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Online Appendix

A. Auxiliary Results
In this section, we first establish that given commissions/subscriptions the corresponding competitive equi-
librium can be obtained through the optimal primal/dual solutions of a convex optimization problem (see
(1)). Then, we show that optimal solutions of both this problem and the revenue optimization problem (7)
can be characterized by maximizing a concave function over a polymatroid. The solutions of such problems
admit an interesting structure, which we leverage in the subsequent sections to establish our key findings.
We start by presenting our equilibrium problem. Given (γ,µ)∈ Γ×U such that γsi < 1 for all i∈ S, define

functions F̃−1
si

: [0,1]→
[ µsi

1−γs
i
,
v̄si+µ

s
i

1−γs
i

]
and F̃−1

bj
: [0,1]→

[ −µbj
1+γb

j

,
−µbj+v̄bj

1+γb
j

]
such that F̃−1

si
(x) := F−1

si
(x)+µsi

1−γs
i

and

F̃−1
bj

(x) :=
F−1
bj

(x)−µbj
1+γb

j

. Consider the following problem:1

max
x,qs,qb

∑
j∈B

∫ qbj

0
F̃−1
bj

(
1− z

bj

)
dz−

∑
i∈S

∫ qsi

0
F̃−1
si

(
z

si

)
dz−

∑
(i,j)∈E

ci
1 + γbj

xij (1a)

s.t.
∑

i:(i,j)∈E

xij = qbj , ∀j ∈B, (1b)

∑
j:(i,j)∈E

xij = qsi , ∀i∈ S, (1c)

qbj ≤ bj ∀j ∈B, (1d)
qsi ≤ si, ∀i∈ S, (1e)
xij ≥ 0, ∀(i, j)∈E. (1f)

In Section EC.1.1 of Birge et al. (2018), we prove that for any optimal solution (x,qs,qb) to problem (1),
vector (qs,qb) is unique. Moreover, among all possible dual optimal solutions (θb,θs,ηb,ηs,π) correspond-
ing to constraints (1b)–(1f), we consider the one that maximizes

∑
j∈B[sgn(qbj)− sgn(bj − qbj)](θbj + ηbj) +∑

i∈S [−sgn(qsi )+sgn(si−qsi )](θsi −ηsi ). Lemma EC.2 in Section EC.1.1 of Birge et al. (2018) establishes that
such a dual optimal vector (θb,θs,ηb,ηs,π) is unique. We refer to problem (1) as the equilibrium problem,
since its solutions correspond to competitive equilibria.

Proposition A.1. For any (γ,µ), the tuple (p,x,qs,qb) constitutes a competitive equilibrium if and only
if
(i) (x,qs,qb) is an optimal solution to the optimization problem (1);
(ii) the price vector p satisfies pi = θsi for all i such that qsi > 0 and maxj:(i,j)∈E{θbj − ci

1+γb
j

} ≤ pi ≤ θsi for all
i such that qsi = 0, where (θb,θs,ηb,ηs,π) is the unique special dual multiplier specified above.

Next we introduce a class of optimization problems involving polymatroids. Let g,h : [0,1] → R ∪
{−∞,+∞} be functions such that |g(r)|, |h(r)| <∞ for all r ∈ [0,1). Suppose that these functions satisfy
the following assumptions:
(A1) g(r) is continuously differentiable, strictly concave in r ∈ (0,1), continuous at r= 0, and continuous at

r= 1 if g(1)>−∞.
(A2) h(r) is continuously differentiable, strictly convex in r ∈ (0,1), continuous at r = 0, and continuous at

r= 1 if h(1)<∞. 2

(A3) th( r
t
) is strictly decreasing in t for r > 0 and jointly convex in (r, t) ∈{

(r′, t′) : t′ > 0, r′
t′
∈ [0,1], h( r′

t′
)<∞

}
.

1 Observe that under Assumption 1, we have
∫ 0

0 F̃
−1
bj

(1− z/bj)dz = limq→0
∫ q

0 F̃
−1
bj

(1− z/bj)dz = 0 and
∫ bj

0 F̃−1
bj

(1−
z/bj)dz = limq→bj

∫ q
0 F̃
−1
bj

(1− z/bj)dz <∞.
2 Given Assumptions (A1) - (A2), we let g′(r) and h′(r) be the derivative of g(r) and h(r) evaluated at r ∈ (0,1). With
some abuse of notation, we let g′(0) := limr↓0 g

′(r), g′(1) := limr↑1 g
′(r), h′(0) := limr↓0 h

′(r), and h′(1) := limr↑1 h
′(r).

Note that when g′(0) and h′(0) are finite, we can leverage the mean value theorem to show that they respectively
correspond to the right derivative g(r) and h(r) at r= 0. Similarly, when g′(1) and h′(1) are finite, they correspond
to the left derivative of g(r) and h(r) at r= 1.
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(A4) g′(0)>h′(0)≥ 0 and g′(1)≤ 0.
Define a function f : (0,∞)→R, and correspondence ρ : (0,∞) ⇒R, which (for t > 0) are given by

f(t) := max
r∈[0,min{1,t}]

g(r)− th
(r
t

)
, (2)

ρ(t) := arg max
r∈[0,min{1,t}]

g(r)− th
(r
t

)
. (3)

We have the following properties for f(·), ρ(·):
Lemma A.1. Suppose that Assumptions (A1)–(A4) hold. Then:
(i) ρ(t) is a singleton for t > 0, and hence ρ(·) is a function. Moreover, ρ(t) is strictly increasing in t.

