Online Appendix

A. Auxiliary Results

In this section, we first establish that given commissions/subscriptions the corresponding competitive equi-
librium can be obtained through the optimal primal/dual solutions of a convex optimization problem (see
(1))). Then, we show that optimal solutions of both this problem and the revenue optimization problem @
can be characterized by maximizing a concave function over a polymatroid. The solutions of such problems
admit an interesting structure, which we leverage in the subsequent sections to establish our key findings.
We start by presenting our equilibrium problem. Given (v, u) € I' x U such that ¢ <1 for all i € S, define
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In Section of Birge et al. (2()18) we prove that for any optimal solution (:c q’,q ) to problem (|1} .
vector (g°,q ) is unique. Moreover, among all possible dual optimal solutions (6°, 05,77 n°,m) correspond-
ing to constraints (Ib)—(1f), we consider the one that maximizes > ienlsgn(dh) — sgn(b — (05 + %) +
Y iesl—sgn(q}) +sgn(s; —q;)](0; —n}). Lemmain Section of Birge et al.| (2018) establishes that
such a dual optimal vector (Hb, 0°,n’,n*, ) is unique. We refer to problem as the equilibrium problem,
since its solutions correspond to competitive equilibria.

PROPOSITION A.1. For any (v, ), the tuple (p,x,q°,q") constitutes a competitive equilibrium if and only
if
(i) (x, g%, @") is an optimal solution to the optimization problem (I);

(ii) the price vector p satisfies p; =0; for all i such that ¢ >0 and max;.;, j)eE{Gb T b} <p; <6 for all

i such that g =0, where (0b 0°,n’, m*, ) is the unique special dual multiplier speczﬁed above.

Next we introduce a class of optimization problems involving polymatroids. Let g,h : [0,1] - R U
{—00,+00} be functions such that |g(r)|,|h(r)| < oo for all r € [0,1). Suppose that these functions satisfy
the following assumptions:

(All) g¢(r) is continuously differentiable, strictly concave in r € (0,1), continuous at =0, and continuous at
r=1if g(1) > —o0.

(AR) h(r) is continuously differentiable, strictly convex in r € (0,1), continuous at r =0, and continuous at
r=1if h(1) < cc.f]

(AB) th(7) is strictly —decreasing in ¢t for r > 0 and jointly convex in (rt) €
{(r’,t) #>0,7 €[0,1], h(%)<oo}.

!

! Observe that under Assumptlon we have f F Y1 = 2/bj)dz =limy0 f F Y1 —2/bj)dz=0 and f J F 1 -
z/b;)dz =limg_p; f E; (1 —2/bj)dz < o0.

2 Given Assumptlonsué -[(AR)} we let g’ (r) and h’'(r) be the derivative of g(r) and h(r) evaluated at r € (0,1). With
some abuse of notation, we let g'(0) :=1lim, 0 ¢'(r), ¢’'(1) :=limy41 ¢’ (r), A'(0) :=1lim, 0 ' (r), and k(1) :=lim,1 k(7).
Note that when ¢’(0) and h'(0) are finite, we can leverage the mean value theorem to show that they respectively
correspond to the right derivative g(r) and h(r) at r = 0. Similarly, when ¢’(1) and h’(1) are finite, they correspond
to the left derivative of g(r) and h(r) at r =1.



@) ¢'(0) > (0)>0 and ¢'(1) <0.

Define a function f: (0,00) = R, and correspondence p: (0,00) = R, which (for ¢ > 0) are given by

ft)= _max g(r)—th(%)., e

r€[0,min{1,t}] t

r
t):= —th <7) . 3
p(t) argTe[Ofrrglg;thHg(r) ; (3)

We have the following properties for f(-), p(-):
LEMMA A.1. Suppose that Assumptions |(Al)H(AR)| hold. Then:

(i) p(t) is a singleton for t >0, and hence p(-) is a function. Moreover, p(t) is strictly increasing in t.
Define to = [g'| 7' (W'(1)) with the convention [¢'| ' (x) =0 for x> sup,.c o1y 9'(z') and [¢'] 7' (x) =1 for
x <infy 1) g’ (z"). We have that p(t)/t =1 for t € (0,to] and that p(t)/t is strictly decreasing in t for
t>tp.

(ii) f(t) is continuous, strictly increasing, and strictly concave in (0,00). Furthermore, lim, o f(t) = g(0).

