (9b). O

LemMA EC.2. For a fized 7, so that 6,.(C,) <1, <7s(y,, C,), we have ¢\ (rs; C,) > ky(rs; C,.).
Proof of Lemma EC.2: Since r, > §,(C,.), %, >0 and ¢! > 0. Then, w'q! (1+4,(C,)) =¢ F(q¢}) <
E[min(¢, ¢})]. As §,(1+6,(C,)) = E[min(§, k)] = (wig} —y,)(1+6,(C,)) < E[min(¢, ¢})], ¢f > ks O

LEMMA EC.3. Let y, > 0. For w € [w¥(rs;C,),w'(ry;C,)], or equivalently, q¢*(w,rs;C,) €
(i (rs; C), ¢4 (rs; C)], we have w(l+7,) <1, kX (w,rs; C,) < ¢*(w,ry; C,), and 1 — M*(w,r,;C,) > 0.

s
Proof of Lemma EC.3: Since y, > 0, ¢! > 0. Note that w(1+7r,) <w!(1+7r,) = % <1

R r
if r, <6,(C,). If ry > 4,(C,), from Equation (7) and Lemma EC.2, w(1+7,) < Fl(ilgf(lg:;) = F%; <1.
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Then, from Equation (10a), k¥ < ¢*. Finally, since y, >0 and 7, <r, from Lemma 1, k* = (wg* —
U) (1 +715) — Gp(rs — 7)) <wq*(1+7,). Then, ¢*F(q*) = wg* (1 +7,)F(k*) > wqg* (1 + r,) F(wg* (1 +
rs)). Since w(l+r,) <1, wg*(1+r,) <. Thus, 1 — M* >1—wq*(1 +7r,)z(wg*(1+7r,)) >0. O

Proof of Lemma 3: The result directly follows from Lemma EC.3. O

LEmMA EC.4. For a firedr >0, ¢*(w,rg;C,) and m*(w,r,;C,) strictly decrease inw, forw e (0,1].

Proof of Lemma EC.4: From Lemma EC.3 and Equations (10a) and (6a), 22 = % <0,
and B’T

- %Lw+g—g =9 = —(1—p,(C,)) F(k*)q*(14r,) <0. Proofs for other cases are similar. (]

Fq|q: ow

LEMMA EC.5. For any given ry > 1y, the optimal order quantity to the supplier is in [0, 4].

1-M*

% 0. From Lemma EC.3, 1—M*>0. Then, ¢; <G. We can show (11b)-(11e) similarly. O
Proof of Lemma 4: Let A(r,) = 14+ min{4,(C,), 7, }. Recall ¢! < g solving ¢\ F(¢}) = (y»+ ) A(rs).

Let H(r,)=q,F(q,)— ¢, F(¢})= q,[F(q,)— ¢A(r,)]. Then, for g, <q, we have g, > ¢} if H(r,) >0,

Proof of Lemma EC.5: Let ¢ solve the first order condition of Equation (11a), i.e

and ¢, < ¢\ otherwise. Since F(g,) decreases in r, (strictly if r, > 4,(C,)) and cA(r,) increases
in ry (strictly if r, <9,.(C,.)), H(rs) strictly decreases in ry and there is at most one 7, satisfying
H(rs) =0. For Part 1, as ¢ <w(C,) = f((i)), ¢ (7;C)=qG= y%g)b/(zs(g;) < yrw”fs;()r) = q,(7s; C,).
Since ¢, increases in 7y, there is an 70 € [0, 7] so that ¢, > ¢ > ¢! for r, € [r?, 7] and ¢,(r%;C,) =q.
Then, F(q,(r%C,)) = F(§) > cA(F,) > cA(r?). Thus, H(r?) >0 and H(r,) >0, i.e., q, > ¢, for

€ [0,7°]. For Part 2, ¢} (7; C,.) = ¢ > q,(7s; C,.) so that H(7,) <0 and ¢, < g for ry € [0,7,]. Suppose

H(0) <0 so that F() <c. Then, LF (%) <y, =¢,F(q}) so that L < ¢}, i.e., F(£)> F(q}) > c.