Define t0 = [g′]−1 (h′(1)) with the convention [g′]−1(x) = 0 for x≥ supx′∈(0,1) g
′(x′) and [g′]−1(x) = 1 for

x≤ infx′∈(0,1) g
′(x′). We have that ρ(t)/t= 1 for t∈ (0, t0] and that ρ(t)/t is strictly decreasing in t for

t > t0.
(ii) f(t) is continuous, strictly increasing, and strictly concave in (0,∞). Furthermore, limt↓0 f(t) = g(0).
Using the first part of this lemma, when Assumptions (A1)–(A4) hold, we extend the domain of f(·)

to include 0 and, in particular, we let f(0) = limt↓0 f(t). Note that this extension ensures that f(t) is still
continuous, strictly increasing, and strictly concave for t ≥ 0. In the remainder of the paper, in settings
where Assumptions (A1)–(A4) hold, we always focus on f(·) with the extended domain, which enjoys these
properties. Thus, with some abuse, when we invoke Lemma A.1(ii), we conclude that f(t) has the afore-
mentioned properties for t ≥ 0. Similar to f(·), we extend the domain of ρ(·) and, in particular, we let
ρ(0) = limt↓0 ρ(t) = 0. We consider the following optimization problem:

max
y

∑
j∈B

bjf

(
yj
bj

)
(4a)

s.t.
∑
j∈B

yj ≤
∑

i∈NE(B)

si, ∀B ⊂B, (4b)

yj ≥ 0, ∀j ∈B. (4c)

Observe that under Assumptions (A1)–(A4) this problem has a strictly concave objective (by Lemma A.1)
and its feasible set is the polymatroid P given in (9). Optimal solutions of this problem admit a special
structure, which we exploit in our subsequent analysis:

Lemma A.2. The optimal solution to problem (4) is unique. Let y? be this solution. Then y? is the
lexicographically optimal base for polymatroid P = {y ≥ 0 :

∑
j∈B yj ≤

∑
i∈NE(B) si, ∀B ⊂B} with respect to

weight vector b. Moreover, y?j > 0 for all j ∈B.
Furthermore, the solution to this problem (for appropriately chosen g(·), h(·)) sheds light on the optimal

solutions of the revenue optimization and equilibrium problems.
Proposition A.2. Suppose that Assumptions 1, 2, and 3 hold and consider the associated revenue opti-

mization problem (7). Let f(·) be given as in (2), where g(r) := F−1
b (1−r)r and h(r) := F−1

s (r)r for r ∈ [0,1],
and consider the associated problem (4).
(i) Assumptions (A1)–(A4) hold.
(ii) Let y? be the optimal solution to (4), and r? = {r?j }j∈B be such that r?j = ρ(y?j /bj). Any optimal solution

(x,qs,qb) of the revenue optimization problem (7) is such that (i) qbj = r?j bj for all j ∈ B, and (ii)
qsi = r?j bj

y?
j
si for all i∈ S and j ∈B such that xij > 0.

(iii) The optimal objective value of (4) is the optimal revenue in (7), i.e., Vopt =
∑

j∈B bjf
(
y?j
bj

)
.

Proposition A.3. Suppose that Assumptions 1, 2, and 3 hold. Suppose further that commis-
sions/subscriptions (γ,µ) are homogeneous, i.e., γbj = γb, µbj = µb, γsi = γs, µsi = µs for all i ∈ S and j ∈ B,
and consider the associated equilibrium problem (1). Let f(·) be given as in (2), where g(r) :=

∫ r
0

1
1+γbF

−1
b (1−

x)− µb

1+γb dx and h(r) :=
∫ r

0
1

1−γsF
−1
s (x) + µs

1−γs dx for r ∈ [0,1], and consider the associated formulation (4).
(i) Assumptions (A1)–(A3) hold. If µb + 1+γb

1−γsµ
s <F−1

b (1), then Assumption (A4) also holds.3

3 Note that µb + 1+γb
1−γs µ

s ≥ F−1
b (1) yields the trivial equilibrium where no one trades in the system.
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(ii) Let y? be the optimal solution to (4), and r? = {r?j }j∈B be such that r?j = ρ(y?j /bj). Any optimal solution
(x,qs,qb) of the equilibrium problem (1) is such that (i) qbj = r?j bj for all j ∈B, and (ii) qsi = r?j bj

y?
j
si for

all i∈ S and j ∈B such that xij > 0.
(iii) The optimal objective value of (4) is the same as the optimal objective value of problem (1).

B. Proofs of Results in Section 3
Proof of Theorem 2. As Assumptions 1, 2, and 3 hold, Proposition A.2 implies that the solution of the
revenue optimization problem (7) can be characterized in terms of the solution of (4), where f(·) is as in
(2), and g(r) := F−1

b (1− r)r and h(r) := F−1
s (r)r for r ∈ [0,1]. That is, by Proposition A.2, let y? > 0 be the

unique optimal solution to this problem4 and let r? = {r?j }j∈B be such that r?j = ρ(y?j /bj) (where ρ(·) is as in
(3)). By Lemma A.2, it follows that y? is the lexicographically optimal base of the feasible set of (4) (which
we denote by P) with respect to weight vector b.
To establish the claim, we proceed in two steps. First, we show that the lexicographically optimal base

y? can be characterized in terms of the sets {Sτ ,Bτ} given in the theorem statement. Then, we relate this
characterization to the the ranking of the marginal agents.
Step 1: Characterization of the lexicographically optimal base. The construction in the theorem statement

identifies a nonempty set Bτ at each step and removes the elements of this set from B(τ−1). Since B is a finite
set, it follows that in `≤ |B| iterations sets {Bτ}`τ=1 and {Sτ}`τ=1 are constructed. Let the vector t′ = {t′j}j∈B
be defined as t′j :=