Using the first part of this lemma, when Assumptions |(A[l)H(AK)| hold, we extend the domain of f(-)
to include 0 and, in particular, we let f(0) =lim,o f(¢). Note that this extension ensures that f(¢) is still
continuous, strictly increasing, and strictly concave for ¢ > 0. In the remainder of the paper, in settings
where Assumptions [(A[l)H(AK)| hold, we always focus on f(-) with the extended domain, which enjoys these
properties. Thus, with some abuse, when we invoke Lemma ii), we conclude that f(t¢) has the afore-
mentioned properties for ¢ > 0. Similar to f(-), we extend the domain of p(-) and, in particular, we let
p(0) =1limy 0 p(t) =0. We consider the following optimization problem:

x Y f<y> (4a)
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Observe that under Assumptions [13 1)| this problem has a strictly concave objective (by Lemma
and its feasible set is the polymatroid P given in @D Optimal solutions of this problem admit a bpemal
structure, which we exploit in our subsequent analysis:

LEMMA A.2. The optimal solution to problem is unique. Let y* be this solution. Then y* is the
lezicographically optimal base for polymatroid P={y >0: ZjeB y; < ZieNE(B) si, VB C B} with respect to
weight vector b. Moreover, y; >0 for all j € B.

Furthermore, the solution to this problem (for appropriately chosen g(-),h(-)) sheds light on the optimal
solutions of the revenue optimization and equilibrium problems.

PROPOSITION A.2. Suppose that Assumptions[1], [3, and[3 hold and consider the associated revenue opti-
mization problem (7). Let f(-) be given as in (2), where g(r) :=F, '(1—r)r and h(r) := F; ' (r)r forr € [0,1],
and consider the associated problem .

(i) Assumptions |[[A)H(AR)| hold.

(ii) Let y be the optimal solution to @), and v* = {r} }]EB be such that r5 = p(yj/b;). Any optimal solution
(z, q q b) of the revenue optimization problem (7)) is such that (z) ¢ = r*b for all j € B, and (i)

@ =5 *s; for allie S and j € B such that x;; > 0.

(iii) The optimal objective value of (4)) is the optimal revenue in @, i€, Vopr = ZJEB b f (Z—j)

PROPOSITION A.3. Suppose that Assumptions [ and [] hold. Suppose further that commis-
sions/subscriptions (v, ) are homogeneous, i.e., v, =", p? =p*, v =~°, p; = p* for allie S cmd j €B,
and consz’der the associated equilibrz’um problem ([@). Let f(-) be given as in ([)), where g(r) := [ 1+v LR (11—

+—=dz and h(r (x)+ [0,1], and consider the associated formulation (4.

z) — =l
(i) 1/Jlr;sumptz'ons {II [.Iz hold If b + 1” ~u® < Fy (1), then Assumption ﬂ also holds

b
3 Note that u® + % we > bel(l) yields the trivial equilibrium where no one trades in the system.




(ii) Let y* be the optimal solution to (), and r* = {r?}jes be such that r5 = p(y;/b;). Any optimal solution
(z,q°%,q%) of the equilibrium problem is such that (i) q;? =r15b; for all j € B, and (ii) ¢; = L
alli €S and j € B such that x;; > 0.

(i) The optimal objective value of is the same as the optimal objective value of problem .
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B. Proofs of Results in Section [3]

Proof of Theorem 2 As Assumptions and [3] hold, Proposition implies that the solution of the
revenue optimization problem can be characterized in terms of the solution of (4)), where f(-) is as in
@), and g(r) := F,'(1 —r)r and h(r) := F7(r)r for r € [0,1]. That is, by Propositio let y* > 0 be the
unique optimal solution to this problem|and let 7* = {r} } jc5 be such that r; = p(y;/b;) (where p(-) is as in
(3)- By Lemma it follows that y* is the lexicographically optimal base of the feasible set of (which
we denote by P) with respect to weight vector b.

To establish the claim, we proceed in two steps. First, we show that the lexicographically optimal base
y* can be characterized in terms of the sets {S,,B,} given in the theorem statement. Then, we relate this
characterization to the the ranking of the marginal agents.