¢

Contradiction. Then, H(0) >0 and 7, € [0, 7). Since g, increases in y,., 7s decreases in y,. O

LEMMA EC.6. If z(-) is increasing and convex, % decreases in q, for ¢ <q.
Proof of Lemma EC.6: From Equation (10a), 2 5y :W As w*(1+7r,) <1 and kf<gq

from Lemma EC.3, 0 < 1= qz ) <1 and O<8’f B(w” ‘g;*”’s)):w*(lws)]{;qz U1, As z(k¥)<z(q) and

2(k3)<2'(q), 0452 /361* e (S (2 d) () (1+r,) G2 02/ (k)] —2(9)—q2' (¢) } <0. O
For a given 7y, §(ry; Cy, a) and w*(q(rs; Cr, ), 74;C,), where = a; or a, are solutions of

{ Vi(q,w)=qf(q) = F(q) — c(1+ ) [w(l +7r,)gz(k,) — 1] =0, (EC.4a)

V2(g,w) = F(q) — w(l +1,)F(k,) =0, (EC.4b)
where k; is defined in Equation (5), Equation (EC.4a) is the supplier’s first order condition (12a)

(e =ay) or (12b) (= arz), and Equation (EC.4b) is the retailer’s first order condition (10a). Then,
Vy = F(g){al#'(q) — (c(1+ ) /F(q))(w(l +7,))*' (k)] + 2(q) (1 — qz(q)) +

[2(q) = (c(L+ ) /F(@)w(d +r.)z(k)]} >0, (EC.5)
V)= —c(l—i—a)(l—i—rs) [2(ks) +w(l+7.)g2' (k)] <0, (EC.6)
Ve = —F(q)[2(g) —w(l+7.)z(k,)] <0, (EC.7)
V2= —(1+r)F(k)[1—w(l+r, 3] <0, (EC.8)

z(k.
<1), Lemma EC.3 (k; <q,w(l+7r)<1,1-M >

1
'(ks)), and Equation (EC.4a) (C(HO‘) ! ‘E\(j’) <1).

)q
where inequalities hold from Lemma EC.5 (gz(q)
5 @)

0), IFR with convex feature (z(q)>z(ks), 2’(q)>
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LEmMA EC.7. For a given ry >0, we have §(rs; Cy, @), w*(§(rs; Cry ), 75; C)G(15; Crya) (L+75)
and k*(4(rs; Cr,a),r4; C) all decrease in y,., where « is either oy or as.

Proof of Lemma EC.7: From Equations (EC.4a) and (EC.4b), V! =c(1+a)(1 —|—rs)Mz ) >0,

(ks) =
Ve =-(1 +74)F(q)z(ks) <0. Let B= VIV -V, V2 B, = V1V2 —V, V2, and B, =V, V?=V/!V?>.
Then, B <0and B, > 0. From implicit function theorem, 83 L —==2L(, g;’i _%ﬂ, aéZf) :q(%”jtw 68; =
)M Je( 1+a)F(q)[z((,fj)(1—qz(q)+M)+z(k: )| +F (ks 1}<0 and Bhs — (14r,)[ 2522 ~1)<0. O

LinmMa EC.8. We have §(r; Cr,0), w(d(rs; Cry @), 743 Cr), w* (§(r; Cry 0), 73 C)(r; Cry ) (14
rs), kX(G(rs; Cr, ), 15;Cy), and M*(§(rs; Cr,),rs; C,) all decrease in rs, where o is oy or as.
Proof of Lemma EC.8: From Equations (EC.4a) and (EC.4b), V! = —c¢(1+ a)wq[z(k,) + (wqg —
go — B)(1+7.)2 (k)] <0. Also, V2 = —wF(E,)[1 — (wg — g, — §)(1+7,)2(k,)] <0, as 1— M >0
from Lemma EC.3. Let B=V/V2 -VV? B, =V, V? -V'V? and B, =V, V2> - V'V 2. Then,
B<0, B, >0 and 8—“’ = Bw < (. Substituting V! and V} for j = q,w,r, yields By = (y. +2)(1 +
FJGF(@)e(1 + 0)(2/ (k) + 22(k) > 0 and B = —(1+ r)(1 - M)[P — (1 + a)2(=(k,) + wa(1 +

r,)#/(k,))], where P= F(q)F (k,)[22(a)+ 42'(q)— 42*(@)) = (1 + ) (=(ky) +wa(1 +7,)2'(k,)). Then,

00 Byt weP@ell o)l k) + ()
or. = B~ (- MP-(1+a) k) vug )2y = B

From ks = (U)q —Yr _gb)(l +TS) +gb(1 +77b) a’nd ?)7]::‘ = q(l +7“s)g7i +’LU(1 +TS)5%(IS + (wq_ Yr — gb)?

Oks (44 P—c*(1+a)?z(k,)(1 = M)
or. - 1-M P-4 a)(z(k) +wq(l+r) 2 (k) = (EC.10)
since P —c2(1+a)?z(k,)(1 = M) > P — (1 + a)?(2(ks) + wq(1 +17,)2'(ks)) > 0. Also, since —— -

1-M
P—c?(14+a)?2(ks)(1— M) ks ~ Olwg(1+rs)] _ aks oy

P2 (1) ((hs) Fwal L) () = L We have 52 < —(y, +4,) and % =5+ (W +5) <0.

