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Proof of Theorem 1
Let |.|2 denote the Frobenius norm of a vector or a matrix. The theorem can be proved in
the following three steps.

STEP ONE: As {x;1,7 = 1,...,m} are independent and identically distributed with mean

2

2, we have E([iy,) = iz, and var(fa,) = 02, /m. Hence, g, — pz, =

t, and finite variance o

Op(\/%). To prove the convergence of 72 , we reformulate it as

- 1
O‘il = m— 1({[}11, ce ,l‘ml)M(l‘H, e ,:L'ml)T,

where M = I,,«m — %lmxllgxl is the idempotent matrix that M = M?. Because M is a
symmetric and real matrix, it is orthogonally diagonalizable and has m linearly independent
eigenvectors. Its eigenvalues are 0 (with multiplicity 1) and 1 (with multiplicity m-1). Letting
v1,02,...,U;,—1 be the eigenvectors with eigenvalue 1, then z; = (211, ..., Zm1)v; are indepen-

dent random variables with mean zero and variance afcl (Horn and Johnson 1990). Therefore,
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G2 — o2 :72%2_02 = Op(

The proof of Equation (11) is completed.

STEP TWO: From model (5), standard results from linear regression show that

~ 1 ~ 1 ~
Bo = Bo = Op(—=), 1 — B1 = Op(—=), and 73, — 02,1, = Oy )-
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As a result, one can obtain

B2 — B2 =B+ BB —B1) = (B — B1)? +2B1(B1 — 1) = Op(nil) ~|—Op(\/%) = Op(\/%).

Using the above results and Equation (6), we can show the convergence of i, as follows:

flay — tay = (Bo— Bo) + (Bifiw, — Biftay)
= (Bo- ﬂo) (Hzy — ﬂm)(B\l 1) + po (Br = B1) + Bu(fie, — pia)
= Op(7=2) + Opl ) + 0y 22) 4 Oyl ) = Opl =)
Similarly, 02, — 02, can be bounded by
oh, —on, = (- B — 2 + 0%, (B = B1) + 8132, — 02) + (@210, — O2ypan)
= Oyl ) + 0y 2) + Oyl ) + Ol 22) = Oyl )
For the term o, »,, similar arguments lead to
~ ~2 ~2 2 2 (B 1
Garas — Omrwa = (02, — 02)(B1 — B1) + B1(G2, — 02) + 02, (B1 — B1) = Op(\/nTl)'
This completes the proof of Equation (12).
STEP THREE: According to model (7), we have
. 1 _ 1 ~2 2 1
Yo — Yo = Op(\/T—g)v ¥ =l = Op(ﬁ), and Oyl — Tyl = Op(m)'
This implies
~12 9 ~ 2 ~ 1 1 1
A1 = 1rls = [l = Iz 207k > [l = 2] = Onl( ) + On ) = Onl =)

By Equation (10), fz, can be decomposed as

Ay —ty = (Go—70)+ (e — He) G =)+ (e — He) ¥ + pe (Y =)
1 N n R .
< Op(\/aﬁ) + | g —1%!2 x|y — ’1Y|2 + My — li’a:|2 X |vl2 +1\uw\2 X |y —17|2
= Op(—m) + Op(i\/m—l) X Op(\/7m—3) + Op(ﬁ) + Op(\/T—B) = Op(T?))-

Now, we turn to analyze the term a . Derivations yield that

=0y = (e~ oye) + 7 Ba¥ =7 Toy
Onl g+ (B — Z2)7 +7 T — 7 Ty



< Oy(
Op(—=

r) (r
)+ Op(—— )= 0,
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where Apax(Xz) is the largest eigenvalue of X5. Finally, we show that 7, ,, and o, ,, converge

)+ max(Em) g
)+ Op(—=

~ |
1

to their respective true values in probability. Let 77 and 75 be the estimators of 1 and ~9,
respectively. Thus, 7, ,, = 52 2171 T Ozy 2572 converges to o, ,, at the rate of O (F) that is
|Gy21 —Oyai| = Op(\/%). Analogously, [0y 4, — 0y z.| = p(ﬁ)' Equation (13) hence follows.

