Online Appendix

The unabridged version of the appendix can be found on SSRN'. This online appendix is divided into six
parts: In Part A, we present a horizontal differentiation model that considers utility-maximizing consumers,
from which we show how the demand function in our model can be derived; Part B presents a preliminary
result (Lemma A.1) which is needed for the ensuring proofs in Parts D and E; Part C shows the proof for the
benchmark cases (Section 3.2); Parts D and E present the proofs for the exogenous inventory case (Section
4) and the endogenous inventory case (Section 5), respectively; Part F provides additional results that are

omitted from the main paper. For easy reference, we summarize the key notations in Table A.1 below.

Table A.1: Key Notations

Notation | Description

I; Retailer i’s pre-season inventory, i = 1,2

S; Retailer i’s service-quality level, i = 1,2

k Cost factor for service quality

c Marginal cost for pre-season inventory

c Marginal cost of quick-response order, ¢ > ¢

P Retail price of the product, p > ¢ > ¢

S8 Demand sensitivity factor to service, 0 < 3 < 8

) Unit shipping cost of transferring inventory from one retailer to the other, 0 < 4§ < ¢
t Unit transfer price of shared inventory between the two retailers, 0 <t <¢—4
T Retailer ¢’s profit, i = 1,2

€; Random factor that influences retailer i’s demand, i = 1,2

1 Mean of ¢;
g12 Joint pdf of £ and &5

A. Horizontal Differentiation Model

Consider a continuum of consumers in the market with a total mass normalized to 1, who are uniformly
located on a Hotelling line from 0 to 1. The two retailers are located on the two ends of the line. A
consumer on location z € [0,1] expects to receive a utility of ui(s;,z) = v+ s; — p — bz if buying from
retailer 1, and a utility of ua(s2,2) = v + s3 — p — b(1 — ) if buying from retailer 2, where v > 0 is the
consumer’s valuation for the product component, s; is the service quality of retailer ¢, b > 0 captures the
level of horizontal differentiation between the two retailers, and x follows a uniform distribution on [0, 1] and
represents the consumer’s horizontal preference. Assume that v is large enough so that the market is fully
covered by the two retailers in the equilibrium. A consumer on location z will visit retailer ¢ if and only if
u;(si,®) > max{u;(sj,x),0}, where ¢,5 = 1,2 and i # j. Each consumer’s final purchase decision is subject
to the influence of random interruptions. As a result, only a random fraction of consumers will eventually
complete the purchase process at the visited stores, and the rest will leave the market without making a
purchase. Let D; = ¢;-d;(s;, s;) represent the total number of consumers who finally complete purchases from

Si

retailer 4, where ¢; is the random fraction distributed on [0, 1] and d;(s;, s;) = % + ;)Sj denotes the total

number of potential consumers for retailer 4, for ¢ = 1,2. Define g = 2% Then the above demand function is

identical to that in our model.

1See https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3512712
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B. Preliminary Lemma

We summarize and prove a preliminary result in Lemma A.1. In the following Lemma A.1, Z(-) is a general
function, and ¢; is a random variable that follows a distribution with a probability density function (pdf) of
g(+) and a corresponding cumulative distribution function (cdf) of G(-) on the interval [0,1], for ¢ = 1,2. The
joint distribution of (£1,€2) has a general pdf of g12(-) and cdf of G12(+), which satisfy that g12(x, y) = g12(y, )
and Gia(z,y) = G1a2(y, x).
Lemma A.1. For any I € [0,1], the following equations hold:
ar— I—

(@5 (o7 = Z(er,22)g12(e1, 22)der )dea = [y f(;l = Z(ea,e1)g12(e1, £2)der )dey;

(b)fo f4[7€2 51762)912(€1a52 d€1 d€2 fz[ 4[ € €2a61)g12(517€2)d€1)d52;

(c)fo1 21 —e1)g12(41 — e1,e1)de; = 0;

(@)f;" g12(4] — e1,e1)der = [y gr2(Al — e1,€1)dey;

()fo 2[—61) 912(41—61,51 dEl f2[ 2]—51) 912(41—61761)d€1,

Proof of Lemma A.1. (a) According to Fubini’s Theorem, we have

/ N s egnteneaaeie: = / N 2wt = |
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( / " 2w, y)gro (e, y)dy)da.

Let = g5 and y = ¢;. Since g12(z,y) = g12(y, x), we have

21 4l —eo 41 41 —eo

/ (/ Z(El,62)g12(€1,62)d61)d62 :/ (/ Z(EQ,61)912(61,62)d51)d52.
0 21 21 0

Moreover, fu f“ 2 Z(e2,€1)g12(€1,€2)de )dea = 0 since gia(e1,€2) = 0 if (€1,e2) & [0,1] x [0,1]. Thus, we

have
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= (/ Z(e2,e1)g12(e1,€2)der)des.
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(b) Similar to the proof of (a), according to Fubini’s Theorem, we have

/ KA 2 egn(er ez = [ s = [ ([ 2 g oae

I—y 21 I—x
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I/ (/ Z(é‘z,81)912(81,82)d81)d82.
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(¢) To show Lemma A.1(c), we just need to show:
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21
/ (2[*51)_912(4[*61,61)&51 +/ (2]781)g12(41751,51)d51 = 0.
0 21

Since f41[(21 —¢€1)g12(4] — e1,e1)der = 0, we just need to show:

