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A Online Appendix

A.1 Proof of Non-equal Markup

Lemma 2. Assume by, = b for all i,k. Let p} be the optimal price for product i. Then in general,
p; — ¢ #pj —cj fori#j.

Proof. Since b;;, = b, the first-order optimality condition becomes
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the weights given by Z“’W“—"'A““. Since A;i # A for k # k' (otherwise, segments k and &’ become
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Assume for contradiction that pf — ¢; = 0 for all 5. Then
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whose value depends on the segment index k, thus in general r;’s are not equal across segments. Since

the right side of equation (10) is a weighted average of the vector (1,72, ...,7y,) with nonequal values
and the weights depend on the product index i, this weighted average is a value that depends on 1.
This contradicts the assumption that p; — ¢; = 0 for all i. O

A.2 Proof of Lemma 1

Proof. Since b;;, = b, the first-order optimality condition becomes
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Therefore, pf — ¢; > p} — ¢; if and only if [(a;a — aiB) — (a4 — a;B)] (ra —rp) >0 fori# j. O



A.3 An Example with Preference-value-inconsistent Optimal Prices

Consider a two-product (products 1 and 2) two-segment (segments A and B) example with wq = wp =
0.5,b;, =1,¢;, =0,a14 = 6,024 = 5,a15 = 3,a25 = 1. Product 1 has higher price-independent utility
values than product 2 for both segments of customers. The optimal prices for product 1 and product
2 are p; = 4.011, po = 4.387, which is a sequence that is the opposite of the preference value sequence.

A.4 Proof of Proposition 1

Proof. To simplify presentation, we suppress the product subscript in our notation (e.g., gx in place

of q1x). Note that the purchase probability of the product by a segment k customer is q* = g.
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Accordingly, fx (q1) = M, gk (qx) = 7 log (M), and the profit contribution from a
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segment k customer as a function of ¢; simplifies to
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where A\, = Ai/A;. We can derive that
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where = := A\gq1, ¥ := qo1, 2 := Akq1 + qo1, and L := log Ay, — log(Arq1) + log o1 — be. Assume without
loss of generality that A\, > 1. From %"'ﬁ:‘ < 2, we have A\; < 2, equivalently, A\, > 2(A\, — 1).
Therefore,
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where the first inequality holds due to L > 0 (i.e., L = b(p—¢) > 0), the second inequality holds because
£ <1, and the third inequality holds due to Ay > 2(Ax — 1) and = < 2. Therefore, Ry, is concave on
Q1. The weighted sum of concave functions is concave, and thus II is concave on Q4. ]

A.5 Proof of Proposition 2

Proof. From (7), to establish the concavity of IT (q'), it suffices to show concavity of Ry, (q'). Recall
that fx(q') is the vector of product purchase probabilities for segment k as a function of vector q'.
Let fir(q') denote the ith element in f(q'). Then we can write profit contribution of product i in

segment k as Rix(q') = (gin(fe(a)) — ¢i) fir(q") and the segment-k profit as Ry(q') = f: Rir(qb).
=1
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where X\;, = A, /A1 and go1 = 1— Y., _; ¢i1. For a given segment k, define Z; (q') := b; R (q'). We
can derive that
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where z; := Aigqi1, Y == qo1, 2 1= qo1 + >_; Ajkqj1, and L; 1= log A;, —logz; +logy — bic; = bi(pi — ¢;).

