Online Appendix
“Cross-Cluster Referrals and Subsidy Schemes in Multi-Cluster Healthcare Systems”

Liming Liu, Weixing Shang, Xiuli Chao, Shaohui Zheng

The Online Appendix contains all the proofs of the lemmas and propositions and presents additional technical results and
discussion for the paper “Cross-Cluster Referrals and Subsidy Schemes in Multi-Cluster Healthcare Systems.”

PROOF OF PROPOSITION 1. Note that the patient incurs costs with actions A, S, and O as h;(z;), ¢; + hj(z;), and r;,
respectively, where h;(z;) is defined by Equation (1). The results can be obtained by comparing the three costs and examining the
properties of the indifference curve for acceptance and switching. O

To show Lemma 1 and Proposition 2, we need the following lemma.

Lemma Al. In value iteration with (5), we have the following properties:

P1. Vy(x+e;) > Vo (x);

P2 . Vy(x+e) — Vo(x) > Vo(x) — Va(x —€), if x > e

P3. Vn(X +e; + ej) — Vn(X + ej) > Va(x+ ei) — Vn(X);

P Vy(x+e) —Vo(x) > Vi(x+ej) —Valx—e +ej) ifx > e

PROOF OF LEMMA A 1. These properties are true for n = 0 because Vj(x) = 0 for all x. Suppose that the function
V. (+) satisfies properties P1’ to P4/, by induction it remains to show that the function V}, 1 (+) also satisfies these properties. From
Equation (5), V;,+1(x) is a linear combination of 2, AV, (x), and DV}, (x). It is clear that xy satisfies P1” to P4’, so does
D4V, (x) because of P1’ for V,,(+). It suffices to show that P1’ to P4" are preserved under the operator Ay. It is easy to check
from the definition that A V,,(x + €;) > AV, (x), i.e., P1’ is preserved under Ay. In the following, we show that P2’ to P4’ are
preserved under Ay,

We verify P2’ first. We only give the proof for & = 4, and the proof for the case when k = j is similar. We remain to show
min{V,,(x + 2e;),¢; + Vp(x + € +€;), 7 + Vp(x + )} + min{V,,(x),¢; + Vi (x —e; +€j), 7 + Vi (x —€;)}
> min{V,(x+e;), ¢ + V(x4 €j), 7 + Vo (x)} + min{V,(x + €;),¢; + Vi (x + €;), 1 + Vi (x) }.
Let LH Sp,/RH S,  denote the gth term in the pth minimization on the left hand side (LHS)/right hand side (RHS) of the inequality,
with p = 1,2, and ¢ = 1,2, 3. Based on which terms are the minimizing terms on the LHS, we have nine possibilities. When

LHS = LHS 14+ LHSy, forq = 1,2,3,itis clear that LHS = LHS 14 + LHS3; > RHS14 + RHS2q > RHS. To
verify LHS > RH S in the other six cases, we need the following inequalities:

LHS\1 + LHSy > RHS |1 + RH S5, LHS{1 + LHSs3 > RHS11 + RH So3,
LHS19+ LHS> > RHS12+ RHS31, LHS12+ LHS33 > RHS12 + RHSo3,
LHS13+ LHSy > RHS13+ RHSo1, LHS13+ LHSy9 > RHS 13+ RHS5.

The first inequality is true because

Vn(X + 2ei) — Vn(X + ej) = [Vn(x + 261‘) — Vn(X +e; + e]-)] + [Vn(X +e; + e]') — Vn(X + ej)]
> [Va(x+e) —Vp(x+e)]+ [Va(x+ej) — Va(x—e+ej) (by P2/, P4)
= Vn(X =+ el-) — Vn(X —e; + ej).

The second inequality is from P2’ (twice), while the third one is from P3’. The fourth inequality is true because

Va(x+ei+ej) —Vi(x+e)>Vulx+e) —Vilx—e+ej) (by P2')
> Vi (x) — Vip(x — €;). (by P3')

The fifth inequality is trivial because it reduces to an equality. The last inequality is from P4’.

Next, we consider P3’. The subscripts 7 and ; play the same role in the supermodularity property P3’, and in the following, we



assume k = ¢ without loss of generality. The statement that P3’ is preserved under Ay, is equivalent to:
min{V,,(x + 2e; + €;),¢c; + Vo(x + €+ 2€;5), 7} + Vi (x + e +€j)} + min{V,,(x +€;), ¢ + Vi (x +€j), 75 + Vi (%) }
> min{V,(x+e; +€;),c; + Vi (x +2ej), 7 + Vi (x + €)} + min{V,,(x + 2e€;),¢; + Vi (x + €+ €5), 1 + V(x + €) }.

Use the same discussions and notations as that in the proof of P2’, we remain to show LH S14, + LH Sa4, > RH S forall ¢; # g2,
which is implied by the following inequalities:

LHS\1+ LHS9 > RHS |1 + RH S5, LHS{1 + LHSs3 > RHS11 + RH So3,
LHS12+LHS> > RHS11 + RHS3, LHS12+ LHS33 > RHS12 + RHSo3,
LHS13+ LHSy > RHS11 + RHSo3, LHS3+ LHSy9 > RHS 13+ RHSo.

The first and third inequalities are from P2’. The second inequality is true because

Va(x+2e+e;) = Vi(x+e +ej) > V(x+e +ej) — Vi(x+ej) (by P2")
> Vo(x + ;) — Vi (x). (by P3')

The fourth inequality is true because

Vn(X +e; + QGJ‘) — Vn(X + QGJ‘) > Vn(X +e; + ej) — Vn(X + ej) (by P3/)
> V(x4 €;) — Vi (x). (by P3')

The last two inequalities reduce to equalities, and hence they hold trivially.
Finally, we show P4’ is preserved under Aj. We only consider the case & = 7, and the discussion for the case when k = j is
similar. We need to show
min{V,, (x + 2e€;),¢; + Vo(x+ €+ €5),ri + Vp(x + )} + min{V,,(x + €5),¢; + Vi (x —e; +2ej),7 + Vo (x —e; + €5)}
> min{V, (x4 €;), ¢ + V(x4 €j), 7 + Vi (x)} + min{V,,(x + e; + €5),¢c; + Vi (x + 2€5), 1 + Vi (x + €5) }.

It suffices to prove

LHS11 + LHSy > RHS19 + RHSo1, LHS11 + LHS>3 > RHS11 + RH Ss3,
LHS\5+ LHS> > RHS |2 + RHS>1, LHS15s+ LHSy3 > RHS19 + RH So3,
LHS13+ LHS5 > RHS11 + RHSo3, LHS 3+ LHSy > RHS 19 + RH Ss3.

