Appendix: Online Supplements

This appendiz include all proofs and additional properties for “Financing Multiple Heteroge-
neous Suppliers in Assembly Systems: Buyer Finance versus Bank Finance” by Shiming
Deng, Chaocheng Gu, Gangshu (George) Cai, and Yanhai Li, published by Manufacturing & Service
Operations Management.

Proof of Lemma 2: We prove this lemma by contradiction. Given the equilibrium , let
(), ()

w?

¢m = min{ F~! j =1,...,N}. Suppose that, in the equilibrium solution, F'~ ) >

gm for some supplier i. Note that the assembler’s expected profit is II,,(¢) = Ep [(p — =X w?) -
min(D, q)]. We can improve II,(q) by keeping ¢ and (w!,--- ,w'=' wt ..o w
—1/(1+r)y

(%) =

N unchanged

but lowering w’ so that F g¢m- The assembler incurs a lower purchasing cost for

component ¢ and receives a higher profit. This contradicts the assumption that @ is optimal for
the assembler. Therefore, we have ¢ = F 4(%),%’. Similarly, if there exists some supplier

i such that F _1(%) > mini{lz—f}, then II,,(q) can be improved by lowering w® but keeping

i—1 ,i+1

qand (wla"'>w , W 7"'7wN)

unchanged. Therefore, in the equilibrium solution, we have
Ffl(%) < min;{ %},Vz‘. Following the same argument, we can show that the equilibrium ¢

cannot be less than ¢, and must be equal to ¢,,. Q.E.D.

Proof of Lemma 3: The first order derivative of II,,(¢) with respect to ¢ is angq(q) =

i) 2%}7(;)012(1“ Jo F(z)dx + pF( ) = SN (1 +r%). Following the IFR. assumption, % in-

creases with ¢g. Note that fo x)dz increases with ¢ and F(q) decreases with g. Therefore, Bné’q(q)

is decreasing in ¢. Thus, Hn(q) is concave in q. Q.E.D.
Proof of Lemma 4: Let wfl) =ci(1+ T;)/F(%) and wzé) =ci(1+ rf)/F(%) Suppose there
exists wé < wéQ), when w! = wg, supplier 7 borrows B’ > 0 and produces qé > k—z Then the optimal

quantity ¢} = F_I(M) > & which implies wh > (1 + rf)/F(k?) this contradicts the

wy c ct (2)’
definition of wg. Therefore, B' = 0 (i.e. ¢' < %) if wt < w&).

(1) When w' < w%l), because w%l) < wéz), it follows the above statement that B? = 0. The supplier

i’s profit is 7}, = Epw'min(q’, D)] + (k' — ¢'q")(1 +r%), subject to ¢'q* < k'. The optimal quantity
_ K p-1ect(4r)y\y 14

q' =min(G, (=) =F (T)'

ct? w

(2) We have shown ¢* < % if wt < wEZ). To prove ¢* = % when wél) < w' < wEQ) , we next

need to show ¢* < % is not optimal. Suppose there exists wé € [w%l),w&)), when w' = wé,

k,i

supplier ¢ produces qé < 2. Then the optimal quantity qé =F

—1 (% ) < %, which implies
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wh < cH(1+r )/F(]%) = wél), this contradicts the definition of w}.

(3) When w' > wzz), we next prove B = 0 (i.e., ¢' < %) is not optimal. Assume B’ = 0, the

optimal quantity of supplier i is ¢* = F _1(%) > F 4(%) = k'/c!, which contradicts the
(2)
assumption that B = 0. Q.E.D.

Proof of Lemma 5: The proof follows the same argument for Lemma 2. Q.E.D.

Proof of Theorem 1:
1. For any supplier i, by definition, Il is left-continuous at ¢ = % We next show that

Il is not right-continuous at ¢ = % Note that for each ¢ = lz—:, the right-hand limit is

] =1 +Z (1+ J —
Hl—)i;c(q) = hmq (LI)-;— ku(q) = {p - J +1C F(qj) ! Tf c } E mm(q, D), SO H;}c(q) — ku =

-Epmin(q, D) < 0. Therefore, g = % is a breakpoint for Vi € {1,2,--- ,N}.

