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Online Appendix

The online appendix contains proofs of the theorems in the paper.

Proofs for the Remaining Theoretical Results in Section 4

Proof of Theorem 4.2: Consider 71 < 79. For i =1,2, let ((pi),q’, (r})|€) be the firm’s optimal price and
quantity decisions at tax rate 7;, and let ((s¢)|€) be the resulting sales quantity. Given the optimality of these

decisions,
Ee [(1—71)(pist +pbsh) +7i(h(pi)r] +h(pd)ry) — (1 —11)eq | €]

> B [(1—71)(pisi+p3s3) + m(h(p)ri + h(p3)r3) — (1 - m)eq® | €]

Ee [(1—72)(pist +p3s3) + 2 (h(p3)ri +h(p3)r3) — (1 —11)eq® | €]

> Ee [(1—72)(pisi +pgs3) + 72 (h(py)ri +h(ps)ry) — (1 —11)cq" | €]

Summing up (1 — 72) times the first inequality and (1 — 71) times the second inequality, we have
(7'1 — TlTQ)EATD(Tl) + (7'2 — TlTQ)EATD(TQ) Z (7’2 — Tng)EATD(Tl) + (7'1 — Tng)EATD(Tg) y
which implies that EATD(71) < EATD(72). O

M/(14a)—F.
Ve

Proof of Theorem 4.3: We consider a specific strategy under which the firm procures ¢ =

units of the product and donates all of them in the regular period with sufficiently high regular price (i.e.,

atb . _ (a+b)M)
b T (14a)bg/"

Under this strategy, the firm incurs a cost of F.+v.q= M/(1+ a) and claims an enhanced deduction of
(¢c+h(p1))g= (c+min{ac,b(p; —¢)})g= (1+a)eq = M. Therefore, the after-tax profit U*(7) >7M — M /(1+
a):(Tflia)M. O

Proof of Theorem 4.5: $;Da(s;,€) =s;,(WTP —s;), and %ﬁi“’g)) =WTP —2s; for 1 =1,2. When F, <
>, Theorem 4.4(I) shows that ‘951'%27835“5)
ry=ry=0, ¢* = s} + s}, and the firm’s optimal after-tax profit U* is (1 —7) (M — Fc>.

By definition, p; = WTP. When WTP < % %y, F=F=F=c by Theorem 4.4. Now we focus on the case

p1 >

WTP+v, * __ ox _ WTP—v,
2 L381_82_ 2 o)

s;=st = v, for i =1,2. Therefore, p; = p; =

WTP > “jbvc and derive the optimal solution when F, > F. First, we relax the markdown constraint. It is

readily to verify that all the solutions identified satisfy the markdown constraint and this relaxation can be
applied without loss of generality.
We derive the optimal solution for a given ¢ (i.e., equivalent to a given ¢). By Theorem 4.4, when F, > F,

pi > % and h(p;) = ac*, and the firm’s problem can be rewritten as the following convex optimization:

F, F,
max (1—7) (Sl(WTP—81)+SQ(WTP—32)— lt )+TCLC< < —51—32>,
c c—

51,82 e e

a+b _
s.t. b c<pi(s1,8) <p1 .
Notice that “*% >1> "—a, thus 2(“7:[’) — 7=a> %%, Denote ¢ = max {vc, MQ’,:’)TPM} We consider the
=% T1or
potential ¢ value when it belongs to (v,, ¢, (5, b;'\flf >, or equals to bfbp-
. . WTP—Z—ac WTP T _ac
When ¢ € (v, ], the solution to the relaxed problem is s; = s, = +7 and p; =pg = # >

@tbe. Therefore, both ¢F¢ < py(s1,€) < p; and the markdown constraint p; > p, are satisfied. The firm’s
2
—(l—7—7a)F

(WTP— 1T ac)
2 Ce—ve’

after-tax profit is (1 —7)
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When c € (“, bWTPJ the solution to the relaxed problem violates the constraint ”+bc <pi(s1,£). There-
u +b WTP+ - WTP—

=7 ¢ =z

2 2

fore, at optimal, p, = ic s1 =WTP — C, P2 =

, and so = . It is easy to verify
that both p;(s1,£) < p; and the markdown constraint p; > p, are satisfied. The firm’s after-tax profit is

(1= 1) —ra) e (WTP - 220) 4 (1— 1) TP’ (g oyp e

4 Cec—ve

Therefore, to find the optimal solution for a given F., we can search for the optimal ¢. When F, > F,

bWTP
a+b

Theorem 4.4 shows that r} > 0. As a result, when the optimal c € (’UC, ), we can find the optimal solution

using the first-order condition over the profit function.