8M a[wq(1+rs)]z(kg) —|—wq(1 —i—rg)z’(k )% _ (r+3p) Pl-wq(l4rs)2? (ks )—wq(1+m)z k)l < 0.0

ors $)ors = 1-M P—c2(14+a)2(z(ks)+wq(1+rs)2 (ks)) —

Finally, 3

Proof of Proposition 1: §(r,;C,,a1) < §(rs; Cp,a2) < ¢ from Lemma EC.5. From Lemma 4 and
for ¢ < mﬂm{i(%, q, > ¢, for all r, € [0,7]. Then, from Equations (12a) and (12b), ¢(rs;C,., ;)
is realizable only if ¢(ry;C,,a1) > q, and §(rs; Cr,az) is realizable only if ¢} < §(rs;Cy,aq) < g,.
From Lemmas EC.8 and EC.1, §(ry; C,, ) and §(r; C,, ) decrease in r, and ¢, and ¢} increase
in r,. Then, for a given y,, there exist thresholds r!(C,,a;) <r}(C,,az) <r¥(C,,az) < T, so that
a) riis defined by ¢(rs; Cr, 1) = q,. For ro<rl, 4(ry; Cy 1) > g, is realizable and ¢° = §(rs; Cr, ).
b) 72 is defined by §(rs; Cy, a2) = q,. For rl <ry <712, §(rs; C,, 1) < gy < §(rs; Cr, 2) so that neither

4(rs; Cyr, o) nor §(rs; Cy, ) are realizable. Then, ¢° = gq,.

3

c¢) r3 is defined by §(rs; Cr, ) = ¢4. For r2 <r, <r® we have ¢} < §(rs;Cr,a2) < g, is realizable.

s
Then, ¢° = ¢(r,; C,, ). For 73 <r, <7y, §(rs;C,,a9) < ¢! is not realizable. Then, ¢° = ¢.
Note that 7! may not exist if §(rs; Cy, 1) # q,(rs; C,.) for any r, > 0. This may happen if y,. is

relatively large, since g, increases in y, and ¢(rs; C,, o) decreases in y, from Lemma EC.7. Then,

there is a threshold y! > 0 that solves §(0; C,, ;) = ¢, (0; C,.). For y,. < y}, r} > 0 and decreases in y,.,
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and for y,. >y}, 4(rs; Cr, 1) < q,(r5; C,) for any 7, >0 and r! does not exist (we let r! =0 for ease
of exposition). Similarly, there are two thresholds y2 and y? that solve ¢(0;C,, az) = ¢,(0; C,) and
G(0; C,, c0) = ¢4 (0; C,.), respectively. We have 0 < y! <y? <2 since §(0;C,, ;) < §(0;C,,ar) and
¢ <q, Iy, €[0,yl], i >0fori=1,2,3,ify. € (y!,y?], r. >0 for i=2,3 but v} =0, if y, € (y2, 7],
r?>0but rl =r2=0, and if y, € (v2,7,), rt =72 =712 =0. Please refer to Figures 3-6. [J

Proof of Proposition 2: From Equations (12a)-(12e), candidates of the global optimal ordering
quantity are ¢°(ry; C,, Cy), q(0), ¢4, and q(4,(C,)). Let ## and ¢°(7#;C,.,C,) be the optimal trade
credit rate and ordering quantity, respectively, in the trade/combined financing region, where ¢}
is the region boundary (see Figure 3). For any r, € [0,7,], ¢} (r,; C,) is dominated by ¢°(##;C,,C,)
since (g} (r; Cy),r4; Cr, C5) ST (743 Cr, Cs),r; Cr, Cg) ST(@°(7F; C,, C), 75 C, C).

Note that II(q,r,;C,,C,) does not change in r, for ¢ = ¢}, q(6,(C,)), and g(0). From ¢} =
¢ (0;C,), ¢4 is dominated by ¢°(7#;C,,C,). If q(6,(C,)) < ¢}, then ¢(6,(C,)) is not realizable. If
&b <(6.(C)) < gh(6,(C,); C), then g(5,(C,)) is dominated by gb, since for g € [g}, gb(6,(C,); C,)),

the retailer orders with all working capital and the supplier charges w} (see Figures 1, 2 and 3).

Finally, if (6,(C.,)) > ¢4(6,(C,); C,), there exists a . so that g(6,(C,)) = ¢\ (r}; C,) and ¢(6,.(C,))
is dominated by ¢°(7#;C,,C,). As a result, we do not need to consider g(4,(C,)) explicitly.