B kit S A (ry)ed
o el Mok (q) = {p— ===

I1,,(q). The proof of concavity of I, (gq) follows the same argument in the proof of Lemma 3.

cir

(‘1)
2. In the subset of g € (

}-Epmin(q, D) resembles

3. The proof follows two steps. First, for any k—z <a<b< lgﬁ, 9 ku q>|q — > %L},
because Il is continuous and concave in each subset ( ZZ , klill] which has been proved in part
(2). Second, we then show that if a = ]% for any b such that a < b < kzill, then %L] a >

\q . This result occurs because,

50 = g et

Fl@) (20 &+ X2 rped) [
= {- J I[F‘(q)]Z =11 /OF( )Ydz + pF(q 207+Z7“fc] a=(Eh)

f(Q)(ZJ 1C]+Z ch) q
= [F(q)? /0 F(e)dz + pF (q) ZMZW Hamb
F@EN 6+ Y ryed | |
> 1[F<q>]2 : /F dz +pF (g gcf+j;rfc7>}\q:b
_ &Hibk(q)‘
- LTl ,

The first inequality follows from the concavity of Il (g) in each subset ¢ € (%, %} The second

inequality holds because the summation upper limit is changed from ¢ — 1 to ¢ and rfcj > 0. To

summarize, Iy, (q) is globally left-differentiable and 8—%72&@) is globally decreasing in ¢. Q.E.D.

Proof of Theorem 2: By definition of by, IIp;(q) decreases in ¢ for ¢ € (bx, 00) since afanqb’“ is

O0_TIIyy
q

decreasing in ¢ (Theorem 1). Hence g;;, < by. Also, > 0 for ¢ € |0, maxi{lz—f}| o <bk]’ implying



that g;;, can not be any internal point of the interval ( —, c’] Vi such that < bi. Therefore, g;;.
can be obtained by comparing Iy, (q) at ¢ = % * for Vi such that s L < by, and ku(q) at ¢ = q where
d lies in the interval that includes b, and Emb’“ |q 7=0. QE.D.

Proof of the sensitivity results in bank finance:

(1) To prove gj;, decreases in ¢’ and in r; but increases in p, we show that IIp(g,c’) is a
submodular function in (g, c’), a submodular function in (g,7f), and a supermodular function in
(q,p), respectively. To prove that ITy (g, ') is submodular in (g, ¢'), we can show that ITy (g, ') —

i (q, ¢) is decreasing in ¢ for ¢ > ¢”. For a borrowing supplier 4, Iy, (q,c') — (g, ¢) =

—(c = "1 + rf) - 7ED[7%¢&()(1’DH is decreasing in ¢ since 7ED[T§ZI()‘I’D)] is increasing in ¢q. For a
non-borrowing supplier i, Iy, (q, ¢?) — (g, ) = —(c* — ) - %, which decreases in gq.

Following a similar argument, we can show that Iy (q,7f) is submodular in (g,7¢) and Iy (q,p)

is supermodular in (g,p). Note that Vg, angz(q) < 0, arg,f(q) < 0, and 8ku(q> > 0. By Envelope
Theorem, we have Il (q;;,) decreases in ¢ and r + and increases in p.

(2) We next prove Iy (g} ) is increasing in k%, Vi € {1,2,--- , N}. Suppose k' < k", Let q,;",; and
ql/),,;‘ denote the equilibrium production quantity when k' = k% and k' = k%", respectively. It follows

from Eq.(5) that Ty (g, k%) increases in k¢ for any q. Therefore, ku(q;’];, k= k:i") > ku(qé’,‘c, k=
k). By optimality, Ty (g, k' = k%) > Myr(gpi, k' = k) > Ty (g, K = k7). Q.E.D.

