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Proof of Theorem 1

To prove Theorem 1, we use the value iteration technique in order to show the propagation of some properties
defining the threshold form of the optimal policy. We only provide the proof for €2;. We first reformulate the

value function of Section 3.1 of the article as follows:

Vier1(z) = XUk (z) + (s + 2)pWi(x — 1) + (1 — A — (s + 2)pu) Wi (x), for —s <2 <0, and, (1)

Vir1(x) = —su%x + YUk () + suF (Wi(z)) + (1 — v — su)Wi(z), for > 0, for k > 0, with

Uk(z) = max(F(Vi(z)) — (r1 + L), Vi(x + 1)) if > 0, and Ug(x) = Vi(z + 1) if z <0,
Wi(x) = max(Vi(x), Vi(z + 1) + o) if —s < 2 < 0, and Wy (z) = Vi(x) if z > 0. To show that a threshold
policy is optimal we need to show that Vj, Uy and Wy, are decreasing and generally concave (dgev) in x for

x > —s and k > 0. We define the dgcv property for a function f(z), > —s, by

f(z) > f(x+1), and,

fle+ 1)+ F(f(z+1)) = f(z +2) + F(f(x)),

where F(f(z)) = > gua-nf(z —h), if £ > 0 and F(f(z)) = f(z) if —s <z < 0. We next prove the dgcv
h=0
property by induction on k. Since Vy(x) = Up(x) = Wo(z) = 0 for x > —s, Vp, Uy, and Wy are dgcv. We only

provide the details for the second order monotonicity property.

Induction from V; to Uy and W}, for the second order monotonicity property. We assume that Vj,
is decreasing and generally concave for a given k > 0, and we want to show that the same property applies for

U, and Wy. The induction from Vj, to Wy, is identical to the induction for an a priori policy. Consider now



Uir. We may write for = > 0,

x+1
Up(z+1) + F(Uk(z + 1) > Vi(@ +2) + Y gasras1-nVi(z +2—h) =Vi(z +2) + F(Vi(z +2)) (2)
h=0

¥ (”)M (Ve1) — Vi(0))

Y+ A
x+1
Ue(x+1) + F(Up(z +1)) > F(Ve(z 4+ 1)) = (r1 + L) + Z Qet1,0+1-nVe(x +2 = h) (3)
h=n+1

n

+ ZQx+1,ac+1—h (F(Vi(x +1—=h)) = (r1 + L)), for 2<n <.
h=0

Case 1: Ug(z + 2) + F(Ur(x)) = Vi(z 4+ 3) + iqwﬁ,th(m +1—-h)=Vi(x+3)+ F(Vi(z+ 1)) +
h=0

x+1
(7%\) (V&(1) — V&(0)). Since V} is generally concave, we obtain Vi (z + 2) + F(Vk(:v +2)) > Vi(z+3)+
r+2
F(Vi(x+1)) and since Vj, is decreasing in z, (,H%\) (Ve(1) — > (“H-A) Vi(0)). Finally,
Equation proves that Uy is also generally concave.

Case 2:

Up(z+2)+ F(Ug(x)) = F(Vi(x +2)) — (11 + L)

+ Zqzx thx—Fl— +quzh Vk.’[— ))—(T1+L)).

h=n+1
One may write
x+1 n
F(Vi(w+1) = (m+ L)+ Y deprari-nVel@+2=h) + Y desrori-n (F(Vi(z + 1 h) = (r + L))
h=n+1 h=0
— F(Vi(z +2)) + (n + L) - Z GoonVi(x+1—h qu n (F(Vi(z = h)) = (ri + L))
h=n+1

= Gesrop1-n (F(Vi(z + 1= h) + Vi(z + 1= h) = F(Vi(z — b)) = Vi(z + 2 — h))

— (Vk(1) = Vi(0)) (WXA)JJH (’yiA) >0,

since Vj, is decreasing and generally concave. Thus, Equation (3) proves that Uy is also generally concave.

Moreover, we have proven that if Vj, is generally concave we have
Up(z 4+ 1) + F(Up(z + 1)) = Up(z + 2) — F(Up(x)) > (Vi(0) = Vi(1)) (1 — u)* " u. (4)

Induction from V), Uy, and W; to Vi, for the second order monotonicity property. We now
assume that Uy, Wi and Vj are dgcv and we prove that Vi is also dcvg. The case x < —1 has already been

proven in the a priori case.



