Appendix A: Weighted bipartite graph for the example in Section 2.1
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Figure 9 Example of the weighted bipartite graph.

Appendix B: Proof of Theorem 1

1. The existence of a PNE for any given price vector follows from the fact that the second stage game is
of strategic complements. In other words, for any a; > o and a_; > o’ ; (componentwise), we have
increasing differences, that is, u;(ou,0_;,p;) — us(af, a_;,p;) > ui(o, & ,,p;) — w;(af, o, p;). This
follows from the positive externality assumption (see Assumption 1.b). Consequently, using the result
from Theorem 1 in Section 3.2 of Jackson and Zenou (2014) (the same result can also be found in

Topkis (1979)), we conclude the existence of a PNE.

2. If there are no ties in any of the PNEs, one can take ¢ = 0. Consider the case where there are ties for
some agents in one or more PNEs. In this case, one can choose € > 0 to be very small such that (i)
agents that were buying in any PNE are still buying (in particular, their utility strictly increases and
they become better-off), (ii) agents that were not buying (i.e., have negative utility) continue not to
buy, and (iii) agents who were indifferent (i.e., exactly at zero utility), become strictly better-off as
they derive a positive utility when the price is reduced by e. Consequently, all the ties are eliminated

for all PNEs.

3. In the case of a unique PNE, this is by definition a Pareto optimal PNE for the agents. We next consider
a setting where there are multiple equilibria. Consider any agent whose actions differ in the different
PNEs. As there are two actions, one of the actions is to buy in one of the PNEs. Note that when the
agent buys, s/he derives a (strictly) positive utility with the perturbed prices and zero utility otherwise.
As a result, this agent prefers to buy in the Pareto optimal solution. By using the non-negativity
assumption, this agent can only non-negatively impact other agents’ valuations and increase their
utility. This implies that all other agents also prefer the buying decision of the focal agent. Similarly,
one can argue that all agents who buy in one of the equilibria will buy (and prefer) the Pareto solution.
The only agents who remain are the ones that do not buy in any equilibria. Note that they will not
buy in the Pareto optimal solution either. This Pareto optimal solution is also a PNE: the buyers have
no incentive to deviate as they derive a strictly positive utility and the non-buyers should not deviate

either due to their negative utility from buying. O
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Appendix C: General Z-MIP formulation

In this section, we present the generalization of Z for any I' < K. Recall that in Section 4 we presented the

formulation for the case when I'= K — 1.

r&algc Z (zZ — cai)

yv.z,a,8m €T

s.t.

Yi = Z 9s,isui + Z 9s,ills,i — Zi
|S|<T I<|S|<K
SCI\{i} ScI\{i}

Yi = Z gs,i0s + Z 9s,iBs — D
[s|<r I<|S|<K
ScI\{i} SCI\{i}

y; >0

zi <pi

Qg <OZS\{.L-} Vies

Qsufi,j} = Qsufiy T Qsugyy — Qs

ag <fBs<1

Bs < Z Qsr

|S|’=T',s’CS
NS, = 0
Ns: Sy
Ns,i < PBs
Ns; = Bs+a;—1
a; €{0,1}

Oéq)zl

Viel

vViel

V1<|S|<T+2,5CT

VS| <D, ScI\{i,j}, {i} #{j} CZ
V|S|=T.T<|S|<K,ScScT

VI <|S|<K,SCT

VI <|S|<K,SCcI\{i},ieT

vViel

(Z-MIP)

(C.2)

(C.8)
(C.9)

The sets of constraints (C.3), (C.4), (C.5), and (C.6) linearize and ensure the correctness of the

variables ag and (5. For example, constraint (C.4) for agents i and j and S =0 is given by:

a;; > o; +aj — 1, which along with other constraints ensures o, ; = o;c;. On the other hand,

constraint (C.6) for S={4,j} and I'=1 is given by: 5, ; < «a; + «;, which again along with other

constraints ensures f3; ; = max{q;,;}. Finally, constraints (C.7) linearize the 7g, variable in a

similar fashion as in constraints (C.3) and (C.4).
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Appendix D: Proof of Theorem 2

Before proving the main theorem, we state and prove the next Lemma that identifies the optimal

values of all variables, given «; Vi € T (discrete or fractional).