Step 1: Characterization of the lexicographically optimal base. The construction in the theorem statement
identifies a nonempty set B, at each step and removes the elements of this set from B("=1. Since B is a finite
set, it follows that in £ < |B| iterations sets {B,}._, and {S,}._, are constructed. Let the vector t' = {t/} ;e
be defined as t) := (ZieNE(T,U(BT)Si)/(zkeBT by) for j € B, and 7 =1,...,¢. We claim that the vector
y' := {t}b;}en is the unique lexicographically optimal base of polymatroid P under weight vector b, i.e.,
Yy =y

In order to establish this claim, we employ Theorem 3.1 in [Fujishige (1980), which establishes the con-
nection between vector y’ and the lexicographically optimal base of polymatroid P with respect to weight
vector b. (For the reader’s convenience, the statement of Theorem 3.1 in [Fujishige| (1980)) is replicated in
Theorem [EC.1]in Section of Birge et al.[(2018).) To this end, first define the vector v* := (ab;);ecn
for any a > 0. Second, let the vector u® be a vector such that: (i) uf := ab; if 0 <a <}, and (ii) uf :=t}b;
if a >1}. It can be readily seen that u® < u? (where the inequality is entrywise) for 0 < a < a’. We claim
that for any a >0, u® is a base of the polymatroid P, = {z € P|z <v*} (where once again the inequality
is entrywise). Note that if this claim holds, then the above observations imply that the weight vector b and
vector t’ satisfy Conditions (3.1)—(3.5) of [Fujishige| (1980). Hence, Theorem 3.1 of [Fujishige] (1980) applies,
and it implies that y’ is the unique lexicographically optimal base of polymatroid P under weight vector b.

Fix some a > 0. We complete the proof of Step 1 by establishing that u® is a base of P,. Note that for any
B C B we have that
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Here, (1) uses the definition of u?, (2) follows since U‘_, B, = B and the sets {B,} are disjoint, and (3) uses
the definition of ¢}. Finally, (4) follows since the definition of B, implies that (ZieNEﬁfl) 5. 5/ (X jep, bi) <
(ZieNE(Pn 8y Si)/ (2 jeps b;) for any B’ C B.. The inequality (5) together with the fact that u® <v® (which
holds by the construction of u®,v®) implies that u® € P,,.

Let By = {j| a <t}} and B, = B\ B;. Note that by the definition of {B,}:_, it follows that t; <t/
for j; € B, and j» € B,, and 71,7 € {1,...,¢} such that 7 < 7. Moreover, t;l = t;2 for ji,72 € B, for
7€ {1,...,£}. These observations imply that By =U._, , B, and B, = UY_, B, for some ¢ €{l,...,4}. By
the definition of u®, we have that u§ = v} for j € B;. Moreover, for 7 </’ we have that B, C B;, and hence

4 The problem of maximizing (Schur) concave functions over a polymatroid is also studied in |Zhang (2008). In that
paper, the author provides analytical solutions to a class of polymatroid optimization problems, and establishes
certain monotonicity properties of the optimal solutions.



the definition of u® and #; imply that >, p uf =3, 5 t.by = EieNE(T,l)(BT)Si =D ics, Si- Hence, we

conclude that ”
ZUZ:Zv,‘j—i—ZZsk. (6)

keB keB1 T=1keS,

Consider an arbitrary z € P,, and observe that
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where we use z, < v{ for k € B; and the fact that D kes, 2k < ZRGNE(B y sk for any z € P, CP. Together
with (6]), this implies that u® is a base of P,. Hence, we conclude that y’ = y*.
b
.
rj_

Step 2: Characterization of marginal agents. By Proposition we have that ;- =77 = p(y;/b;) for all

b
Jj € B, which implies that the valuation of the marginal agent of type j € B is given by v}’ = Fy(1— Z—J) =
J

F, (1= p(y;/b;))- By Lemma p(+) is a strictly increasing function and hence the entries of the vector

{p(y;/b;)}jes admit the same ranklng as the entries of the vector {3 }Jeg (note that, by Proposition
ply

the assumptions in Lemma |A. 1] u are satisfied). Since y* =y’ by the definition of y’, these observations im
that

v{,ﬁj:v,,mk for j,ke B, with 7e€{l,...,¢}, (7)
vy >vy for jE B, k€B,,, with 1,72 €{1,...,4} and T <To. (8)

Thus, we have established that j € B, if and only if type j’s marginal agent has the 7th-highest value among
the values of marginal agents of all buyer types.