41

21
/ (21—51)912(4[—81,81)d81 +/ (2[—81)912(4[—81,81)d81 =0.
0 21

Let x = 41 — £1. Then, we have

41 21 21
/ (2[ — 61)g12(41 — 61761)d€1 :/ (1’ — 2[)g12(x,4f — l’)dl‘ :/ (61 — 2[)912(61,4[ — El)d&‘l
21 0 0
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(d) Since f41[ g12(4I — £1,e1)de; = 0, we just need to show

21 41
/ g12(41 —e1,e1)der :/ g12(41 — e1,e1)der.
0 21

Similar to the proof of (a), let x =4I — ¢, and we have

21 21 41 41
/ 912(41 — 81781)d51 = —/ 912(58741 — l‘)dl’ = / g12(4[ — z,x)dm = / g12(4f — €1761)d€1.
0 4
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(e) Since f41[(21 —£1)2912(41 — €1,61)de; = 0, we just need to show
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/ (2[—61)2g12(41—61,€1)d61 :/ (2]—61)2912(41—61,61)d€1.
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Similar to the proof of (a), let x = 41 — €1, and we have
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This completes the proof of Lemma A.1. O

C. Benchmark Cases

Proof of Lemma 1. We first show the optimal inventory and profit in the centralized case, and then show

the equilibrium in the decentralized case without competition. Finally, we prove parts (a)-(c) in Lemma 1.

Centralized System. It is clear that the centralized firm will set zero service quality for each retailer to save
cost, i.e., s§ = s§ = 0. Thus, the demand of retailer ¢ is D; = %Ei. Inventory sharing between the retailers
will naturally occur at a unit shipping cost §. Thus, a centralized firm’s problem is given by
1 1 1 1
max7°([1,12) =p- E[ze1+ —e2] —¢- El(ze1+ g2 — [1 — 12)+]
Iy,12 2 2 2 2 (A1)

1 1 1 1
—0- (E[(min{h — 581, 582 — 12})+ + (min{fg — 552, 561 — 11})+]) — C(I1 + IQ).

We first check the second-order condition:

2_c 1

% = —26¢9(21;) — 2(c — 5)/ g12(211 + 2 — ¢,€)de < 0,
¢ 0

oL, L) 1
- dhdl, —2(c - 6)/0 912(2I1 4 213 — €,€)de, and
d*n®(Lh, ) d*7° (I, I d*re(Iy, I 1

we( ; 2) d*me( ; 2) —( (I 2))2 = 4629(211)9(212) +456(¢—0)(g(2h) +g(212))/ gi2(211 + 2L — £, 2)de > 0.

dIl dI2 d[1d[2 |

Thus, 7¢(I3, I5) is jointly concave in Iy and I. Therefore, the optimal inventory can be obtained by solving
the first-order-condition %}11,12) =0 and %112’[2) = 0. So we can get optimal inventory level I{ = I§ = I¢
that satisfies:

21 1 4I¢—ey
YC(IC) :/ (/4 Eg12(61,€2)d61 +/ 5g12(€1,62)d€1)d62+
0

Ic—eo 271¢

1 1 21¢
/ (/ Eglg(El,Ez)dEl =+ / ((_3 — 5)912(81, EQ)dEl)dEQ —c=0.
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1c Jare aIc—eq

(A.2)

The centralized firm’s optimal total profit from the two retailers is given as below:

T = 2 = 2(p - E[%ei] —5- E[(min{%si 1o — %gj})ﬂ —z E[(%si 10— (I° - %sj))ﬂ —cI%). (A.3)



Decentralized System without Competition. It is obvious that each retailer’s service quality will be
zero when 8 = 0 since it has no impact on demand. Thus, the demand of retailer i is D; = %51'. We first solve

the case without inventory sharing and then the case with inventory sharing.

Without Inventory Sharing. Retailer i’s profit in this case is given by

1 1
e N =p- E[igl] —C- E[(§5i — L)) —cl;, for i =1,2. (A.4)

When the inventory is an endogenous decision, retailer i chooses I; to maximize the above profit. We can
2_nc—N /7.
verify that £ ) — —2¢g(21;) < 0, i.e., 7 N(I;) is concave in I;. Thus, retailer i’s optimal inventory

12
dr NI _

can be obtained by solving the first-order-condition —— 02 fi cg(e)de — ¢ = 0. Thus, the optimal

17N = [N = me=N = G71(1 — £)/2; and the retailer i’s corresponding profit is

inventory level is:

nc— N

/ PN (e,

T, =T

With Inventory Sharing. Retailer i’s profit in this case is given by

» 1 . 11 1 1
(¢, Li| 1) =p - E[isi} + ¢ E[(min{I; — 36 565~ Ij})+] —(t+9) ~E[(m1n{§5i —I,1; — 55j})+]

_ 1 1
—c- Bl(gai— L= (; = 55) ") ] =l

(A.5)
When the the inventory is an endogenous decision, retailer i chooses I; to maximize the above profit. We can
verify that d27r;w(t7 Ii‘lj)

21I;
i =- 2/ ((t+6)g12(2Li,5) + (€ — t — 6)gr2 (2L + 215 — &5, €5))de;
7 0

1
— 2/ ((5— t)g12(2]i,€j) + tg12(2[i + 2]] — Ej,é‘j))d&‘j < 0.
21;