LEMMA 1. For given (discrete or fractional) «; Yi € I, the revenue mazimizing solution (and

hence profit maximizing because o; values are fized) is given by:

pi=2 4 (1—a)p™™ Viel (D.1)
Z 9s,i0su; T Z 9s,iMs,; vViel (D.2)
ScI\{:i} SCI\{i}
|s|<T |S|>T
s = min{f35, a;} Vi¢gS T'<|S|<K,SCI,iel (D.3)
ﬁ;:min{l, 3 ag,} VI <|S|<K,ScT, (D.4)
5/C8,|8!|=T
ag:rxéiél{ai} V1<|9|<T'+1,5CZ. (D.5)

We begin by showing (D.1-D.2) first assuming that all remaining variables «,3,n are given.
Consider the remainder of the feasibility constraints (4.6) for each agent. Eliminating y; reduces

them to:
z; > max{0,p; — (1 — a;)p™*} (D.6)
z; <min {piu a;p™x, Z 9s,i%su; + Z ERVIERT Z gs,i [asui — as] + Z 9s,i Ns,i — Bs] +pi}-

scI\{i} sci\{i} scI\{i} sci\{i}
|s|<T [S|>T |s|<T |S|>T

(D.7)

We know that gs;asui < gsioi and  ggins, < gs.a;. Therefore, 3 scn iy gsiosui +
[S|<T
ZSCI\{ } 9s.iMs,i < ZSCI\{ 4 98,0 < < p™®*qy;, where the last inequality follows from the definition of
1S|>
prax, Note that the objective aims to maximize z;. Since p; is also a decision variable and increasing

p; increases the value for z;, one can set pf =z} + (1 — a; ) p™®*. Therefore, we obtain:

0<%z < Z 9s,isu; + Z gs,i"Ns,i (D.8)
Scr\{i} ScI\{i}
|5|<T' |S|>T
0< Z gs,i [aesui — as] + Z 9s,i Ms,i — Bs] + (1 — o) p™>. (D.9)
SCI\{i} SCI\{i}
15|<T' |S|>T

We next show that constraint (D.9), which is independent of z;, always holds allowing us to identify
z*. Observe that [ag — asyi] < [1 — ;]. The inequality follows from constraint (C.4) when {j} = 0.
Similarly, [Bs —ns.:] < (1 — ;) using the last constraint of (C.7). These inequalities along with
the non-negative influence terms and the definition of p™®* prove (D.9). Therefore, maximizing z;
results in z} = ZSCI\{ } 9s,i®sui + Y sci\{i} 9s,iNs,i, hence proving our claim about (D.2).

S|>T
Given the form ofJ z* and the fact that we are maximizing it, ag and 7g; should be set at their

maximum values as the influence terms are always non-negative. Assuming that all a values are
given, (D.3) and (D.4) follow from constraints (C.7) and constraints (C.5-C.6) respectively. We
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next show that the solution in (D.5) is also the largest feasible solution for every ag variable. One
can see that for |S| =2 the result holds (similar to (D.3) above). We next show inductively that
(D.5) holds for larger |S| values. Assume that it is true for some |S| = k. Constraints (C.3-C.4)

are as follows:

ag < min ay Vies

T keS\{i}
ay, v Sa{i}, S {j}{i} #{j} cT.

ag> min o+ min ap— min
keS\{i} keS\ {5} kes\{i,j}

The largest feasible value of «ag from the first set of constraints is min;cg [minkE S\{i} ak} =
mingcgs ap. We next show that this is feasible to the second constraint. Observe that mingcg v, is
the same as mingec g\ ;3 v Or mingeg\ (53 o (or both if they are equal). In addition, mingec s\ fi ;3 v is
always greater than either of those terms and therefore, the constraint holds. Note that by setting

all variables at their largest values, we arrived at a feasible and revenue maximizing solution. [

Consider solving the relaxed version of Z-MIP, where the binary constraints for each «; Vi €Z
are replaced by: 0 < «a; < 1. Let V* = (a*,B*,n*,p*,y*,z*) be a fractional optimal solution to
the relaxed problem with a corresponding objective II*. We construct a new solution with all a;s
being integer and show its feasibility to problem Z-MIP (hence relaxed Z-MIP as well) with an
objective at least as good as V*. We denote the solution we construct by V= (d,,@,ﬁ,f),ff,i) and
its corresponding objective by II. We next construct this new solution.