We next establish the ranking result for the marginal agents of seller types. By Theorem [I] under any
optimal commission-subscription pair (v, ), the mass of agents who trade (q°, g*), and therefore the marginal
agents, are the same. Furthermore, by Proposition |§|(ii), and the fact that Assumption [3| holds, it follows
that there exists an optimal commission-subscription pair where 4* = p’ = 0. Consider such an optimal
commission-subscription pair, and note that Eince ~® = pub =0, under this solution the price trading buyers

of type j € B pay is equal to v}’ F_ (1 — Z—’)

We claim that buyers in B, trade only with the sellers in S,, and vice versa. To see this, first focus on 7 =1
and observe that buyers in B; can trade only with sellers in §; = Ny (B;), as they are not adjacent to any
other seller type. Since the price the trading buyers in B, pay is given by vy for any j € B, (by . it follows
by . ) that type B; buyers trade at the highest prices. Thus, if sellers of type S; trade, then they trade with
buyers whose types belong to B;. On the other hand, by the construction in Proposition [A.2] it follows that
all seller types involve in some trade at the revenue-maximizing solution. Hence, it follows that all seller
types in S; have nonzero trade with some buyer type in B, and buyers in B; trade only with sellers in S;
and vice versa. By induction, the same argument implies that buyers in B, trade positive quantities with the

sellers in &;. Thus, Proposition implies that for any i € S; we have that v’ = F~ ! < ) =F! (p(:j //bb_j ))
vy /b
p(t})

for some buyer type j € B,. Moreover, since y; =y; =t’b;, it follows that v =F! t,

By Lemma it follows that p(t)/t =1 for 0 <t <t,, where t, is a constant that depends on the value
distributions. Let 7 = {7[t; <t, for j € B, }, and observe that by construction of {t’} we have that ¢} > 0 for

all je Band T={1,...,7} for some 7 € Z. Consider some 7 <7 and i € S,. It follows from the observations
above that v' = F ' (p(t})/t}) = F; ' (1) = 0,,. Next, consider 7 > 7 and i € S;. Observe that Lemma
also implies that p(t)/t is strictly decreasing for ¢ > to. Hence, for such 7 we have that v* = F! Pl )) < Vg,

where j € B,. Moreover, v{! is strictly decreasing in 7. These observations together imply that
v =v,, forieS;, 77,

vy =vg foridyis €S, with Te{l,... 0}, (

9!,1

=~
o ©
= =

o > Um for il S STl,iQ € 87—2, with T1, T2 € {1, ‘e ,g}, To > 7 and 71 < Ta. (].

S"l

—_
~—

Hence the claim follows. Q.E.D.



Proof of Theorem (3| Proof of part (i). Let

r

1) = F-n-rF (4] 12
) re[o.%%l)fl,t}] [ p (1=7) ¢ t " (12)
for ¢ > 0; note that f(-) is defined as in the statement of Proposition Let V(s,b) be defined as V (s,b) :=
bo f Z—g where sq and by are defined as in the statement of the theorem. Therefore, we need to show that
VmafE(S7b) :V(s7b)' —

We first prove that V,,..(s,b) <V(s,b). Fix any arbitrary network G(SU B, E') and, by Proposition
let y* > 0 be the unique optimal solution to Problem when f is defined as in . Then,

(@) ” jeBYj
Vopt (E, 5,b) (;b>;zﬂ ( J) (;b) (Zmb )
< <Zb> <Zzesb> D V(s.b) (13)
jEB JjeB

where equality (a) follows from part (iii) of Proposition (note that the assumptions in the statement of
the theorem imply that the assumptions in Proposition hold). Inequality (b) follows from the fact that f
is strictly concave (Proposition together with Lemma [A.1]). Inequality (c¢) follows from the fact that f is
strictly increasing and that y* is feasible and thus must satisfy >, s 47 <37,y (5)=s $i- Finally, equality (d)
follows from the fact that, by definition, V(s,b) = b, f (32). Therefore, we have ebtabhshed that V,,.(E, s, b) <
‘:/(s,b) for any network G(SU B, E) and, thus, we must have that V,,..(s,b) = maxgcpxs Vot (F, 8,b) <
V(s,b).