(∑
i∈N

E(τ−1) (Bτ ) si
)
/
(∑

k∈Bτ bk
)
for j ∈ Bτ and τ = 1, . . . , `. We claim that the vector

y′ := {t′jbj}j∈B is the unique lexicographically optimal base of polymatroid P under weight vector b, i.e.,
y′ = y?.
In order to establish this claim, we employ Theorem 3.1 in Fujishige (1980), which establishes the con-

nection between vector y′ and the lexicographically optimal base of polymatroid P with respect to weight
vector b. (For the reader’s convenience, the statement of Theorem 3.1 in Fujishige (1980) is replicated in
Theorem EC.1 in Section (EC.1.1.1) of Birge et al. (2018).) To this end, first define the vector va := (abj)j∈B
for any a≥ 0. Second, let the vector ua be a vector such that: (i) uaj := abj if 0≤ a≤ t′j , and (ii) uaj := t′jbj
if a≥ t′j . It can be readily seen that ua ≤ ua′ (where the inequality is entrywise) for 0≤ a≤ a′. We claim
that for any a≥ 0, ua is a base of the polymatroid Pa = {z ∈ P|z ≤ va} (where once again the inequality
is entrywise). Note that if this claim holds, then the above observations imply that the weight vector b and
vector t′ satisfy Conditions (3.1)–(3.5) of Fujishige (1980). Hence, Theorem 3.1 of Fujishige (1980) applies,
and it implies that y′ is the unique lexicographically optimal base of polymatroid P under weight vector b.

Fix some a≥ 0. We complete the proof of Step 1 by establishing that ua is a base of Pa. Note that for any
B ⊂B we have that

∑
j∈B

uaj
(1)
≤
∑
j∈B

t′jbj
(2)=
∑̀
τ=1

∑
j∈B∩Bτ

t′jbj
(3)
≤
∑̀
τ=1

( ∑
i∈N

E(τ−1) (Bτ )

si

)∑
j∈B∩Bτ bj∑
j∈Bτ bj

(4)
≤
∑̀
τ=1

∑
i∈N

E(τ−1) (B∩Bτ )

si =
∑

i∈NE(B)

si.

(5)

Here, (1) uses the definition of ua, (2) follows since ∪`τ=1Bτ =B and the sets {Bτ} are disjoint, and (3) uses
the definition of t′j . Finally, (4) follows since the definition of Bτ implies that (

∑
i∈N

E(τ−1) (Bτ ) si)/(
∑

j∈Bτ bj)≤
(
∑

i∈N
E(τ−1) (B′) si)/(

∑
j∈B′ bj) for any B′ ⊂Bτ . The inequality (5) together with the fact that ua ≤ va (which

holds by the construction of ua,va) implies that ua ∈Pa.
Let B̄1 = {j| a ≤ t′j} and B̄2 = B \ B̄1. Note that by the definition of {Bτ}`τ=1 it follows that t′j1 < t′j2

for j1 ∈ Bτ1 and j2 ∈ Bτ2 and τ1, τ2 ∈ {1, . . . , `} such that τ1 < τ2. Moreover, t′j1 = t′j2 for j1, j2 ∈ Bτ for
τ ∈ {1, . . . , `}. These observations imply that B̄1 = ∪`τ=`′+1Bτ and B̄2 = ∪`′τ=1Bτ for some `′ ∈ {1, . . . , `}. By
the definition of ua, we have that uaj = vaj for j ∈ B̄1. Moreover, for τ ≤ `′ we have that Bτ ⊂ B̄2, and hence

4 The problem of maximizing (Schur) concave functions over a polymatroid is also studied in Zhang (2008). In that
paper, the author provides analytical solutions to a class of polymatroid optimization problems, and establishes
certain monotonicity properties of the optimal solutions.
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the definition of ua and t′j imply that
∑

k∈Bτ u
a
k =

∑
k∈Bτ t

′
kbk =

∑
i∈N

E(τ−1) (Bτ ) si =
∑

i∈Sτ si. Hence, we
conclude that ∑

k∈B

uak =
∑
k∈B̄1

vak +
`′∑
τ=1

∑
k∈Sτ

sk. (6)

Consider an arbitrary z ∈Pa, and observe that

∑
k∈B

zk =
∑
k∈B̄1

zk +
`′∑
τ=1

∑
k∈Bτ

zk ≤
∑
k∈B1

vak +
`′∑
τ=1

∑
k∈NE(Bτ )

sk,

where we use zk ≤ vak for k ∈ B̄1 and the fact that
∑

k∈Bτ zk ≤
∑

k∈NE(Bτ ) sk for any z ∈ Pa ⊂ P. Together
with (6), this implies that ua is a base of Pa. Hence, we conclude that y′ = y?.
Step 2: Characterization of marginal agents. By Proposition A.2, we have that qbj

bj
= r?j = ρ(y?j /bj) for all

j ∈ B, which implies that the valuation of the marginal agent of type j ∈ B is given by vmbj = F−1
b (1− qbj

bj
) =

F−1
b (1− ρ(y?j /bj)). By Lemma A.1, ρ(·) is a strictly increasing function, and hence the entries of the vector
{ρ(y?j /bj)}j∈B admit the same ranking as the entries of the vector { y

?
j

bj
}j∈B (note that, by Proposition A.2,

the assumptions in Lemma A.1 are satisfied). Since y? = y′ by the definition of y′, these observations imply
that

vmbj = vmbk for j, k ∈Bτ with τ ∈ {1, . . . , `}, (7)
vmbj > v

m
bk

for j ∈Bτ1 , k ∈Bτ2 , with τ1, τ2 ∈ {1, . . . , `} and τ1 < τ2. (8)

Thus, we have established that j ∈Bτ if and only if type j’s marginal agent has the τth-highest value among
the values of marginal agents of all buyer types.
We next establish the ranking result for the marginal agents of seller types. By Theorem 1, under any

optimal commission-subscription pair (γ,µ), the mass of agents who trade (qb,qs), and therefore the marginal
agents, are the same. Furthermore, by Proposition 6(ii), and the fact that Assumption 3 holds, it follows
that there exists an optimal commission-subscription pair where γb = µb = 0. Consider such an optimal
commission-subscription pair, and note that since γb =µb = 0, under this solution the price trading buyers
of type j ∈B pay is equal to vmbj = F−1

b

(
1− qbj

bj

)
.