When ¢ € (v.,¢], —Ta (WTP— iac) + % = 0 by the first-order condition (that is, F. =
Ta(WTpfliTac)(cva) Ta(WTPflzTaz)(zfvc)z

). Denote Fy(z) = . Now we show that Fj(z) is a monotone increas-

(1—7—7a)ve (1—7—7a)v,

ing function on (v, ¢]. Therefore, when F, € (0, F;(¢)], there is a unique solution ¢* to F, = Fi(c) on (v,,d.

) — 1==a(c—v.). The term would

When ¢ > v, the derivative Fy(c) has the same sign as 2 (

o : QWTP | 1 WTP 2WTP 2WTP
be non-negative if and only if ¢ < S—a + 3v.. It suffices to show that EICEz < pp— < . ~ + v

-7

Notice that 22TP - > 2(a+\f,v)TP & 4(‘1:1’) 21“ > 3” <4+47~a>57=a, which is true.
2(afb) _

3 T — Ta
1—7

It is easy to verlfy that the solution ¢* to F, = Fi(c) on (v,,¢] is a maximizer for the original profit
maximization problem by the second-order condition. Furthermore, when ¢ € (¢, 00) solves F. = F;(c) for
F, < (&), ¢ is a minimizer.

When ¢ € (& 248), ((1-7)= —ra) (WTP - 252c) — Lra (WTP— Zac) + (==m9fee — 0 by

o (c—ve)?
the first-order condition (that is, F, = (ra(WIP- Zyae) - ((Lm) ot —va) (WTP- 25 He))(emve)®

(%Ta( )7((1*7’)%%*Tﬂ)(WTP*MI))(Z*’UC)
l—7—7a)ve

é
that F5(x) is a monotone increasing function on (¢, 00). Therefore, when F, € ( 2(¢), Fa (bWTP)>, there is a

). Denote Fy(z) =

(I—7—7a)ve

. It is easy to verify that F;(¢) = F»(¢). Now we show

unique solution c¢* to F, = F5(c) on (é, b(\l/\fbp)
When ¢ > ¢ > v,, the derivative Fj(c) has the same sign as (—%Ta T4 (1 —7)% — 7a) @) (c—ve)+

(Ta (WTP — iac) —2((1—7)% —7a) (WTP — z(afjb)c)) = ( 1rafe + (1 —7)% — 7a) 2(‘17:”)) (3c—
v.) — (2(1 — 7) % — 37a) WTP.

_r)atb_ 3.,
(2a-nt-3 )WTP)L;-'))) + Lv.. Notice that

The term would be non-negative if and only if ¢ > - 5
3(7§Ta1:7_a+((177)T77'a

(2(1 T) a+b 37’a)WTP

) WTP 2 WTP 1 2
CZ*fﬁ‘Uand*ai‘*‘v_ a a + 30 © e 2
A S e (e =) I Ch e

2(1-7) 24 —3ra +b 4(a+b) +b 4(a+b) 8(a+b)
< —Tat-a —7)¢2 —71a) == > (1 — 7)%=2 - Ta
(- 3rarTsa+((1—7) 2 —ra) 2ot)) + (( )% b ) b = ( ) b b T

el > —T—qa, which is true. It is easy to verify that the solution ¢* to F. = F3(c) on (é, bc\:\fbp) is
a maximizer for the original profit maximization problem by the second-order condition.
The analysis of the first-order conditions further reveals that when F.> F' if F, € (0, F1(&)], it would be

suboptimal to choose ¢ > ¢; if F, € (Fl( C), Fy (bWTP>>7 it would be suboptimal to choose either ¢ = "2IF or

a+b

c € (v, ¢); and if F, > Fy (bWTP) it would be suboptlmal to choose c € (vm max {vc, b;NJFTbP }) . Therefore, when

- c* WTP— ITac* * c * * * *
Fc>F71ch€(0aFl(C)]7c e(vmc]vpl:pQ: 2 781:‘92:+aq :Cfvc7r1:q — 81— 52
and 73 =0, where ¢* is the unique solution to Ta (WTP — 1%TCLC) (c—v.)?—F.(1—7—7a)v,=0 on (ve, s if