Then, we next only consider g(0) and ¢°(r,; C,.,C,). Since ¢! (r,; C,) increases in y, and g(0) does
not change in y,, there exists a y3' so that ¢} (0;C,) = q(0) at y, = y2'. For y, <93, ¢t = ¢} (0;C,) <
d(0) so that g(0) is not realizable (see Figures 3 and 4). As a result, ¢°(r,;C,.,C,) is the only
remaining candidate, and thus is the global optimal solution. If ¢3! > 32, since at y, = y3, we have

¢;(0;C,) = 4(0; Cy, a2), then for y,. >y > 42, §°(ry; Cr, Cy) = ¢ (rs; C,) for 0 <7y < 7,. Note that

r

¢ (r,; C,) is dominated by g(0), since it is on the boundary of no financing region. Then, the global
optimal is g(0). Alternatively, if y** < y3, then in the same logic, the global optimal is g(0) for
yr > y3. For y3! <y, <y3, we have to compare I1(¢°(7#; C,, C,),7#;C,,C,) and 11(g(0),r,; C,,C,)

to determine the global optimal. Combine the two cases, the global optimal is ¢°(##;C,,C,) for

yr <2, is q(0) for y, > max{y2',y?}, and is either ¢°(##; C,, C,) or q(0) for y2' <y, <max{y?', y2}.

T T

Recall that I1(g(0),rs; C,, Cs) does not change in r, (the retailer’s profit does not change in r

as well). Then, the global optimal trade credit rate can just be determined from ##. [J

Let wo(rs;crvcs) = U)*((jo,TS;CT), k:(rs;cracs):k:(qoars;Cr)a MO(TS;CT,CS):M*(QO,TS;CT), and
11(ry; Cy,, C3) =T1(°r5; C, Cs). Let A(ry; Gy, C,) = PO Dy €, Cy) = (400 5 1,

c = 1-MO(rs;Cr,Cs)

and G(ry;C,,C,) = % From Equation (EC.4a), D(r,;C,,C,) = ay for r, € [0,r}), and

D(ry;C,,C,) =y for ry € [r2,13). Let the indicator 1 = 1 if the condition  holds and 0 otherwise.

From Proposition 1, for 7} (C,, 1) <7y <r?(C,, az), q,(rs; C,) is the optimal quantity satisfying
V3(Qaw):Cq_yr_gb(rs;cr):()> (ECll)
with V;* = ¢ >0 and V;} = 0. The optimal ¢ and w are solutions of Equations (EC.11) and (EC.4b).
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LEMMA EC.9. For r}(C.,aq) <r, <r?(C,,as), since §°(rs;C,,Cs) = q,(rs; Cr), we have
8q (TS;C’I"jc’S) 1 agb(rs;cr)
c

>0 EC.12
ak:(aré C.) oo (ry;C,) T ( C)( |
N Ts; Upy Ug 1 yr+gb Ts; Uy gb Ts; Ur
s — - D(ry;Cp, C) +1 7@0.13
or. Fk(rai € C) L GlriC0y PG CIr D75, )
Proof of Lemma EC.9: From Equations (EC.11) and (EC.4b), V? = —g—g: and V? =
—wF (k) [1 = (wq—y, — ) (14 74)2(ks)] 0. Let B=V2V2-V3V2=VV2<0, B,=-V3V2+
312
VaVZ=-ViV2<0, and B, = —ViV2 +V2VZ>0. Then, §% = 5 = — g = L 5% > 0. Since
fu = Pu we have J= =q(14r,) 5% +w(1+rs)§—i +(wqg =y, — ) = Ur+yb + X G [Sl)(qu“]\?; g—i’i’. O

LEMMA EC.10. In the trade/combined financing region, we have the following derivatives
oL’ (rs; CQCS)/arj = (1= ps(Cs))(1 = p,(C))-

_ Yr + yb(rs; r . N agb(rs; Cr) 3

[ Coie oy H DG C) = 8(C) = [, rensiCa),  (BCI1)
yr]lrs <6, (Cr) 1 + 57"(07“) 8?jb(r8; C?") 3 ~

— Ts=0rior) 4 (1 1 < .14

| A(rs;cr,csﬁ( A(rs;cr,cs)) G| (ha2) <0, . € [rH(C, 02),72(ur, O, YEC 14D)

Proof of Lemma EC.10: For notational convenience, let Q2 = (1 — ps(C5))(1 — p,(C,.)). From
Equations (11a) and (llb) oq° = Q[F (ky) s — (1 —1—(1)3’1 + (a—6,(C,))5%], where a =y or

or ors
a = ay and where gks and 2L are in Equations (EC.10) and (EC.9) for r, € [0,7]) U[r2,r3). Then,
%—I;Ij = Q{ — 7@”%)“’“ ) _ 5T(C’ ayb + aayb} Q{ y”+yb +[D —0,.(C,)] ayb} For r, € [r},r?), from
Equation (EC.13), § ano = Q{F(k, 0’“5 —(149,( dy”} Q{— vt 4 [D -6, (CT)]g% )