We claim that buyers in Bτ trade only with the sellers in Sτ , and vice versa. To see this, first focus on τ = 1
and observe that buyers in B1 can trade only with sellers in S1 =NE(0)(B1), as they are not adjacent to any
other seller type. Since the price the trading buyers in Bτ pay is given by vmbj for any j ∈Bτ (by (7)), it follows
by (8) that type B1 buyers trade at the highest prices. Thus, if sellers of type S1 trade, then they trade with
buyers whose types belong to B1. On the other hand, by the construction in Proposition A.2, it follows that
all seller types involve in some trade at the revenue-maximizing solution. Hence, it follows that all seller
types in S1 have nonzero trade with some buyer type in B1, and buyers in B1 trade only with sellers in S1
and vice versa. By induction, the same argument implies that buyers in Bτ trade positive quantities with the
sellers in Sτ . Thus, Proposition A.2 implies that for any i∈ Sτ we have that vmsi = F−1

s

(
qsi
si

)
= F−1

s

(
ρ(y?j /bj)
y?
j
/bj

)
for some buyer type j ∈Bτ . Moreover, since y?j = y′j = t′jbj , it follows that vmsi = F−1

s

(
ρ(t′j)
t′
j

)
.

By Lemma A.1, it follows that ρ(t)/t= 1 for 0< t≤ t0, where t0 is a constant that depends on the value
distributions. Let T = {τ |t′j ≤ t0 for j ∈Bτ }, and observe that by construction of {t′j} we have that t′j > 0 for
all j ∈B and T = {1, . . . , τ̄} for some τ̄ ∈Z. Consider some τ ≤ τ̄ and i∈ Sτ . It follows from the observations
above that vmsi = F−1

s (ρ(t′j)/t′j) = F−1
s (1) = v̄si . Next, consider τ > τ̄ and i ∈ Sτ . Observe that Lemma A.1

also implies that ρ(t)/t is strictly decreasing for t > t0. Hence, for such τ we have that vmsi = F−1
s

(
ρ(t′j)
t′
j

)
< v̄si

where j ∈Bτ . Moreover, vmsi is strictly decreasing in τ . These observations together imply that

vmsi = v̄si for i∈ Sτ , τ ≤ τ̄ , (9)
vmsi1 = vmsi2 for i1, i2 ∈ Sτ with τ ∈ {1, . . . , `}, (10)
vmsi1 > v

m
si2

for i1 ∈ Sτ1 , i2 ∈ Sτ2 , with τ1, τ2 ∈ {1, . . . , `}, τ2 > τ̄ and τ1 < τ2. (11)

Hence the claim follows. Q.E.D.
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Proof of Theorem 3. Proof of part (i). Let

f(t) := max
r∈[0,min{1,t}]

[
F−1
b (1− r)−F−1

s

(r
t

)]
r (12)

for t > 0; note that f(·) is defined as in the statement of Proposition A.2. Let V̄ (s,b) be defined as V̄ (s,b) :=
b0f

(
s0
b0

)
where s0 and b0 are defined as in the statement of the theorem. Therefore, we need to show that

Vmax(s,b) = V̄ (s,b).
We first prove that Vmax(s,b)≤ V̄ (s,b). Fix any arbitrary network G(S ∪B,E) and, by Proposition A.2,

let y? > 0 be the unique optimal solution to Problem (4) when f is defined as in (12). Then,

Vopt(E,s,b)
(a)=
(∑
j∈B

bj

)∑
j∈B

bj∑
j∈B bj

f

(
y?j
bj

)
(b)
≤

(∑
j∈B

bj

)
f

(∑
j∈B y

?
j∑

j∈B bj

)
(c)
≤

(∑
j∈B

bj

)
f

(∑
i∈S si∑
j∈B bj

)
(d)= V̄ (s,b), (13)

where equality (a) follows from part (iii) of Proposition A.2 (note that the assumptions in the statement of
the theorem imply that the assumptions in Proposition A.2 hold). Inequality (b) follows from the fact that f
is strictly concave (Proposition A.2 together with Lemma A.1). Inequality (c) follows from the fact that f is
strictly increasing and that y? is feasible and thus must satisfy

∑
j∈B y

?
j ≤

∑
i∈N(B)=S si. Finally, equality (d)

follows from the fact that, by definition, V̄ (s,b) = b0f( s0
b0

). Therefore, we have established that Vopt(E,s,b)≤
V̄ (s,b) for any network G(S ∪ B,E) and, thus, we must have that Vmax(s,b) = maxE⊆B×S Vopt(E,s,b) ≤
V̄ (s,b).