« o " a " " WTP—‘(—%TH,C* a o . WTP* a,c*
Fc€<F1( ) F2 (bWTP>)7c G(Cabﬁrbp>7p1:#c»p2:+a 1=WTP - +b CyS=—"—%

*

q = C*chvc, r; =q*—s; —s5,and r; =0, where c* is the unique solution to §Ta (

)cvc —
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T)%tt — 7q) (WTP — 72(‘1:1’) c) (c—v.)?—F.(1—7—7a)v.=0 on (é, bWTP); and if F, > FQ(bZVTP), cf = WITP

b a-+b +b a+b ?
WTP+ T —ac* WTP—-—ZT—ac*
* __ a+b x x 1— * * 1— * __ F. * __ ok * * *
Pr=—"C,P2= QT 731_0782_ QT y 4 _C*:Uc7rl_q _81_827andT2_0'

Furthermore, the claim that £ = oo if and only if 7 < (a_kb(;:% directly follows Theorem 4.4 and that
p1 =WTP under the linear demand case. The monotone property analyzed above implies that when F, > F,
¢* is a continuous (weakly) increasing function of F. Given that p} and p} are continuous (weakly) increasing
functions of ¢*, when F, > F, p; and p} are also continuous (weakly) increasing functions of F.. |

Proof of Theorem 4.6: When §:§:E, st =Dy (p},8), r5=0, s5 =q—r; — si, and pi = pa(s3,£) by

Theorem 4.4; similarly, s? = Dy (p?,£), 9 =q— s, and p§ = p(s9,€). Therefore,

(¢°,p)) = a>rgr(na><) P1D1(p1,€) +p2(q— Di(p1,€),6) (g — Di(p1,€)) — (Fe +v.q).
>D N3
p12pi(qlez1n(P1,§),§)
-
(" pi,ry) = arg max p1D1(p1,€) +p2(q¢ — 71 — D1(p1,€),€) (¢ — 71 — D1(p1,€)) — (Fc+ch)+71 h(p1)r:.
q>Dy(p1,€)+r1 -7

p1>p2(q—r1—D1(p1,£),£)
r1>0

We will prove by contradiction. Suppose that p < p?. Let

(¢*.pf) = irgr(naé p1D1(p1,€) +p2(q— D1(p1,£),€) (¢ — D1(p1,€)) — (F. 4+ v.q).
>Di1(p1,
p1=p] gpz(quDMm,&)’é)

That is, (¢%#,p?) maximizes the profit without the enhanced tax deduction when the first period price
p¥ is fixed at pi. Let pi = po(¢# — Dy(p7,€),€) and U# and (s¥,s¥) be the associated profit and sales
quantities, respectively. Because the profit maximization problem without the enhanced tax deduction is
concave and has a unique solution, U® > U#, p¥ <p? =p1 <p?, and s = Dy (p?,€) < D1 (p},€) = 57 = s7.

We consider the two possibilities:

p¥ < p?: In this case, by Theorem 4.4, s = si = argmax(sps (s, &) —v,s) as the constraints are not binding;
thus, p7 = p9. Because U° > U#, p9s9 — 0,50 > p¥ s¥ - vesT =pist —v.s.

Now we show that (¢*,p?,p3;) is feasible and provides a profit higher than U* with the enhanced tax
deduction. (q*,p?,p3) is feasible because p§ > pt > p;3. Under (q*,p9,p;), the donation quantity in the first
period is ¢* — sY — s3 =r; + s7 — s > r;. Furthermore, p; < p?, implies that h(p))r; > h(p;)r; and Theorem
4.4 shows that =h(p}) > 7==h(p}) > v.. Together with pJs? —v.s > pisi —v.s7, the profit under (¢*,p?, p3)
is greater than U*. Thus, we reach a contradiction.

pY = p¥: In this case, by Theorem 4.4, si = Dy(p¥,£) = argmax (sps(s,€) — v.s) as the constraints is
s>Ds(p} ,6)
binding. Recall that (sp(s,&) — v,s) is concave and p; = p? . Because Dy (p?,€) = Dy (p:,€) and T=h(p}) >

v. by Theorem 4.4, s = argmax (spz(s,f) - Th(pi)s) = s¥ as the constraint must also be binding.