For r, € [r3,7,), from Propos1t1on 1, the optlmal q= ql(rs,Cr) satisfying V* = qF(q) — [y, +

Uo (755 Cr)](l +min{6r(07“)a Ts}) =0. Then, ‘/:14 = F(q)[l —qz(q )] =cA>0, V4 ==yl <s.(00) — (1+
— 4

(57"(07«))2—?’; <0, and 8871 = —“//}f =Ly 1, <s.cn+(1 +5T(Cr))3yb] > 0. From k, = k; and Equations

(7), (EC.1), and (EC.2), F(k )‘9’“5 =(1+9,.(C, ))ayb From Equation (11b), a—no = Q{F (k) 9k —

c(l—f—ozg)g—f’s—l-(az—5( ayb} Ql—l—oz)ay"— Tﬁ}zﬂl—l—aﬂ{—%—i—g—i’[l—

%@]} <0, where “<” holds from H‘S;‘(CT) > p(g)([llt‘);i)(q)] > = M >lasq=¢q > q4(rs;Cr,az). O

Proof of Proposition 3: Note that 72 =0 at y, =y?, and r> =6,(C,) >0 at y, = y?'. From the
proof of Proposition 1, 2 decreases in y,.. Then, y21 < y?2. From Equations (EC.14a) and (EC.14b)
and D = oy <6,(C,) for ry € [r2,r3), we have 4 < 0 for r, € [r2,7,). Then, the optimal r, € [0,72).
For y, > y?', we have r2 <4,(C,) so that g%’; = 0. From Equation (EC.14a), the supplier’s profit
decreases in r, for r, <4,(C,) so that r#(C,,C,) = 0. For y, < y?!, we have r2 > 4,(C,). In the

same logic, the supplier’s profit decreases in r, for 7, <4§,(C,). Then, r# € {0} U[6,.(C,),r?). O

10 s

LEMMA EC.11. For y, < y?' so that r2(C,,az) > 6,.(C.), if y. > y** where y** is a threshold,
then the supplier’s profit 11°(r,; C,, C) is quasi-concave in ry for v, € (6,(C,.),r%(Cr, az)).
Proof of Lemma EC.11: We first show D = Z@0=4@) _ | (ocreases in rs. It holds for

c(1-M)
€ [0,7}) U [r2,r3), since D is constant. For r, € [r},r?), 5% = %ng(ks) + wq(1 +

w Ts P s 22 s
)2 (k)G = 152 + (e + B)le(k) + wa(l + )2 (k)G = —(yr + g) =Gl
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11;11(1-4—7’_9)2;(165)+z(ks)F‘F(‘E]]Z[l)[—11121(\3])]%7 where ((;T]fz is from Equation (EC 13) AISO 3[’({;(;1)] — (z(q) +

qz’(q))% = ng” where 22 >0 from Equation (EC.12). From 0 < £ q) <1,0< = qz(q) <1

and wq(1+7,)2"(ks)+2(ks) qu( )+z(q),we have — 212 Q)]—l—llqjv(f) giw <0 Then oL qZ(Q)]/arS_

—{- 81”(3 ol 4 1;31([‘1) (‘371‘;[} < 0. As ¢ increases in 7, S0 that F(q) decreases in r,, D decreases in 7.
Since g%’i’ >0 and decreases in 74, [D — 5T(Cr)]g% decreases in ry, as long as it is nonnegative.

Then, II° is quasi-concave in r, if 2% increases in r,. We have 9(¥£%) /9r, = ;2 {(yr+7p) 2 ~+

[% — (yy + ) 2 (ks )gfs]( M)} = F(kS){ng + (yr+yb) Z(ks)J} where J — [ 22(1;; ]aka
For r, € (r!,7?], from Equation (11b), 831:0 (1— ps(Cs))(l—pT " {F - (1+5T(C’T))g—fi’}.

As long as %% >0, we have ng_z >0 so that J >0 and 9(22%)/9r, > 0. Since rs > 6,(C,) and

o . . . . . . . .
(?9% is continuous in r,, II° is quasi-concave in r,. For r, € [0,7}), from g’:z in Equation (EC.10),

P M—-M(z (ks 22 kg c « M)]“z(ks) T R
J = [1(12 M){P( c( (1)—5{04)([wfg)(]l-ir(sl)-i_’(l)c(l)—i-z(l)c] )]}S , where a=ay, P= F(q)F (k,)[22(q)+¢%'(¢)—qz*(¢)] and

the denominator is nonnegative from the proof of Lemma EC.8. If the numerator is nonnegative,