Proof of Theorem 2 For ease of presentation, denote a,, = O(by,) if there exists a finite

constant C' such that |a,,| < C|by,|, for all m. From Theorem 1, we have

1
vms

where 1, y and Xz, are the mean and variance estimators obtained via the regression-based
b

~ 1 ~
“’l’907y - ”chyb = Op(ﬁ)v and lzw,y - 2ac,y|2 = Op( ), (A.l)

moment estimation approach. To facilitate the derivation, we transform the vector (z1, x2, y)T
to w = (1,21 + x2,y) using the transformation matrix My = {z;;}3x3, where z;; = 1 for
(1,7) ={(1,1),(2,2),(3,3),(2,1)} and z;; = 0 otherwise. As a result, w follows a multivariate
normal distribution with mean p,, = M p,, ,, and covariance matrix X, = My 3., M] . Denote
by B, and 3, their corresponding estimators. By (A.1), we can have B — Bol2 = Op(ﬁ)
and |8y, — Bylo = Op( 5):

To show the consistency of ﬁ(y >3 | {z1 <G} U{z1 > ¢,z + 22 < é2}), we first use

the multivariate normal distribution to derive a specific form for Pr(y > ¢3 | {z1 < 1} U {x1 >

c1,T1 + x2 < ca}), that is

Pr(y > cs|{z1 < c1} U{z1 > 1,21 + 22 < c2})
Pr(y > ¢3) — Pr(y > ¢3,21 + 29 > co, 21 > ¢1)
1-— Pr(xl + 22 > co,11 > 01)

Pr(ws > ¢3) — Pr(ws > ¢3,w2 > c2,w; > 1)

1—- Pr(wz > cp,wi > 1)
fC3 ¢>1 w3; 13,03 dwg f% fcz fq ¢123 RENTIND > )dw
L— 29[22 dra(wi, wa; ty, B )dwidws '

(A.2)

where ¢1, ¢12, and @103 are the density functions of ws, (wi,ws)', and w, respectively. From
(A.2), f’;(y >3 | {1 <@} U{x; > c,r1 + 22 < ¢2}) can be similarly formulated, with
Iy, S, and (c1,c2,c3)" replaced by [, fiw, and (¢1,C2,¢3) ", respectively. As the density

functions of normal random variables are exponentially smooth, it immediately follows from



the continuous mapping theorem (see Theorem 2.3 in Van der Vaart 1998) that
f’;(y > 63 | {l’l < /C\l}U{CL'l > /C\l,l’l—l—xg < Eg})—Pr(y > 03|{.’£1 < Cl}U{ﬂfl >c1,T1+22 < CQ})

< Oy — Bosl2 + 1B — Bwla + 6 — e1| + @ — caf + 65 — c3])
1 N N .
= Op<7) + O(‘Cl — Cl‘ + ’CQ — CQ’ + ’63 — 63’).

NG
Now we derive the convergence rate of ¢j, ¢2, and ¢3. From Equations (17) and (18), ¢; — ¢; =
O(|fiy, — 12 + |Bw — Bwl2) = Op(ﬁ), for ¢ = 1,2. Similarly, from Equation (19), we have

e — c3l = Oty — Hyl2 + [Zw — Bwl2) + O(|F0 — wol + [ — ¢l2)-

Under the logistic regression model (20), one can show that O(|@o — ¢o|+|& —¢l2) = OP(\/irTz)'

This completes the proof of Theorem 2.

Proof of Theorem 3 Throughout the proofs, we use the generic notation fx(.) to denote
the density function of any generic random variable X. We shall prove that under the random
yield assumption, c3 as a function of @ achieves its maximum when 6 is proportional to «. For

ease of notation, we reformulate the models (5) and (7) as

xo = Po + Brx1 + T2,y = (Y0 +7200) + (71 + 72f1)T1 + 1222 + ¥, (A.3)

where z1, 22, and y are independent. Let v§ = 0 + 72060, 71 = 71 + 12061.
Under the random yield assumption, given ¢i, g2, and g3, cs as a function of @ can be

sequentially solved from (17) to (19)
q1 =Pr(z; > 1), 01 = Pr(azTG > co, 1 > €1),q392q1 = Pr(y > c3,X 0 > co, a1 > c1).

Without loss of generality, we assume 62 > 0. Taking derivatives with respect to 8 for the above

second equation leads to

/c w(ﬁj o) fy (1)) fon (1) =0, / f(f;;jez ey 4 0121) fry (1(1)) o (1) iy = 0,

co—05—0711

where [(z1) = — with 65 = Bof2 and 0] = 01 + B102. Accordingly, co as a function of

0 can be solved via

802 . fccioxlffz(l(xl))f$1(xl)dxl 802

gc 92, Jor w1 Sz, (W) fo, (21)da
001~ [ fr(I(x1)) far (w1)day * 00y

Jo fa (U(@1)) fay (21)devy

Cy = —91 X

4



Similarly, c3 as a function of 8 can be expressed analogously as

] /°° T fies — g — vtan — 19T) (1)) fon (1) dFaddy

c1 I(z1)

= [T G — w0)/6a1 — Fy(h(61,02)} . (1a1)) o (1)dy and

_802/00 /z) files =0 = viwr = 72%2) fo, (1(21)) fay (1) dT2 iz

096,
where k(61,02) = c3—§ —7fx1— ’)/QM and Fy(.) is the cumulative distribution function
of y in (A.3). Consequently, 3 % is proportional to (up to a negative constant)