For x = —1, we may write

Viet1(0) + F(Viey1(0)) = F(Viga(=1)) = Vaga (1) = Su% + AF(Uk(0)) + Ux(0) = Up(=1) = Uk(1))
+ 5u(2Wi(=1) = Wi(=2) = F(Wi(1))) + (1 = X = 5p) (2W5(0) = Wi (=1) — Wi (1))

+ (v = AN Wi(1) = U (1)) + p(Wi(=2) — Wi(=1)).

We now show that all terms in this expression are positive. Consider the first term proportional with \. We
have Uy (—1) = Vi(0). For Ui(1), two cases should be considered.

Case 1: Ui (1) = V4 (2). Since U (0) > Vi (1), F(Ur(0))4+Ux(0)=Ur(=1)=Ux(1) > (14u) V(1) —uVi(0) =V (2).
This last expression is positive due to the general concavity property of Vj.

Case 2: Ug(1) = Vi(1) — (r1 + L). Since F(Ux(0)) 4+ Ur(0) > F (Vi (1)) 4+ Vi(0) — (r1 + L), F(Ur(0)) + Ux(0) —
Ur(—1) = Ui(1) > (1 — u)(V4(0) — V% (1)). This last expression is positive because V}, is decreasing. Consider
now the term proportional with su. We have F(Wy(1)) = uWg(1) 4+ (1 — w)Wy(0). So, 2Wi(—1) — Wi (-2) —
FWi(1)) = 2Wi(—1) — Wi(—2) — Wi (0) + u(Wi(0) — Wi(1)) > 0, because of the decreasing and concave
property of Wj. The term proportional with 1—A—su is also positive because of the general concavity property
of Wj.. The term proportional with v — X is Wy (1) —Ux(1) = V(1) —max(Vi(2), Vi (1) = (r1+ L)) > r+L > 0.
Finally, the term proportional with u is positive because Wy is decreasing. This proves that the generally
concave property holds for V1 for z = —1.

For x = 0, we may write

Vier1 (1) + F(Via (1)) = F(Vit1(0)) = Vit (2)
= y(Uk(1) + F(U(1)) = F(U(0)) = U(2)) + suF (Wi (1) + F(Wi (1)) — F(Wi(0)) — Wi(2))

+ (1 =y = sp)(Wi(1) + F(Wi(1)) = F(W(0)) = Wi(2)) + (v = M) (F(Ur(0)) — Wi(0)).

The terms proportional with sy and 1 — v — s are positive because Wy, has the generally concave property.
Using Equation (4)), we have v(Ui(1) + F(Ui(1)) — F(Uk(0)) — Ux(2)) = yu(1 — u)(Vi(0) — Vi(1)). Moreover,
(v = M(FUr(0)) = Wi(0)) = (v = Nu(Vi(1) = Vi(0)). So, v(Uk(1) + F(Uk(1)) — F(Ux(0)) — Uk(2)) + (v —
A (F(Ur(0)) — Wi(0)) > u(V(0) — Vk(l))% > 0. This proves that the generally concave property hold for
Vi41 for x = 0.

For x > 0, we have

rz—1
Spriw

F(Ven (@) = =23 u (1= )" (o = h) £ 9F(Us()) + (1 =7 = sn) F(Ve(@)) + spF (F(Viw — )
h=0

+ (=2 (1 = u)* (Vi(0) = Vi(1)), so,




Vit1(z+ 1)+ F(Vigi(z+ 1)) = Vi1 (z + 2) — F(Viga(2)) = % (1—wu)*t!

+y(Uk(z + 1) + F(Ur(z + 1)) = Ug(z + 2) — F(Ux(2)))

+ (L =y =sp)(Vi(z + 1) + F(Vi(z + 1)) = Vi(z + 2) = F(Vi(2)))
+ suxz_:u(l _ u)h (Vi(x+1—=h)+ F(Vig(x +1—h)) = Vi(z+2—h)— F(Vi(z — h)))
h=0

+spu (1 =)™ (14 u)Vi(1) = uV3(0) = Vi(2)) + spu (1 — u)™ (Vi(0) = Vi(1))

— (A =u(l—u)” (Vi(1) — Vi(0)).