_ = —\2
then J >0 and y’—gyb increases in 7,. Then, suppose it is negative. Thus, g—f’s’ + WJ >

M2 w2 (1+¢°2'(9) Hy (rs)—(1—q2(q))* Ho(rs)
(1+rg)2 (ks [1 + 1— MJ] G2M P—c2(1+a)2[wq(l+rs)2’ (ks)+2(ks)]

k
(Yo + ) = —’“b >0. Here Hy(r,) =1—M(1—M)?>+M?*(1—- M) 2<(§>) <1+ ¢?*2(q), since M?(1 —
M)z (( )) ( (1474))%*2(ks) < ¢*2'(¢) from 0 < M <1 and w(1+7r,) <1 (see Lemma EC.3). Also,

Hi(ry)=(1—M)*>+M?—2M3— M3 5;((’7;5)) > H(r,)+(1—qz(q))? where Hy(r,) = [1— (<GE20)2] (1 -
M)? = M?— M (wq(1+47,))?2'(ks). From Lemma EC.7, q, k., wq(1+47,) and M decrease in y,.. Then,

Hy(r,) increases in y, since 1 — (C(;(*? )2>0,(1—M)? and — M3 — M (wq(1+7,))?2 (k) all increase

, where the inequality holds from wq —

in y,. Thus, there is a y*(r,) so that Hy(r,) >0 for y, > y*(r,). Similarly, from Lemma EC.8,
Hy(r,) increases in r,. Consequently, y*(r,) decreases in r,. As a result, if y, > y** = y*(0), then
Hi(ry) > (1-qz2(q))?, 8”—29”/6)7“8 >0 so that II° is quasi-concave in 7. [J
Let 7°(rs; C,., Cs) be the retailer’s equilibrium profits in the combined/trade financing region for
a given r,. Let 7% (C,,C,)=r°(r#(C,,C,); C,,C,). Let z~ (z*) be the value to the left (right) of .
LEMMA EC.12. Fora fizedr, € [0,7%(C,, s)), the retailer’s optimal profit in the trade/combined

financing region (weakly) increases in the supplier’s credit rating C.
Proof of Lemma EC.12: For r, € [0,7}), ¢ and w satisfy Equations (EC.4a) and (EC.4b) where

o = ay = GG Tpen V3 = UMIRC) < and VE = 0. Let B =V, V2~ V}V2, B, =

VAVE — VA V2<0,and B, =V V2= V}VZ >0. Then, B<O0, 9 =51 >0, 2% =52 <0, and
Ok, duw dq 1 _
oc, = =q(1 —1—7“6)80 +w(1 +7“s)8g = E(l +1)Ve [F(q)(1 —qz(q))] >0, (EC.15)
om° 8q — 8k’s 1- r Cr = i
O (1O Pt0) o () Sy < T2PAE) 4 () F()VE, l02(0) — ]2 08C.16)

where the inequality follows from w(1+7,) < 1 based on Lemma EC.3, k, <¢, V&, <0, and B <0.
For r, € [ri,r?), ¢ and w satisfy Equations (EC.11) and (EC.4b). Then, V2 =0 and VZ =0. Let
B=V3V2-V2V2 B,=V2V2 —-V2 V2 and B, =VZ V2 — V3VC Then, 24 =52 = Jv = Bu —

w) ’ E)C B ~ 98Cs T B

and ggss =(1 —l—rs)aégz) =0. From Equation (6a), gg: =(1- {F(q) L — F(k,) 2k } 0.0
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Proof of Proposition 4: the result follows directly from the proof of Proposition 2. [J
we have 9[—@rti)) /90, = — Wt £ 5 (k) (1~

O(wq(1+rs)) _ kg

Proof of Proposition 5: From

oCs a0y’ (1-M)G
M)2ks 4 z(k,)20402) 4 pg(1+r,) 2 (k) o5} = (gyr;;;g,{Mz( ) +wg(1+7.)2 (k) } 55 Note
that 6523(@ =0. For r, € [0,r}), from Equation (EC.15), g(’ffs >0, and for r, € [rl,r?), from the proof
of Lemma EC.12, gés = 0. Then, % decreases in C. For r, € [0,7}), D=a; = %{gf”
decreases in Cj. For r, € [}, r?), aa—cqs:%"szggss =0and D = W —1 does not change in C.
Let H°(ry;C) = 1= psn(cS:)S’gmf:()CT . From Equation (EC.14a), % <0 for r, € [0,7}) and

gjgg =0 for r, € [r},r?). Let A(ry;C,) = H°(ry; C,) —HO(O-C ). For 7, € [0,71), A(7y;Cy) =