/ e (@) oy (e1)dry [ {1~ Fy(k(61,6))} fry (1) o (1)

Cc1

- /00 Jao (1)) foy (1) dy /OO r1{1 — Fy(k(01,02))} fz, (I(x1)) fz, (21)d1. (A.4)

Cc1

Let f;cl (r1) = fgz(l(azl))fxl(xl)/féo fz,(l(x1)) fz, (x1)dx1 be a density function. Then, (A.4)

can be written in terms of expectation as
By [m)F7 [{1 = Fy(k(01,0))}] = By, [01{1 — Fy(k(01,02))}]. (A.5)

Note that k(61,62) is independent of z; if 729— — 1 = 0. The condition 72— — 1 = 0 implies
that @ is proportional to -, denoted by 8 « «. Thus, when € x «, (A.5) =0 and 253 = 0. The

same conclusion holds for ggS, that is,

gez x 61 X {Efxl (1] E7, [{1 = Fy(k(01,62))}] — Bf, [oa{l - Fﬂ(kwb@z))}]},
which equals zero when 6 « ~.

For any given 02 > 0, it holds that k(61,62) is an increasing function of x; when 72 L> .
Hence, by Chebyshev’s sum inequality, (A.5) > 0. On the other hand, (A.5) < 0 when 72 L<m
for any given 6, > 0. By condition 7,/602 > 0, we have 75 > 0 when 63 > 0. Thus, it holds that

for any given 2 > 0, c3(01,62) achieves its maximum when 6; = v102/v2. Now consider the

function c3(vy1602/72,02). Taking derivative with respect to 0y yields that

dez(1102/72:02) 1 Ocs(01,02) dcg(11602/72,02)
= — X ——= + =0.
d02 Y2 891 8(92

01="162/~2

As a result, c3(0) achieves its maximum when 6 o ~.



Now we verify the error function achieves its minimum when 6 o« . Under the random

yield assumption, the error rate can be simplified as

Pr(y >c3)  q19243
l—qig2 1—-qgo’

Pry >cs | {z1 <1} U{z1 >c,2'0 <)) =

which is an decreasing function c3. This together with the result for ¢3(0) yields that the error

rate achieves its minimum when 6 « ~.

Proof of Theorem 4 To simplify the presentation, we first prove the result when 6 = 1.
Recall that the error rate is defined as Pr(y > ¢3 | {z1 < c1}U{z1 > 1,21+ 22 < c2}). Because
the intake target @ is given, a fixed percentage of shortlisted candidates must be accepted. This
amounts to fixing ¢1¢g2 when solving ¢ from Pr(x; > ¢1, 21 +x2 > ¢2) = q1g2. From the logistic
regression model (20), ¢3 can be solved directly from Pr(y > ¢3 |0 = 1,21+ 29 > co, 21 > ¢1) =
qs3, given c; and ca.

To show that Pr(y > ¢z | {x1 < c1}U{z1 > 1,21 +x2 < c2}) is an increasing function with
respect to ¢, we first verify that g—zi’ < 0.

According to the condition Pr(zy + 22 > c2,21 > ¢1) = q1¢2, it holds that

/ / Fou (32) fou (1) dFadas = 105,
c1 Jea—Po—(14p1)z1

where Zo is defined in (A.3). By taking the first-order derivative of the above equation with

respect to ¢1, we obtain

ey S o (1pryen [ (F2)dT X fr, (1)
a9, = = 0. A6
der I fralea— Bo— (L4 Bu)m) fn (1)dt (4.6)

(A.6) implies that ¢y decreases when ¢y increases. Moreover, (A.6) is equivalent to

/ £, (ca— Bo— (1481 )21 ) (L4 B ) s  fo (1) = — 22 / Jia (ea—Bo— (14+B1)1) fon (1) derr,

which equals

/ fa(es = Bo — (L+ A1) (=1 + e)) (1 + Br)day X fo (c1)

_ gzj / fz2 — Bo — (1 + ﬁl)(xl + Cl))fxl (xl + Cl)dl’l’ (A.7)

by changing the lower and upper limits of the integral.
For notational simplicity, model (20) is reparameterized by

1
1 4 exp{—¢§ — ¢iT1 — Pala}

Pr(0 =1]z1,22) =

6



with ¢f = @0+ w200 and ¢} = @1 + ¢201. Then the condition that Pr(y > c3 | d = 1,21 + 22 >

co,x1 > 1) = g3 can be expressed as

1
[1—F~(63—’y*—’y*xl—’)/2§2)] * ¥ — /5 (fz)f (xl)d%2d$1
/01 /62—50—(14-51)961 Y o 1+ exp{_‘Po — P1r1 — P22} w2 .