That is, (¢, I;|I;) is concave in I;. Therefore, the two retailers’ optimal inventory levels can be obtained by

dri®(t,a]la) _ 0 and dmy(t,I2|11)

solving the first-order-condition i i, = 0 together. So the equilibrium inventory

level I7¢ = I3¢ = I"° satisfies:

armc .1 4I™C e,
Yo (1", t) =/ (/ €g12(e1,€2)deq -I-/ (t + 0)g12(e1,2)der )dea+
0 4

Inc—gy 2Jnc

1 1 2I™¢
/ (/ 5912(51, 82)d€1 +/ tglg(El,Eg)d&'l)dEQ —c=0.
2 2

Inc Jnc 4]nc —&9

Retailer i’s equilibrium profit in the sharing case is then 7]*“*(¢t) = wl“(¢, ["¢|I"°).

i

Next, we prove parts (a) to (c¢) in Lemma 1.
(a) We first consider the case when the inventory is exogenous given, and then consider the endogenous-
inventory case. In the exogenous-inventory case, we just need to show that, given I; = I, = I € [0,1],
7Pe(t, I1I) > n"N(I) holds for any transfer price t € [0,& — 8], where 7"~ (-) and 7*(-) are given by
Equations (A.4) and (A.5). We can verify that:

w2t 111) = (1) = ¢ Bl(min{T — Sei, 25— 1] = (64 6) - Bl(min{ jei — 1,1~ ;)]

— e Bl(yei— - (1= 32) ") - (= Bl(3e = D*))

—(c—9)- E[(min{%ai . %gj})ﬂ > 0.

(since E[(min{l — %5 %gj It = E[(min{%si I T- %gj}m and
Bl(zei ~ 1] = Bl(min{Se: — 1,1 = 2e)™ + (gee = T = (I = 5e,))7]
= Blmin{e — 1,1 = 5e;)* )+ Bl(zei— T = (1 = 560D )

Thus, the retailers prefer to share inventory for any t € [0,¢ — §] when inventory is exogenously given.



In the endogenous-inventory case, we just need to show that w!'®*(t) = zpe(t, ["|I"¢) > 7 N* =
7 N(me=N) for any t € [0,¢ — 6]. Note that in the sharing case, given I; = I"¢, I; = I"¢ is the unique
solution that maximizes the retailer i’s profit. That is, 77¢*(¢t) = maxy, 7P°(t, [;|1™¢) > 7ne(t, [N |Ine),

given 1"~ £ ¢, Next, we will verify 77¢(t, "~ N|["¢) > gemN* = gne=N(pne=Ny,

ﬂ,nc* (t) _ ﬂ_nc—N* > ﬂ_le(t7 ]nc—N‘InC) _ 71_7_'Lc—N(Inc—N)

K3 7 K3

=t E[(min{I™ " — %Ei, %Ej — 1IN —(t+9)- E[(min{%&i — 1N e — %Ej})+]
e Bl(Ges — "N = (1" — 2e))")] ~ (—e- Bl(ze: — VYY)
— ¢ E[(min{I"" — %5 %ej — )+ (=t —5) - E[(min{%z—:i e %sj})ﬂ > 0.
(since Bl(ze: — 1" ™)* = El(min{ jei — "N, 1" = o)™ + (5o — 1778 = (1" = Jeg) )]
= Bl(min{ges — 177N, 1" = Ze ) Bl(ge - Y — (7 - 22) )] )

Therefore, for any t € [0,¢ — §], 7l°*(¢t) > WZLC_N * holds, and the retailers prefer to share inventory when

inventory is an endogenous decision,
(b) Given the exogenous inventory I; = Iy = I € [0, 1], retailer 4’s profit in the sharing case can be simplified
as below:
1 1 1 1
et I =p- E[Zez] + ¢+ E[(min{] — €0 fsj — N = (t+6) -E[(min{iei —I,I— 55j}>+]

e Bl T (I - %gjmﬂ el

=p- E[%ai} —5- E[(min{%ei —I,1- %gj})ﬂ — e Bl(ce;—I—(I— %5j)+)+} —cI.

Thus, 7*°(¢, I|I) is independent in the transfer price ¢.

(c) It is obvious that the optimal inventory in the centralized case, I¢, is independent in ¢, since it is solved
from Y¢(I) = 0 (Equation (A.2)). Moreover, we can verify that Y ¢(I) continuously decreases in I:
aye(I)
oI

1
= —26¢g(2I) — 4(c — 6)/ g12(4I —€,e)de < 0.
0

Next, we will show that the inventory in the sharing case of decentralized system, I™¢, continuously increases
in ¢. I is solved from Y"¢(I,t) = 0 (Equation (A.6)). Moreover, we can verify that Y"¢(I,t) decreases in [
and increases in ¢:

oYy (I,t !
% = 7/ (2(57f)§12(2[,€2) +4tg12(41762,€2))d62
21

21
— / ( (t + 5)912(2[, 82) + 4(5 —t— 5)912(41 — 52,62))d€2 <0,

aync I t 27 4] —eo 1 21
/ / g12(e1,€2)der)des +/ (/ g12(g1,€2)de1)de2 > 0.
21

2 Jar—e,

According to Chain Rule, we have aé:c = Ym(l t)/ Ym(l t)| j=gnc > 0. Therefore, I™° continuously
increases in t.

