Online Appendix for “Modeling Payment Timing in Multiechelon Inventory
Systems with Applications to Supply Chain Coordination”

Proof of Lemma 1: Rewriting (1) gives that for any 7,

8j(t) = —B;(t)+D;(t)

Rj(t) = Li(t) +8;(t)

i1(t) = T0;(t) +R;(t) (8)
Sj+1(t) = IT;(t) +R;(t)

We prove by induction. For j =1, (2) becomes S1(t) = —B1(t) +D1(t); R1(t) = IN1(t) +D1(t); D1(t) =
D1(t). The first equation directly follows from that in (8). The second equation is from the first two
equations in (8). Now, if (2) holds for j, we have from (8) and (2 )

Sjs1(t) = ITj(t) +Rj(t) = ITj(t) + IN( +ZIOP ) + D1 (t)

= Bt +ZIOP ) +D1(t) (9)

Similarly, from (8) and (2)

Djy1(t) = 10;(t) + R;j(t) = 10,(t) + IN,( +ZIOP ) -+ Dy (t)

J
= TOP(t) +Dy(t)
i=1
and finally, from (8) and (9),

Rjr1(t) = Ljp1(t) + 8j11(t) = Lj41(t) — Bjsa(t +ZIOP + D1 (t)

:INj+1 —|—ZIOP +D1 )

Proof of Proposition 1: Follows dlrectly from the definition of payment processes and funda-
mental processes.
Proof of Proposition 2: We thank an anonymous reviewer for his/her suggestions regarding this

proof. First, we establish the following lemma;:

Lemma (A1). Consider an n-stage serial system and let B;(t) and Bj;(t), respectively, be the local
backorders at stage j under two local base stock policies y and y. Then, assuming the system begins

empty just before time 0, for any sample path, we have |Bj(t) — B;(t)| < |G — yn| + - + 7 — y;] -

Proof. By induction. Let D]-Lj = demand at stage j during stage j’s lead time from ¢ — L; to t. For



j = n we have reliable supply, so B, (t) = [DE» — yn]+ and B, (t) = [DEr — gn]+. Suppose Yp, > Un.

Then, for any given sample path, one of three cases occurs:

Din < g, <y, = Bn(t) = B,(t) =0 = By(t) — B,(t) =0

o < DEr <yn = Bu(t) =0, Bo(t) = D" = Gu < yn =G0 = Gn— Yo < Balt) = Ba(t) <0

n <yn < Dim = Ba(t) = D" =y, Bu(t) = D" —Gn = Ba(t) = Bu(t) = §in —yn <0
< <

So for all cases, Jn — yn < Bn(t) — Bp(t) 0. If instead yy Un, similar arguments give 0 <
Bn(t) — Bu(t) < §in — Yn. So combining the two yields |B,(t) — Bn(t)| < |§n — Yn|. Now suppose
the result holds for stages m,...,j + 1. The key difference is that shipments to stage j may be
delayed due to backorders at stage j + 1, so at time ¢ the inventory transfer positions for stage j one
lead time prior to the current time ¢ (i.e., at time ¢ — L;) under the respective policies are given by
ITP(t — L;) = y; — Bj41(t — L;) and ITP;(t — L;) = §; — Bj41(t — L;). Note that

T =y + Bt - Lj)} i

~ L, — + L; - ~ +
Bj(t)Z[D1 —ITPj(t—L]-)} :[Dl —yj+Bj+1(t—Lj)} :

Bi(t) = [D} —17Py( ~ 1)] " = [Df

By Considering both Yj —Bj+1(t—Lj) > gjj —Bj_H(t—Lj) and Yj —Bj+1(t—Lj) < gjj —Bj+1(t—Lj), and
considering three different cases regarding the ordering of these two quantities and Dle for each inequal-
ity, arguments similar to those above imply ‘Bj(t) - Bj(t)‘ < ‘gjj —yj + Bjt1(t — Lj) — Bjpa(t — Lj)| .
Using properties of the absolute values of sums, along with the inductive hypothesis, this yields

Bj(t) — B;(t)| < 195 — yjl + | Bjs1(t — Lj) — Bjsa(t — Lj)’ <G = ysl + 1G+1 — yjal + - [Gn — yal -