Let the Hessian of Ry (q') = 3 Rir(a') = X Zi(q")/b; be H. The function Ry (q') is concave on
i=1 i=1

if and only if 0T HO < 0 for any nonzero vector ot = (01,02,...,0,) and any q* € ;. Note that
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Define G(A) := 0T HO where A = [A\jx] fori = 1,...,nand k = 1,...,m (i.e., A is an n x m matrix). The
function G has a strict negative value at A = 1 (because it is not possible to find a nonzero vector
such that 0\ + % > ¢0e =0 for all i). G is continuous in A. So there must exist a rectangle region

near A = 1 in which the values of G stay negative. O

A.6 Proof of Proposition 3

Proof. The concavity of II(q') and II(q™) follows from Lemma 2 in Li and Huh (2011). From (2) and
Air < Aigg < Aim, qo1 > qok > gom- From (4),
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We can similarly show that II(q™) > II(q™). O
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A.7 Corollary 1 (Upper Bounds of II(q') and II(q™))

Corollary 1. Let q! = argmaz g II(q') and pl be the corresponding price vector. In addition, let
q" = argmazry. I(Q™) and p™ be the corresponding price vector.
(i) The mazimum of IL(q') is given by 8 where 0 is the unique solution to the single-variable equation
i1—bici— S R
eal it kakAik/Ail

0= Z b ; wiAik /Ait

i
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Proof. Since II(q') is concave in q!, we take the first order derivative with respect to gj1, and set it to
zero to obtain the first-order condition
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where the second equality follows from (12) and the fourth equality follows from (13). This proves (i).
The proof of (ii) follows a similar argument. O

A.8 Proof of Proposition 4

Proof. Note that fi (q') = q'. Thus R (@) = Ri (fi (a')) = Ri (q') is a profit function based on
MNL demand which, as noted above, is concave.

What remains is to show that Ry (ql) is quasiconcave for k > 2. Without loss of generality, we
set k = 2. Let us outline the main steps of our proof. We first show that Q4 := {f2 (q') |q* € U}
is a convex set by decomposing function f» into a composition of more elementary functions, and
show that each of these functions preserves convexity. We then explain why the convexity of €4
implies that superlevel set Sy (Ra,Q4) = {q* € Uu|R2 (q?) > a} is convex. Finally, we show that the
inverse image S, (R2,24) under function f5 is convex (using a similar decomposition approach), which
implies that superlevel set S, (]:22, Ql) = {ql € Ql\]% (ql) > a} is convex, thereby proving that R,
is quasiconcave. Our proof will rely on the following definitions, remark, and property.
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Definition 1. Function f : R — R is quasiconcave if its domain is convex and its superlevel sets
So (f,dom f) = {x € dom f|f (x) > a} are convex for all &« € R (Boyd and Vandenberghe 2004, p.

Definition 2. Let A € R"*™ b € R*,c € R™,d € R. Function f : R™ — R"™ with f(x) =
(Ax + b)/(c™x + d) defined on dom f = {x|cTx +d > 0} is a linear-fractional function (Boyd and
Vandenberghe 2004, p. 41).

Let C € dom f be a convex set. Note that S, (f,C) = {x € C|f (x) > a} = CN S, (f,dom f).
The following remark follows from the fact that the intersection of two convex sets is a convex set.

Remark 1. Let C € dom f be a convex set. If f is quasiconcave on dom f, then f is quasiconcave

on C.

Property 1. Let f be a linear-fractional function and let C' € dom f be a convex set. Then image D =
{f (x)|x € C} is a convex set. Furthermore, the inverse image of a convex set under a linear-fractional
function is also convex, i.e., {f~ (y)|y € D} is convex if D is convex (Boyd and Vandenberghe 2004,

p. 42).

Note that Q; = {q1 Sgin <1, g1 >0, gin(ql) > ¢ Vz} = dom R}, is a convex set. Consider the

=1

following function F; that maps q* € O to x € R™: x = Fy (q') = < ai/Au 4 /Am > Function
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F1 is a linear-fractional function (see Definition 2), and thus it follows from Property 1 that the image
of Q1 under Fp, Qo = {F1 (ql) \ql S Ql}, is a convex set. Next consider the following function F5 that

maps X € Q toy € R y = Fy (x) = (Anxl{”/b“,...,Angfo"Q/b”I). The image of Qo under Fs is
Qs ={F(x)|x €N} = {A12$l{12/b“, - Angﬁfﬁb"l |x € Qg}. We next show that 23 is a convex set.
Let x™ and x® denote two distinct points in €, so that F» (x(l)) and Fb (x(z)) are two points in
Q3. Note that Q3 is convex if and only if aFy (x(l)) +(1—a)F; (x(z)) € Qg for all a € [0,1] and

all x and x® in Q,. We use a subscript on function F5 to denote the functional element in vector
FQ(X), i.e., ng (il,‘l) = Algl‘ biz/bax ThUS,