1
= Q3/ / = = =
er Jer—Bo—(1481)z 1 T exXP{—p} — piz1 — P2a}

where ¥ is defined in (A.3). Taking derivatives from both sides with respect to c¢; results in

[z, (T2) fo, (x1)dTodz1, (A.8)

863/ / ~ 1 ~ ~
Yx1 — Y2To - - —— = (T x1)dTodzq
B, (1 fyles =0 — w1 — )Hexp{_%_%xl_¢2$2}fmg( ) fa (1)

1
1+ exp{—¢§ — pic1 — Y222}

=/ H*%*%(*%*ﬁq—w@ﬂ f2, (Fa)d2 . fur (c1)
ca—Bo—(1+51)

362 / [1—g3— Fy(cs —v5 —viz1 — v2{ca — Bo — (1 + B1)z1 })]
€1
1

X
1+ exp{—¢§ — viz1 — p2(c2 — Bo — (1 + P1)x1)}

fan(c2 — Bo — (1L + B1)x1) for (w1)dy.

The right hand side can be derived as

/ 1 [1— g3 — Fy(es =75 —yic1 — v2{ca — Bo — (1 + B1)z1})]

o 1
1+ exp{ QDS — sp’{cl — 902{62 — By — (1 + 51)x1}}f52(02 - /80 - (1 + ,81)(171)(1 + ﬂl)dxl X f$1 (Cl)
+gCQ [1—‘13 — Fy(es — 46 — vz — v2{c2 — o — (1 + B1)a1})]

1

“ T exp{—vh — piar — palcz — Bo— (L+ Bz )}fiz(@ ~Fo = L+ Br)z) fon (1)

/ A1) fay(c2 — Bo — (14 1) (—z1 + e1))(1+ Br)dey X (c1)

ng / B 1‘1 fgc2 ﬁo — (1 + 51)(%1 + Cl))fa:l (a:1 + cl)dazl, (Ag)
where
A(x1) = [1—q3— Fyles —v9 —ic1 — ve{ca — Bo — (L + B1)(—x1 +c1)})]
1
T+ exp{—¢} — ¢ic1 — pa{ca — o — (L + 1) (=21 + 1) }}
B(x1) = [1—q3— Fzles —v5 — (w1 +c1) —y2{c2 — Bo — (L + B1) (21 + 1) })]
1

X .
1+ exp{—f — ¢i(z1 +c1) — pafca — Bo — (1 + 1) (z1 + 1) }}
Note that 1 — g3 — Fy(.) > 0 by the condition Pr(y > c3 | 6 = 1,21 > c1,21 + 22 > c2) = g3.

Thus, A(z) > 0 and B(z) > 0. In addition, both 1 — g3 — Fy(.) and are decreasing

_ 1
TFexp()



functions. We then verify that

c3—Yp—V1c1—r2ic2—Bo—(1+P1)(—z1+c1)} < e3—y5 =i (x1+ec1)—ve{ca—Bo—(1451)(z1+c1)},

if and only if 71 < 42(2 4 £1). Similarly,

—po—pic1—paica—Po—(1+51)(—z1+c1)} < —pp—pi(z1+e1) —pafea—Po—(1+51)(z1+c1)},

if and only if p; < ¢2(2 + f1). Thus, A(x) > B(z). This together with (A.7) yields that (A.9)
is larger than zero. As a result, we have g—gi’ < 0.

Now we prove that the error rate function is increasing with respect to the cut-off ¢;. It
is straightforward to verify that the error function is proportional to Pr(y > ¢3) — Pr(y >

€3, T1 + T2 > co,x1 > ¢1). Similar to (A.8), it follows that

Pr(y > ¢3) — Pr(y > 3,21 + w2 > co, 1 > 1)

/ / L= Fy(cs — 7§ — via1 — oF2))fy (F2) for (1) dadary
- / / 1= Fy(es — 78 — i — 1082))fry (F2) for (21)dEaday.
ca—Po—(1461)z1

Taking derivatives with respect to c1, we have

dc * * ~ ~ ~
= B & // files =70 — @1 — 72%2) [z, (T2) fo, (1) dTad2y
1 {z1<c1 }U{Ta<ca—Bo—(1461)z1}
+{ (L~ Fyles 8~ Ater — o) iy () x fr, (1)
c2—PBo—(14p1)

Jdca

+ 8c1/ [1— Fy(es —v5 — iz — vo{ca — Bo — (1 + B1)z1 })] fap (c2 — Bo — (1 + ﬂl)xl)fm(ﬂfl)dﬂfl}-

By the result of (A.9), the second term is non-negative. This together with the result that
863 < 0 yields that the error function is increasing with respect to c1, thus decreasing for q;.

For the general case {x '@ > ¢z, 21 > c1}, we can similarly show that the error rate Pr(y >
c3 | {1 < e1yU{z1 > 1,270 < o)) is increasing in ¢; under conditions: vy < v2(260y /62 + 1)
and o1 < 2(201/02 + B1).