Lemma 7 Suppose a non-negative random variable D has a density function, f(x), with a support
of [A, B], where A >0 and B can be co. If {x € (A, ) : f(x)is continuous and f(z) > 0} # 0 for

Vo € (A, B], then %w — q > 0 for any positive ¢ > A.

EDTrL_in(qu) f ED”niin(qu)
F(q) F(q 0 F(q)

0, we can instead show [ F'(z)dz > qF(q). If there exists € € (A7 a) (A, q), such that f(xz) >0

Proof of Lemma 7: Note ¢— . To prove —q >
and is continuous in z for * € [e — A\, e + A] for any small A\ > 0. We can then show F(¢) =
Fle+A)+(F(e)—F(e+\) = F(e+\) —l—f€+>\ x)dr > F(e+)). The last inequality holds because
f:“‘ f(x)d:z: = Af(€) > 0, where £ € (e, e+ ). We thus have F(€) > F(e+)\) > F(q). We can then
show [ F(x)dz = [ F(z)dz + [! F(z)dx > eF(e) + (q—€)F(q) = e(F(e) = F(q)) +qF(q) > ¢F(q),
where the first inequality holds because F(z) is nonincreasing. Note that if f(x) is IFR, the

conditions in this lemma is satisfied. Q.E.D.

Lemma 8 If the distribution of D is IFR, %T;()q’m — q 18 strictly increasing convex in q.



Proof of Lemma 8: Note 8[% q]/0q = (q))} Ep[min(g,D)] > 0 and strictly

— ¢ is strictly increasing convex in ¢. Q.E.D.

Epmin(q,D)
F(q) _
Proof of Corollary 1: Note that gj; > mini{%} > q;. We have Iy, (qg,) > k(qy) = n(q}),

increases in g. Therefore,

e., the assembler is better off under bank finance than under no finance. (1) The profits of a

EDmm(qbk,D) .

borrowing supplier ¢ under bank finance and no finance are 7, (¢f;) = ¢ - (1 +ry)( Far)
bk

ay) + (rp— 1)kt and 78 (qh) = ¢ - (1 +r )(ED%Q(CI)"’D) — q}'), respectively. To compare ¢, (g}
with 7% (q¥), note that %T;()q’l)) —q > 0 (Lemma 7) and increases in ¢ (Lemma 8). Given

G > mlnz{%} > ¢ and 7y >, we have w, (qf) > 7% (k). (2) For any non-borrowing supplier

n

J, its profits under bank finance and no finance are, Wik (q) =¢ - (1+ 7“5)(]3]3%(,?”)’“’m — q;,) and
bk
wh(q:) =& - (1+ rs)(%q(q)’“m — qp;), respectively. Following Lemma 7 and Lemma 8, we have

(@) = mh(ah).

We next show the equilibrium solution under bank finance is strictly Pareto better than that
under no finance if ¢}, > mini{’g}. Note that when ¢, > mini{’Z—:}, 4, > ¢ We have i, (g5,) >
7t (q%) for any borrowing supplier i in part (1), and ng(q;‘k) > 7 (q*) for any non-borrowing
supplier 7 in part (2). Therefore, the result is true.Q.E.D.

Proof of Lemma 6: The proof follows the same argument for Lemma 2. Q.E.D.

Proof of Theorem 3: Rearranging the terms in Iy, (1), we have Iy, (rp) = gzl[(ciq — kY —
#Zq) -Epmin(q,D)] - (1, — i) + (p— %) -Epmin(q, D) — Zg_l (rq — ) (c'q — k*). Hence
for any q, Ol (ry)/0ry, = Zzl(ciq — k") — %r;()q’) J _, " < 0, where the last inequality

ED%T;()(J’D) — % < 0 (Lemma 7). Therefore, I, (1) is decreasing in 7 for any q.