For any agent i, &; = [« where [.] refers to the ceiling function that maps a real number to the
smallest following integer. Let T be the subset of agents who buy in V, i.e., &; = 1 which also refers
to those with o} > 0. Then, ag =1 for any S C T and |S| <I'+1, and 0 otherwise. In addition,
Bs =1 for all sets S C T such that |S| >T and |SNT|>T. Also, 7js; =1 if both S =1 and &; = 1.
Finally, if a; =1, Z; = p; (described below) and g; = 0. Otherwise, Z; = 3; =0 and p; = p™**.

From Lemma 1, we know that:

" = Z [ Z 9s,i%su; + Z gs,m;i] —cZozf :Z [ Z gs,i®sy; + Z 95@772,1} —cZaf

ieT  ScI\{i} ScI\{i} €T €T SCT\{i} ScI\{i} €T
|S|<T |S|>T |S|<T |S|>T,|SNT|>T
- Y ot Y as]-drl
€T  SCT\{:} SCI\{i}
|S|I<T |S|>T,|SNT|>T

We next reorder the agents, rewrite the objective function, and argue that a certain property
holds for a partial sum. We then introduce a sequence of iterative steps to show that IT > IT*.
e Order the agents in the set T'= {ky, ko, ...,k } such that S a;‘;m.
e Create the nested sets of agents: Ty C To C --- C Tiyy = T, where {ki} =T1,T1 U {ko} =
Ty, Ty Udkgr } =Tty oo, Tir =T
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o Rewrite IT* as follows:

T

= Z [ Z ( ng,iagui + ng i, z) + Z 98 ke XSUk,, T ZQS o 115 ey, — €O, |-

m=1 €Ty, _1 Sokm Sk, SCI\{i} SCTy,— SCI\{km}
SCTm \{i},|SI<I’ |S|>T,|SNTy, |=T \S\SF |S|>T,|SNTy, | >T

We build the above objective by considering the marginal terms obtained by adding one agent
at a time starting from k; to k. For every agent that we add, say k,,, related value terms
and cost terms are included. The value term corresponds to all influence terms related to all
sets S that consists of k,,. In particular, they consist of terms where k,, is the influencer for
all agents added so far (i.e., i # ky,,,i € T,,_1) and terms where k,, is influenced by previous
agents (i.e., by agents in T, ; on i =k,,).

e Substituting (D.3-D.5) from Lemma 1 in II*, we obtain:

T

H*:Z{ Z ( ngz Z gSi) Z 98,k T ngm—} - (D.10)

m=1 €Ty, _1 S3km,SCI\{:} SCTp, — SCI\{km}
Sch\{ } [SI<T |S|>T,|SNTy, |=I" |S\<I‘ |S|>T,|SNTy, | >T

We know that II* > 0 because a no-buy for everyone results in 0 profit and is a feasible solution.

Moreover, any cumulative sum starting from the last term in (D.10) has to be non-negative:
g 20 Vi=1,...,|T]. (D.11)

Otherwise, it would have been beneficial to set «y,, values corresponding to these agents
(og,, - ..ozkm) to 0, and restrict T to just T;_; (where T =0).

We now introduce a sequence of iterative steps to show that II > II*. We choose a decreasing
iteration counter, [, and show that the above property holds in each step.

1. Let [=|T|, V!=V* and II' =

2. If3ieZst. 0<al<1, go tostep 3. Otherwise, set I =1II' and the procedure terminates.

3. For all i € {ki,...,kr|}, increase o/~ = aﬁw , and no change otherwise, i.e., almt=al.
>0 gy as T g > 0 and T0 5 =TI, ; Vi=1,...,1 -1 . Therefore, we
obtain IT\; o IT\ > 11}, 7+ Also, from the previous step (or (D.11) when [ =|T[), we know that
I,y >0V i=1,...,|T|. Therefore, -, >0vi=1,...,|T)|

4. Proceed back to step 2 after setting [:=1—1.

This results in Hz LT =

[é ITI]