These inequalities lead to LHS > RHS, for LHS = LHS14, + LH Sa,, with all g1 # g2. We remain to show the above six
inequalities. The first inequality is true because

Vi(x+2e;) — Vi(x+ei+e) > Vo(x+e)— Vo(x+e)) (by P4")
> Vn(X) — Vn(X —e; + ej) (by P4/)
> Vo(x +ej) — Vi(x — e + 2e). (by P4")

The second inequality has been shown in the proof of P2'. The third and fifth inequalities are trivial because they reduce to equalities.
The fourth inequality is from P2’. The sixth inequality is true because

Va(x+e)—Vo(x+e) > Vy(x)— Vo(x—e +e) (by P4")
> Vo(x +ej) — Vi(x — e; + 2e;j). (by P4")

Hence P4’ is preserved under Ay. O

PROOFS OF LEMMA | AND PROPOSITION 2. Recall that V;,(x) satisfies properties P1’ to P4’ from Lemma A1, and
that V,,(x) — V(x) as n — oo. From Topkis (see Topkis, D.M. 1978. Minimizing a submodular function on a lattice. Oper.
Res. 26(2) 305-321), V (x) satisfies properties P1 to P4, and Lemma 1 is true. Now consider Proposition 2. The conclusions
for ; > y;(x;), and otherwise with x; < ¥;(x;), in statement (a), are obvious from the above definitions. The conclusion for
Yi(z;) < x; < yi(x;) is true because: opt-out cannot be optimal due to properties P2 and P3 of V/(x), while acceptance cannot be
optimal from property P4 of V' (x). These validate statement (). ¥;(z;) is non-increasing in 2 ; because both V' (x + €;) — V' (x)
and V' (x+e;) — V(x) are non-decreasing in x; due to P2 and P3. ¥;(x;) is non-decreasing in xj because V' (x+e;) — V (x+e;)



is non-increasing in ; from P4. Hence statement (b) is also true. O

To show Propositions 3, 8, 7, and A1, we need the following lemma.
Lemma A2. The waiting cost function h;(z;) has the following properties: (a) w = (o + p13)hi(0); (b) w + pihi(z;) =
(a+ pi)hi(z; + 1).

PROOFS OF LEMMA A2. Part (a) follows from (a + 11;)hi(0) = (o + ) 2 [1 — (£

Py )] = w. Part (b) is true because

1L x;+1
1—( v > ] :w—i-,u,ihi(xi). O

L x;+2 w
i)hi(z; +1 i 1- : = i
(o + pi)hi(x; +1) = (a4 pi)— [ <04+Mz‘> ] Wt g

PROOF OF PROPOSITION 3. We define an auxiliary function V (x) := Z?:l V@ (z;), where

1

VO = e

<wa:,; + Aif/(i) (:L'z) + /Lif/(i)((x,‘ — 1)+)) .
We first prove that, by induction, for all z; > Oand? = 1, 2,
VO (24 1) = VO (2;) = hi(:), (12)

where h;(x;) is the waiting cost function defined in Equation (1). Note that

VO (25) = o (wxi + VO (25 — 1)+)) .
It follows that V(® (0) = 0. Thus,
v (1) = 2 d VO (1) = VO (0) = —— = hy(0),
(1) = i and VO @) =70 0) = - = hi(0)
and (12) is satisfied when x; = 0. Suppose (12) holds for x;, then
.y . 1 .
VO (@i +2) = VO (1) = e (w4 2) 4wV (@01)) = o (w4 1)+l ()
1 w ~+ pihi(x;)
— () 7@ - — hilzs
o L (V0 ) = VO )| = S < i 4),

where the last equality is by Lemma A2(b). This completes the induction argument that (12) holds for all z; > 0. To prove the
proposition, by result (12), we need to show, V (x + €;) — V(x) < V(x + €;) — V/(x). To this end, we introduce VO( )(mz) =0
for all z;, and for n. > 0, we define V,\" )(xz) recursively by

~(i 1 (i i
Vi@ = e (et A )+ i (- 1))

Then, it can be shown that, for any z; > 0, v (2;) = V@ (2;) as n tends to infinity. Let V, (z1, z2) := Z?Zl 1740 (x;). We

have, for all (x1, x2), limy, 0 V (z1,22) = V(21,22), i=1,2.

We have shown that it suffices to prove, for all X" = (2}, J) > (24, 2;) = x and for any integer n > 0,

Vn(x/> - Vn(X/) < vn(x) — Va(x). (13)

Without loss of generality, we assume that o + 3 = 1. By definition, we have %(x) = ( for all x and ‘~/n+1(x) = 2?21 wx; +

Z?Zl )\i‘an(X) + 212:1 ,uiDivn (x). Clearly, (13) is true for n = 0 as both sides equal 0. Suppose it is true for 7, and consider
the case of n 4+ 1. We have

Vn—f—l( ") = Va1 (x')

Z)\ —min{V,,(x' + e;),c; + Vo (X' +€;), 7 + Vo, (x')}] + Z“Z [DiVu(x') — DiVi(x)]
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2 2
= Z )\Z[ffn(x) —min{V,(x +€;),¢; + Vo(x+€5),ri + Vo (x)} + Z ,ui[DﬂN/n(x) — DV, (x)]
i=1 i=1

= Vat1(x) = Vaq1(x).

The above inequality is true because: (i) Vn(x’) — Vo (x') < V(%) — V,(x) due to induction hypothesis, (ii) by P2 and P3 from
Lemma 1,

Talod) — Vo 4 e) = [Tala) = Valod)] + V() — Vil )]
< [Va(x) = Vo(X)] 4 [Va(x) = Va(x+ €)] = Va(x) — Va(x + &),

and (iii) similar argument shows Divn (x') — D;V,(x') < Dif/n (x) — D;V,,(x). Hence (13) is established and the proof for
Proposition 3 is complete. O

PROOF OF PROPOSITION 4. Proposition 4 follows from &;(x) = V(x) + h;(z;) — V(x + e;) and Equation (13) for
x' = x + e;, and details are omitted. O

PROOF OF PROPOSITION 5. Propositions 5 follows from &;(x) = V(x) + h;(z;) — V(x + ;) and P3 of Lemma 1,
respectively, and details are omitted. O

PROOF OF PROPOSITION 6. Without the referral option, a patient from cluster ¢ joins home station ¢ if x; < g/y\ZI and opts out
otherwise. With referrals, the patient’s decision is characterized in Proposition 1. The option of referrals alters the patient’s decision
in two scenarios. In the first scenario, x; > @I and x; < le , and the option of referrals allows a patient who would otherwise
opt out to switch stations. According to Proposition 2, this reduces system cost if 7; < Ji(z;), i.e., ©; < tj(x;) = §; "(:),
which is well defined because ;/y\l (CCJ) is a non-increasing function; otherwise, it increases system cost. In the second scenario,
@Zl (x]) < x; < /y\ZI , and the option of referrals induces a patient who would otherwise stay at the home station to switch. This
reduces system cost if z; > 7;(2;) Gie., if 2; < tj(2;) := min{g; ' (2;), ()" (2;)}, which is well defined because 7, () is
a non-decreasing function), and increases system cost otherwise. Based on these two scenarios, we can obtain the results. O

PROOF OF PROPOSITION 7. Consider part (a) first. Assuming switching is not allowed, we use l_)(x) to represent the

T . . s z1—1 T2—1
system cost under individual optimization starting from the system state X. Let Vo (21, 22) = > ,'—o h(m) + Y32, h(k) for
all (.%'1, .%'2), and

2AVE(1,0) 4 2uVE (0, 0)

7Cl+1(0?0) =

a+ 22+ 2u ’
. mw + AV5(m +1,0) + AV (m, 1) + pVs(m,0) + pVs(m — 1,0)
= < <q-—
n+1(m70) a+2)\+2ﬂ ) 1_m_q 17
c O)_qw+2WZ(q,1)+AC+MVﬁ(q,0)+W5(q—1,0)
n+1\4 0 = a+2\+2u ’
¢ 1 ¢ 1 o -1 n(m—1
Vz“(m’k):(m—i-k)w—i-)\vn(m—l— k) AV (my k4 1) + pVy (m, k— 1) 4+ pVy(m ,k)’ l<k<m<q_1.
o+ 22+ 2u
(@+k)w+AV5(q, k) + Ar + AV5(q, k+ 1) + pVi(g, k— 1) + uVi(qg —1,k)
¢ (g k) = n n Z n 1<k<qg-1
Vn—i—l(Qv ) a+2/\—|—2u ’ SR=>Qq )



~ 2qw 4 2X(Vi(q,q) + 1) +2uV5(g,q — 1)

Vi, q) = ot 2N 2n .