Next, let y be defined as y; :=b; 2iies

for all j € B. As the function f is strictly concave (Lemma ,

inequality (b) in . holds by equahty 1f and only if y* =y. Note that, in fact, such a y is feasible for
Problem (/4] Wlth f given by (12) (i.e. it satisfies constraints and (dd)) if and only if the network
satisfies the weighted Hall’s marriage condition; this readily follows from Deﬁnition Moreover, by the
definition of y, we have that > e Yi = > ics Si> and thus inequality (c) in Equation holds with equality
as well. Therefore, we have established that V,,,(F,s,b) = V (s, b) if and only if network G(SUB, E) satisfies
the weighted Hall’s marriage condition. Because a complete bipartite network satisfies the weighted Hall’s
marriage condition, we obtain that V,,.(s,b) = maxgcpxs Vope(E, 8,b) > V(s,b). This completes the proof
of part (i).

Proof of part (ii): By Claim (ii) in Proposition [5 we have that, if a network G(S U B, E) satisfies the e-
marriage condition, then V;,(E,s,b) > (1 — €)V,,4.(8,b) where Vj, is the revenue derived from the optimal
homogeneous commissions/subscriptions. Hence, V. (E, 8,b) > Vi (E, 8,b) > (1 — €)Vypa2(8,b), as desired.
Q.E.D.

Proof of Proposition [3| .. Let y},y5 be optimal solutions to problem associated with networks
G(SUB,E,) and G(SUB, E,), respectwely, when f is defined as in the statement of Proposition [A.2] m As
Z'LENEl(B> 8; > ZleNE () Si for all B C B, we have that y3 is a feasible solution for the problem associated

with network G(SU B E). Therefore, by Proposition m we have that y7 >0, y5 >0 and

Vopi(E1,8,b) be( ) be( ): oot (B2, 8,b),

JjEB jenB

which completes the proof. Q.E.D.

C. Proofs of Results in Section [4]

Proof of Proposition [5, Fix a network G(SUB, E). To ease exposition, throughout the rest of the proof
we omit the dependence on the network in the notation.

With a slight abuse of notation, let Vj,(u’) denote the revenue under homogeneous commis-
sions/commissions as a function of the buyers’ subscription fee 1, when p®,~%, and 7* are all set to zero, and
define V;, = max s Vi,(ub). Note that Vj, >V}, and therefore it suffices to establish the results in parts (i)



and (ii) using either Vj, or V}, (1) for some p° 2 0. As 7y, < o0, it suffices to consider u® € [0,7,] as otherwise
no trade will take place and Vj,(1*) =0 when p® > .

Before proceeding to the proofs of parts (i) and (ii) of this proposition, we establish a couple of intermediate
results that will be exploited later on.

Claim 1: Vi, (1) =3, o *byr3 (u°) for pb € [0,3,], where 3 (u’) is defined as in ([4). As a first step in our

proof, we provide an expression for V}, (1"). We start by finding the optimal equilibrium demand as a function
of 1%, which we denote by g”(u’). (With a slight abuse of notation, in what follows we define the relevant
quantities as functions of x® to make this dependency explicit.

Fix 4* € [0,7). By Proposition [A.3]i), Assumptions [[A])H{AK)| hold. Using Proposition ii), we know
that the equilibrium demands are ¢} (u”) = b;r? (u") where

" x
rr(pb) = argmax / F'(l—z)—pb—F? (*> dz, 14
i) 1o " ( v; (1) /b )

re[0.min{1y’ (10)/b;}

and y*(u®) > 0 is the optimal solution to . By Lemma y* is the lexicographically optimal base of
polymatroid P={y >0: ZjeB y; < ZieNE(B Si, VB C B}, which is independent of u’. Therefore, we drop
the dependency on p’ in y*(u’), and define ¢, 7 = for all j € B. Note that, as y; > 0, we have that ¢; > 0.
From expresslo, it follows that r}(2") = O (corresponding to no trade in equilibrium). Therefore can
use expression ([14)) for all u® € [0,2"].