As a result, the algorithm terminates in at most |T'| steps and the final solution is such that all
«; values are integer as oy, = 1. Note that in the above steps, we did not discuss the feasibility of
the solution in each step. It can be shown that the solution remains feasible to the relaxed Z-MIP
in each iteration, although it is not relevant from the perspective of the proof and hence omitted.
The final integer solution & is feasible to the relaxed Z-MIP and also to Z-MIP with an objective
II > II*, hence concluding the proof. O
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Appendix E: Proof of correctness of Algorithm 1

First, we note that after each iteration of the procedure, at least one agent is removed from the
network. Therefore, the algorithm clearly terminates in finite time, more precisely, at most after N
iterations. We denote by Iy (< N) the total number of iterations and by N the number of agents

in the network at iteration t=1,2,..., .
Next, we show that the only candidates for the optimal uniform price are pmm Vite{l,...,Ir}

(see the definition in Algorithm 1). First, observe that the uniform optimal price cannot be smaller
1)

than pmm Indeed, for any price p < p,,;,, all agents that bought in the discriminative case will still

buy at this smaller price. However, a lower price than pfﬁbzn will result in lower profit (per buyer)
for the seller. It is possible though that some new agents would buy the item at the lower price
inducing an overall higher profit. Nevertheless, one can see that the new lower price in a uniform
pricing scheme certainly will not be less than c. Therefore, it suffices to consider prices that are at
1)

least ¢ but lower than p,,;,, if any. If this is the case, it would have been profitable to offer this

price (which is higher than ¢) to those agents in the discriminative pricing scheme as well. Since it
1)

min

was not optimal to offer a lower price than p, : to the non-buyers, it is not profitable to decrease
the uniform prlce lower than pmm As a result, we conclude that the optimal uniform price cannot
be smaller than p'}) . We now consider the case where the uniform price is larger than p{') . In this
case, we lose the buyers with p; < pmm from the discriminative pricing scheme. Otherwise, in the
discriminative case one would offer a higher price. We can therefore remove those agents from the
network. Now applying the same argument it is the case that the uniform optimal price cannot be

equal to a value that is strictly between pmm and pmm By repeating this procedure, we conclude
(t)

that the optimal uniform price has to be equal to one of the p,, .. prices. In order to select the
best uniform price among these I7 candidates, we just need to evaluate the corresponding profits
(denoted by TI¥ V¢t =1,2,...,Ir) and choose the one that yields the maximal profit. One can do
so by using the following relation:

Nt
= (pl), —c Za‘” (E.1)

where N® is the remaining number of agents in the network at iteration t. O
Appendix F: Proof of Proposition 2

Consider the continuous relaxation of problem Zi that replaces the binary constraint «; € {0,1}
by 0 <a; <1V ieZ. We consider the version of problem Zi without the dual variables w; (see
Observation 4). Let V* = (p;,d},y;,af,7;) Vi € Z be an optimal solution for the relaxed problem
with the corresponding objective II*. We divide the proof into two parts. First, we show that given
any optimal solution, one can construct a new optimal solution for which all variables o Vi € T are
integer. Second, we construct from the latter solution a new solution with all variables ~; Vi € 7

integer as well. Assume that the initial optimal solution has at least one fractional component i.e.,
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37 €T st. 0<aj <1 Now, consider three other feasible solutions V,V, and V to the relaxed

problem as follows:

(p;,d; oy, 1,77) if i = j

v otherwise

(i, d;,0,1,1) ifi=j
V=(p,di,7,a.7) = { @i +(L=7)gzudi 7, a7,77) ViES,

Vi otherwise

(p;,d;,0,1,0) ifi=j
K: (Bﬂdmgzvgmll) = (pz* _v;gjzad:ay:7a:77:) Vi ESj

v otherwise

Here, S; denotes the set of neighbors of agent j (excluding j). We observe that all three solutions
are feasible to the problem for the following reasons. First, since 0 <} <1 it implies that (gjj +
>V G — p;‘) =0 as otherwise it cannot be a best response for agent j and cannot satisfy the
equilibrium constraints. In addition, to ensure feasibility, we should have either v; =0 or dj =t;
and hence, y; = 0. Therefore, changing o} to 1 or 0 does not affect the best response of agent
j as far as «; is concerned. Note that we construct the dual variable for agent j to satisfy all
feasibility constraints. Second, we have modified the prices of the neighbors of agent j exactly by
the change in the level of influence from agent j on them and therefore, purchasing decisions of
agents ¢ € S; remain the same. Third, since agents in Z\({j} U S;) are unaffected by the change in
aj or p; Vi €S, the solution remains feasible for them as well.