Next, let y be defined as yj := bj

∑
i∈S

si∑
j∈B

bj
for all j ∈B. As the function f is strictly concave (Lemma A.1),

inequality (b) in (13) holds by equality if and only if y? = y. Note that, in fact, such a y is feasible for
Problem (4) with f given by (12) (i.e. it satisfies constraints (4b) and (4c)) if and only if the network
satisfies the weighted Hall’s marriage condition; this readily follows from Definition 2. Moreover, by the
definition of y, we have that

∑
j∈B yj =

∑
i∈S si, and thus inequality (c) in Equation (13) holds with equality

as well. Therefore, we have established that Vopt(E,s,b) = V̄ (s,b) if and only if network G(S ∪B,E) satisfies
the weighted Hall’s marriage condition. Because a complete bipartite network satisfies the weighted Hall’s
marriage condition, we obtain that Vmax(s,b) = maxE⊆B×S Vopt(E,s,b)≥ V̄ (s,b). This completes the proof
of part (i).
Proof of part (ii): By Claim (ii) in Proposition 5 we have that, if a network G(S ∪ B,E) satisfies the ε-

marriage condition, then Vh(E,s,b) ≥ (1− ε)Vmax(s,b) where Vh is the revenue derived from the optimal
homogeneous commissions/subscriptions. Hence, Vopt(E,s,b) ≥ Vh(E,s,b) ≥ (1 − ε)Vmax(s,b), as desired.
Q.E.D.

Proof of Proposition 3. Let y?1,y?2 be optimal solutions to problem (4) associated with networks
G(S ∪ B,E1) and G(S ∪ B,E2), respectively, when f is defined as in the statement of Proposition A.2. As∑

i∈NE1 (B) si ≥
∑

i∈NE2 (B) si for all B ⊂B, we have that y?2 is a feasible solution for the problem associated
with network G(S ∪B,E1). Therefore, by Proposition A.2, we have that y?1 > 0, y?2 > 0 and

Vopt(E1,s,b) =
∑
j∈B

bjf

(
(y?1)j
bj

)
≥
∑
j∈B

bjf

(
(y?2)j
bj

)
= Vopt(E2,s,b),

which completes the proof. Q.E.D.

C. Proofs of Results in Section 4
Proof of Proposition 5. Fix a network G(S ∪B,E). To ease exposition, throughout the rest of the proof
we omit the dependence on the network in the notation.
With a slight abuse of notation, let V̄h(µb) denote the revenue under homogeneous commis-

sions/commissions as a function of the buyers’ subscription fee µb, when µs, γb, and γs are all set to zero, and
define V̄h = maxµb≥0 V̄h(µb). Note that Vh ≥ V̄h, and therefore it suffices to establish the results in parts (i)



7

and (ii) using either V̄h or V̄h(µb) for some µb ≥ 0. As v̄b <∞, it suffices to consider µb ∈ [0, v̄b] as otherwise
no trade will take place and V̄h(µb) = 0 when µb > v̄b.
Before proceeding to the proofs of parts (i) and (ii) of this proposition, we establish a couple of intermediate

results that will be exploited later on.
Claim 1: V̄h(µb) =

∑
j∈B µ

bbjr
?
j (µb) for µb ∈ [0, v̄b], where r?j (µb) is defined as in (14). As a first step in our

proof, we provide an expression for V̄h(µb). We start by finding the optimal equilibrium demand as a function
of µb, which we denote by qb(µb). (With a slight abuse of notation, in what follows we define the relevant
quantities as functions of µb to make this dependency explicit.)

Fix µb ∈ [0, v̄b). By Proposition A.3(i), Assumptions (A1)–(A4) hold. Using Proposition A.3(ii), we know
that the equilibrium demands are q?j (µb) = bjr

?
j (µb) where

r?j (µb) = arg max
r∈[0,min{1,y?

j
(µb)/bj}]

∫ r

0
F−1
b (1−x)−µb−F−1

s

(
x

y?j (µb)/bj

)
dx, (14)

and y?(µb) > 0 is the optimal solution to (4). By Lemma A.2, y? is the lexicographically optimal base of
polymatroid P = {y ≥ 0 :

∑
j∈B yj ≤

∑
i∈NE(B) si, ∀B ⊂B}, which is independent of µb. Therefore, we drop

the dependency on µb in y?(µb), and define tj := y?j
bj

for all j ∈ B. Note that, as y?j > 0, we have that tj > 0.
From expression (14), it follows that r?j (v̄b) = 0 (corresponding to no trade in equilibrium). Therefore can
use expression (14) for all µb ∈ [0, v̄b].
Notice that the value of r?j (µb) can be found by solving a (strictly) concave maximization problem. Using

the first-order optimality condition, we can express r?j (µb) as

r?j (µb) = max
{
r : F−1

b (1− r)−F−1
s

(
r

tj

)
≥ µb, 0≤ r≤min{1, tj}

}
, ∀µb ∈ [0, v̄b]. (15)

Finally, the revenue can be expressed as

V̄h(µb) =
∑
j∈B

µbjq
?
j (µb) =

∑
j∈B

µbbjr
?
j (µb) for µb ∈ [0, v̄b]. (16)

Claim 2: The functions {µbr?j (µb)} are continuous, concave, and satisfy 0≤ µbr?j (µb)≤ f(tj), for all µb ∈ [0, v̄b],
where f(·) is defined as in (17). Moreover, these bounds are tight. We now derive some properties of the
functions µbr?j (µb) that we will later use to bound V̄h(µb)/Vopt. In what follows, we show that the functions
µbr?j (µb) are continuous and concave in µb ∈ [0, v̄b] for every j ∈B, and that 0≤ r?j (µb)≤ f(tj), where

f(t) := max
r∈[0,min{1,t}]

[
F−1
b (1− r)−F−1

s

(r
t

)]
r for t > 0. (17)