All terms in this expression are positive, except —(A —y)u (1 — u)” (Vi (1) — Vi (0)). This can be compensated

by the first term proportional with . Using Equation , we may write

Y(Ug(x + 1)+ F(Ug(z+ 1)) — Ug(x + 2) — F(Ur(z))) + spu (1 — u)mJr1 (Vi(0) — V(1))
— (A =yu(l—u)* (Vi(1) = V4(0))
> (Ve(0) = V(1) u (1 —u)” (A =7+ sp(l —u) +v(1 —u))

— (Vi(0) — V(1)) u (1 — )" W > 0.

This proves that Vj is generally concave for x > 0 and finishes the proof of Theorem 1. a

Proof of Theorem 2

We prove the monotonicity properties given in Theorem 2. Given the similarities in the performance measures’
expressions, we only provide the proof of the results of the reservation threshold for the a posteriori policy
and of the outsourcing threshold for the a priori policy. The remaining cases can be proven in an identical
way. Note that we only consider the case A # su in the proofs. By letting A tend to su, our results also apply

for A = sp.

Monotonicity properties in the reservation threshold

We first prove that the probability of having s — ¢ customers in the system, ps_. = [e + A\J]7L, is strictly

decreasing in A. This result will be useful in the proof of the main results hereafter.

c x c
The probability p,_. is strictly decreasing in \. We havep;'. = > (s—c)ta’ 4 (s=0)la® a (1 — e (r=N),

—0 (s—c+z)! s! s—a

c x c
It is clear that the quantities > ((5:2:2)' and (37;)!‘1 are strictly increasing in A. Taking now the derivative
x=0

of g(A) = -2 (1 — 6*7(5“*)‘)) in A, we may write

S—a

dg(\)  1s(1—e THE=0) —grpe~ =) 4 g2 pe ()

oA ] (s —a)?



Let us define h(\) by h(X) = s(1 — e ™~ — grpe~T5=2)) 4 g27pe~ ™59 We have

(Tu(a — s)e M) (9 4 Tua)) .

ah(,\)

Thus, for A < sy, < 0; and for A > spu, ( ) > 0. Therefore, h is decreasing in A for A € [0, su, and h
is increasing in A for A > sy, thus A has a minimum at A\ = su. Let us define { = s — a. We may then write

e—‘r,u(s—a) — T,LL<+ T“C) -+ 0((2). Thus,

s(1— e~ Th(s—a) _ aTue_T“(s_“)) + a27,ue_7“(3_“) =(? (T,u +s T2 > + 0((2).

) e

(w)

This leads to lim = lim 1 = 71 + s~ > 0. So, g is strictly
A — sp o ¢—0 \* ¢
increasing in \. We then deduce that p; ', is strictly increasing in \. O

Proof of the monotonicity results in ¢. We denote the outbound calls expected throughput by E(T')(c)
instead of E(T') so as to specify that c is the reservation threshold from which E(T) is derived. Recall that

we may write E(T)(c) = £ ,for 0 < e¢ < sand E(T)(s) =0 for ¢ = s.

Z (b(s Cci!)uvz + (57C:!1>!ac 5 17}1/5 (1—6*"(5“**))
x=0

Since E(T)(s — 1) > 0, we have E(T)(s — 1) > E(T)(s). For 0 < ¢ < s, we have

c—1

1 o, (s=—c—=1)la® (s—c—Dla® ( s—c
WET) )™ = B(T)(e=1)7) = s! +§ (s —c+ux) (1 s—c+1 +x>
N (s — c; 1)la¢a —8(_8 ; c) (1 7 efru(sfa)) .

c—1 =
Since Z (S(:_C;Z)a. (1 — S_j_;f_m) > 0, it remains to show that &= Cs.l)'a 4 le= cs!l)'a a s(sac) (1 e‘”‘(s_a)) >

0. ThlS reduces to prove that 1 + w (1—e™=@)) > 0. If a > s, we have a — (s — ¢) > 0 and
1 — e 7#s=a) < 0. Thus, % (1—e#=9)) > 0 and 1+ % (1—e™=9)) > 0. If0 < a < s,
1+ a—s(j;c) (1 _ e—-ru(s—a)) —

- (1 — e‘“‘(s_“)) — (1 — e_”‘(s_“)). Since 0 < 1 — e~ "™#(79) < 1 for

(1 emee)

g (1 — e*”‘(s’“)) — (1 — e*”‘(s’“)) > 0. In con-

clusion, E(T)(c)™' — E(T)(c—1)"t > 0 for 0 < ¢ < s and E(T)(s — 1) > E(T)(s). The expected outbound
throughput is thus strictly decreasing in c.