We denote the objective corresponding to these new solutions by I, II, and I respectively. We
observe that IT* —IT= —(1 — a;)(p; —c). Since V* is an optimal solution, it has to be the case that
p; —c¢ <0 as otherwise V is a better solution. In addition, we observe that IT* —TT = —(1 — a;)(p; —
c)+(1—~;)d; — Ziesj a;g;i(1—~;) and IT* = = o (p; — ¢) —v;d; +Ziesj a; g;7; - Since IT* is the
optimal value of the objective and 0 < o <1, both IT and II are lower or equal than IT*. By requiring
m—11>0 together with II* — II > 0 and using the fact that p; — ¢ <0, we obtain the condition:
a; > ;. However, from feasibility, we know that o; <+; and thus a; = ;. By using this fact, we
obtain: I* =TT = —(1—a})(p; —c—d; + Dies, afgji) and I* — I = o (p} —c— d; + Dies, o Gsi).
Since 0 < aj <1, it has to be the case that both V and V are also optimal solutions as they are
feasible and yield the same objective as V*. We therefore have reduced the number of fractional
components by one. One can now repeat the same procedure for each fractional value o} to derive
a constructive way of identifying a feasible integral solution with an objective as good as the initial

fractional solution. Since the number of agents is finite, this step is repeated at most N times.



Cohen and Harsha: Designing Price Incentives in a Network with Social Interactions

Then, we conclude that the continuous relaxation of problem Zi is tight, meaning that for any
feasible fractional solution, one can find an integral solution with at least the same objective.

At this point, we know there exists an optimal solution with o integer Vi € Z. We next show the
following result that allows to guarantee the integrality of v, Vi € Z at optimality. In other words,
it is optimal for each buyer to either fully influence (i.e., af =~ =1) and receive the full discount
or not influence at all (i.e., 77 =0) and pay the full price. Consider the optimal integer purchasing
decisions o Vi € Z. For all agents k£ with aj =0, it is clear from feasibility that ; = 0. Consider
a given optimal solution denoted by V* with o} =1 and assume by contradiction that 0 <~; <1.

Consider the following feasible solutions (denoted by V and V) to the relaxed problem Zi:

(p72d;,y7,1,1) ifi=j
V= (B,,di, 7, @, 7,) = (P + (L =) gsi di y7 07, 77) Vi€ S,
v otherwise
(pr.d;,y;.1,0) ifi=j
V=(p.d.y,a.y,) =14 P =590y a070) Vies,
1% otherwise

As before, S; denotes the set of neighbors of agent j (excluding j). We observe that both solutions
are feasible to the problem for the following reasons. First, we note that we construct the dual
variables for agent j to satisfy all feasibility constraints. Indeed, since 0 <~} <1, it has to be
the case that dj =t; as otherwise it cannot be a best response for agent j and cannot satisfy the
equilibrium constraints. Second, we have modified the prices of neighbors of agent j exactly by the
change in the level of influence from agent j on them and hence, the purchasing decisions of agents
i € S; remain the same. Third, since agents in Z\({j} U.S;) are unaffected by the change in o} or
p; Vi € S;, the solution also remains feasible for them.

We denote the objective corresponding to these new solutions by IT and II respectively. We observe
that II* —II = (1 —v}) [d;‘ - Ziesj a;*gji] and IT* — I = —~; [d;‘ - Ziesj a;g;;|- Since II* is the
optimal value of the objective and 0 <~j <1, dj — Ziesj a; gj; = 0 should hold. Otherwise, one of
the solutions we constructed is strictly better than the optimal solution and this is a contradiction.
Consequently, one can see that both V and V are also optimal solutions as they are feasible and
yield the same objective as V*. In the process, we have therefore reduced the number of fractional
components by one. One can now repeat the same procedure for each fractional value 75 to derive
a constructive way of identifying a feasible integral solution to the problem with an objective as
good as the fractional solution. Note that since the number of agents is finite, this step is repeated
at most N times. In conclusion, the continuous relaxation of problem Z7 always has an optimal

solution with integer purchasing decisions and integer ~ variables. O
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