5>Da(p}.6) =7
Furthermore, p > pj =pf & Da(p},€) > Da(10,€), 53 = argmax (spa(s,€) —ves) < 7 =5 and pj =pff >
s>Da(p?,€)
P Because U® > U#, pds + pls) —v.(s9 +3) > pl s +pl s§ —v (s + 7)) = pisi +psss —velsi +53).

Now we show that (¢*,p?,p9) is feasible and provides a profit higher than U* with the enhanced tax
deduction. (g*,pY,pY) is feasible because p? > p3. Under (q*,p?,p3), the donation quantity in the first period
is ¢* — 8% — 8§ =r;+s7+ 55— (sY+s9) >r;. The profit under (¢*,p?,pJ) is higher than U* because p{s? +
P23 —Ve(81 4 55) > pisi+p5ss —ve(s] +53), h(pY)r = h(pi)ry due to py <pj, and = h(p}) = 7 h(p7) > v.

by Theorem 4.4. Thus, we reach a contradiction. O



e-companion to Chu, Li, and Rusmevichientong: Optimal Pricing and Inventory Planning with Charitable Donations ech

Proof of Theorem 4.9: Statements I) and II) parts (i) and (ii) directly follow from Theorem 4.8.

When it is optimal for the firm to choose salvaging, the optimal sales quantity s, = argmax sps(s,§),
which is a concave function and has a unique solution. When either Dy(p,&) = D(p) or Da(p,&) = £D(p),
the optimal price corresponds to p, the unique price that maximizes pD(p). p < ¢ follows from Theorem 4.8.
This proves the first part of the theorem.

To prove the last part, we consider two demand states &’ < &”. Let the optimal price, donation quantity,
and sales in the second period be (pj, 75, s5) and (p5, 74, s5) for these two states, respectively. Let the available
inventory at beginning of second period be I’ and I” for these two states, respectively.

Suppose that £ < ¢” and ry > 0, we show that r5 > 0 as well. Because 5 > 0, donating is preferred over
salvage at §”. When Dy (p,§) = £D(p), this implies (1—7)§"p5 D(p5) +7h(ps) (1" =" D(p3)) > (1=7)§"pD(p).

At ¢, the profit of donating excess inventory at price pjy is (1 — 7)&'py D(py) + Th(py)(I' — &' D(py)) >
;—,l/((l —7)"py D(py) + Th(ps)(I" — &' D(py))) > (1 — 7)¢'pD(p), which is the profit under salvaging at &'
The first inequality holds because I’ > I and £’ < &”. Therefore, if donating is optimal at £”, donating is
optimal at & < &” when Dy(p,&) =&D(p). When Dy(p,£) = D(p), the same conclusion can be established
using a similar argument.

Because the firm’s profit is continuous under either donating or salvaging and the tie-breaking favors
salvaging, there exists £ such that when << €, the firm chooses donation. That is, 75 > 0, s =
max{Dy(p;,§),argmax,((1 — 7)spa(s,&) + 7h(p2(s,8))(I* — s)}, and ps = pa(s5,€) > ¢ by Theorem 4.8.

Now we show that p; and rj are decreasing in £ when £ <& < €. We will prove by contradiction. Suppose
that the optimal solutions p; < py under ¢ < £”. Because of the continuity of the profit function and the
uniqueness of the optimal solution under donating, p, can be viewed as a continuous function of £. Because
I" — Dy (ph, &) > 0, without loss of generality, we can assume that I” — Dy(ph, &) > 0. Also, I' — Dy (py,€) >0
follows from I' > I"". Furthermore, when D5 (p,&) =£D(p), the optimality of p,, and pj implies that

(1 =7)"ps D(ps) +7h(py) (1" =" D(py)) > (1 = 7)"po D(py) + 7h(ps) (1" — £ D(p5)) (EC.1)

M1 D(wy) + Th(p) (I — € D(ph)) > (1 - T)E D) + h(py) (I' — €' D(p})). (EC.2)

Note that p, < pj implies that h(py) < h(ph). Therefore,
(1=7)(PyD(ph) — Py D(P})) > = (h(p) — h(ph)) + 7 (h(ps) D(ph) — h(ps) D(p}))

1"