Then VS (x) converges to V¢(x) for all X as n — 0. We will show the following relation for all n > 0.
UL: Vo(m + 1,k) > Vo(m, k) + h(m) and V,(m, k + 1) > V,(m, k) + h(k).

Note that V,, (x) is symmetric across its two components, and we only need to demonstrate that V,(m+1, k) > V,,(m, k) +
h(m) for0 < k < m < gand V,(m,k + 1) > V,(m, k) + h(k) for 0 < k < m < q. It is evident that U1 is satisfied
for n = 0. Furthermore, when Ul is satisfied for n, we can use induction and U1 to show that it continues to hold for n + 1. For
instance, for (m, k) = (0,0):

Poor(10) - Vo (0.0) = “F AVn(2,0) = Vi (1,0)] + AV (1,1) = Va(1,0)] 4 p[Va(1,0) = V4u(0,0)]

a—+ 2N+ 2u
w + Ah(1) + (A + p)h(0)
1
- a4 2\ + 24 (by UD)
(o + p)h(0) + (2X + p)h(0)
= = h(0);
a—+ 22+ 2u
forl <k<m<qg—2:
Vps1(m+ 1, k) = Vg1 (m, k)
1 ¥ \ ) . 4 —
= arangap AWM A2 E) = Valm + 1K)+ AV(m + 1k +1) = Va(m, b +1))
Fu(Vn(m + 1,k — 1) = Vo(m, k — 1)) + p(Va(m, k) — V(m — 1,k))]
o T an o [ MR+ D) + Mi(m) o+ ph(m) + ph(m — 1)) (by U)
1

> TN [2AR(m) + (a + 2u)h(m)] = h(m).

For other system states, we can similarly show that U1 continues to hold for n 4+ 1. As n goes to infinity, we have:
Ul: V(m +1,k) > V(m, k) + h(m) and V(m, k + 1) > V(m, k) + h(k).

Then, we have:

]‘)(q’ 1) _ D(q,O) — w + )‘D}(Qa 1) — T)(q,O)] + )‘D}(q’ 2) — T}(Qa 1)] + /,L[T}(q - 1a 1) — v(q - 17 O)]

o+ 2+ 2
w + AR(0) + Ah(1) + uh(0) A[R(1) = R(0)] ,
- a4 2\ +2u = M0) + a+22+2u (by UL) (14)

Consider the case where switching is allowed and there is a switching cost ¢. Suppose h(q — 1) < r < h(q) (¢ € 77).
Then each patient prefers staying at the home station to opting out iff the on-arrival queue length is strictly lower than q. Assuming
h(g—1)—h(0) < ¢ < r — h(0), an arriving patient will switch to the other station when the home station has a queue length of ¢
and the other station is empty. When the home station has a queue length of ¢ and the other station has a queue length of 1, a patient
prefers to opt out rather than switch because ¢ + h(1) > h(q— 1) +h(1) — h(0) > h(¢— 1)+ h(q) —h(¢—1) = h(q) > 7.
Thus, a patient never switches when the other station is not empty. We can conclude that an arriving patient stays at the home
station if the queue length of the home station is strictly lower than q, switches if the queue length of the home station is ¢ and the
other station is empty, and opts out of the system for outside services otherwise. We can obtain the system cost under individual

optimization through value iterations by using V§(x1, x2) = V(x1, z2) for all (z1, x2), and

2AVE(1,0) + 21V (0,0)

C 1 C 1 C C _ 1
a—+2)+2u
¢ (g,0) = qw + 2A\VE(q,1) + Ac + uV<(g,0) + uVi(g — 1,0)
n+1 q, - o+ I\ T 2,u s



(m+k)w+ AVS(m+ 1, k) + AVS(m, k+ 1) + pVs(m, k— 1) + pVi(m — 1, k)

¢ k) = 1<k<m<gqg-1
Vn—l—l(ma ) Oé—|—2>\—|—2ﬂ ) = =m=>q )
(¢ +Kk)w+AVi(g, k) + A+ AVi(g, b+ 1) + V(g k — 1) + pVi(g — 1,k)
Vn+1(Q7 ) a—|—2/\—|—2u ) = >~q )
. 2qw 4+ 2A\[V5(q, q) + 1] +2uV5(q,q — 1
Vn+1(¢];¢1): [ ( ) ] ( )

a—+ 22+ 2u

Then V¢ (x) converges to V¢(x) for all x as n — 00. We will show the following relation for all n > 0.
U2: VS(m, k) > V(m, k).

Obviously, U2 is satisfied for n = 0. If U2 is true for n, we now show it continues to hold for n + 1. Actually,

2(00) = V(@0) = g qw 2AVE 1) Ak aVE(@0) + V(g - L)
ottt lqw 4+ AV(q,0) + M+ AV(g, 1) + uV(q,0) + pV(q — 1,0)]
> e M)tV - byw)
M[V(% 1) +¢=V(g,0) = 7] (by U2)
a+2§+zﬂ[h<°> - mﬁl(l) —h(0) +e=rl,  byd4) (5

A(h(1)—h(0)

which is positive when ¢ > r — h(0) — ). For m, k q,0) or (0, q), obviously U2 is satisfied for n + 1. Then, as
a+22+2u

n goes to infinity, we have:
02" Ve(m, k) > V(m, k).

Furthermore, we can check that

Ve(q,0) — V(¢,0) > a+21A+2u [AVS(g,1) + Ae — AV(q,0) — Ar] (by U2)
> m V(g 1) +c¢—V(q,0) —r] (by U2)
> M[h(O) + M c—r] > 0. (by (14))
Assuming V¢(m + 1,0) > V(m + 1,0), we now prove that V°(m,0) > V(m,0). Actually, for 1 < m < q — 1:
Ve(m,0) = V(m,0) > m IAVE(m + 1,0) + AV*(m, 1) + 1V (m, 0) + 1V (m — 1,0)]
—m [AV(m +1,0) + AV(m, 1) + pV(m, 0) + pV(m — 1,0)]
(H;Hm [Vé(m +1,0) = V(m +1,0)] > 0. (by U2")
Form =0: V¢0,0) — V(0,0) = a+21A+2u [2AV4(1,0) — 2AV(1,0) + 2uV°(0,0) — 21V(0,0)]
Oﬁ;ﬁm[w(l, 0) — V(1,0)] > 0. (by U2")

Based on the above, we conclude that, when h(qg — 1) < r < h(q) (¢ € Z7) and ¢4 := max{h(q — 1) — h(0),r —
h(0) — Ak

M—Tﬂ-%)}} < ¢ < r—h(0) (i.e., cis in an non-empty open interval), the system cost under individual optimization with
switching option is strictly higher than that without, i.e., V(0, 0) > V(0, 0).