B () 0 0 (o) =) 1 )

(1) < 4

Assume without loss of generality that x; Then, because Fy;(x;) is strictly increasing in x;,

A ()™ < (20) £ (1 - a) 4 (2)" < A (@)

bi2/bi1 bia /by bi2/bi1
and there exists :c§3) € [J:Z(-l),xl(-g)] such that aA;o (:cgl)) ’ +(1—a) A ([L’Z(-Q)) 2 Ao (5[;(.3)) : ,
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and equivalently, there exists 6; € [0, 1] that satisfies
0 (x®) " £ (1 - @) A (e®)" " = A (0,20 + (1 -0)2®) " = 4u (@)
Of course, if bj2/b;1 = 1, then 6; = @. Combining the above, we have the following identity:
alFy; (scgl)) + (1 —a) Fy; (a:§2)) = Fy; (6’1-:1051) +(1-6;) :vgz))
for some 6; € [0,1] and all 7. Therefore, aF5 (x(l)) +(1—a)F (x(z)) € Qg if and only if
x® = (elxg” +1-0)2?, 0,20 + (1 6,) x§3>) € Q. (15)

b}



To determine whether (15) holds, we need to characterize set (2. Note that x = Fy (q') =

n

( — dnl ) For pair i,j € {1,...,n} with i # j, let A = >~ qi1 — ¢i1 — gj1. We keep ¢go1 and

A11q017 """ An1qor =

A fixed, and examine the (z;,x;) curve as g;; varies over its feasible range [0,1 — go1 — A]. Note that
¢j1 =1 —qo1 — A — g1, and thus
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for z; € [O, 1A“q01 } It is apparent that the function z;(x;) is a line with slope —A;1/A;1 connecting

points (0, %) and (%, 0). By letting 6 := go1 + A vary over interval [0, 1] and go; vary over
J (3

interval [0,6 — A], we see that our x;(z;) curves cover the entire positive orthant in two dimensions.
This holds for all 4,5 € {1,...,n} with ¢ # j, and thus Q9 is the positive orthant in n dimensions.

Therefore, (15) holds if x®®) is in the positive orthant. This is clearly the case because 6; € [0, 1] for
all i and both x(M) € Qy and x®) € Q, are in the positive orthant. By the above arguments, we have

shown that aF5 (x(l)) +(1—a)Fy (X(2)) € Q3 , and thus (23 is a convex set.
Finally, consider the following function F3 that mapsy € 23 to z € R,;:

()
1+Zlyj 1+Zyj
J:

Fj is a linear-fractional function (see Definition 2), and thus it follows from Property 1 that the image
of Q3 under F3, Q4 = {F5(y) |y € Q3}, is a convex set.

Now, to conclude that R, is quasiconcave, we need to show that all of its superlevel sets are
convex. Note that Ry (q') = Ro (F; (F2 (F1 (a')))) = Rz (f2(a')). We see that R (q') is obtained
by evaluating Ro at a point in convex set {24. Because the segment profit function Rs (q2) is concave

n
(and quasiconcave) on dom Ry = {qig S gio <1, g2 >0 Vi} and Q4 C dom R, is convex set, we
=1
know from Remark 1 that Ry is quasiconcave on 4, and thus S, (Rz,Q4) = {q2 € Q4| Ro (q2) > a} is
a convex set for any « (follows from Definition 1). To establish that

Sa (R2;91) = {q1|q1 €, Ry (a') = Ro (F3 (F» (Fy (@) > a}

is a convex set, we need to show that the inverse image of convex set S, (Ra2,€24) under fo = F30Fy0F}
is convex. Now Fj and Fj are linear-fractional functions, and from Property 1, we know that an inverse
image of a convex set under F} and F3 is a convex set. What remains is to show that the inverse image
of a convex set under Fj is a convex set.