> 2 (h(py) — h(py)) + T(h(py) D(py) — h(py) D(p5)) > (1 = 7) (o D(ps) — P53 D(p4)),

where the first inequality follows from , the second inequality follows from I’ > I and & < &”, and
the last inequality follows from . Thus we reach a contradiction. When Dy (p,§) = D(p), we can reach
a contradiction by a similar argument.
Therefore, when { <& < €, ps is (weakly) decreasing in &; s = D(p3,€) is (weakly) increasing in &; and
ry=1*— s} is (weakly) decreasing in &. O
Proof of Lemma 1: We first show that when p| < pY, Us(z|p},§) — Us(z|p},&,m2 = 0) < Us(x|py,§) —
Us(x|pY,&, 72 =0). Suppose that the second period price pj is part of the optimal solution to Us(z|p},&,re =

0). We consider two possibilities:
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ph = p4: In this case, all 2 units of inventory are sold at p5, = p} under the optimal solution to Us(x|p}, &, re =
0). Therefore, Us(x|p1, &) = prx = Us(z|p}, &, r2 =0), and Us(z|p}, &) — Us(x|p),&,m2 =0) =0 < Us(z|pY, &) —

(z|p?,& r2=0).

py < p}: In this case, the constraint p, < p} is not binding, because Us(x|p}, &, 72 = 0) can be formulated as a
convex optimization problem of the sales quantity. When p}, < p| < pY, the optimal solution to U, (z|p],&, 72 =
0) is the optimal solution to Us(x|py,&,r2 = 0). Therefore, Us(x|p},&) — Usz(x|p}, &, e = 0) < Us(z|pf, &) —
Us(z|py, &, r2 =0) because Us(x|p},&) < Us(z|pf,€) when pj < pf.

Now we show that when =’ < 2", Us(2'|p1,&) — Ua('|p1,&, 72 = 0) < Us(2”|p1,€) — Ua(2”|p1, &, 72 = 0).
Suppose that the second period donation 7} is part of the optimal solution to Us(x'|p1,£). We consider two
possibilities:

r5, = 0: In this case, Us(2'|p1,€) — Ua(2'|p1,€,72 =0) =0 < U (2" |p1,§) — Ua(z” |p1,€, 72 =0).

5 > 0: In this case, it suffices to show that Th(ph) > Us(2'|p1, &, r2 = 0) because Uz (2" |p1, &) — Usz(2'|p1,£) >
h(py)(z” —z') and Us(z” |p1,&,1m2 =0) — Us(2'|p1, &, 72 = 0) <UL (2'|p1,&, 72 = 0)(2” — 2’) due to the concavity
of Us(x|p1,€,m2 =0).

Notice that Th(ph)ry > Us(2'|p1,&,72 =0) — Us(z' — rh|p1,&,r2 =0) = U’ (2" |p1,§, 72 = 0)rhy, where /" €
(2’ —rh,"). Therefore, Th(py) > U’ (x" |p1,&, 2 =0) > U’ (2'|p1,£, 72 =0) by the concavity of Us(z|p1,§,7m2 =
0). O

Proof of Theorem 4.10: Notice that r; =0 at optimal due to F. =0 by Theorem 4.7. We prove the result
by contradiction. Suppose that p: < p? and ¢* < ¢°, we show that by procuring ¢° and setting the first period

price as p{, the firm achieves a profit higher than U* with the enhanced tax deduction.

U =Ui(q") = (1 = T)veq" = (1 = 7)(=veq" + pi Ee[min{ D1 (p7,€), ¢ }]) + Ee[U2((¢" — D1(p1,€)) " Ipi,€)]

= (1= 7)(=veq” + pi Ee[min{ D (p1,€),q"}]) + E¢[U2((¢" — D1 (p1,€)) " [p1, €72 = 0)]
+ Ee[Ua((q" = D1(p1,€)) " Ipi,€) = U2((a" — D1 (p7,€)) *[p7. €, 72 = 0)]

< (1= 1)(~veq° + pi Be[min{ D (p7,£), ¢°}]) + Ee[U2((¢° — D1(p1,€)) TP, &, 72 = 0)]
+ Ee[Us((¢" = Di(p1.€))Ip1,€) = U2((¢° — D1 (p},€)) F[pY. &, 72 = 0)]

= (1= 7)(~veq® + p) Be[min{ D1 (p?, €), ¢°}]) + Ee[U2((¢° — D1 (p},€)) [P, €)]

Ur(q”) = (1 =7)veq’

The first inequality is due to the optimality of (¢°, p?), Lemma 1, and (¢° — D;(p?,€))™ > (¢* — D1 (p},€)) ™
when p? < p? and ¢* < ¢°. The second inequality is due to the definition of U;. Therefore, we reach a

contradiction and we conclude the proof. O