Now we consider part (b). We assume h(1) < r < h(2), which results in a maximum queue length of 2 for each station,
regardless of whether switching is allowed or not. When switching is allowed and costless (i.e., ¢ = 0), a patient switches only if
the other station has a shorter queue. From the system cost equations

2AV°(1,0) w4+ 22°(1,1) + uV°(0,0)
0 _ 9 0 — 9 9
Vi0,0) = a+2) Vi(L0) a+2\+p ’
2 229(2,1) + 2uV0(1 2 22V9(2,1 0(1
Vo(l,l): w~+ 22\V%(2,1) + uV(,O)7 VO(Z,O): w + 2AV7(2, )+,uV(,O)’
a+2\+2u a+2)\+ p
0 3w+ 22°(2,2) + p(VO(1,1) + VIE(2,0)) 0 dw + 20 (r +1°(2,2)) + 2pV°(2,1)
V (271): ; 1% (252): 5
a+2\+2u o+ 2X + 2p
we can obtain: 5
32\
0
0,0) = zy —T,
V°(0,0) = zpw + d r

where z,, = A/B, and

A =

2A(at 4+ 1003\ + 7o i+ 4002 X2 + 4402 My + 180242 + 80aN
+960aA2 1 4 620A 1% + 2000% 4 642* 4 80N3 1 + 56022 + 28\ + 8ut),
ala+ 2X + p)d,

ot 4 803\ + 2402)2 4 32003 + 16A* + 7y + 3202 A + 440X
+16X\3 0 + 1802 1% + 38aAu? + 160212 4+ 20a® + 12203 + 8pt.

Similarly, when switching is not allowed, we can use the system cost equations to obtain the system cost

P(0,0) = 22X (o 4 21 + p)w + M%)
T a(a? 4 20 + A2 4 20 + A+ p2)’

We can check that V°(0, 0) with ¢ = 0 is strictly higher than V(0,0) when

a < V2, h(1) <7 < min <h(2) 2w(oz+u)> ,

" a(2a+ 3p)

and \ is greater than )\, the second root of the equation kyz? + ksx3 + kox® + k1 + ko = 0, where

k4
ks
k2
ky
ko

The details are omitted.

—8a(2a + 3u)r + 16(a + p)uw,
—4(20 4 3p) (302 + 6o + 2u%)r + 8(302 + 8ap + TP w,

—2(a+ p)(a +2u) (5a + Tu)r + 2(5a2 + 182y + 27apu? + 18u3)w,
—(a+ p)(a+2u) x ((a+ p)(a+2u)°r — (@ = 2ap — 2p*)w),
—pa + p) (o + 2p)*w.

O

PROOF OF PROPOSITION 8. We consider a symmetric system where h(q — 1) < 7 < h(q) for some ¢ € Z* and
1€{0,1,...,g—1},and ¢ = 7 — h(l). Note that h(m) is strictly increasing and strictly concave in m. Therefore, h(q) — h(q —
1) <h(qg—1)—h(qg—2) <--- < h(1) — h(0). We further require § > 0 to be sufficiently small such that, when the switching
cost increases from c to ¢ + 4, a patient alters their decision iff the queue lengths at the home station and the alternative station
upon arrival are ¢ and [, respectively. Specifically, we require § < ¢ := min{h(l) — h(l — 1),sup{d > 0: c+ 0 + h(k) <
h(m) whenever ¢ + h(k) < h(m),Vm,k € {0,1,...,q — 1}}}, where the first minimum is omitted when | = 0.

We define the following sets of system states based on queue lengths:

Qf ={(m,k):0<m,k<q—1, h(m) < c+ h(k), h(k) < c+ h(m)},
5={(m,k):0<m,k <gq, c+h(i) <randc+ h(i) < h(j) for (i,j) = (m,k) or (k,m)},
Qs ={(m,k):0<m<q—Lk=qgr<c+hlim);orm=q,0<k<qg—1,r<c+h(k)},



Q5 ={(¢,9)}-

Suppose an arriving patient observes the queue lengths (m, k). If (m, k) € €, the patient always accepts service at their home
station. If (m, k) € €25, the patient joins the station with the shorter queue by choosing either “Accept” or “Switch,” depending on
which station’s queue length is shorter. If (m, k) € €25, the patient opts out of the system if the home station queue length is ¢, and
accepts service at the home station otherwise. Finally, if (m, k) € €, the patient always chooses to opt out.

Given a switching cost ¢ = r — h(l), the system cost under individual optimization can be obtained through value iteration.
For all (1, 2), we define V§ (21, z9) = S5 =0 h(m) + Y272" h(k). For (m, k) € Qf, we define

(m+k)w + AV(m + 1,k) + Vs(m, k + 1)] + p[VE((m — 1), k) + VE(m, (k —1)1)] .

C k —
ner1 (1 k) a+2\+2u

For (m, k) € Qf with m > k (noting that form < k, V5, .1 (m, k) =V},

1 (k, m) by symmetry):
(m+ k)w + A+ 2V5(m, k+ 1) + p[Vi(m — 1,k) + Vs (m, (k — 1)1)]

a+ 22+ 2u

V5+1(ma k) =

For (g, k) € Qf (similarly, for (m, q) € Q5, V5 1(m,q) = V5, (g, m)):

(q+E)w+Nr+Vo(q. k) +Vi(q, k+ )]+ pVi(qg—1,k) + Vi(q, (k—1)1)]
a—+2\+2u '

V?i—&—l(Q? k) =

Finally, for (m, k) = (¢,q) € Q%:
2qw + 2A[r + Vi (g, 9)] + 24V5 (g, 4 — 1)
a4+ 20+ 2u

Vila,q) = :
Asn — 00, V(%) converges to V°(x) for all x.

For a switching cost ¢ = ¢ -+ &, we similarly define the sets Q2 , Q5 Q5 , and Qf, as well as the cost functions VS (x)
for n > 0. By the choice of d, the system state (m, k) € QS iff (m,k) € Qf fori € {1,2,3,4}, with one exception:
(q,1),(1,q) € QS, whereas (q,1), (I,q) € Q5 . As before, the system cost under individual optimization can be obtained via value
iteration. Consequently, V< (x) converges to V¢ (x) for all X as n — 0.

We will demonstrate the following relations for n > 0:
S1: VE (m, k) < VE(m, k) + 22,
S2: Ve(m+ 1,k) > VS(m, k) + h(m) and VS(m, k + 1) > VS (m, k) + h(k).

Note that Vﬁ/ (x) and V5 (x) are symmetric with respect to their two components. Due to this symmetry, for S1, it suffices
to show the inequality for 0 < k& < m < ¢. Similarly, for S2, we only need to show V¢ (m + 1, k) > VS(m, k) + h(m) for
0<k<m<qg—1landVi(m,k+1) > Vi(m,k)+ h(k)for0 < k < m < q. Clearly, S1 and S2 hold for n = 0. In the
following, assuming that S1 and S2 are satisfied for 1, we show they continue to hold for n + 1.

Consider S1 first. When (m, k) € Qf U Q§ U Qf, itis clear that:

/ 1
c k) — c < ——————
V +1(m7 ) Vit (m, k) a—+ 2N+ 2u

n

2l <z (by S1)
(6% (6%

[20\4—#))\5} Ad

When (m, k) € Q25, m > k,and (m, k) # (¢,1):

, 1 / Ad
c Ry < - c _yc NG
1 (m, k) V”+1(m’k)_a+2)\+2u {ZA(Vn(m,k‘—l-l) Vn(m7k+1))+>\5+2ua (by S1)
1 A0 A0
< —— |2 — = —. by S1
_a+2)\+2u{()\+u)a+)\6] (by S1)

Finally, for (m, k) = (¢,1) € QS:

Vei(q,1) = Viii(a.0)



< M _A(vg’(q,z) +r 4V (q, 1+ 1)) = 20VE(q, 1 + 1) — Ae + 2@3} (by S1)
<t AV (q,1) = VE(q l+1)+r—c)+(/\+2u))\5] (by S1)
Ta423 2 [T e a
< - /\(T—c—h(l))+2()\+,u))\—6 (by S1 and S2)
T a2+ 2p | o

1 AT A
B YT o e

Thus, S1 continues to hold for V<, ; and V<, ;.