Let D € Q3 be a convex set. Its inverse image under I is C = {F, ' (y)|y € D}. Recall that
F (x) = (Amxl{”/b”, vy Angxlﬁ“/b"l), and thus

" bi1/b12 y bn1/bn2
Fy ' (y) = (Fo' (1) s Fay (yn)) = <<A—12> o <A—712) ) |

Suppose that y) and y® are in D. Then x() = F2_1 (y(l)) and x(?) = F2_1 (y(z)). Inverse image C'

is convex if and only if ax(® + (1 — ax®) € C for all a € [0,1] and for all x(*) and x(®) in C. Because

the elements of y are independent, if the above condition holds for the i*" element in x(*) and x®,
then it holds for all elements. Note that

(1) bir/biz 2)\ bir/biz
am§1)+(1—a) £L'Z(-2) :a<gﬁ7> +(1-a) <‘ZLQ>
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and that (f‘/—l) v
12

(1) bir/biz @)\ bit/biz 1) @)\ bi1/biz
Y, Y; . Hiyi + (1 - 91’) Y; _ =1 (p . (1) N (2)
a(A,g) +(1-a) <Ai2> = < Ay =1y (elyi + (1 —-0:)y; ) :

Because D is convex, we know that Hiygl) +(1- Hi)ygz) € D, := {yily € D}, which implies az'V 4

i

is a strictly increasing function. Thus, there exists 6; € [0, 1] that satisfies

(1-a) £L'Z(-2) € Cj. Therefore, C' is a convex set.

Let us summarize the implications of the above. We now know that inverse image of a convex set
under Fj, under Fs, and under Fj is a convex set. Therefore, beginning with convex set S, (Rz, 4),
we obtain its convex inverse image under F3. From this convex set, we obtain its convex inverse image
under F5, then repeat to obtain the convex inverse image under Fj. This process results in convex

set S, (]:22, Ql), which proves that R, is quasiconcave on §2;. Therefore Ry, is quasiconcave for any
segment k. n
A.9 Proof of Proposition 5

Proof. We first show that the sequence generated by Algorithm 2 has at least one limit point. From

equation (3), the optimal price p;, 7 = 1,2,...,n must be bounded in the interval
1 1
C; —_— C; Y ma 16
maxy, bk miny b,y + QX Pk (16)

where p; is the optimal profit from a segment k customer if prices of all products are set to maximize
segment k profit only. Specifically, py solves the single-variable equation (Li and Huh 2011, Theorem

2) pr. = 2?21 eajkibjkczlf:eibjkpk and is finite. Thus the optimal price p;,i = 1,2,...,n must be finite.
J
Hence we assume that one always starts with a finite price vector in Algorithm 2.

Note that given any bounded margin vector at the ¥ iteration,

Pt = pt 4+ aldt = pt + o <m— > <’:]klikqm)r2 _ﬁ)
3 (%) bir k=1 Y wibyqy
=1

k=1

n
where = " plgi (P?). Since ot € [0,1], pi™ is bounded in the interval [min (p¢, M?) , max (pt, M*)]
i=1
where M! = — 21— + %" (M)ri M?" is the sum of the multiplicative inverse of a
Z (wz—zik)bik k=1 szbizqu
k=1 =1

weighted average of b;, values and a weighted average of the segment profits rf. Since rl < p, and py
is finite, M"* is bounded by a finite constant t— + py. As a result, P < max{p!, T T Pk}
Hence, the sequence {p’} is bounded and consequently has at least one limit point (see Bertsekas 2003,
Proposition A.5, p. 666). Furthermore,