We now consider the second order monotonicity properties in c¢. For this purpose, let us define the sequence
—1

c :

feas fo = | (;'ac+z), + 4= a/s (1 —e*T(S“’/\)) , for 0 < ¢ < s. First we show that f. is strictly
=0

decreasing and strictly convex in ¢ for 0 < ¢ < s. For 0 < ¢ < s, we have f;_ —f7t = = (CH;)) > 0.

Thus f. is strictly decreasing in ¢ for 0 < ¢ < s. We next focus on the proof of convexity of f. in ¢ (for
s > 2). We do so by proving that f. + fero — 2fcqy1 > 0, for 0 < ¢ < s — 2. Since f. + fer2 — 2fer1 =

fefertfora (Foofoh + foh f7E = 2f 25 f71), it suffices to prove that 2% foly + f fot —2f 25 f71 > 0, for

. —1 1 —(c+2) 1 —(c+1) (c+2) .
0 < ¢ <s—2. Observing that f. ', = f ) — slm and f! = = foio — '(S 1 s!(‘;_c_Q)!, we obtain

a

ffl ffl +f71 ffl o 2]071 f*l =gl a*(c+2) f*l —1 _;r_slﬂ 1+ L
c+2Jc+1 ct+1lJc ct+2J¢c _2)! c+2 s—c—1 (S 6—2)! s—c—1 ’

(s—c¢ -



for 0 < ¢ < s—2. Since s! (‘;::j;)), > 0, we need to prove that fﬁ1 (7 — 1) + s! (s (;2))‘ (1 + -2 ) >0,

s—c—1

_ _ ~(c+2)
for 0 < ¢ < s — 2. We have fc+12 :pS1 sl-2 Wherep

Z(c42)S (5= _(c4+2) 1s the probability of observing ¢ + 2

idle agents in a system with ¢ + 2 agents reserved for inbound calls. Therefore, we only need to show that

—1 a
Ds_(ct2) (T - 1)

A. Because a = \/pu, the quantity ps (c+2) (71 - 1) + 1+ ——7— is also strictly increasing in A\. Moreover,

2. We have proven that p: is strictly increasing in

(c+2)

using the expression of p_ we write

s— (c+2)’
c+2

—c—Nla* _ _2!c+2 1
Z (s—c—2)a n (s—c ' )!a“a (1 _e—T(su—)\)> _
0(57072+33) s! sl—a/s

r=

lim -1 = lim
A—0 Poter2) A—0 <
A>0 A>0

Since  lim (=20 e L (1 - e 7erN)) =0, and - lim (Z Lozt ) =1, we get

A—=0 s! A—=0 (s=c=2+a)!
)\>0 A>0
/\lin D, (C+2) = 1. This implies
A>0

I - | T e —
P <ps_(c+2)<s—c—1 >+ P 0
A0

for 0 < ¢ < s — 2. Using the fact that p_ ( +2) (%1 - 1) + 1+ =% is strictly increasing in A\, we

deduce that pg (c+2) (ﬁ — 1) + 1+ > 0, for a > 0 and 0 < ¢ < s — 2. This proves that f. is a

s—c—1
strictly decreasing and strictly convex function in ¢ for 0 < ¢ < s. Since Py = foemT6r=N) and B(W) =
W (1= (14 27(sp— N)e 7+ f, P< and E(W) are strictly decreasing and strictly convex in ¢, for
0<ec<s.