O

Returning to Proposition 2, consider base-stock policies y and y. Here, quantities with a tilde are

associated with policy ¥; those without correspond to policy y. We can write 7;(t) as

m;(t)

- t
—Z{wal{T;-€ gt}—l—/ajwj-l{Tf Su}du}
k=1 0
t

+3 o U <0+ [ a1t < ud)
k=1 0
t

= {500+ ajuy [ Ny(wdu) + {51 N5a() + ajuss [ Nya(wdu)
0 0

t
= aj(wj-1— wj)/Dl(U)du +wj—1Nj_1(t) — w;N;(t)
0
t

—a [ (611 = w03) (Da () = Ny @) + 0y (N (0) = Ny-a ()] .



So,

Expressions for key quantities such as N;(t) — N;(t), N;(t) — N;_1(t) and D;(t) — Nj_1(t) depend on
the specific payment timing scheme being used. We show detailed arguments establishing the result
for one relatively general category of payment timing - very similar arguments establish the result for
other schemes. Specifically, suppose stage j makes payments when stage k ships, and stage j —1 makes
payments when stage m ships. Define echelon base stock levels Y; = y; + - - - + y; for any stage ¢, and
assume that the system starts empty just before time 0. Then by time ¢, stage j has ordered Y ;+ D1 (t)
units, stage k has received orders for Yy_1 + D;(t) units, and stage k has shipped Y;_1 + D1(t) — Bg(t)
units, so N;(t) = Yi—1 + D1(t) — By(t). Similarly, Nj_1(t) = Yi—1 + D1(t) — By (t). Therefore

N;(t) = Nj(t) = Yi1— Y1 — Bi(t) + Bi(t), (11)
Nj1(t) = Nj_1(t) = Y1 =Y 1 — Bn(t) + Bu(t), (12)
N;i(t) = Nj_1(t) = Yi_1 —Ym_1 — Bi(t) + Bu(t), (13)
Di(t) = Nj_1(t) = —Yp_1+4 Bn(t). (14)

From (10), assuming the relevant limits exist (which will be established later), we have

i B {3 (50 = B0} = Jim s BN -1(0) = Fya (0] = BN (0 - o)

t—o00

_tligloE{% /O‘j [(wj—1 = wy) (Dr(u) = Nj-1(u) + w; (Nj(u) — Nj-1(u))] du}
0

+Jim B(; / o |(wj-1 = wy) (Da(u) = Nj-a(w)) + 1wy (Nj(w) = Ny (w)) | du}.
0

By (11) and (12), the argument of the first limit is

w1 [Ym_l Vi1 — Bo(t) + Bm(t)} — w; [Y,H Vi — Bi(t) + Bk(t)] .
From Lemma A1, this quantity is uniformly bounded below by the constant

LB = wj [mel ~ Yot = |n = Yn| = |Gn-1 = Yn-1| — - — |Tm — yml}

—w;j [Yk—l ~ Vi1 + G0 — Ynl + [Gne1 — Yna| + -+ |Gk — ykq



and uniformly bounded above by the constant
UB = wj [Ym—l — Yoot + [T = Ynl + a1 = Yna| + -+ + [T — ym!}
—w; [Yk—l ~Yie1 = G0 = Yn| = |In-1 — Yn—1| — -+ — Tk — yk|] :
Since tliglo%LB = tli)rgo%UB = 0, the first limit above exists and
LrgO% L B [N (0) = Ny ()] - g2 [Ny - Fy0)] L = 0.

Based on (11)-(14), these remaining limit terms can be written as

t—o00

lim F 1/% (wj—1 — wj) (Dl(u) - Nj_l(u)) + w; (N](u) - ]\ij_l(u)ﬂ du
0

—lim F

t—o0

+ [l = ) (Da(w) = Ny (@) + 0y (N (w) = N2 (0)

0
= limFE 1/0@- [(wj,l — wj) <—Ym,1 + Bm(u)) + wj (ffk—l . Bk(u) -+ Bm(u))} du
0

t—o00

lim E 1/% (w1 — ;) (=Yino1 + Bon()) + w; (Y1 — Yin_1 — By() + Bm(u))] du

t—o00
0

= qj [— (wj—1 — w;) Y1+ wj <3~/k_1 — Y/m71>]
+tlirgoE 715/aj {(wj,l — wj) By (u) + w, (—Bk(u) + Em(u))} du
—Q [— (’wj_lo— wj) Y1+ Wy (kal - Ym—l)]