Next, we consider S2. (a) We first show that V5, | (m + 1,k) > Vi, (m, k) + h(m) for 0 < k < m < g — 1. From
Proposition 1, it suffices to consider the following four cases for the recurrent system states: (a.i) When both (m + 1, k) € Qf and
(m, k) € Qf withm > 0:

w + A[h(m + 1) + h(m)] + p[h(m) + h(m — 1)]

Vﬁb—‘rl(m—"_lvk)_ 'rcl—‘rl(m’k) > Oé+2A+2/j, (by SZ)
_ Ml 1) b)) o ghm)
o+ 20+ 2u - ' y

When both (m + 1, k) € Qf and (m, k) € Qf with m = 0 (implyingm = k = 0):

w + A[h(1) + h(0)] + ph(0)

Vig1(1,0) = V514(0,0) > o+ 20+ 2 (by S2)
h(0) -+ A[A(1) + h(0)] + uh(0
_ (et mh( )Z+[2(A z:;u( N+100) 5 10, (by Lemma A2(a))

(a.ii) When both (m + 1, k) € Q5 and (m, k) € QF: Itis clear that m > 0 (otherwise, m = k = 0 would imply (m, k) € Q).
Thus, by S2 and Lemma A2(b):

w + 2Ah(m) + plh(m) + h(m — 1)] _ 2Ah(m) + ph(m) + (a + p)h(m)
a—+ 2\ +2u a—+ 2\ +2u

Vigi(m+1,k) = Vi (m, k) > = h(m).

(a.iii) When (m + 1, k) € QS, (m, k) € Qf,andm > 0:

VE (4 1,k) = Ve, (m, k) > LE AR et hk)] + plh(m) + h(m = 1)]

(by S2)

a—+ 2\ +2u
Ah(m) + h(m)] + ph(m) + [w + ph(m — 1)) .
> o f 2t 2 (as (m, k) € Q)
_ 2X\h(m) + ph(m) + (o + p)h(m) — h(m)
a—+2\+2u '

When (m + 1, k) € QS, (m, k) € Qf, and m = 0 (implying m = k = 0), by Lemma A2(a):

w+ A2h(0) + ] + ph(0) _ (a+ p)h(0) + (2A + 1)h(0)

(& o C > — .
n+1(1’0) Vn+1(0’0) - a+ 2)\ + 2M = a+t 2)\ T 2,& h(O)
(a.iv) When (m + 1, k) € Qf (requiringm =g — land k < ¢ — 1) and (m, k) € Qf: If ¢ > 2,
¢ ¢ w+ Alr + h(g — 1] + plh(q — 1) + h(g — 2)]
— — >
Vn+1(Q7 k) Vn—f—l(q 1a k) - a+ 2\ + QM (by Sz)
Alh(g —1) + k(g — )] + phig — 1) + [w + ph(q — 2)]
> _
> 02N+ (asr > h(g—1))
_ 2M\(g—1) + ph(g —1) + (e + p)h(g — 1) —h(g—1)
a+ 22+ 2u '



If ¢ = 1, we can similarly prove the inequality. Thus, we have V5 {(m + 1,k) > V5 1 (m, k) + h(m) for 0 <k <m < q.

(b) We next show that V| (m, k 4+ 1) > V5 1(m, k) 4+ h(k) for 0 < k < m < ¢ by considering the following cases:
b If (m, k+ 1), (m, k) € Qf and k& > 0:

w+ A[h(k) + h(k + 1)] + u[h(k) + h(k — 1)]

V£+1(m7k+1) - TCL+1(m7 k) = O‘+2>‘+2N (by S2)
_ AR(E) + h(k 4 1)] + ph(k) + (o + p)h(k)
= o+ 2N T 2 > h(k).  (by Lemma A2(b))

If (m,k+1),(m,k) € Qf and k = 0:
w + A[R(0) + h(1)] + ph(0)

Vig1(m, 1) = Vi 1(m, 0) > o Do (by S2)
h(0) + A[R(0) + h(1 h(0
_ (o4 p)h( )Z+[2(A )+J;M( )] + ph(0) > h(0). (by Lemma A2(a))

i) If (m, k+ 1), (m, k) € Q5 and k > 1, by S2:

w+ 2Ah(k + 1) + pulh(k) + h(k = 1)] _ 20k + 1) + ph(k) + (o + ph(k)

c k+1)— Ve k) >
Vi (m,k+1) =V (m, k) > a -+ 2) + 2p a+2X\+ 24

> h(k).

If (m,k+1),(m,k) € Q5 and k = 0, by S2:

w+ 22h(1) + ph(0) _ 2Mh(1) + uh(0) + (a + w)h(0)

C 1 _ C > > .
Vn-{—l(m’ ) Vn+1(m70) - a+ 2\ + 2M a+ 2\ + 2,“ = h(O)
(b.iii) If (m, k + 1), (m, k) € Qf (which requires m = ¢,k < ¢ — 1,and k > I):
w+ A[h(k) + h(k + 1)] + p[h(k) + h(k — 1)]
. 1) -V, >
Vig(a, k+1) = Vi(g. k) > o T IN T 20 (by S2)
> Ah(k) + h(k 4+ 1)] + ph(k) + (o + p)h(k) > h(k).
a+ 22+ 2u

(b.iv) If (m, k 4+ 1) € Qf (requiringm = gand k = ¢ — 1), (m, k) € QS (requiring! = ¢ — 1), and ¢ > 1:

w+ AN2r —¢) + pulh(qg —2) + h(qg — 1)]

C _ C _1 >
Visi(@.9) = Vip(e.g—1) > oL 2N 1o (by S2)
A+ Ar =) + (a4 p)h(g — 1) 4+ ph(g — 1)
N a+ 2\ +2u
s 2Alg = 1)+ (ot whlg — 1) + phig — 1) _ h(g—1).
a—+ 2\ +2u
If (m,k+1) € Qf, (m, k) € Q5,and ¢ = 1, by S2:
w4+ AN2r —c) + ph(0) (a4 p)h(0) + X(r + h(0)) + 1h(0)
¢ L (1,1) =V, (1 > = > h(0).
n+1(a ) n+1(a0)— a+2)\+2ﬂ a+2)\+2,u - (0)
bW If (m,k+1) € Qj(m=gq,k=qg—1and (m, k) € Q5( < ¢g—1): Forqg > 1,
w+ Alh(g — 1) + 7]+ plh(g — 2) + h(g — 1)]
¢ - Ve —-1)> 2
Vi1(a,9) = Vaialg,g—1) 2 oAt 2 (by S2)
o [ ph(g =2)1 +2M\h(g = 1) + ph(g = 1)
- a—+ 2\ +2u
_ (a+pwh(g—1)+2Xh(g —1) + ph(g —1) ~h(g—1)
a—+2\+2u '
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For ¢ = 1, we can similarly show the above inequality. (b.vi) If (m, k + 1) € Q§ (m = ¢,k > [ — 1) and (m, k) € Q5 (k =),
forl > 0:

w+ AR+ 1) + 7 — ] + p[h() + h(l — 1)]