s aH OA(PsiCs) _ [Ts 92H® . aH“ s 9H°
Jo® Fdrs andT o Brpe drs <0. For 7, € [ri,r2), A fo —dr —i—fl o drs
BA(rs Cs) __[("s _0%H® dH® ory s 92 HO 8H s 32H°
and acs | Uo Ars0Cs drs+ ors |rs_r§ "aC; J+] 1 Bra00; drs_ 87’3 |Ts—rs fo Ars0Cs dry <
0, where the second equality holds from [ To PHY g — () and 2 - =94 °| 1+ since 2L ig
1 9rs0Cs 7 8 Ors Irs=r;s Ors lrs=rg Ors
continuous at 7} implied from Equation (EC.14a). (As 32 ayb is discontinuous at 5 = 4,.(C,.), %H is dis-
continuous at r, = 4,(C,.). However, if r! =46,.(C,), then or =0.) Thus, A(7,;C;) decreases in Ci.

For Cy > 6% (e.(C,)) so that ay <6,(C,), since 873 § 0, A(rg; Cy) <0 for s € (0,72). For r, €
[6,(C,),7?), it is possible that A(r,;Cy) > 0 after C, drops below a threshold C!*(r,;y,,C,) €

[Cs, 0. (e-(C))]. Let Cl(y,,C,) :Suprse[ér(cr)vrg){Csn(rs;yT,CT)}. Then, H°(r#;C,) > H°(0;C,)
so that II°(r#; C,.,C,) > 11°(0; C,,C,) and r¥ > 0 if C, € [C,,C}(y,,C,)). Otherwise, r#* =0. O

LeEmMA EC.13. For the same supplier, i.e., C, is fized, the retailer’s equilibrium profit in the
combined/trade region increases in the supplier’s interest rate r.
Proof of Lemma EC.13: From Proposition 3, let r, € [0,72). For r, € [0,r}), from Equations
_ n 9 I Oks] _ (A—pr(Cr)) (yr+7p)-J
(EC.9) and (EC.10), 3= = (1= p(C)[F(@)5 = F(k)52] = Gimmaip i tuatra NG

where a = oy, P = F(q)F(k,)[22(q) + ¢2'(q) — ¢2*(q)] and the denominator is nonnegative from the
proof of Lemma EC.8, and J = — F(q)c(1+a)wq(1+71,)[2'(ks) +22(k)] + P— (1 +a)?z(k,) (1 — M)

’8T

for short. Substituting P and ¢(1 4+ a)(1 — M) = F(q)(1 — qz(q)) (from V' =0) into J yields

(@){alF —0(1+04) (14792 (k)] + [F(ks)2(q) — e(1 + a)wq(1 +7,)2% (k)] + (1 -
qz(q))[F(ks)z( ) - c(l + a)z(ks)]} >0, where “>” holds from gz(q) <1, k, < ¢ and w(l+r,) <1
from Lemma EC.3, z(q) > z(ks) and 2/'(q) > 2'(ks), and Plhs) > _Fla) . 1=M_ > | Thep, 1°

c(lton) = c(l+a1) = 1-qz(q)
increases in ry. For rg € [rl,r2), from Equations (EC.12) and (EC.13), 7° increases in r, since

5= (1= (O [F(@)f — F(k) 5] = (1= p(C)) [ 32 (1= 552) + 222] > 0.1

ors org c Org 1-M

Proof of Proposition 6: For Part 1, from Proposition 3, if y, > y2!, r#(C,, C,) = 0. For Part 2, if

c< m then §(0; C,, C,) < q,(0;C,). Since g, increases in r, and §(ry; C,,az) decreases in r,

from Lemma EC.8, r2 = 0. From Proposition 3, r#(C,,C,) = 0. For both parts, C!(y,,C,)=C,. [

Proof of Proposition 7: From Proposition 3, r# =0 or r# € [6,(C,),r?) satisfying the first

O*(Cr.Cs) _ A Cr.Cs) 4 OM(rsiCr.Cs) | orf _ om0 ¥iCriCo) yep

order condition. Therefore, ol = 35, + S s 5O 5C,
S —'s
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we can let r, be fixed at r#. For r, > 5,.(07.7), we have % = —méf’zéi?;))z(kb)? % = —fif;’,;(((é:)) -
(1+6r(0i3§(ciﬁrs)z(fcb) >0, and §f = 6[7?7’3%2:5)*’%] ybg( . From Equations (EC.4a), (EC.4b) and
1 _ 5r( 1 5! (Cr) T(Cr
(EC.11), Vi, = Q —c(1 4+ ap)w(l —i—rs)qz’(ksl (P;(,—c =0 - V6 (% where = $£27% (1 +
_ . . a
ar)(1—M) <0, V3 =w(l+r,)F(k,)z(k,) Lprcsd = —Vfr(lyfrsw <0, and V2 =22 <.