Because 1, > 1t Vi € {1,2,--- , N}, we have rj = max;{ri}. Q.E.D.

holds because g —

Proof of Corollary 2: Given r' = r,,Vi € {1,2,---, N}, substituting 7 = max;{r’} into

. EZ 1 C (1+r )
F(q)

3. Hence ¢}, is uniquely solved from pF(q) = SN A+ q)Q o F(r)dz +1). QE.D.

Iy, (g, 73 ), we have Iy, (q,75) = Ep (p ) -min(q, D), which is concave in ¢ by Lemma

Proof of the sensitivity results in buyer finance:
To prove g, strictly decreases with ¢, we can show IIy.(q, ¢*) — Iy, (g, ¢) is strictly decreasing
Ep[min(g,D)] +

F(q)
ry(q— W)] , where in the square brackets the first term strictly decreases in ¢ and both the

in q for ¢* > ¢”. For a borrowing supplier 4 , Ty, (q, ¢') — (g, ) = (¢! —c”) - [~Taq —

second and third terms decrease in ¢ by Lemma 8. Hence I, (q, ¢*) — Iy, (g, ¢”) is strictly decreasing

o) Eolmin(o.D)

strictly increases in ¢. To prove g;,. strictly decreases in rg, we

in ¢. For a non-borrowing supplier j, I, (¢, ¢/) —IIy.(q, ") = —(c/ — , which strictly

decreases in ¢ because
q F(q)



can show that for 7§ > r{?, (g, 7 = r((ll)) — (g, 70 = 7"((12)) = (r((f) - rc(ll)) SN S(clg — k) -
(ctq — k) is strictly decreasing in ¢ because Zf\il §(ctq — k') - (c'q — k') is strictly increasing in g,
Vq € (mini{]z—f}, 00). Following a similar argument, we can show that g;,. strictly increases in p.
The optimal value IIy,(g;,.) increases in p, decreases in ', and decreases with r, because Ty, (qy)
increases in p, decreases in ¢’, and decreases with r, for any g¢.

Proof of Corollary 3:

When max;{r!} < r,, following similar argument in part (2) of the proof for the sensitivity

in bank finance, we can show that Il,.(q},.) increases in k. When max;{ri} > r,, we introduce

a special case: if all rl,i € {1,2,---, N}, are the same, II;, = (p — Ei:l}gf(ql;rm

SN (max;{ri} —rq)(clqg — k¥)T, which decreases in k; hence, IIy,(g;,.) decreases in k'. Q.E.D.

YEp[minD,q| +

Proof of Corollary 4: The proof follows the same argument for Corollary 1.

Proof of Theorem 4: By Theorem 3, the optimal interest rate in buyer finance is r; =
max;{rt} for any given q. Define h(q) = Ip-(q,7p = r}) — I(q). We have h(q) = (ry —
max;{rt}) %Z()%D)Egzlci — (re — maxi{ré})zgzl(ciq — k). If ro, < 1y, we have h(q) > (ry —
maxi{rg})[%z()q’mﬂg:lci — Egzl(ciq— k")]. Note that rf > ri and %Z()q’mﬁg:lci — Egzl(ciq—
k') = (EDLn(q’m - q)Egzlci + Egzlki > 0 (using Lemma 7) imply h(q) > 0, Vg > 0. Therefore, we

F(q)

have IIy.(q;.) > I (qz,) > pr(ggy) when 7, < 7p. Note ITp,(gg,) is not related to r, and ILy. (g,
decreases in r, because %’Zﬂ“) = —Egzl (clg— k)" < 0. We define 7 as the value of r, such that
Iy (qg,.) = Hpr(q;,)- Next if we show that there is a sufficient large 74 such that ITy, (g;,.) < Ipk(qg,),
then 7 exists. Moreover, 7 > r¢ because we have shown that ITj.(gg,.) > Ik (gj,) when 74 < 7y