Vo1 (g, 1 +1) = Vi q(q,1) > (by S2)

oa+2X+ 2
[w -+ k(1 = 1)] + Alh(U+ 1) + h(D)] + ah(1)
B a—+2\+2u
> (ae+ p)h(l) + 2AR(1) + ph(l) — h(D).
a+2X+2u
If | = 0, by S2:
Ve (@) = Ve 1(q,0) = 2 A) + 7 = d + ph(0) _ (a+ wh(0) + AR(1) + AO)] + ph(0) h0).

a+ 2N+ 2u a—+ 2\ +2u
(b.vii) If (m, k + 1) € QF, (m, k) € Q5, and k > 1:

w+ A[h(m) — ¢ + h(k + 1)] + p[h(k) + h(k — 1)]

Vig1(m,k+1) =V: 1(m, k) > o+ 20t 2 (by S2)
(a4 p)h(k) + A[h(k) + h(k + 1)] 4+ ph(k) .
> o INT 2 > h(k). (as (m, k) € Q)

If k = 0, by S2:

w+ Alh(m) — e+ h()] + ph(0) _ (o +p)h(0) + Ah(0) + h(L)] + uh(0)

c 1) — c 0) >
Vn+1(m7 ) Vn—l—l(m’ ) 2 a+2X+2u a4+ 20+ 2

> h(0).
Thus, V5 (m, k+1) > V5. (m, k) + h(k) holds forall 0 < k < m < q.

Based on parts (a) and (b), we conclude that S1 and S2 hold for n + 1. As n — o0, we obtain:

S1: V¥ (m, k) < Ve(m, k) + 22;

S2": Ve¢(m + 1,k) > V¢(m, k) + h(m) and V¢(m, k + 1) > V¢(m, k) + h(k).

We next show that V' (14 1,1) — V(I +1,1) < —); + chs, where 10; > 0 and QZZ > 0 are independent of §. We consider
the following two cases. (a) Suppose that [ = g — 1. If ¢ > 1, we have:

¢ c 2qw + 2\[V<(q,q) + 7] +2uV(q,q — 1

a—+ 2\ +2u
~ 2¢—Dw+A2V(q,q) + ] + V(g9 —2) + V(g —1,g—1)
a—+ 2\ +2u
> w4+ A2r —c¢)+ ph(q—2) + ph(g—1) (by 52
a—+2)\+2u
A+ 2Mr —c¢) + (a+ p)h(q — 1) + ph(g — 1)
B a4+ 22+ 2u
Ac
—h(q—1)+7a+2)\+2u, and

(2¢ — Dw + AV (g, — 1) + 7+ V(q,9)] + [V (q.¢ — 2) + V(g — 1, — 1)]

V(q,q—1) = V(q,q—1) =

a—+ 22+ 2u
(2 - Dw+A2V%(g,q) + ] + p[V(q,9—2) + V(g -1, —1)]
a4+ 20+ 2u
1 ¢ ¢ Ad )
AVA(gq—1) = Vg, q) +7 —c) +2(\+ p) (by S1%)

«

< - -
T a+20+2u

11



1 Ac Ao
<—F|A|r—c—h(g—1) — ———F 2(A —
a+2/\+2u[ (T ¢=hlg=1) a+2)\+2u>+ ( +M)a]

1 e Ao
= - 2(A .

a+2)\+2,u[ oz+2)\+2,ujL (A+n) }

(0}

When ! = ¢ — 1 and ¢ = 1, the above two inequalities can be shown similarly based on Lemma A2(a). Thus, by setting
2 i 2A(A . / s
¢l = (O‘J"Q)}‘W and wl = %, it follows that VC (l + 1, l) — Vc(l + 1, l) S _¢l + ¢l5

(b) Consider the case where [ < g — 1. If [ > 1, we have

V(g 14 1) — Ve(g, 1) = AHLE D0 AV L) 7+ Vg, L+ 2)] + u (g = 11+ D) + V(g D]

a—+2\+2u
(g Dw+ ARV(q, 1+ 1) + ]+ pV(g—1,0) + Vg, 1 —1)]
a+ 22+ 2u
w+ AR+ 1) +7r— ]+ p[h(l) + h(l —1)] ,
= a+ 2\ + 2 (by 529
AR+ 1) + h(D)] + (o + p)h(l) + ph(l)
= o+ 2\t 2 (by Lemma A2(b))
_ Alh(l+1) = h(D)]
=h(l) + I W and
o vers @ Dw AV (g, 1) + 7+ Vg, L+ D]+ p[V (g, 1 = 1) + V(¢ — L,1)]
(g Dw+ ARV, L+ 1) + o] + p[Vi(gl = 1) + V(¢ —1,1)]
a+ 22+ 2u
<; _)\(Vc(q 1) —Vq l+1)+r—c)+2()\+u)& (by S1')
Ta+22+2u | ’ ’ a
1 [ AR(I+ 1) — h(D)] Ad
= a+2X+2p _)\ (T_C_h(l)_ a4+ 22+ 2u > +2()\+M)a]
B 1 [ A2[R(1+ 1) — h(D)] Ad
a+2 +2u | at2rat2pu +2(A+’“‘)a] '

If | = 0, we can similarly prove the above inequalities based on Lemma A2(a). Thus, we have V¢ (q,1) — V¢(q,1) < —&g + ECI&,
h _ X[h(I+1)=h()] s 220w .
where {; = Termazr Oand §; = alatntom) > 0 are independent of d.

Form=q—1,g—2,...,1 4+ 1, we have:

VC/(m’ l) _ Vc(m7 l) . (m + l)w + A[Vc/(m + 1, l) + Vc,(m, [+ 1)] + M[Vcl(m7 (l _ 1)+) + Vc’(m 1, l)]

a+ 22+ 2
(m+Dw + AV(m+1,1) + V¢(m, 1+ 1)] + p[V¢(m, (I — 1)) + V¢(m — 1,1)]

B o+ 2\ +2u

_ AV (m+1,0) = Vi(m+1,0) + (A + 2@“] (by S1')
Ta+22+2u | ’ ’ a
< g Pt + B+ (20
T a+204+2p | o
= T o 21\ oy _—A5m+1 + <§m+1 + A 7;2,u> Aé} :

Thatis, V¥ (m, 1) = V(m, 1) < —&m + Emd, whete &m = 35550 > 0and &n = arpdrgy (Emit + 2522) > Oare

independent of §. Consequently, V¢ (I + 1,1) — V¢(1 +1,1) < —ty + Jlé for positive values v/; and ; that are independent of
d, by setting ¢y = &1 and ¢y = §41.
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Based on the two cases above, we have V¢ (I +1,1) — V(1 +1,1) < — + 1215, where 1; > 0 and 1,/;1 > ( are independent

of J. Next, we aim to demonstrate that form = [,] — 1,. .., 0, there exist positive values Yy,, ¥m, ©m, and Oy,, all independent
of 4, such that the following properties hold:

T1: V¢ (m4+1,m) =V(m+1,m)< =i, + {ﬁvmé,
T2: V¢ (m,m) — V¢(m,m) < —pm + @m0.

Having established T1 for m = [, we now show that T1 implies T2 for a given m. Specifically,

o . AV (m+1,m) = Ve(m+1,m)] + 2u[V (m,m — 1) — V¢(m,m — 1
2 () — () — P2 )=Vt + 1 2D )=V )

[2A(—wm + ) + zuf] (by T1 and S1’)

c__
T a4+ 24+ 2p
2A ~ w
S 2 (Bt b)),
a+2)\+2,u[ v +<¢ +04)

220,

a2t o Oand G, = —20 o <1Zm + g) > 0 are independent of 9.