For r, € [0, 7’1) let B=V/'V2 -V,V?2, By = -V V24 V,VE and B, —VqlVCT + Ve V72
B _QVw w  QV2 3,8.(Cr)  VaV2 —V) V2 ke
Then, B <0, 58 = 7 = +Lu, gor == g Ay e, and fge = (1+

szv wQV2 ; vive_y, 127
)[qac -HUBCT] + ybﬁ(,ia = (1 —i—m)u + Lo, where L, = (fff:)(g(rgb) e and Ly =

(1 +rs)1gf,5b<fg [~ F (k) V) +c(1+ a1)qz(k,) V2 — c(1+ an)w?q(1+7,)2F (k) (2 (k,) + 2% (ks))]. From
the proof of Lemma EC.7, L; <0, and since Vq1 >0, Vq2 <0 and B <0, we have L, > 0.

Let II° = (1 — ps(C,))H°. From Equation (11a), ‘ggo = —pL(C,)Emin{&, k. }]+ (1 — p,.(C,)) [ L3 +
(a1 —9,(C,)) Byb] gvel(C,), where Lz = F’(k: )gés —c(1 +a1) . Since p,(C,) <0 and €.(C,) <0,
if Ly >0 and (o —6,(C,)) 52 ayb >0, then 222 > (. Note that L3 L(qVE—wV2)(1+ rs)F‘(k‘s) +
c(14o1)V2] + F(ks) Lo — c(1 + o)Ly = F(k:s)LQ —c(1+ay)Ly > 0. If oy >6,(C,), then 22 > 0. If

a; < 6,(C,), however, Proposition 5 implies 7 =0 < 4,(C,) and g, = o2 = 0. Again 8H > 0.

rTen

For r, € [r},r2), let B=V}>V2 -V3V2=V3V2 <0, B,=VJVZ VCTVUf =-Vg V>, and B, =
Vc3 V2 - V3V2 = 0. Then, ggs =(1+r,) [qac ‘HUaCT} + e (C)T) = 55%1’?,:)) {_ 1%\4 + pég[ﬁis +
ayb](D +1)}. From Equation (1la) or (11b), ‘?)go = —p/ (C,)Emin{, ks}] + (1 — p.(C,)) Ly —
€.(C)g, where Ly = F(k,) g = (146.(C,)) 5 = ~FEi {— & + {2 (D+ 1) +(D = 6,(C)) 52} =
0 if r# =0 <4,(C,) so that g, = ayb =0. If r,=7r% >0 so that W—O, then L, =

5;.(Cr) OM° (rs;Cr,Cs)/Ors T ]
~F@) [iom@oicy T &+ 1+? (D+ 1)] 2 0. In both cases, we have 3= >0. [J

Proof of Proposition 8: Let C™ be the worst credit rating of the supplier in [C,Cl(y,,C,))
for the retailer, ie., ##(C,,C™) < 7n#(C,,C,) for C, € [C,,C(y,,C,)). From Lemma EC.13,

7#(C,,C™) > 7°(0; C,.,C™), i.e., the retailer receives larger expected profit when the supplier

is forced to use 0 trade credit rate. From Lemma EC.12, 7°(0;C,,C,) increases in C,. Note
that 7°(0;C,,C,) = n#(C,,C,) for C, € [CL(y,,C,),C,], since r#(C,,C,) =0 from Proposition 5.
Let C2(y,,C,) be the largest value in (C™,C,] so that 7°(0;C,,C%(y,,C,)) < 7#(C,,C™). Then,
(CHy,,C,),C%(y,,C,)] is the supplier’s credit rating hole, since ©#(C,.,C,) > 7% (C,,C") for C, €
[C,,CHU(C?,C,] and C! € (CL,C?]. That is, the retailer gets better profit from suppliers outside
the hole than ones within the hole. Note that (C!(y,,C,),C?(y,,C,)] =0 if C?(y,,C,) < C(y,,C,).

We now study the special case y, = 0. For C, € (C},C,], r# =0 so that 4, = k; = 0. Let ¢¥,
w# and k¥ be the equilibrium quantity, wholesale price, and trade credit bankruptcy threshold,
respectively. From Equation (10a), ¢* F(q*) = w#¢*F (w#q*). Then, w# = 1, since ¢* < 4. Also,
k# = q*. From Equation (6a), 7#(C,,C,) = 0. Since z(q#) —w#2(k#) = 0, from Equation (EC.16),
0n7CrCe) — ), Then, 7#(C,, C,) =0 for C, € (C1(0,C,),C,) and C2(0,C;) = C..

Combining the above general case y, and special case y, = 0 together, we can conclude that there
exists a threshold y* > 0 so that (Cl(y,,C,),C*(y,,C,)|#0 for 0 <y, <y*. O