Let 1) = & + max;{rl}. Suppose when r, =7, ¢j;, = min;{k’/c'} + AJ for some A/ > 0 and
suppliers i = 1,2,---,j, borrow. Recall Eq. (8), we have IIj,(¢ = min;{k?/c'} + AJ) — Iy (q =
ming {k'/c'}) < pAI + (ry — 1) AIS_ - = A (p+ (maz; {rl} — (& +maxi{r}))- S, -d) = Ad(p-
(1- %)) < 0. Therefore, ¢f. < min;{k’/c'}, and thus we have I, (q,.) = I, () < pk(qjy),
where the last inequality follows from Corollary 1. Q.E.D.

Proof of Corollary 5:

Follow the proof of Theorem 4, there exists 7, = 7 such that Il (g;;.)|r, =7 = pk(qgy), where

(rp—max; {r{}) BEpmin(qz,,D)
Fa5) (g~ 5257)

into IIy.(q), we have II} (¢}, )|ro=r = Hpr(qy)|ra=r = er(qsy,). Because IIj (q;.) decreases in 7,

i

+ max;{rt}, and J = {i : ¢'qjy, > k'}. Substituting r = 7 and ¢ = ¢},

(proved in Theorem 4), recall the definition of 7, we then have 7 < 7.



We next show 7 = 7 if max;{r’} = ry. Following the proof of Theorem 4, ¥ = ry if ry =
max;{r’}. Substitute ry = max;{r’} into the expression of 7, we have 7 = ry. Therefore, we have
r=7. QE.D.

Proof of Corollary 6: When % = ’z—j Vi,j = 1,2,--- ;N and % < @y, the equilibrium

quantity g, and g;, satisfy the following first-order conditions, respectively,

pF(q,) f(gp,) (1 + rp)Epmin(qy,, D)

e - UHE g ’ (A-1)
pF(q,) f(q3.)(1 + max;{ri})Epmin(g},, D)
zfvfcz = (Ltre) +2 [F(qp)]? — (4-2)

Since IIy,(qpr) decreases with 14, IIy.(qj,.) decreases with r,. Let r, = 7 such that IIy.(q;,.) =

sl (1 rmax; {r , .
— =l esies }(q;fi"“’“s}’}Eszn(qg‘T,D)—ku(qbk>
T

— - + max; ’I"i .
Eﬁil(clqbrikl) 1{ S}

Iy (qpy.), we have 7 =
1. Suppose EN k’ K, by Theorem 4, there exists r, = 7 > r¢ such that II;.(¢ = ¢, 70 =
7, SNk = K) = Ik(q),). By Eq. (A-1) and Eq. (A-2), both g;;, and g;, are independent of
k' Vi € {1,2,--- ,N}. Then VK > K, there is Iy (¢ = ¢},.,7a = 7, 2N k' = K') — y(qiy) =
(7 — max;{ri})(K' — K) > 0. Since I (q;,) decreases with r,, there exists # > 7 such that
Iy (g = qg‘rl, T— ENIH = ) — Ik (qfy,) = 0. Therefore, 7 increases in Ele’
2. Similarly to item 1, we can prove that 7 decreases in max;{r’}.

3. By Eq. (A-1) and (A-2), both ¢f, and ¢j, are independent of k',Vi € {1,2,--- ,N}.

[ . Zﬁilci(l+rf)
F(QZk)

JEpmin(g;,, D) + (max;{ri} — ro)X¥ (c'q;, — k'), which increases in k° if

Therefore, Iy (qf) = JEpmin(g},,, D) is independent of k’, while IIy(g}.) =

p— B (Lmaxi{ri})
F(ag,)

7 > max;{ri}. Hence, Il (q;,) — Ik (qjy,) increases in B k¥ if r, > max;{ri}, decreases in BV | k'

if r, < max;{r}. Q.E.D

Proof of Theorem 5:

(Tf rs) 5
1. Givenry =73 =rs,c' = = %, there is Iy (q,0) = (p— CllAra)+ [6;73(;; Trg) (5 a— 1+9)]
Ep[min(q, D)], which depends on # only because the term 6(% ffe) +6(¢ 5q — 1+9) depends on

0. Let I(q,0) = 5(5q lJr9) + (¢ 5q — lJr9) we focus on two scenarios: (1) K < Cgj.. Since for
V6 € (0,1], there is 5(%qbk 1Jre,) 1and §(§ 5 Qi — 1+9) increases in 6, thus I(g;, ) increases with
6. Therefore, 11y, (g3, ) decreases in @ when K < Cqj.. (2)K > Cgjy. In this scenario, V8 € (0, 1],
there is 6(%q§k 1Jre) decreases in 0, while §(§ 5 Qe — 1+9) = 0, hence we have I(gj,0) decreases

with 0, and Iy, (g}, @) increases in § when K > Cgj,.



2. Note that we can prove II} (g, 0) increases (decreases) in 6 if we have I, (g, 6) increases
(decreases) in 6, Vq. Substitute r§ = max;{r’} into II;(q), then Il (¢,0) = (p — %) .
Ep[min(q, D)] + (maxi{ri} — rq) - ((c'q — 25)T + (*q — £5)F), where 6 € (0, g—;] We next only
consider ¢! < ¢ and 0 € (0, %] because if ¢ < ¢! we can simply switch the supplier’s index. Let
B(q,0) = (c'q—255) " +(c?q—£5) ", then T (¢,6) = (p—%)-ED[min(q, D))+ (max;{ri}—
ra) - B(q,0). We next show B(g, ) is monotone in 6 for given q. With 6 € (0, E—;], B(q,0) lies in one
of the following three cases: (a) B(q,0) = 0; (b) B(g,0) = clq— %, (c) B(g,0) = (' + *)q — K;
For any 0 < 01 < 65 < 2—;, it is then easy to verify that B(q,02) — B(q,01) < 0, hence B(q,0)
deceases in 6 . Therefore, Iy, (g, 6) increases in @ if r, > max; r’, but decreases in  if r, < max;r’

Q.ED.
Proof of Corollary 7: Let C = XN ¢!, When XY k' =0, 7 = (ry—maxi{r3}) Bomin(gf, D) +

Flapy) a5,
maxi{ré}.%zggf =—(1+4+rgl+ (f”(iq))] < 0, hence ¢j;, decreases in C. It turns out that if
we can show G(q) = Jo ql;((z) ® increases in ¢, then we have 7 decreases in C. G’ (q) = %((1) =

Ia 1— qf(q) a ,
O 7 ;ﬁg )fo (o _ (QH(Z(qQ g )fO Fa)d x, where z(q) = %(q)). Note z( ) > 0 because de-
mand distribution follows IFR property, let B(q) = qF(q) + — 1) [] F(z)dz, then B'(q) =
fo x)dx > 0. Because Vq € (—00,0), B(q) = 0 and B(q) is continuous in ¢, then we have

B(q) > 0 and thus G(q) is increasing in ¢q. Q.E.D
Proof of Theorem 6
1. When N =2, kt = k%2 = K/2, rl =72 =r, and n = 2—; € [0,1], we have IIk(q,n) =

Cl(1+rs)+ 15 (rp=rs)-0(155 4= K /2)+ 7 (rp —rs)-0 ({5 a— K /2)]
(= Flo)
depends on only 7, because the term