Fix j. We first show that r?j (µb) is continuous, weakly decreasing, and concave in µb ∈ [0, v̄b]. Consider
the expression in (15) and note that, the objective function r is jointly continuous in (r,µb) and that the
function F−1

b (1− r)−F−1
s ( r

tj
)− µb is also jointly continuous in (r,µb). By the maximum theorem on page

116 of Berge (1963), the value function r?j (µb) is thus continuous in µb ∈ [0, v̄b]. Moreover, the function
F−1
b (1−r)−F−1

s

(
r
tj

)
is continuous and strictly decreasing in r (recall that tj > 0 by definition). Thus, for any

µb1 ≥ µb2 we have that {r : F−1
b (1−r)−F−1

s

(
r
tj

)
≥ µb1, 0≤ r≤min{1, tj}} ⊂ {r : F−1

b (1−r)−F−1
s

(
r
tj

)
≥ µb2, 0≤

r≤min{1, tj}}, which implies that r?j (µb) is weakly decreasing in µb. Finally, for any µb1, µb2 ∈ [0, v̄b], let r̄ :=
r?j
( 1

2µ
b
1 + 1

2µ
b
2
)
, r1 := r?j

(
µb1
)
, and r2 := r?j

(
µb2
)
. Given that functions F−1

b (1− r) and −F−1
s (r) are concave,

we have that F−1
b

(
1− (r1+r2)

2

)
− F−1

s

(
r1+r2

2tj

)
≥ 1

2

(
F−1
b (1− r1)−F−1

s ( r1
tj

)
)

+ 1
2

(
F−1
b (1− r2)−F−1

s ( r2
tj

)
)
≥

1
2µ

b
1 + 1

2µ
b
2. Moreover, by definition of r1 and r2, we have that r1+r2

2 ≤ tj and r1+r2
2 ≤ 1 because both r1, r2 ≤

min{1, tj}. This implies that r1+r2
2 ∈ {r : F−1

b (1−r)−F−1
s

(
r
tj

)
≥ µb1+µb2

2 , r≤ tj}. Thus, we have r̄≥ r1+r2
2 , and

hence r?j (µb) is a concave function in µb ∈ [0, v̄b]. Therefore, we have established that r?j (µb) is continuous,
weakly decreasing, and concave, which implies that the function µbr?j (µb) is continuous and concave in
µb ∈ (0, v̄b].

Next, we obtain tight lower and upper bounds on µbr?j (µb). To that end, we start by showing that
maxµb∈[0,v̄b] µ

br?j (µb) = f(tj) for all j ∈ B, where f is defined as in (17). Recall that we have defined tj as
tj = y?j /bj . Let µ̄b := arg maxµb∈[0,v̄b] µ

br?j (µb). From (15), we have that µ̄b ≤ F−1
b (1− r?j (µ̄b))−F−1

s

(
r?j (µ̄b)
tj

)
.
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Therefore, µ̄br?j (µ̄b) ≤ [F−1
b (1 − r?j (µ̄b)) − F−1

s ( r
?
j (µ̄b)
tj

)]r?j (µ̄b) ≤ maxr∈[0,min{1,tj}][F−1
b (1 − r) − F−1

s ( r
tj

)]r =
f(tj). To show that this bound is tight, let r̄ := arg max r ∈ [0,min{1, tj}]

[
F−1
b (1− r)−F−1

s

(
r
tj

)]
r, and

consider µb = F−1
b (1− r̄)−F−1

s ( r̄
tj

). Notice that µb ∈ [0, v̄b] and, by (15), we have that r?j (µb) = r̄. Therefore,
µbr?j (µb) = µbr̄ = [F−1

b (1− r)− F−1
s ( r̄

tj
)]r̄ = f(tj). Finally, by (15), it is immediate to see that r?j (µb)µb ≥ 0

and that it is equal to zero if µb ∈ {0, v̄b}. Therefore, we conclude that 0≤ µbr?j (µb)≤ f(tj), and that both
these bounds are tight.

Proof of part (i): Vh
Vopt
≥ 1

2 . Define
(
b̃j
)
j∈B as b̃j := bjf(tj), and define r̃?j (µb) := bj

b̃j
r?j (µb) for µb ∈ [0, v̄b]. Note

that the function r̃?j (µb)µb is still concave in µb ∈ [0, v̄b] as b̃j is a positive constant. Moreover, by using the
tight upper bound on r?j , we conclude that maxµb∈[0,v̄b] r̃

?
j (µb)µb = 1 for every j ∈B. Let the weight vector w

be defined as wj := b̃j∑
j′∈B

b̃j′
for all j ∈B. Then,

Vh
Vopt

(a)
≥

maxµb∈[0,v̄b]
∑

j∈B bjr
?
j (µb)µb∑

j∈B bjf( y
?
j

bj
)

(b)=
maxµb∈[0,v̄b]

∑
j∈B b̃j r̃

?
j (µb)µb∑

j∈B b̃j

(c)= max
µb∈[0,v̄b]

∑
j∈B

wj r̃
?
j (µb)µb

(d)
≥ max

µb∈[0,v̄b]
min
j∈B

r̃?j (µb)µb, (18)

where inequality (a) follows from the fact that the numerator satisfies Vh ≥ maxµ∈[0,v̄b] V̄h(µ) =
maxµ∈[0,v̄b]

∑
j∈B bjr

?
j (µb)µb, and in the denominator we used Proposition A.2(iii) to derive Vopt =∑

j∈B bjf( y
?
j

bj
). Equality (b) follows from the definition of b̃ and, similarly, equality (c) follows from using the

definition of w̃. Finally, inequality (d) follows by noting that
∑

j∈Bwj = 1, wj ≥ 0 for all j ∈B, which in turn
implies that

∑
j∈Bwj r̃

?
j (µb)µb ≥minj∈B r̃?j (µb)µb for all µb ∈ [0, v̄b].