Then, we wﬂl show that I™¢|;—g < I¢ and I"™¢|4—z—s > I°: (1) When ¢t = 0, one can verify that Y™¢(I,0) —
Ye(I) = —(¢c — f21 f41752 g12(€1,€2)derdes) < 0 for any I € [0,1]. Moreover, since % < 0 and
% < 0, we have I"|;—g < I¢. (2) When t = ¢ — §, one can verify that Y"¢(I,¢ — ¢) — Y°(I) =
(c—9)( 02[ 2411762 g12(£1,€2)derdes) > 0 for any I € [0,1]. Since since L(”) < 0 and aY ( ) <0, we have
1"t > I°.

Combining the above result with the one that I"™¢(¢) continuously increases in t and I¢ is independent in

t, we can conclude that there exists a t"¢ € [0, ¢ — 4] such that I"¢|;—¢ne = I¢, and thus 71 |jne = wf*. O




D. Exogenous Inventory

In the exogenous inventory case with I; = I, = I € [0,1], we define 3 = min{f(I), 32(I)} and assume that
B < B to ensure that each retailer’s profit is non-negative in the equilibrium of both inventory sharing and
no-sharing cases. Note that:

\/4/4 (p- u/2 sz[ €i/2 —I)g(e;)de; — cl)

ﬂl( ) = and

cfﬂeg e)de) (A7)
Bo(1) = mi Vak - ( p~,u/2—F1—F2—F3—cI) V- [(t+0)Vo + (6 —t)Vi + (¢ — 6)Eo]
2\b) =i (ph—A— B) "I+ 8)Vo + (— O)V1) + (G — 2t — 6)Co)

where Fl = 5f 4I (e1/2 — Igia(e1, e2)dey )deo,
S I £2/2)+&(e1/24+£2/2—21))gr2(e1,0)der)dea, Fy =& [, ([, (€1/2— D) gra(er, e2)der)des,
f 4I 2(t+0)e1g12(e1,80)der + f411—52 (¢e1 — Cea + (t 4 )ea)g12(e1, €2)der ) des,
B = fg] -, t52912(51,€2)d€1 + fjf,gz te1g12(e1, €2)der + f;j ce1g12(e1, €2))dez,
Vo = fo g12(21,¢)de, Vi = lel g12(21,¢)de, Co = f021(21 —&)g12(41 — g,¢)de, and Ey = fozl g12(41 — g, ¢€)de.

Proof of Lemma 2. (a) Retailer i’s problem in the case without inventory sharing is given by
max 7} (s;, Ii|s;) = p- Ele; - di) — ¢ B(g; - di — ;)] — ks? — cI;, fori,j = 1,2 and i # j,
Sq

where d; = 4 3(s; — s;). We can rewrite 7} (s;, I;|s;) as: © (s, Ii]s;) = p-u~di—éflt/di (eid; — I;)g(e;)de; —

2 , o AN (sioLilsy) _ 2belfg () ; Nic Tle.); S
ks? — cI;. We can verify: i3 = — (§+Si—slg)3 —2k <0, ie., " (s;,1;|s;) is concave in s;.

Therefore, retailer i’s optimal service quality can be solved from the first-order-condition as below:
d’lTlN(Si,IASj)
dsi

M dn3 (s2,1]51)
- =0and T

1
= Bpu — Eﬁ/ eig(e;)de; — 2ks; = 0.
1/d;

Solving = 0 together, we can get service quality in the symmetric equilibrium:

Blon — 2 Jyy cg(€)de).

ST =331 =3s"(1) = ok (A.8)
(b) Taking derivative of $V(I) with respect to I, 3, and ¢:
aggl(f) _ 25515(21) o aggfgz) _ pu—c‘:fisg(a)ds -0, and aégé(f) _ B fQIQZg(e)ds ol
Thus, §V (1) increases in I and 3, and decreases in c.
(c¢) The corresponding profit of retailer 7 in the case without inventory sharing is given as below:
a (1) = m (37 (D), 1|3V (1) = p- /2~ C/;(Ezﬂ — I)g(ei)de; — k(3" (1))? — el (A.9)

Taking derivative of #(I) with respect to I, 3, and é:

1 1

~N alN
om (1) _ 5/2 gleiyde; — 265N (2 o 5/2 g(e:)de; — 485N (I)eIg(21) — c,

oI I oI I
orN(I) N, 08N ()
A —2ks (1) a3 <0, and

o D) _ /2 (ei/2 — Dgleiyde: — 2k (20 = /Z (e4/2 — Dg(er)de: + B&™(I) / eg(e)de.

I I 27

87r (I)

or} (1) o} (1)
< 0, and —57— and —5

parameters. Thus, 7 (1 ) decreases in (3, is non-monotone in I and ¢. O

One can verify that could be positive or negative for different given



Proof of Lemma 3. (a) Retailer ¢’s problem under inventory-sharing case is given by

max 7 (i, li|s;, I;) =p - Elei - di] +t - E[(min{l; — eids, e;d; — I; N = (t+6) - E[(min{e;d; — I;, I; — ;d,;}) 7]

— ¢ E[(eidi — I — (I — 5d;) ")) = ks? — cl;, for i,j =1,2 and i # j.