8(:%a—K/2) | nd({Eq—K/2)
17 1+

) - Ep[min(q, D)]. Therefore, ITy(q,n)

n8({4-q—K/2)
1+n

8(:-q—K/2)
1+n

+ depends on 7. Let M(n) =

. We then focus on two cases: (1) K > Cgqj.. In this case, M(n) decreases
with 7, and achieves its minimum at n = 1 because %1 = kQ > qp. and {(5(1_~_77 — K/2)} =1 =
{5(1+nq — K/2)}y=1 = 0,Yq € [0,¢;,]. Hence for n € [0,1] and Vg € [0,q;;], px(g,n) increases
inn. (2) K < Cgj,. In this case, when ¢ = ¢}, M(n) achieves its maximum at 7 = 1 because
B < g and {66 a — K/} et = (0% a5 — K/2)Homt = 1. Since (S5, — K/2) >
5(%%% — K/2), there exists 0 < 77 < 1 such that 5(mqbk K/2)=1 5(1+nqbk K/2) = 0 when
n € (0,m] and 5(&‘1&: K/2)=1 (S(anb,c K/2) =1 for n € (i,1]. Therefore, M(n) = 1+77 for

n € (0,n], and M(n) =1 for n € (7,1]. Hence M (n) first decreases and then increases in 7, while

Iyi(qg- m) first increases and then decreases in 7).



2. The proof of part 2 resembles the proof of part 2 of Theorem 5 and thus omitted. Q.E.D
Proof of Theorem 7: The proof of Theorem 8 (provided in the latter part of this appendix)
shows that q;. > ¢, if and only if r, < 7, where © > ry. We next prove non-borrowing suppliers

prefer buyer finance if and only if r, < 7.

Note that q;:k _ F_l(CZ'(1+T;+(Tf71:%).6(01(1;167#)))7 and qZT, _ F_l(cl.(1+r§+(r;‘z:f)-é(czqzrsz)))' For

a non-borrowing supplier 7, ¢ (ciql’)“r — k') =0and (ciqg‘k — k%) = 0. Its profits in bank and buyer

: i * i ; * ] AP E D *
financing are mj, (¢5;,) = Eplwiy, - min(qyy, D) — (1 +ri)gp] = ¢ - (1+7 )(% — ), and

mt (q;.) = Eplwit-min(q},., D)—c'(1+r)q;,] = ci-(1+ri)(%(*qb{’m—qgr), respectively. Because
br

Epmin(q,D)
F(q)

and only if r, < 7.

— q is strictly increasing in ¢ (Lemma 8) and Theorem 8, we have 7%, (q;5.) < 7 (q;,) if

% —q;y.)+ (r—ri)k" is independent of 7,
bk
because g}, does not depend on r,. 7 (qf.) = ¢+ (1 —I—maxi{r};})(%ﬁ —q;.)+ (max; {rt} —ri)k'

For a borrowing supplier i, 7i, (¢5,,) = ¢ (1+7)(

is decreasing in r, because of Lemma 8 and ¢j,. | 74 (by the proof for sensitivity results in buyer
finance). Let 7 be the value of r, such that 7}, (¢};.) = m}.(q;,.). If 7 exists, we have that if r, <7,
mi(gh.) < mh (q;.). Furthermore, we have # < 7. This is because when 7, = 7, we have ¢j,, = g},
(By Theorem 8). From the above expression of 7}, (q) and 7}, (g) for borrowing supplier i, we have
mh(ai) = 7 (qf,) because of ry > max;{r’}.

We next show the existence of 7. Note that my,(gj,) is convex increasing in ¢j, because of
Lemma 8 and ¢q;,. | rq. If rq increases such that r, > #, then g5, < g;;, and we have ﬂzr(qgr) <
7 (qi). We next show that mj (g7.) > mi.(q.) if 74 goes below a value (possible a negative
value). Let IT, (q) = M(q) + 2N, ¢ - 6" (max; {rl} — r,), where M(q) = pF(q) — X (1 + 7% +
(maxi{rg} — )-8 (1 + M) and §° = §(c'q — k*). Let ¢ = Gy be the solution to

(F(q))?