2

G ik 1
Z<gkkak )7“2— > <0
)bi
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Vh(p)'dt = - D> wibirgi (ﬁf -
i—1 k=1

NE

k=1

unless p! is already a stationary point. Hence, {d'} is gradient-related to {p’} and every limit point of
the sequence {P'} is a stationary point of h (See Bertsekas 2003, Proposition 1.2.1, p. 43). O

A.10 Proof of Proposition 6

Proof. The proof follows the same argument as in the proof of Proposition 5 and is omitted here. [
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A.11 Data Fitting Details

In the following, we provide the details of data fitting and testing. Because not all product attributes
are relevant for all customer segments, Intel suggested that segment-specific subset of regressors should
be used to prevent problems stemming from over-fitting or over-simplifying. To that end, we test a
variety of models for each segment where a model refers to a particular subset of the regressors.

We use the first three generations of products (13 SKUs) to parameterize the demand model and
the fourth generation of products (3 SKUs) to test the model, mimicking the practical context at Intel.
For any given customer segment, the market share prediction is computed for each product; we select
the model using the mean absolute error (MAE) for the market share of each product.

Table 6 presents a summary of goodness-of-fit and test measures for the selected model for each
segment including the Estrella index (which is a value between 0 and 1, larger number corresponding to
a better fit), the training MAE, and the test MAE. The model for each segment is chosen by focusing
primarily on the test MAE and secondly on the training MAE, and by balancing model parsimony and
the test errors.

Table 6: Fit and Forecast Accuracy.

Segment | Chosen Model Estrella Index | Training MAE | Test MAE
1 TDP, Performance, Price/performance 89% 10% 17%
2 Frequency, TDP, Price, Price/performance 62% 13% 1%
3 Performance, Price/performance 8% 12% 2%
4 Performance, Price/performance 53% 13% 9%
5 Frequency, Price, Price/performance 1% 10% 6%
6 Performance, Price/performance 50% 14% 10%
7 Performance, Price/performance 54% 13% 13%

The coefficients and the corresponding standard errors (in parenthesis) of the selected regression
model for each segment are given in Table 7.

Table 7: Linear Utility Coefficients for Each Customer Segment.

Segment Frequency TDP Performance Price Price/performance
1 - -0.2791 (0.0095) 0.02885 (0.00066) — -0.786 (0.170)
2 2.097 (0.162) -0.0244 (0.0086) - 0.00105 (0.00051) -3.677 (0.131)
3 - - 0.00936 (0.00031) — -0.993 (0.106)
4 — — 0.00267 (0.00027) — -2.201 (0.099)
5 2.512 (0.135) - - 0.00490 (0.00032) -2.846 (0.109)
6 - - 0.00729 (0.00030) — -0.615 (0.084)
7 - - 0.00777 (0.00030) — -0.625 (0.087)

A.12 Segment-specific Sales Distribution among Products

Table 8: Sales Distribution under Current Practice (Each Number Represents Segment-specific Choice Prob-
ability for the Corresponding Product).

Segment
Product S1 S2 S3 S4 S5 S6 S7
1 0.0008 | 0.0982 | 0.0464 | 0.1505 | 0.0451 | 0.0726 | 0.0661
2 0.0044 | 0.3359 | 0.0764 | 0.1457 | 0.3169 | 0.1087 | 0.1018
3 0.9897 | 0.3938 | 0.5274 | 0.4003 | 0.3954 | 0.4716 | 0.4829

Table 9: Sales Distribution under Profit-improving Solution (Each Number Represents Segment-specific
Choice Probability for the Corresponding Product).

Segment
Product S1 S2 S3 S4 S5 S6 S7
1 0.0017 | 0.2063 | 0.0862 | 0.3339 | 0.0848 | 0.1043 | 0.0962
2 0.0097 | 0.6924 | 0.1425 | 0.3256 | 0.5198 | 0.1565 | 0.1486
3 0.9807 | 0.0282 | 0.3590 | 0.0957 | 0.2065 | 0.3634 | 0.3736