Hence, T2 holds for m, where @, = aF2 12

We then demonstrate that T2 for m implies T1 for m — 1. Indeed,

, 1 / A Y
“(m,m—1) = V(m,m—1 7)\(0, fc,>)\5— 20— by S1’
Ve (m,m—1) —V(m,m )_a+2)\+2ﬂ[ V¢ (m,m)—V(m,m)) + <+a>+ 'uoz} (by S1')
A ~ A+ 2p
——— | —om m+ 1 d] . by T2
_04+2)\+2u[<p +(SO T o >} (by T2)
Hence, T1 holds for m — 1, where ¥,,—1 = 7a+)5§12u > 0 and IZm_l = 7a+2§+2u (Gm-l—l—#—i)‘ff“) > ( are independent of

0. By induction, T1 and T2 hold form =1,l — 1,...,0.

Based on T2 for m = 0, we have V' (0,0) — V¢(0,0) < —¢p + $od. It follows that V' (0,0) < V¢(0,0) provided that
d < min{po/®o,d}. |

Next, we present the following proposition, which demonstrates that even in situations where patients never opt out (i.e.,
r > h(00)), the system cost under individual optimization can still decrease as the switching cost increases.

Proposition Al. For a symmetric system with the following conditions: r > h(oc), ¢ = h(1) — h(0), a > p, and 6 > 0
is sufficiently small, we have V°(0,0) < V=9(0,0), i.e., when the switching cost is reduced from c to ¢ — §, the system
cost under individual optimization strictly increases.

PROOF OF PROPOSITION Al. We assume that > h(oo), h(1) — h(0) > h(co) — h(1) (equivalent to « > p), and
¢ = h(1) — h(0). Additionally, we require ¢ — & > h(oo) — h(1), which is equivalent to § < 2h(1) — h(0) — h(c0) =
wp(a — i) /[a(e + p)?]. The above conditions imply that under switching cost ¢ — &, each arriving patient will switch iff the
home station is non-empty and the other station is empty. Under switching cost ¢, each arriving patient will switch iff the queue
length of the home station is 2 or higher, and the other station is empty.

When the switching cost is ¢ = ¢ — ¢, the system cost under individual optimization can be obtained via value iteration with
V§ (x) = 0 for all x and

2\V¢ (1,0) + 2V (0,0)

¢ 1(0,0) =

n+1( ) ) a+2)\+2ﬂ )

¢ (1.0)= w4 2AVE (1,1) + Ad' + V< (1,0) + uV< (0,0)

N o+ 22+ 2u ’

) mw + 2AV< (m, 1) + A + pVs (m, 0) + pV< (m — 1,0)

C 0 — n ? n ) n ) >2

’I’L+1(m7 ) O[+2)\+2,LL Y m_ bl

, k V¢ Lk)+ AV (m, k+1 “(m,k—1 “(m—1,k
V(o) = (MR AN (mt LR+ XV (mok+ D)V (k= D+ @V = LK)

a+ 22+ 2u

Then V¢ (x) — V¢ (x) for all X as n — 0.
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Similarly, when the switching cost is ¢, the system cost under individual optimization can be obtained via value iteration with
V§(x) = 0 for all x and

2AV¢(1,0) + 2uVE(0,0)

n1(0,0) = a+2X\+2u ’

c w4 AVE(2,0) + AVi(1,1) + V5 (1,0) + V5(0,0)

Vn+1(170): )

a4+ 20+ 2u
mw + 2\V5 (m, 1) + Xe + pV5(m, 0) + pVs(m — 1,0)
C — n n n >2
Vn-l—l(mao) a+2>\+2u ) m Z 2,
k AV L,k)+ AVi(m, k+1 c(m,k—1 ‘(m—1,k
ek (R AV 1) 4 XVEOm k) Vi k1) Vi = LK)
a+ 22+ 2u

Then VS (x) — V¢(x) for all x as n — 0.

We define:
aX(atp) (e +4X2+4p2 +4a>\+4a,u,+6)\,u)c+(16>\4+8(4a+,u))\5+4a(6a+7,u)/\2+2a(a+,u)(4a+7,u))\+a(a+u)(a+2,u) )w

Ta = (e 22 1) (83 -H4(3a £ 20) W+ 2(307 327 HTap) (oot 1) (4 20)°)

— —a(a?+4X2 +4oA+2au+2 ) e+ (8A3 +4(3a+p) A2 +2a (3a+5u) Aa(a+2u) % )w

b= a(8N3+A(3a+21) N2 +2(302 + 312+ Tap) Mt (o) (a+21)7) ’

P adp(a?—4XN2+4p2 +4o¢u+2)\u)c+(a+2)\+2u)(8)\3+4(3a+u))\2+2o¢(3o¢+5u))\+a(a+2u) Jw _and

¢ a(a+22+1) (8A3+4(3a+2u) A2 +2(3a2+3p2+Tap) A+ (a+pu) (a+2p)?)

- —adp(a?+42%—2p2 +4a)\+2)\,u)c+(16/\4+8(4a+3p)/\3+8(3a2+2y +6a,u))\2+2(4o¢3+2,u3+16a,u2+15a2,u))\+a(a+2,u)3)w As ¢

d = . =

a(a+22+1) (8A3+4(3a+2u) A2 +2(3a2 +3u2 + Tapu) M- (atp) (a+2p)?)
h(1) — h(0) = wp/(a + )2, we can easily verify that 7o, 7, Te, Tg < 2. Under the conditions & > zand ¢ = h(1) — h(0),
we can verify that 25547 < ¢ We further require that 7; + a)%i < 3 (fori =a,b,c,d),ie., d < (atpw—a maj\i{T" ToTeTa}]

a+22+2u «

We will show the following relations for n. > 0:

RI: VE(m, k) < VE (m, k) + 29 R2: Vg (1,0) < VE(0,0) + 70 + 225
R3: VS (1,1) < VE(1,0) + 7 + A R4: V5 (2,0) < Vi'(1,0) + 7o+ 2
R5: V' (2,1) < VE(1,1) + 74 + a+u~ R6: VS (m+1,k) < VS (m, k) + %

’ / )\ c
R7: V< (2,0) < V¢ (1,1) + 7%0;;{2#,
It is clear that R1 to R7 are satisfied for n = 0. In the following, assuming R1, R2, . . ., R7 are satisfied for n, we show they continue

to hold for n + 1.
Consider R1 first. Clearly R1 is true for (m, k) = (0,0),and m > 1 and k > 1. For (m, k) = (1,0):

Vi (1,0) = Vi (1,0) < m :A (VE(ZO) Vi (1L,1) + f) — A+ Qu)(ﬂ (by R1)
< a+21A+2u :A (Vf{(l 0) — Vs (1, 1)) — X+ (2) +2p) zﬂ (by R1)
<04+21>\+2H :)\c—)\(c—é) (2XA +2p )iﬂ = %5. (by R7)

For (m, k) where m > 2 and k = O:
Vii1(m, 0) — V5/+1(ma 0) < OH‘Qi\‘f‘QM [(2)\ +2u) /\E(S + /\(5} = %5,

where the inequality is by R1 for n. Thus, R1 continues to hold for n + 1.
Next, we consider R2, R3, R4, and R5. We can check that 7, 75, 7, and 74 satisfy:

W+ Ac+ 22T, + pt, W= AC+ 2ATg + puTq W~ 2ATg + putq + Ut _w+2>‘—w+/ﬂb+/ﬂc

e T Y o k2 T T a2t T T atoa+2w a+2x+ 2
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Then, we have

w+ 2A[V; (1, 1) = Vi (1,0)] + A+ p[Vy (1,0) = V5 (0,0)]

n+1(1 0) n+1(0 0) =

a+ 22+ 2u
2 / o+ (2
< W+ 27y + A 4ty + A+ p)AS/(a+ ) <t Ad ; (by R2 and R3)
o+ 2\ +2u o+ p
¢ ¢ o wH20VE(2,1) = Ve (1L, D] = A+ p[Vf (1,0) = V5, (0,0)]
Vn+1(171) Vn+1(170) - O‘+2>‘+2N
2ATg — A o+ (2
< W+ 2X7g — A+ pure + (A + )N/ (a4 ) — ’ (by R2 and RS)
a+2)\+2u o+ [
(2,0) = V', (1,0) = w+2X (VE(2,1) = Ve (1,1)) + p (VS (1,0) — VE(0,0)) + p (VS (2,0) — V5 (1,0))
2 . .+ 2
§w+ ATq + T + pre + 20+ p) A6 /(o + ) < Tc+/\76; (by R2, R4, and R5)
a—+ 22+ 2u o+ pu
1 w Cl c/ Cl c/
VIa2,1) - V(L) < m[w+2xa+u(vn<1,1>—vn<o,1>)+u(vn<2,o>—vn<1,o>)}
1 w Ad
- 2IA— .+ 2 = B R R4
a+2/\—|—2u<w+ )\a+u7'b+u7'+ /L)\(S/(Oé—l-/ﬁ)) Td+a+u (by R3 and R4)

where the first inequality is true because, according to R6, we have V< (3,1)—V< (2,1) < w/aand VS (2,2)-V< (1,2) < w/c.
Thus, R2, R3, R4, and R5 continue to hold for n + 1.

Then, we consider R6. For (m, k) = (0, 0), the conclusion is from R2 and the fact that 7, < w/a. For (m, k) where m > 1

and k£ = 0: ) /
1 (m+1,0) = Vi (m, 0) < [w—l— (2X + 21) %] = %

a4+ 22+ 2

where the inequality is true due to R6 for n. For (m, k), where m = 0 and k£ > 1:

1 (1 k) = Vi1 (0, k)
w4 AVE(2,k) = VE(1,k) + AV (1L, E+1) =V (1, k) = A + pu(VE (1, k—1) = VE(0,k — 1))

a—+ 2\ +2u
1 w w
_ 2A ——)\/] < —
a+2\+2u [w—l—( +M)0z ‘l=w

where the first inequality is true due to R6 for n. For (m, k) where m > 1 and k > 1:

/ ) 1 w w
¢ 1,k) - V¢ < ———— 2 2u) —| = —
Vn+1(m+ ) ) Vn+l(m7 )— a+2)\+2'u w+( )‘+ :U‘) a 047

where the inequality is from R6 for . Hence, R6 continues to hold for n + 1.

Now we consider R7. It continues to hold for n + 1 as

M+ Ve (2,0) = Ve (1,0)] _ Ae— )+ nlre+ 355)
o+ 22+ 2u - a+ 22+ 2u
Ac+ ute
T a+ 22+ 2u

< 1(2,0) = Vs (1,1) = (by R4)

Based on the above, as 1 goes to infinity, we have

RI" Ve(m, k) < V¥ (m, k) + A R7: V(2,0) < V(1,1) + A58

Then, we have

Ve(1,0) — V¥ (1,0) = [w + AVE(2,0) + AVE(L, 1) + uVe(1,0) + £V(0,0)]

a—+ 22+ 2u
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[w 20V (1,1) + A+ pVe (1,0) + pVe (0, 0)}

oz+2/\+2u
1 A0 Ad
——— M [ VX (L) +— | =X +2u— by R1’
Ta+22+2u | (V —ViLn 4 a> o+ 'ua] (by R
< ; (VC -9, 1)) -2 +2(A+p) A0 (by R1)
Toa+224+2u | «
1 A (Ae+ pre) Ad ,
< —AMc=686)+2(A — by R7
S oo otz M9 +”)a} (by R7T)
A [ ((a+ X+ 2p)c— pre 5
= — 2X 4+ 2u) —| .
at2xt+2u| ( at2h+ 2 Flat22+20) 7
Note that % < ¢, we have V°(1,0) < V°(1,0)if § < oz[(o(é;—i;?ﬁ;;;”c]_ Therefore, V¢(0,0) = a+2)\VC(1 0)
by c c! . wp(a— o+ ) [ W—amaxXy Ta,To,Te,Td al(a+A+2u)c—pure
< Z2V¢(1,0) = V¥(0,0) When(5<m1n{al(o(é+ul)iz)7( p)io—a max{ I, alletd ey }}, -

PROOF OF PROPOSITION 9. Suppose a patient arrives at station ¢ and observes state X. Under the subsidies SlO (x)

—&i(x), and 57 (x) = —&;(x) + &j(x), the utilities of staying, switching, and opting out become h; (;), ¢; — 87 (x) + h;(x;),

Z
and r; — s?(x) respectively. Note that ¢; — 87 (x) + hj(z;) = ¢; + hi(z;) + V(x +e;) — V(x + €;) and r; — so(x)
ri + hi(x;) + V(x) — V(x + €;), the patlent s 1nd1v1dual choice is

arg min{hi(:pi), ¢i — 87(x) + hj(x), i — s?(x)} = arg min{V(x +e),ci+Vix+ej), ri+ V(x)}7
which is the system-optimal solution. O

PROOF OF PROPOSITION 10. We first consider part (a). Let Vo(x) = O for all x. For n > 0, define Vii1(x) =
5[ oany Aipik min{wgsi (1) + Vo (x+€4), ¢t wis; () +Va(x+e)), rit Va(x)}+ 30 piV(x —eilfz; >
0])] We prove by induction that V is non-decreasing in each component of x. The claim is trivial for n = 0 by the definition of
Vp. Suppose that V;,(x + e;) > V,,(x), = 1,2. Since g;, 5, and V}, are non-decreasing in each component of X, every term on
the right-hand side of the recursion is non-decreasing in 2; and x ;. Therefore, Vn_,_l(x +e;) > Vit (x),7 =1, 2. Hence, V,, is
non-decreasing in each component for all 7. Passing to the limit as n. — 00, we obtain V(x + €;) > V(x),4i = 1, 2.

Suppose that an arriving patient prefers to opt out, i.e.,
ri < wisi(x;) and r; < ¢ + wsi(z;).
Then, from V (x) < V(x + ;) and V (x) < V(x + e;), we have
T + V(X) < wisi(x;) + f/(x +e€;) and 7; + V(x) < ¢ + wisi(z4) + f/(x +ej).

Thus, it follows from the optimality equation that the system-optimal decision is to opt out the patient.

We then consider part (b). Suppose a type- k patient arrives at station ¢ and observes state X. Under an opt-out subsidy level

59 (x) = V(x +e;) — V(x) and a switching subsidy level s (x) = V (x + ;) — V(x +e;), the utilities of staying, switching,

and opting out become wys; (), ¢; — 55 (x) + wis; (), and ri — 89 (x), respectively. Note that ¢; — 57 (x) + wisj(z;) =

i +wpsi(zi) +Vi(x+e;) = V(x+e)andr; — sP(x) = r; + V(x) — V(x + e;), the patient’s individual choice is

arg min{wkgi(a:i), c; — sf(x) + wysi(z4), ri — slo(x)}
= arg min{wkgi(:ci) + V(x +e€;), ¢ +wisj(z;) + V(X +ej), ri + f/(x)},

which is the system-optimal solution. O
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