P (L maxg{ri}) (PBER) — ) + (maxi{ri} — vk = 7}y (¢5)- Substitute ¢ = gy, into IT,, (), we

N i, 5t
have, if r, < M(quHEENlcclizmaXZ{T ) then IT, (q)|4=g, > O and hence g, > Gy By the definition
of gy and the above expression of 7} (q;), we have 7¢ (g;.) > [¢' - (1 + maxl{rs})(EDi(g)D) —q)+

(max; {ri} —ri)k'| =g, = 7o, (q;5.). Therefore, 7 exists. When 7 is negative, it means the borrowing
always prefer bank finance when r, is non-negative. Q.E.D.
Proof of Theorem 8: Consider h(q) = IIy-(¢) — Ipr(q) as defined in the proof for Theorem 4.

Note that h(g) >0, Vg > 0if r, <7y and >, k' > 0. Moreover, if 7, < r¢, h(q) is also increasing

in ¢ because we have h'(q) = [(r; — max;{r}) - ((f(q)']?}jf’(;;z;g(q’D) +1) — (ra — max;{ri})|%;i¢ > 0.

If we show gj, cannot be in [0, ¢}, ), then there must be ¢;. > ¢;,.. By the optimality of ¢,



ek (q) < pr(gsy,) for any ¢ € [0, ¢,]. Furthermore, by the definition of h(q), Iy (¢) = Ipk(q) +
h(q) < Mp(qy,) + h(ay) = Hy(qp,) for any ¢ € [0,q5,). That is, I, (¢) < Iy(qp,) for any
¢ € [0.4). hence gj, > qjy. Furthermore, T, (q) gz, = Ty (0)lggg, + ' (0)logs, = B (gi) > 0.
Therefore, we must have ¢;. > ¢;;, when r, < ry. Since g;, strictly decreases in r4, we thus proved
there exists # > r; such that g5, > ¢qp. if ro <7.

We next show that there exists a sufficient large r, such that ¢;. < g;,, which has been showed

in the proof for Theorem 4, where we show 3r, = & + max;{rl} such that ¢}, = ¢} < ¢.-
kcen F—l(zci(l‘H‘é))
P )

we thus have ¢}, = F‘l(zl e JFE(;}? _r_*) 5(61(1’;_161))) < F‘l(#) < ¢*“", where the last

For a centralized supply chain, the equilibrium production quantity ¢

inequality holds because Ef\ilw;‘ < p . Similarly, one can show ¢;; < ¢**". Q.E.D.
Proof of Corollary 9: When E = ]Z—j Vi,j = 1,2,--- ,N and % < @y, the equilibrium

ct

quantity ¢, and gj, , respectively, are solved from Eq. (A-1) and Eq. (A-2). By Eq. (A-2), q;.

decreases in .. Let 7 =ry + f(qg’“)(rf_maf;i{(gi}))]'QEDmm(qzk’D) and substitute r, = 7 into Eq. (A-2).
bk

We then have ¢;. = ¢j,. Since g;, is monotonically decreasing in r,, we have g;. > g when

flag,)(ry —max; {rt})-Ep min(q;,,D) .

<P = i
TaSTETSE P (a5)P o .

1. From the above argument, when C—Z = %, Vi,j = 1,2,--- N, and % < qpy,» the equi-
librium quantity in bank finance gj;, does not depend on kK Vi € {1,2,--- N}, hence, # =
rf+ Ty )(rs 7maxf{ré})'2E Dmin(qgk’D), which is also independent of k% and £V lki.

[F(gi,)] , ' ¢
2. We first show 7 = 7y + Fagy)(rs 7ma§gi}§]§: pmin(@iy,D) increasing in g;, which is true since
bk
both < (qi’“) and Epmin(q,.D) are increasing in g;,. Note that #* depends on E 1c only because gj,
F(qbk) (qbk)

depends on ZN V.c%, and by Eq. (A-1), gy, decreases in Ei]\ilcz. Therefore, 7 decreases in Ei]ilci

3. 7 = rp 4 L08smm (1)) Bomin(ay,

el D) decreases in max; {r’} because ¢, is independent of
[F(qbk)}

max;{ri}. Q.E.D.