Notice that the value of 7 (") can be found by solving a (strictly) concave maximization problem. Using
the first-order optimality condition, we can express r;(ub) as

T;(,ub) =max {r CF(1—r)—F! (Z) >ub, 0<r< min{l,tj}}, Yub €10, ). (15)
J
Finally, the revenue can be expressed as
Zu]qj Z,ubb r; for p” €0, y). (16)
jeB JjEB

Claim 2: The functions {4’75 (u’)} are continuous, concave, and satisfy 0 < p’r¥(u’) < f(t;), for all u* € [0, ],

where f(-) is defined as in (17)). Moreover, these bounds are tight. We now derive some properties of the
functions ’r}(u’) that we will later use to bound Vi (11°)/ Vi, In what follows, we show that the functions
b3 (ub) are continuous and concave in p’ € [0,9;] for every j € B, and that 0 <r?(u) < f(t;), where

f(#):= max [Fz;lﬂ —r)—F! (g)} r for t > 0. (17)

re[0,min{1,t}]

Fix j. We first show that r}(u’) is continuous, weakly decreasing, and concave in p’ € [0,v,]. Consider
the expression in and note that, the objective function r is jointly continuous in (r,u’) and that the
function F, ' (1 —r) — F; (L) — pb is also jointly continuous in (r, x*). By the maximum theorem on page

J
116 of Berge| (1963), the value function 7(x") is thus continuous in u” € [0,0,]. Moreover, the function
F'(1—r)—Ft ( is continuous and strictly decreasing in r (recall that t; >0 by deﬁmtlon) Thus, for any

,ulfzugwehavethat{r.F "A=r)—F 7Y (& )>H17 0<r<min{l,t;}} C{r: F, F (& )z;ﬁg, 0<
r <min{1,t;}}, which implies that 7} (u") is weakly decreasing in p°. Finally, for any ul,,uQ [O Up), let 7=
o (Spd 4 2p8), ro=17 (18), and 5 :=77 (ub). Given that functions F, (1 —r) and —F;, *(r) are concave,

we have that F, ! (1 - W) —F! (m) >1 (bel(l —7r) 7F—1(Q)) +1 (F,;l(l — 1) 7F—1(7;2)) >

s ot 2 s\ 2 s \g /)=
%,ul{ + %ug Moreover, by definition of 7, and 5, we have that “£2 <¢; and 22 <1 because both ry, 7, <

b b
min{1,¢;}. This implies that 42 € {r: Fb’1(1 —r) st_l(t—Tj) > 4t <t} Thus, we have 7 > “£72 and
hence 77 (u’) is a concave function in p” € [0,7,]. Therefore, we have established that r7(u’) is continuous,
Weakly decreasmg, and concave, which implies that the function ubr (pb) is continuous and concave in
M S (0 ’Ub]
Next, we obtain tight lower and upper bounds on ,ubr]*-(/f’). To that end, we start by showing that
max b efo,5,) L7 (1) = f(t;) for all j € B, where f is defined as in (L7). Recall that we have defined ¢; as

r* (@b
t;=y;/b;. Let i’ :=argmax ey 4, 17 (1*). From (15)), we have that z* < Fy '(1—rj(n*)) — F; ! (%)



*(=b
Therefore, a7 (8") < [Fy (1 v3(i) — F; (22} (5) < max,eomingro By (L= 1) — Eo A (E)]r =

s > s g
f(t;). To show that this bound is tight, let 7 := argmaxr € [0, mln{l t;}] [ "A—r)—F! (i }r and
consider pb = F, (1 —7) — F; (E) Notice that x* € [0,3,] and, by (15), we have that ¥ (u’) = 7. Therefore,
phrr(pb) = pbr = [F, N (1—r) — Fs_l(g)]f: f(t;). Finally, by (5), it is immediate to see that 7 (u")u® >0
and that it is equal to zero if u® € {0,0,}. Therefore, we conclude that 0 < p’r%(u’) < f(t;), and that both
these bounds are tight.

7 - b
jep 88 bj = b f(t;), and define 7 (") := i rx(u’) for p® € 0, ). Note
that the function 77 (ub)pb is still concave in p® € [0,73] as b; is a positive constant. Moreover, by using the

tight upper bound on 77, we conclude that max,s¢o 5, 77 (u®)ub =1 for every j € B. Let the weight vector w

Proof of part (i): V‘f;t > 1. Define (l;])

be defined as w; := z:bijb for all j € B. Then,
e i’

Vi (;) max,befo,v) deBb r; ( ):u‘b (®) max,be[o,s) Z]‘eB Ej ~;(H’b),u
Vot Zjesb‘f(*) 2 el
d)

(C) b
max w;T max mlnr 18
uEOva 7 ( _ue[Ov]JEB S (18)

where inequality (a) follows from the fact that the numerator satisfies Vj, > max,c(o,s,] Vi(p) =
max,,e[o,s,] Z7€Bbr( ")ub, and in the denominator we used Proposition iii) to derive V,,; =

> ienbif ( iy ). Equality (b) follows from the definition of b and, similarly, equality (c) follows from using the
definition of w. Finally, inequality (d) follows by noting that >, sw; =1, w; >0 for all j € B, which in turn
implies that 3.z w;75 (u*)p’ > min;ep 75 (u®)p® for all p® € [0,1,].