We may write E(Wg) = W (1= (L+7(sp—A))e 7H=Y) £, Pt and
PWs > t) = ]1t<7ﬁ (e‘t(“’“_)‘) - 6_7(5”_’\)) chgl, where Pg = 1 — Pg. Therefore, as a function of c,
E(Wgs) and P(Ws > t) are positively proportional to f.Pg'. Tt then suffices to show that Pg' is strictly

decreasing and strictly convex in ¢, for 0 < ¢ < s. Since Py is strictly increasing in ¢, Pg !is strictly decreasing

in ¢. We have

Ps(c+2)Ps(c+1) + Ps(c+1)Ps(c) — 2Ps(c+2)Ps(c)

Pil(e+2) —2P5 (c+1)+ P5'(c) = Ps(c+2)Ps(c+1)Ps(c) 7

for 0 < ¢ < s —2. Using Ps(c) = 1 — Pg(c), we next obtain

PS(C + 2)Ps(c + 1) + Ps(c + 1)P5'(C) - 2P5(C + 2)P5(c)

= Pg(c+2)(1 — Pg(c)) + Pg(c)(1 — Pgc +2)) + Pg(c + 1)(Pg(c + 2) — 2Pg(c + 1) + Pg(c)).

Since Pg(c) is strictly convex in ¢, Pg(c + 2) — 2Pg(c + 1) + Pg(c) > 0, for 0 < ¢ < s — 2. Moreover,
0 < Pg(c+2) < Pg(c+1) < Pg(c) < 1. Then, Pg! is strictly decreasing and strictly convex in ¢ for 0 < ¢ < s.
As a consequence, f.Pg lis a strictly decreasing and strictly convex function in ¢. Therefore, E(Wg) and

P(Wg > t) are strictly decreasing and strictly convex in ¢, for 0 < ¢ < s. O



Monotonicity properties in the outsourcing threshold

First, we focus on the probability of outsourcing, Pg.

Case 1, a/s < 1: Given that (a/s)"T! decreases in n, then 1 — (a/s)"*! increases in n. Therefore,

-1 _Cil (s—c)la” + (s— c)‘a 1—(a/s)"*?!

Doe = et =a/s is also increasing in n, and ps_ is thus decreasing in n. Observe that
=

as a function of n, Pg is positively proportional to (a/s)"ps—.. Since (a/s)™ decreases in n, Pg is decreasing

in n. The function (a/s)" is decreasing and convex. The function 1 — (a/s)"*! is increasing and concave,

thus p;lc is also increasing and concave. Using the notations f’ = %(n") and f" = % for a given function
f, we have p/_ 2((1):1‘) );I;:l“(p:l‘ ’ > 0, since ps__lc is positive, increasing and concave. Thus, Pg is also
convex in n.

Case 2, a/s > 1: We may write Pg = %, where A = Ci % — a/s 7 and B = // . We have
A<t a(;ls/g)l — a/slq < 0, given that m < §°7%. After some algebra, we obtain 8;;? = W
0. Therefore, Py is decreasing in n. We also have 66132 — Aln(a/s &i‘ga/iﬁ]f(a/ . Since A < 0, B > 0,

A— B(a/s)” <0and A+ B(a/s)" >0 P . Therefore, Pg is convex in n.

Y On2

We now focus on the outbound call throughput. The outbound call throughput is positively proportional

t0 ps—c. For the case a/s < 1, we already proved that ps_. is decreasing and convex in n, therefore, E(T) is

also decreasing and convex in n for a/s < 1. For the case a/s > 1, we may write ps_. = [C + D(a/s)"]7!,

C_l @ . . c . . c

where C'= > ((::;IZ), — S(!‘Z;/?!fl) <0and D = %% > 0 (the proof of the signs of C' and D is identical
=0

Dln(a/s)(a/s)™

to that of A and B for the outsourcing probability). We thus have p;_c = —T{C+D(a/smT < 0, so, E(T) is

decreasing in n. We also have p, = D(ln(a/s)()cfg()a/(g)c)ﬁD(a/s) ) > 0, thus, E(T) is convex in n.

We now consider F(Wg). The expected Waltlng time of served customers is positively proportional to

p(n) = 1—(”+}15)J(F‘Zf)j;%)(ﬁ/s)n+l where F = Z (: CPIZ), >0and G = w > 0. We have
T—a/s

1—(n+2)(a/s)" + (n+ D(a/s)"** 1-—(n+1)(a/s)" +nfa/s)" "

1—(a/s)nt1 1—(a/s)"
B+ Gl E+ Gy

(n+1)(a/s)"(1 —a/s)? (a/s)" Tt — (n+1)(a/s) +n

(E—i—G%) (E—FG%) +G(a/s)" <E+G%) (E—}—G%)

¢(n+1) - ¢(n) =

=F

The first term in the sum is strictly positive. The sign of the second term depends on the sign of v(a/s) =
(a/s)"™ — (n+1)(a/s) +n. As a function of a/s, we have v'(a/s) = (n+1)(a/s)" — (n+1) and v'(a/s) =0
is equivalent to a/s = 1. Thus, v has a minimum at a/s = 1. Since v(1) =0, ¢p(n+ 1) — ¢(n) > 0 and E(Wy)
is strictly increasing in n.