The first-order-condition leads to

I

I;+1;—e;d
diSi,IiS',I' 1 1 d; d;
i ( |55, 15) :—sti—&-ﬂ(p/ Eigi(Ei)dé‘i—t/,, / Ejng(giyé‘j)d€i+‘/lv L. Eigi2(gi,€5)de; | dej
ds; 0 i | Jo it i34
j i

Li+1—e;d;

5
a; Er
- (t+5)/0 [/Iﬁzjajdj gjg12(ei, €5)dei + /1 €i912(€i7€j)d€i] de;

Tz
1 1 1
—¢ / /IH _o,a, (& E5)gn2(ei, e5)deide; + /,j /1 €ig12(€i, €5)deide; | ) = 0.
a a7y
d71'1(51’1\5211) _ d7\'2(5271|51, ) _ 3 3 ; ;
Solving = 0 and = 0 together, we can get the service quality in the unique

dsy dso
symmetric equilibrium outcome as below:

B(J, peg(e)de — A—B)  B(pu— A— B)

2k N 2k ’
where A = f (t +0)e1g12(g1,82)der + f411_€2(651 — ¢eo + (t + 6)ea)g12(e1,82)der )des and
B = fg] e t€2g12(€17 £2)de1 + ffII_EQ te1gi2(e1,€2)der + f;l ce1g12(€1,€2))dea.

d*mi(si,1]s;5,1)
dsf l

S$1(t, 1) = 8o(t, 1) = 8(t, 1) =

(A.10)

4[ g9

Next, we check the second-order condition to show that s1=sa=3(t,1) < 0. Taking the second

derivative of m;(s;, I;|s;, I;) with respective to s;, we have:

.
d2 (s: I:|s: I: == 1 1 1
w —_p? [/d (—H)de: +/1. (=J)de; +/Iv dej} —(t+5)82 {/1 Hde, + / 7 Jde, +/ d€]:|
0 3 2 i
J

; i

.
1 1 -z

— 82 [/I (—H)de; + /1,. Jde, +/Odf Kdzsj:| — 2%k,
L ‘

j

e (ded )2 e .
where H = d3912(€“d ) J = d3912(d ,5J)7 and K = [Li+1; Ecjla(d7,+dj)} 912(Iq,+fjdi Ejdj,e’—;j)_ Given that s; =

so = 3(t, 1) and I = I = I, we can obtain the follows: di = dy = 5, H = 81%-g15(¢;,21), J = 81%-g12(21,¢;) =
812 - g1a(ej,21), and K = 2(41 — 2¢;)?g12(4] —€j,¢;). After simplification, the second-order-condition can be
rewritten as below:

2 ) 1 21 1
WL&Z%ZM%U =(—tp%) | Kdej+(t+5-0p [ Kde;— 5ﬂ2/ 812 - gia(e:, 21)de; — 2k.
(3 21 0 0
1 27 1
:7/32(15 KdEj*F(E*t*(;) Kd€j+5/ 8]2'912(61',21)6162')72]6.
21 0 0

Since 0 <t <t+d < ¢, we can show that %;élsm‘sl:sz,:g(u) < 0.

(b) Taking derivative of §(¢, ) with respect to ¢, 4, ¢, I, and 3:

d5(t, T) ﬁ(foy( 2411752 e1g12(e1,e2)de1 + f4117€2 eag12(e1,€2)der)de2

ot 2k

f21 f“ €2 €2g12(€1752)d€1 + f4211752 81912(81,52)d€1)d€2
) <0,
2k

93(t. 1) ﬁfozl( 2411—62 €1g12(€1,€2)der + f411,52 €2g12(€1, €2)de1 )dea 0

1ol 2k ’
o5(t, 1) 6f021(f411,52 (e1 — e2)gr2(e1, €2)der)dea + [5, ([, e1912(e1, €2))dea “0

oe 2k ’
d5(t, I _A-B d5(t, I X1+ Xo

éﬁ ) _(pp 2 ) S 0, and él ) _ B( : ).



where A and B are given in part (a), X1 = 021 2(2t+0)Ig12(e1,2D) +4(c—t —0)(2I —e1)g12(e1,41 — £1))dey,
and Xo = [, 2(2¢ — 2t — 6)Igia(e1, 21) + 421 — e1)gr2(e1, 41 — £1))de;.

. . I
According to Lemma A.1 (c), we can easily show that f211 4t(21 — e1)g12(e1,41 — £1))de; = — f02 4¢(21 —
€1)g12(e1,4I — €1))de;. Thus, Bs(t D) can be simplified as below:

0a(t, 1)
ar p
Therefore, §(t, I) increases in 3, and decreases in ¢, §, and ¢; and §(¢, I) increases in I when t < €

f021(21(2t + 5)g12(€1,2]) + 4(5— 2t — 6)(2] — 81)912(81741 — 81))d81 + f211 2](25— 2t — 5)912(81721))d81
% .

be non-monotone in I when t > <2
(c¢) The corresponding profit of retailer 7 in the case with inventory sharing is given as below:

4T e I
wi(t, 1) =m;(8(¢, 1), I18(¢, 1), 1) =p- ,u/2+t/;(/0 (e2/2 — I)g12(e1,€2)de1)dea +t/:(A2 (I —€1/2)g12(e1,€2)der)des

I I—eo

21 1
—/0 (A ((t+5)([—62/2)+E(61/2+62/2—2]))912(61,62)6181)(182

I—eo

2  p4I—eo 1,1
—(t+§)/0 (/21 (61/2—1)912(61,62)(161)(162—5/ (/ (51/2—I)glz(sl,ag)del)dsg—k§2(1)—cl.