Next, we provide a lower bound on maxµb∈[0,v̄b] minj∈B r̃?j (µb)µb. To ease notation, let Hj(µb) := µbr̃?j (µb)
for all µb ∈ [0, v̄b] and define two functions H,G : [0, v̄b]→ [0,1] where H(µb) := minj∈BHj(µb) and G(µb) :=
min{µ

b

v̄b
,1− µb

v̄b
} for µb ∈ [0, v̄b]. By Claim 2 above, we have that Hj(µb) is continuous and concave for every

µb ∈ [0, v̄b]. We conclude that H(µb) is continuous and concave in µb ∈ [0, v̄b] because it is the minimum
of a finite set of continuous and concave functions. Moreover, as each Hj is continuous and concave, it is
differentiable almost everywhere, and thus H is differentiable almost everywhere. By Claim 2 above, we also
have that H(0) =H(v̄b) = 0. In addition, note that G(µb) is a piecewise linear concave function, consisting
of two pieces, and it is symmetric around µb = 1

2 v̄b where it achieves its peak value of 1
2 .

We want to show that H
( 1

2 v̄b
)
≥ G

( 1
2 v̄b
)

= 1/2; this will imply the desired bound as
maxµb∈[0,v̄b] minj∈B r̃?j (µb)µb ≥minj∈B r̃?j ( 1

2 v̄b)
1
2 v̄b =H( 1

2 v̄b). In fact, we show a stronger result: we show that
H(µb)≥G(µb) for all µb ∈ [0, 1

2 v̄b]. (This trivially holds at µb = 0 as H(0) =G(0).)
Suppose on the contrary that there exists µ̄ ∈ (0, 1

2 v̄b] such that H(µ̄) < G(µ̄), and suppose that H is
differentiable at µ̄. The latter is without loss of generality; as both H and G are continuous in [0, v̄b] and H
is differentiable almost everywhere. Next, we consider different cases which cover different possible values of
H ′(µ̄), and obtain contradictions in each case:
(1) If H ′(µ̄)> 1

v̄b
, then by the concavity of H, we have that H(0)≤H(µ̄)+H ′(µ̄)(0− µ̄). As H ′(µ̄)(0− µ̄)≤

− µ̄
v̄b
, we have thatH(µ̄)+H ′(µ̄)(0− µ̄)<G(µ̄)− µ̄

v̄b
= 0, and thus 0 =H(0)< 0, which is a contradiction.

(2) If 0≤H ′(µ̄)≤ 1
v̄b
, then, as we assumed that H is differentiable at µ̄, there exist j0 ∈ B and ε > 0 such

that H(µ) =Hj0(µ) for every µ∈ (µ̄− ε, µ̄+ ε), and thus we must have 0≤H ′j0(µ̄)≤ 1
v̄b
. We argue that

this contradicts maxx∈[0,v̄b]Hj0(x) = 1, which was established in Claim 2 above. To that end, we use
the fact that the concavity of Hj0(µ) implies that Hj0(µ)≤Hj0(µ̄) +H ′j0(µ̄)(µ− µ̄), for any µ∈ [0, v̄b].
Then, for µ ∈ [0, µ̄], we have that Hj0(µ)≤Hj0(µ̄)<G(µ̄)< 1. Moreover, for any µ ∈ [µ̄, v̄b], we have
that H ′j0(µ̄)(µ− µ̄)≤ 1

v̄b
(µ− µ̄), which implies that Hj0(µ)<G(µ̄) + 1

v̄b
(µ̃− µ̄)≤ µ

v̄b
≤ 1. Therefore, we

have that Hj0(µ)< 1 for every µ∈ [0, v̄b], and thus maxx∈[0,v̄b]Hj0(x)< 1, which is a contradiction.
(3) If − 1

v̄b
≤ H ′(µ̄) < 0, we follow an argument along the lines of the one in case (2). We define j0 ∈ B

as in (2), and then prove a contradiction to maxµ∈[0,v̄b]Hj0(µ) = 1. For any µ ∈ [0, µ̄], we have that
H ′j0(µ̄)(µ− µ̄)≤− 1

v̄b
(µ− µ̄). As Hj0(µ̄)<G(µ̄)≤ 1− µ̄

v̄b
, we have that Hj0(µ)< (1− µ̄

v̄b
)− 1

v̄b
(µ− µ̄)≤ 1.

For any µ ∈ [µ̄, v̄b], we have that H ′j0(µ̄)(µ− µ̄) ≤ 0, which implies that Hj0(µ) ≤Hj0(µ̄) < G(µ̄) < 1.
Therefore, we have that Hj0(µ) < 1 for every µ ∈ [0, v̄b], and thus maxx∈[0,v̄b]Hj0(x) < 1, which is a
contradiction.
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(4) If H ′(µ̄) < − 1
v̄b
, the argument is similar to that in case (1). By the concavity of H, we have that

H(v̄b)≤H(µ̄)+H ′(µ̄)(v̄b− µ̄). Since H ′(µ̄)(v̄b− µ̄)<− 1
v̄b

(v̄b− µ̄)≤−1+ µ̄
v̄b
, this leads to a contradiction

as 0 =Hj0(v̄b)<G(µ̄)− 1 + µ̄
v̄b

=−1 + 2 µ̄
v̄b
< 0.

Therefore, we have established that H(µb)≥G(µb) for all µb ∈ [0, 1
2 v̄b]. To conclude the proof, note that

Vh
Vopt
≥ max
µb∈[0,v̄b]

min
j∈B

r̃?j (µb)µb = max
µb∈[0,v̄b]

H(µb) ≥ H

(
1
2 v̄b
)
≥ G

(
1
2 v̄b
)

= 1
2 , (19)

where the first inequality follows from (18). Thus, we obtain that Vh ≥ 1
2Vopt, as desired.