Next, We provide a lower bound on max (o 5, min;es 75 (1) p’. To ease notation, let Hj( b) = b7 (,u )
for all u €[o, vb] and define two functions H,G : [0,0;] — [O 1] where H(p°) := min;es H; (1) and G(ub) :=
mm{“ 1- —} for u* €10,7,). By Claim 2 above, we have that H;(u ) is continuous and concave for every
ub e [O Tp).- We conclude that H (u*) is continuous and concave in u’ € [0,7,] because it is the minimum
of a finite set of continuous and concave functions. Moreover, as each H; is continuous and concave, it is
differentiable almost everywhere, and thus H is differentiable almost everywhere By Claim 2 above, we also
have that H(0) = H(%,) = 0. In addition, note that G(u’) is a piecewise linear concave function, consisting
of two pieces, and it is symmetric around u? = 17, where it achieves its peak value of %

We want to show that H( b) > G %Txb) = 1/2; this will imply the desired bound as
max,beo,s,) mlnjegr (,u Yub > mrnJeBr $(30)30, = H(30). In fact, we show a stronger result: we show that
H(ub) > G(p*) for all u® € [0, $0). (Thls trivially holds at u* =0 as H(0) = G(0).)

Suppose on the contrary that there exists i € (0,10] such that H(z) < G(i), and suppose that H is
differentiable at fi. The latter is without loss of generality; as both H and G are continuous in [0, ;] and H
is differentiable almost everywhere. Next, we consider different cases which cover different possible values of
H'(j), and obtain contradictions in each case:

(1) It H' (i) > i, then by the concavity of H, we have that H(0) < H(u)+H'(@)(0—f). As H' (u)(0—p) <
f%, we have that H(p)+H'(1)(0—p) < G(p) — % =0, and thus 0= H(0) < 0, which is a contradiction.

(2) HO<H'(n) < %, then, as we assumed that H is differentiable at f, there exist j, € B and € > 0 such
that H(u) = Hj, () for every p € (i —¢,ji+€), and thus we must have 0 < H; (i) < % We argue that
this contradicts max,e(o,5,] Hj, () = 1, which was established in Claim 2 above. To that end, we use
the fact that the concavity of Hj, (1) implies that Hj,(u) < Hj, (i) + Hj (i) (1 — f1), for any p € [0, vp].
Then, for u € [0, 4], we have that H;, (u) < H;, (&) < G( ) < 1 Moreover for any p € [, 0p], we have
that Hj (p)(p—p) < i(u — ji), which irnphes that H o (1) < G(1) + %(g — i) < £ < 1. Therefore, we
have that H;, (u) <1 for every u € [0,7,], and thus maxzelojb] H,,(z) <1, which is a contradiction.

(3) If f% < H'(u) <0, we follow an argument along the lines of the one in case (2). We define j, € B
as in (2), and then prove a contradiction to max,co,s,) Hj, (1) = 1. For any p € [0, ii], we have that
HI, () (1 — ) < — 2 (n— o). As Hyy () < G() 1 £, we have that Hi, () < (1— £)— L (u—f1) < L
For any u € [fi, Uy, we have that H} (i)(p— ji) <0, Wthh implies that Hj, (u ) o (b ) <G(p) <
Therefore, we have that H;,(u) < {"for every p € [O p], and thus max,eco.5,] Hj,(z) <1, which is a
contradiction.

m@



(4) If H'(p) < —%, the argument is similar to that in case (1). By the concavity of H, we have that
H(v,) <H(p)+H'()(vp,— 1). Since H' (@) (0p — 1) < —%(171,—,&) <—-1+ %, this leads to a contradiction
as 0=H,,(0,) <G(p) -1+ £ :—1+2“ <0.