We now focus on E(W). We have E(W) = PsE(Wg). Since both Ps and E(Wg) are increasing in n,
E(W) is also increasing in n. We next focus on P(Wg > t). We denote by P(Ws > t),, the probability that

a customer is served within more than ¢ units of time when the threshold is n. We can write

et (35 B (G0 (af5)%) 4 CO1 - (0/9)))

x=0

(L=a/s) (B+GHL) (B+ i)

P(Wg > t)p41 — P(Wg > t)n =

We have SU=(@/))+CU=(a/3) ~ ( for > 0. Thus, P(Wg > t)pt1 — P(Ws > t), > 0 and P(Wg > t) is

1—a/s

increasing in n. O



Proof of Theorem 4

First, we assume that the two outsourcing policies have the same reservation thresholds and the same pro-
portion of outsourced calls. Therefore, we can relate 7 and n. This leads to 7 = —n% A difference
between the outsourcing parameters is that n is an integer whereas 7 is real. Thus, a posteriori outsourcing
has an advantage in maximizing the call center revenue. We thus assume that n is real in order to obtain a
fair comparison. In practice, this is equivalent to allowing randomization between the two adjacent thresholds
n and n + 1. We compare the probability of waiting more than a threshold ¢ for served customers with a

priori outsourcing and with a posteriori outsourcing. We denote by P(Wg > t); and P(Wg > t)5 the proba-

bility of waiting more than ¢ with a priori outsourcing and with a posteriori outsourcing, respectively. Using

In(a/s)

m, we may write

T=-n

7sut Z (sput)*((a/s ) —(a/s) ]]-t< ( —t(su—A) _ (%)n)

s —c)la P )
PV > = P(Ws > 1 = | s') 0 Yot (s=0)lac 1-(a/s) -
. s—c)la® s—c)la¢ 1—(a/s)™

(1-a/s) <Z (s— p+x)r s! 1—a/s >

If t > 7, then P(Wg > t); — P(Wg > t)3 > 0. Otherwise if t < 7, we have

_s,nz (spt)” a/s' (@/9)") _q,_. (et <%)") p— (”Zl (A;!)’” _6)\t> (6)

x=0
n—1 z
+(a/s)" (1 - e—sutzﬂsig? ) :
=0

n—1 = 0 .
Since ()‘;!) —eM = Z (/\t,) and 1 — e~ Kt Z (s”t) e sHt 3 %, the expression in the numerator
—0 —
of Equation @) is equal to e~ ¥ < > WW) = oM (Z (S“t)gc((a/i)!n(a/s)z)>. This expression
r=n r=n

is positive for a < s (because (a/s)® decreases in x) and negative otherwise. The expression of P(Wg >
t)1 — P(Wg > t)2 in Equation also has the term 1 — a/s in the denominator. This term is also positive
for a < s and is negative otherwise. Therefore, the probability of waiting more than ¢ is higher with a prior:
outsourcing than with a posterior: outsourcing when the two policies have the same reservation threshold
and the same proportion of outsourced calls. We can proceed similarly to compare E(W) for the two policy
classes. The details are omited.

Assume that (n,c¢) is the optimal threshold couple for a priori outsourcing (i.e., the thresholds defining

In(a/s)
SHli—a/s)

this threshold couple, the outbound throughput and the proportion of outsourced calls is identical under both

Policy 7}). Consider now the threshold couple (7 = —n ¢) for a given threshold policy in ;. With
outsourcing policies. However, E(Wg) is lower for the policy considered in €2; with the couple. So, we find
a threshold couple for which a given threshold policy in €; outperforms the optimal revenue for the optimal
policy in .. This proves that a posteriori outsourcing outperforms a priori outsourcing in maximizing the

expected revenue. |