According to Lemma A.1(a)-(b), tfﬂ 4= “2( /2 Igi2(e1,e2)der)des = tf 4I “2(g1/2 —I)g12(e1, €2)der)dea
and ¢ [ ([ 52( - 51/2)912(51,52)d51)d52 = tfo f4[—52 52/2)g12(51,52)d51)d52. After simplification, we can
rewrite 7; (¢, I) as below:

*i(t, I) =p- u/2—5/ / 52(51/2—1)912(81,52)d51)d62

- /021([; (6(1 —e2/2) +c(e1/2+e2/2 — 21))g12(e1,€2)der )dea (A.11)

I—eg
1 1
—5/ (/ (81/2—I)glg(El,Ez)dsl)dEQ—k§2(1)—(2].
21 21

Taking derivative with respect to ¢, we have: W = —2k5(t, I)% > 0. Thus, #;(t,I) increases in t.

Taking derivative of 7;(¢, I) with respect to ¢:

6 5 t I 21 4] —eo 1 R aA t,]
i ( ) —/ (/ (e1/2 — I)g12(e1,€2)der + / (I —e2/2)g12(e1,€2)de1)des —2k3(¢, ) 5( )
1ol4) 0 o1 4l—eo NI ._186

Second Term

First Term

The first term in % is negative and the second term is positive. And one can easily verify that %
could be negative or positive. Thus, 7;(¢, ) is non-monotone in 4.
Taking derivative of 7;(t, I) with respect to ¢:

Ofi(t, I 2Ll 1 op1 0T
M = —/ (/ (e1/2 4+ e2/2 — 2I)gi2(e1,e2)der)dea —/ ( (e1/2—=1)gi2(e1,e2)der)des  —2k3(t,[)———— os(t, )
oc 0 41—y o1 Jar oc

First Term Second Term Third Term
The first and second terms in W are negative and the third term is positive. And one can easily verify
that %él) could be negative or positive. Thus, 7;(¢,I) is non-monotone in .

Taking derivative of 7;(t,I) with respect to 3, we have %};” = —2k§(t,[)%gl) < 0. Thus, 7;(¢t,I)
decreases in 3.
Taking derivative of #;(t, I) with respect to I:

ori(t, T 21 pdl—ey 1
7ﬂ6(1 ) / (/ (t+9)g12(e1, e2)der +/ (2¢ —t — 0)g12(e1, €2)de1)de2
4

I—eo
4] —eo 1 B . 8§(t, I)
t912 £1, 62)d€1 + t912(81,82)d81 + cg12(51,52)d51)d52 — ka(t, I) ol —
21 4l —ey 21
aﬁia(;’l) could be positive or negative, and thus 7;(¢, I) is non-monotone in I. O



Proof of Proposition 1. (a) §(I) and 5(t,I) are given by Equations (A.8) and (A.10), respectively.

D) - N Ben=A=B) o=y ege)d)  B-A- B e, co()de)

2k 2k 2k
75 —A—- B+ Ef021(f211 51912(81, Ez)d&‘l)dé‘z =+ Ef;l(f;l 81912(81, 82)d81)d€2
B 2k
:ﬁ(IOQI( 24[[ €2 (C —t— 5)51g12(51, Ez)d&l + f41[7€2 (5 —t— (5)62912(817 52)d51)d82
2k
1, pdl—eo 21
f21(f0 teagiz(e1, e2)der + f41752 te1gi2(e1, 2)der)des
Bl 2k )
:ﬁf;I( 24[[ 62( — 2t — 5)81912(81,82)d81 + f411752 (5 — 2t — (5)52912(61, Ez)d&‘l)dé‘z
2k
(according to Lemma A.1 (a) and (b))
~ 021( 2411752 €1912(e1,€2)de1 +f411_5 e2g12(€1,€2)der)de
=(c—2t—0)B % 2 ,

where A and B are given in Lemma 3(a).

Thus, §(¢, 1) > 8V (1)

$(t,I) < §N(I) when ¢ > 52

(b)&(c) #N(I) and 7;(t,I) are given by Equations (A.9) and (A.11), respectively. Thus, we have:
A(t,1) = 7i(t, 1) = &N (1) = R(t, 1) = RN(I)  —k((3(t,1))* — (8"(1))?).

First Term Second Term

where RN (I) = p-p/2—¢ [y, (e:/2—1)g(e;)de; and R(t,T) = p-j/2— 5] % (61 /2= Dgia(er, e2)dey ) deg —
21(f4117€2 (8(1 — £2/2) + &le1/2 + £2/2 — 21))gr2(e1, 2)der )des — & [ ([ ( 61/2 — 1) g12(e1,e2)der)des.

After simpliﬁcation we have:

2I 4l —eo
R(t I)— :—5/ / (e1/2 — I)gi2(e1,€2)der)de

—/0 (/4] (61 — £2/2) + &(e1/2 + 3/2 — 20))g1a(er, £ )der )des

— 6/;(/;(81/2 — Igi2(g1,€2)der)de2

+E/21(/1(61/2 Igi2(g1,€2)der)dea + E/ (/1(51/2 — Dg12(e1, 2)der)des

I

21 4l —eg 1
0—5)/ / 81/2—I)g12(€1,82)d81 +/ (I—52/2)912(81,82)d81)d82,
4

I—eo

pu— ¢ [, eg(e)de)

(py, —A-— B) o )2) = ﬂQ((S(t, I))2 - (SYN(I))Q)

(6.1 = (1) = g A= By

where S(t,I) = W and SN (I) = w.