Proof of Part (ii). Suppose that the network satisfies the ε-marriage condition for ε∈ [0,1). (The claim holds
trivially when ε= 1 because Vh ≥ 0.) By part (i) of Theorem 3, we have that Vmax = (

∑
j∈B bj)f(t̃), where

t̃ :=
∑

i∈S
si∑

j∈B
bj

and f is defined as in (17). Define r̃ := arg maxr∈[0,min{1,t̃}]
[
F−1
b (1− r)−F−1

s ( r
t̃
)
]
r, and define

µ̄b := F−1
b (1− r̃)−F−1

s ( r̃
t̃
). To obtain the desired lower bound, we consider the revenue V̄ (µ̄b) defined in (16)

and use lower bounds on y?j
b?
j
and r?j (µ̄b) (defined as in (15)) for all j ∈B.

Claim (ii)-1: y
?
j

b?
j
≥ (1− ε)t̃ for all j ∈B . Let vector y? > 0 be the optimal solution to problem (4) and,

as before, let tj := y?j
bj
. We further let the distinct values of tj ’s to be given by 0 < t1 < t2 · · · < tl and let

B̄1 = {j ∈B : y
?
j

bj
= t1}. This implies that

y?j
bj
≥ t1 =

∑
j∈B̄1

y?j∑
j∈B̄1

bj

(e)=
∑

i∈NE(B̄1) si∑
j∈B̄1

bj

(f)
≥ (1− ε)

∑
i∈S si∑
j∈B bj

= (1− ε)t̃ for every j ∈B, (20)

where equality (e) follows from the fact that, by Lemma A.2, vector y? is a lexicographically optimal base
in polymatroid P = {y≥ 0 :

∑
j∈B yj ≤

∑
j∈B bj ,∀B ⊂B} and, by the equivalence of item (i) and item (ii) of

Theorem 3.2 in Fujishige (1980), we have that
∑

j∈B̄1
y?j =

∑
i∈NE(B̄1) si. Equality (f) follows directly from

the definition of the ε-marriage condition.
Claim (ii)-2: r?j (µ̄b)≥ (1− ε)r̃ for all j ∈B . Let r?j := r?j (µ̄b) where r?j (µ̄b) is defined as in (15). We want

to show r?j ≥ (1− ε)r̃ for all j ∈B. As the F−1
b (1− r)−F−1

s

(
r
tj

)
is decreasing in r, then we have that one of

the constraints in (15) must be binding, that is, either µ̄b = F−1
b (1− r?j )−F−1

s ( r?j
y?
j
/bj

) or r?j = y?j
bj
. If r?j = y?j

bj
,

then r?j = y?j
bj
≥ (1− ε)t̃ follows from (20), and thus 1

1−ε
r?j
t̃
≥ 1≥ r̃

t̃
, where the last inequality follows from the

definition of r̃. Hence, if r?j = y?j
bj
, we have that r?j ≥ (1− ε)r̃.

Suppose that µ̄b = F−1
b (1− r?j )−F−1

s ( r?j
y?
j
/bj

). Recall that, by the definition of µ̄b, we also have that µ̄b =
F−1
b (1− r̃)−F−1

s ( r̃
t̃
) and, therefore,

F−1
b (1− r?j )−F−1

s

(
r?j

y?j /bj

)
= F−1

b (1− r̃)−F−1
s ( r̃

t̃
). (21)

We show that r?j ≥ (1− ε)r̃ by discussing the two subcases depending on whether y?j
bj
≥ t̃ or y?j

bj
< t̃. If y?j

bj
≥ t̃,

then (21) implies that r?j ≥ r̃≥ (1−ε)r̃. On the other hand, if y
?
j

bj
< t̃, then (21) implies that r?j < r̃. In this case,

to show that rj
y?
j
/bj
≥ r̃

t̃
, suppose on the contrary that r?j

y?
j
/bj

< r̃
t̃
. Then, we have that F−1

s ( r?j
y?
j
/bj

)< F−1
s ( r̃

t̃
).

Given r?j < r̃, we have that F−1
b (1− r?j )> F−1

b (1− r̃). This leads to a contradiction as µ̄b = F−1
b (1− r?j )−

F−1
s ( r?j

y?
j
/bj

)>F−1
b (1− r̃)−F−1

s ( r̃
t̃
) = µ̄b. Therefore, we have that r?j

y?
j
/bj
≥ r̃

t̃
. As we established in Claim (ii)-1

that y?j
bj
≥ (1− ε)t̃, we have that 1

1−ε
r?j
t̃
≥ r?j

y?
j
/bj
≥ r̃

t̃
or equivalently r?j ≥ (1− ε)r̃.

Finally, note that

Vh
(g)
≥ V̄h(µ̄b) (h)=

∑
j∈B

µ̄bbjr
?
j (µ̄b)

(i)
≥
∑
j∈B

µ̄bbj(1− ε)r̃
(j)
≥ (1− ε)

(∑
j∈B

bj

)[
F−1
b (1− r̃)−F−1

s

(
r̃

t̃

)]
r̃

(k)= (1− ε)Vmax, (22)
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where inequality (g) follows from the definition of V̄h(µ̄b), and equality (h) follows from (16). Inequality
(i) follows from the fact rj ≥ (1− ε)r̃ for all j ∈ B (Claim (ii)-1). Inequality (j) follows from the fact that
µ̄b = F−1

b (1− r̃)− F−1
s ( r̃

t̃
). Equality (k) follows from the definition of Vmax. This completes the proof that

Vh ≥ (1− ε)Vmax. Q.E.D.
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