CmE 1/% (w1 — w;) Bua(u) + w; (= By(w) + Bu(u))] dus

t—o0
0

It has been established (see, e.g., Zipkin 2000, pp. 180-181) that under a fixed pohcy hm 1 fo u)du
exists (with probability 1). Specifically, the backorder process’s long run frequency dlstrlbutlon exists
(with probability 1), the backorder process has a limiting distribution, and the two distributions are

equal. If we denote the random variable with this distribution B, then hm n g fo u)du = E[BY],



which we denote B;. Therefore the limits above exist and we have

lim E {1 (mj(t) — %j(t))}

t—o00

t—o00

— lmE % / 0 (w1 — wy) (D1 () = Kjaw) 4wy (W) Nj1(w)) ] d
0

t—o00

—lim FE % /()cj [(wj_l — wj) (Dl(u) — Nj_1(u)) + wj (N]('LL) — Nj—l(u)>] du
0

= qj [— (wj—1 — wj) Yim—1 + w; (371@—1 - i/mfl)] + aj (wj—1 — wj)Bm + ajw; (Bm - Bk)
—a; [= (wj—1 = wj) Y1+ wj (Vi1 — Ym—1)] — 0 (wj—1 — wj) B,, — ajw; (B, — By)
= qj [(’wj—l — wj) (—?m—1 + Bm> + wj (?k_l —Ymo1— By, +Bm)
—aj [(wj—1 —wj) (=Ym-1+ By,) + wj Ye—1 = Y1 — By + B,,))]
= [Oéj (wj—1 —w;) B (@) + Oéjwjff@)} - {aj (wj—1 —w;) B (y) + ajwjff(y)}
= /@ -l
Proof of Proposition 3: For any pair of local base-stock levels (y2,y1), from the definition of

base stock policies and the definition of IOP;, we have ITy + 15 = y2 + By and I'Ty + 11 = y1 + By — Bo.

As a result, C7(y2,1) can be expressed as

Cl(ya,1) = aclyz+ Ba(y2) +y1 + Bi(y2,y1) — Ba(y2)] + o(p — ) Bi(y2, 1)
= ac(yr +y2) +ap [F2(3/2)/ ( —y1) fi(z)dx
Y1

+ /: /y:yg_v(u —Y1— Y2+ v)fl(u)fg(v)dudv] ,

For any (y2,y1) with yo > 0 and any € € [0, y2], we can write

e}

Clya—e,yi+e) = aclyz+y1)+ap {FQ(?H - 6)/ (z —y1 —€) fi(z)dx
Yy1+e€

Since

8Cf(y2 —6 U + 6)
Oe

o0

= o / T (@ — 1 - Oh(@)dz + Fa(ys — o) / ~ fi(@)dz

1+e€ y1+e€

+/yoo (u—y1 — €) fr(u) fa(y2 — €)du

1+e€
= —I(y2—¢) (1 - Fi(y1+¢)) <0,

total supply chain costs decrease as € drops to 0 while keeping y; + y2 constant. (Note that reducing
yo further while keeping y; + y2 constant does not affect either inventory levels or backorders at the

retailer, and thus does not affect total supply chain costs.) Therefore y5 = 0 is optimal. Given no



inventory at the supplier, the problem reduces to a standard single-location base stock model with

p=c)

leadtime Lo + L. Therefore, the optimal base stock level at the retailer is F1+2( -

Proof of Proposition 4: The supplier’s best response is independent of the retailer’s choice of
y1- It is equal to zero when w = ¢ and increasing in w. The retailer’s best response is y; (y2) =

arg min,, {Fg(yg)gl(yl) + f;; g1(y1 +y2 — x)fg(x)dx} To see that y; (y2) is decreasing in yo, we

check for supermodularity. First, we confirm that 66’16(# ny g1 (y1 +y2 — ) fo(z)dz, and g (y) =
aFi(y) — a1(p — w). So, LALLM — qypy [*Fy(yy + yy — 2) fo(w)dz — on(p — w)(1 — Fa(ya)) -

2 . . .
Then, % = ai1py fyozo f1(y1 + y2 — ) fo(x)dx > 0. So, y1 (y2) is decreasing in y2. It approaches

Fl_1 (%) from above as yo — oco. To derive an upper bound, note that when yo = 0 the retailer’s
best response is y1(0) = argminy, {[;° fo(@)g1(y1 — x)dz} = F1+2 (ppw). So, yi(y2) is less than
Fljrlz (%) so long as w > c.