Thus, the first term in A(t, I) is positive and independent in ¢, i.e., R(t,I) — RN (I) > 0 and is independent
in ¢ and 3; the second term —k((3(¢,1))? — (8V(I))?) increases in t since 5(¢,) decreases in t and §V(I) is
independent in ¢. Moreover, according to part (a). the second term is negative (i.e., 8(t,1) > §V(I)) when
(ie., 8(t, 1) < 8N (D))

Therefore, A(t, I) increases in t, and A(ég—‘s7 I) > 0. Hence, there exists a unique #(3) € [0, 5;—5) such that
A(t,I) > 0 when ¢ > £(8), and A(t,I) < 0 otherwise.

In addition, one can also easily verify that the first term in A(t,[ ) is positive and independent in .
According to part (a), A(t I) = BS(t,1) > V(1) = BSN(I) > 0 if t < 52 and 0 < 4(t,1) = BS(t,I) <
$N(I) = BSN(I) if t > &52. Thus, the Second term k((é(t,]))2—(§N(I))2) = —kB2((S(t, 1))? — (SN (I))?) is
55’5. Hence, A(t,[)




decreases in 8 when t < 555; and A(t,[) > 0 and increases in 8 when t > 2. Moreover, when t < %7

2
there exists 3(t) = \/k(((él?g}gg—?gfv(([g))%) such that, A(t,I) < 0iff 3> B(t) and A(t, 1) > 0 iff 8 < B(t).

This completes the proof of Proposition 1. O

c—9o

Proof of Corollary 1. The proof follows directly from Proposition 1 (a) and (b). O

Proof of Proposition 2. Asshown in Lemma 3(c), each retailer’s profit in the sharing case 7; (¢, I') increases
in t for t € [0,¢ — 6]. Thus, the optimal transfer price is * = ¢ — §. As shown in Proposition 1(b), A(t, I =
7i(t, 1) — 7N (I) > 0 when t > £(j3). Since t* =¢— 0 > 52 > (), the retailers prefer to share inventory at
the transfer price £*. In addition, in the centralized system, s§ = s§ = 0. However, §(t,I) > 0 for any ¢ given
that 8 > 0. Thus, one can easily verify that @;(t,I) < 7{(I,I) (where 7{(I,) is given by Equation (A.1))
holds for any t € [0,¢ — d], i.e., coordination cannot be achieved. O

E. Endogenous Inventory

In the endogenous inventory case, we define 8 = min{Bl(fN), s (f)} and assume that 3 < f to ensure that
each retailer’s profit is non-negative in the equilibrium of both inventory sharing and no-sharing cases. Note
that 31(-) and f5(-) are defined in Equation (A.7), and I and I are defined in Equations (A.12) and (A.14).

Proof of Lemma 4. (a) Retailer i’s problem in the case without inventory sharing is given by
maXﬂfV(si,Msj) =p-Elg;-dj] —¢-E[(g; -dy — L;)T] — ks? —cl;, fori,j =1,2 and i # j.

Note that d; = % + B8(s; — s;). We can rewrite ¥ (s;, I;]s;) as: 7 (s;, Li|sj) = p-p-d; — Efll/di (eid; —

I,)g(g;)de; — ks? — cl;. We first check the second-order condition:

e Brel?g( 4 20N (s:, 1| s ¢ I
d'm (327 |51) — _ 3(d1,) —2k <0, asm; (Sé ‘SJ) :—ig(—)<0,
ds; d; al; di” d;
dQW,fV(Si,I¢|Sj) Béjig(%) d27r,fv(8¢,12‘|8j) d27r2‘(82‘,[i|8j) d27r,LN(SZ‘,IZ‘|Sj) 2 Qkég(%)
= 7 and 2 2 —( )" = —20.
d]idsi dl dSZ- dIi d[idsi dl

Thus, 7¥ (si, I;]s;) is jointly concave in s, and I;. Therefore, each retailer’s optimal inventory and service

quality can be solved by considering the first-order-condition as below:

Nio 7. 1 Nio 7., 1
dmy (s, Lils;) = E/ g(e)de —c=¢(1—-G(I/d;)) —c=0 and dry (s, Li]s;) = Bpu — Eﬂ/ eig(e;)de; — 2ks; = 0.
I I/d;

dl; /d; ds;
Solvi dnd (s1,11]s2) 0 dr (s1,I1]s2) 0 dry (s2,12]51) 0 d dry (s2,12|s1) _ 0t th . 1t 1
olving i =0, P =0, e =0, and =272 = 0 together (simultaneously),
we can get the unique symmetric equilibrium outcome as below:
_ _ el
G 1<1_%) N:§N(jN): 6(17#70]21‘1\! sg(s)d&?)