Therefore, we have established that H (u®) > G( ?) for all pu* € [0, 393). To conclude the proof, note that
Vi et by b 1_ 1_ 1
> ¥ = H > H|(= > G| = = = 19
Vope = RS TR T OO= gy, HOE) 2 M gm) = G50 ) = 5 )

where the first inequality follows from . Thus, we obtain that Vj, > %Vopt, as desired.

Proof of Part (ii). Suppose that the network satisfies the e-marriage condition for € € [0,1). (The claim holds
trivially when e =1 because V}, > 0.) By part (i) of Theorem |3} we have that V.. = (3 ;¢ b;) f(t), where

t:= %ies Z and f is defined as in (I7). Define 7 := argmax, €[0,min{1,7}] [F (1—7r)—F;'(%)]r, and define
jeB ™’

[hi=F, N (1=7) = F7H(E). To obtain the desired lower bound, we consider the revenue V (ji*) defined in

S

and use lower bounds on bi and r¥(i*) (defined as in (L5)) for all j € B.
Claim (ii)-1: 3 y—j > (1—e¢)t for all j € B . Let vector y* > 0 be the optimal solution to problem and,

as before, let t; := vj

77
b;
={jeB: % =t,}. This implies that

bj
y7; >t = ZJEBl yJ (c) ZlENE )Sl (é) (1 —5) ZiES i
by — EJEBl b; Z]EBl b; B ZjeB b
where equality (e) follows from the fact that, by Lemma | vector y* is a lexicographically optimal base
in polymatroid P={y>0:3", py; <> . 5 b],VB C B} and by the equivalence of item (i) and item (ii) of
Theorem 3.2 in [Fujishige| (1980), we have that desl Y= ZZGNE(BI) s;. Equality (f) follows directly from

the definition of the e-marriage condition.
Claim (ii)-2: 75 (") > (L —¢)7 for all j € B . Let r} := 7 (") where r?(i*) is defined as in (15). We want
-1

I
to show 77 > (1 — 5)f for all j € B. As the F, '(1—7) - F; (é is decreasing in 7, then we have that one of
the constraints in must be binding, that is, either i* = F, ' (1 — 77 5 — Fs‘l(yr;b
then Ty = >(1- E)t follows from ., and thus LTE >1> %, where the last inequality follows from the
b, , we have that i > (1—¢)r.

Suppose that fi* = F, ' (1 —r%) — F; 1

S

F;'(1—7) — F7Y(%) and, therefore,

s \7
— * — r*
F, 1(1—rj)—Fs ! ( b, > F'—-7) —F7Y(
We show that r; > (1 —¢)7 by discussing the two subcases depending on whether 3~ y . > or y’ <t If b—; >,
then implies that r§ > 7 > (1—¢)7. On the other hand, if ﬁ < f then (2 imphes that r; < 7. In this case,

to show that */b */b)<F 1(E).
Given 7;7* < ¥, we have that F, ' (1 -7 ) > Fy N1 - 7). ThlS leads to a contradiction as i’ = F, (1 —r}) —

We further let the distinct values of ¢;’s to be given by 0 <t; <ty--- <t; and let

=(1-e)t for every j € B, (20)

*
. .Y
) or ry = _.If?"jf—bj,

definition of 7. Hence, if Y

m /b ). Recall that, by the definition of ji’, we also have that i’ =

). (21)

i

> 5 L. suppose on the contrary that - i /b . Then, we have that F,!(

F;l(y ) > Fy '(1—7)— F;Y(%) = i*. Therefore, we have that */b > . As we established in Claim (ii)-1
that y; > (1 —¢)t, we have that 1%5%/ > y;;b] > % or equivalently 7% > (1—¢)r.

Finally, note that

= (1-¢)Viaz, (22)

vV
=
o
k@‘
_
|
o
S—
<
A
_
|
o
S—
g
&
~
1
5>
—
—
|
3
=
L
/N
i
N~
—_
<
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where inequality (g) follows from the definition of V;,(fi"), and equality (k) follows from (I6). Inequality
(i) follows from the fact r; > (1 —¢)7 for all j € B (Claim (ii)-1). Inequality (j) follows from the fact that
i’ =F, ' (1 —7) — F7'(%). Equality (k) follows from the definition of V... This completes the proof that

S

Vi > (1—6)Viao. QE.D.
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