Proof of Proposition 5: To determine equilibrium behavior, note that from C’{ , the retailer
only incurs costs based on backorders. Therefore, 80{ (y2,y1)/0y1 < 0 for any value of y9, and the
retailer will simply try to order as much as possible, i.e., y1(y2) = Y. Notice that the supplier’s

cost function has the same structure as the supply chain’s cost function, except that it has cost

a(w — ¢) associated with the backorders instead of a(p — ¢). Therefore, from Proposition 3, the

supplier’s costs are minimized when (y2,y1) = (0, F 1;12(1“1;6)). Although the supplier cannot force this

specific solution, the exact same inventory levels and retailer backorders (and thus the same costs)

can be achieved with any base-stock pair (y2,y1) = (—x,Fﬂé(“’_c) + ) with > 0. Given the

w

retailer’s choice, the supplier can accomplish this by choosing y2(Y) = Fy, +12( —€) =T <0, yielding

the equilibrium (y2,y1) = (Fljrlz(w;‘:) — T,T), and the same inventory and retailer backorders as

(y2,y1) = (O,Ffé("”;c)). Since the centrally optimal base-stock levels are (y2,y1) = (0, Ffﬁﬂ%)),

and Fy,(%¢) < Fl_jz(%), the inventory at the retailer is lower than optimal. Furthermore, since

Ff_&Q(w;C) is increasing in w, the deviation from optimality is decreasing in w.

The additional technical requirement that an upper bound T limiting each party’s base-stock choice
to reasonable levels warrants some discussion. Without any additional technical restrictions, this case
is not well-behaved - i.e., a Nash equilibrium does not exist. With no penalty for ordering, the retailer
would choose an arbitrarily large base-stock level to avoid any chance of backorders. Such behavior
is not reasonable to expect in any practical setting, and this anomalous theoretical behavior can be
prevented with any one of a variety of minor technical adjustments. The approach we choose is to
simply add an upper bound Y limiting each party’s base-stock choice to reasonable levels. (Other
approaches that would lead to the same outcome include using echelon base-stock levels as decision

variables, or allowing sequential base-stock level choices where the supplier acts second. All of these



approaches capture the practical fact that the supplier is in a position to control how much inventory

reaches the retailer - a feature that was observed in the Motivating Story in the introduction.)

c(p—w)
w(p—c)

Proof of Proposition 6: Let 4 = Under 7 the retailer’s cost can be rewritten

Ci(y2,y1) = yoaw [IT1 + 11 (y2, y1)] + o (p — w) B1(y2, y1)

= ZHalw Ty + Ii(y2, y1)] + aa(p — w) Bi(y2, y1)
_ O‘lcp(p_cw) Ty + Ii(y2, y1)] + ea(p — w) Bi(y2, v1)
= ];__15 {arc[ITy + I (y2, y1)] + o1 (p — ) Ba(yz, y1)} -

When g9 = 0, the quantity in brackets is equal to the total supply chain cost, so the retailer’s best

(%)) = 0. Note that

response is y1 (0) = F_ 5 (%) . It remains to show that yo (F1+12

cp-—w)  _clp-w—clp—c) _ (L=,
w(p — c) p—c p—c
the supplier’s average cost under 4 can be rewritten as

Yyw — ¢ =

)

Co(y2,y1) = aoc[ITy + Ix(y2)] — co(Jw — ¢) [(ITy + 11 (y2, y1)] + co(w — ¢) B1(y2, y1)

agc(w — ¢)

= agc[IThy + Iz(y2)] + ( ) UTy + 11 (y2, y1)] + a2(w — ¢) Bi(y2, y1)

w C
= opc[ITh + Ix(y2)] + - {agc [ITy + I (y2,y1)] + c2(p — ¢) Ba(y2, 41)}
= p_wachTg—i—p_w
p—c

OéQCIQ(yQ)

C
PR {agc [ITy + L(y2) + IT1 + I (y2, y1)] + o2(p — ¢) Ba(yz, y1)} -

Now, we know that the first term does not depend on base stock levels. The second term is minimized

and equal to zero for any yo < 0. To show that yo = 0, we look at the third term, which is simply

w—c
p—cC

times the total supply chain costs if the supply chain incurred interest rate ao. We know that the
optimal solution to the total supply chain costs is (0, Ff+12 (%)), which implies that the supplier’s
best response is ys (Fljrl2 (%)) =0.

Proof of Proposition 7: We will show that when the centralized optimal policy is to hold zero
inventory at the supplier, then the v above coordinates the supply chain. To find sufficient conditions
under which it is optimal to hold zero inventory at the supplier in the centralized solution, we follow
the arguments outlined by Zipkin (2000 p.317). First, we can establish that y{ = Ffl(%)
is the solution to the retailer’s cost function under the traditional “bottom-up” recursion algorithm
to evaluating the optimal policy for multiechelon supply chains. That cost function is traditionally
expressed as C¢(y) = h1E(y — Do) + (b + hy)E(y — D2)~, which has solution y§ = Ffl(%)
and we can make the substitutions hIQ = ac + hb, hll =W —hb, b = alp —c) + . Next, we



a(p—c)+bP

m) is the optimal echelon base stock policy at the supplier
1

can also establish that ¢} = F; 4_12(
assuming zero local inventory at the supplier. This follows from the fact that the solution to Cé’ (y) =
gy + hy(y — 1 — pi2) + (b+h1)E(y —D1y2)” is yb = FfﬁQ(ﬁ), and we can make the substitutions
hi =ac+hy ,b=a(p—-c)+bP. Thus yg’ determines the maximum level of inventory that the supplier
should allow the retailer to maintain. Therefore, if y? < y¢, then the supplier holds zero inventory and

%). Next, we show that this centralized
1

clap+hh) —w(act+h})— b (B —g(acth}))
w(a(p—c)+bP)

the optimal policy in local terms is y5 = 0, y] = Fljrl2 (

solution is a Nash equilibrium under v = . The retailer’s average cost
is

Ci(y2,y1) = (yow + AY) [IT1 + 11 (y2,11)] + (o(p — w) + ¢b”) B1(y2, y1)

When y2 = 0, the retailer’s best response is y1(0) = F1_+12 (a(pii()i;gifiiwhp
1

). Now, under v =
c(ap+h?)—w(acth?)— 2 (hP—p(act+h?))
w(a(p—c)+bP)
a(p—w)+¢bP _ a(p—o)+b®
a(p—w)+¢bP+yow+hy T ap+bP+hY

and with some algebra, the retailer’s critical ratio can be rewritten

as So, the retailer’s best response function is equal to the centralized

base-stock level. What is left to show is that the supplier’s best response is also equal to the centralized

_ P pp_
base stock level, y3 <F1_+12 (M)) = 0. Under v = c(apth?)—w(acth?)— = (WY —¢(acthl))

ap+bP+hY w(o(p—c)+bP) and with

some algebra, the supplier’s overall cost can be expressed as

Coly2,y1) = (ac+ hb) [ITs + I (y2)] — a(yw — ¢) [Ty + L1i(y2, y1)] + [a(w — ¢) + (1 — ¢)VP] B1(y2,v1)
a(w—c)+ (1 —¢)bP
alp—c)+bp

= (ac + hg) [ITQ + IQ] +

_ ag()p—_wc)) i ﬁﬁp (e + B2) [Ty + L]
a(w—c)+ (1 —¢)b?
+ a(p—c)+br

The first term is equal to zero for any yo < 0. The second term is proportional to the supply chain

(e + BY)[ITy + 1] + (a(p — ¢) + VP) By

{(ac+ W) [ITy + L) + (ac+ W) ITy + L] + (a(p — ¢) + b)) By }

total costs, which we know is minimized as the centralized optimal solution of yo = 0. Thus, we know

a(p—c)+bP

the base stock levels y5 =0, y] = F1_+12 (ap+bp+hp
1

) are a Nash equlibrium.