IlZIQZjN: and 81:82:§ (A12)

2k
(b) According to the proof of part (a), IV is solved from &(1—G(2I))—c = 0. Define YN(I,&) = ¢(1-G(2I))—ec.
Obviously, IV is independent in 3. According to Chain Rule,

oIN  9yN(1,e) 0YN(I,¢) 1—G(2I)

= N = —— =~ > 0.
e e | ar =N T Tggnary =1 2
Therefore, IN increases in .
. . AN . _ . asN _ osN(dM) :
(c) Taking derivative of §7 with respective to ¢ and 8: %3 35— > 0 (According to Lemma 2), and
sV asN(aM) (BéN(I) N 23N (I) afN)l i
oc o oe or oc /=
—B [l egle)ds  eBIg(20) 1 — G(2I B Jor(5 — Dyle)de
= (Ll | Bl 100D, A DIOE)

10



Therefore, 5V decrease in ¢ and increases in 3.

(d) The corresponding profit of retailer ¢ in the case without inventory sharing is given as below:

1
AN = 2NN YY) :p-ﬂ/z—a/ (/2 — IN)g(e)de — k(5N)? — oY = #V (1Y), (A.13)
2IN
Taking derivative of 7V with respect to 8 and é: agé = —2ksN asﬁ < 0 and
oy arN(IN) (afr,N(I) N RN (I )8IN)|
gc 9 - o ar e =N
' N [ N 1-G(2I)
=(— [ (es/2—=1)g(ei)de; + B3 (1) eg(s)de + (€[ gles)des —4ps" (I)elg(2]) — ¢) ===+ )| j—in -
21 27 271 2¢g(21)
Since agév Bgév < 0, 7V is non-monotone in ¢ and decreases in 3.
This completes the proof of Lemma 4. O

Proof of Lemma 5. (a) Retailer ¢’s problem in the case with inventory sharing is given by

max 7 (si, Li]sj, I;) =p - Elei - di] + t - B[(min{Li — eidy, e5d; — I;}) "] = (¢ +6) - E[(min{eidi — L, I; — £5d;}) "]

1154

—cC- E[(Eldl -1 — (Ij — €jdj)+)+} - ks? —cl;, fori,7=1,2 and i # j.
The first-order-condition leads to

dmi(si, Li|s;, I;) 1 1 Litlyjejdy Iy
Ti(Siy 4i|Sj, 14 d; i
" 2259 — _ 2ks; + /BP/ eigi(gi)dei — ’Bt/z. / ejg2(ei, e5)des + /I-+1j—sjdj eigi2(es, €5)deq | dej
i 0 a5 0 . d;
J [
L N Ii+1{;sjdj
*5(t+5)/ ’ /,.Jr,j,gjdj €j912(€ia€j)d6i+/,, C eigia(eigg)des | dej
0 3 . a;

1 1
— ,BC / /I +I vy E; — €j)g12(6i,€j)d6id6j =+ /17] /L7 Eiglz(Ei,Ej)dEid&‘j =0 and
Ii+lj—cjd;

1,
i(84, Lilsy, I Lo ] :
w :t/zj /i _a, 912(80,€5)deide; + (4 9) / / k g12(gi, €;)deide;

dj

+c / /I+I Ceyd gi12 61,6] dEZdEJ / / glz(Ei,Ej)dEid{:‘j —c=0.

dmy(s1,01]s2,12) dmy(s1,01]s2,12) dma(s2,l2]s1,11) dma(s2,0a]s1,11) .
Ior =0, ia =0, e =0, and =222 = 0 together (simulta-

neously), we can get the retailers’ inventory and service quality in the symmetric equilibrium: I = I = I(t)
and s, = so = 5(t) = 5(t, 1(t)), where 4(-) is given by Equation (A.10) and I(t) is solved from:

~ 27 1 4l —eg
Y(1,¢,t,0) :/ (/~ cqi2(e1,e2)der Jr/~ (t+ 0)gi2(e1,e2)der)des
0 4

I—ey of

Solving

Lo of (A.14)
+ /x(/ﬁgm(él,&z)d& + / tgi2(e1,€2)de1)dea — c = 0.
2 2

I I 4] —eo
Next, we check the second-order condition to verify that ;(s;, I;|s;, I;) is jointly concave in s; and I; when
s1=82=35t)and I} = I, = I( ). For expositional brevity, in the following proof, we use m;(s;, I;) to represent
mi(si, Ii|s;, 1;), and we use I and 3 to represent I(t) and 3(t), respectively. The Hessian matrix of ;(s;, I;) is
given by Pri(si,li)  Pri(siyli)

_ ar? OT,05:
H= 771(377] ) Pmilse i) |
0I;0s; 0s2 ’

i

in which:

11



Sl

1,
E’Ej) + tgia(

I;
Eiy Ij)dgi + /1

/dji (t+6)g12(

I;
70 €i)dej +

(3

d;

1
I;
[/, <Ii(5* t)g12( 7 &5) + 11 + T2 — e5)g12(
3 7
dj

1
; (- t)gm(dZ,Ej)dEj]
3

d;

I+ 1> —Ejd‘

@ J@')) Ej] ,

I + 1 — Ejdj

(¢ —t—06)g2(ei, Ij)d&}
d;

d;

.
d; I; _
s (I¢<t+6>glg<—_,en+<c—t—6)<h+12—sj>g12(

L+ 1> —¢;d;
d;

—&5d;

,Ej)) 51]

i L+ I — €d; :
/ NE—t—8)(I + I — &) gra( 250 g, +/,_ t(I + 12 — £5) g1a(
0 I

ER

J

d;

,Ej)) df:‘j] :

I+ 1> —Ejdj Ej)) dEj]

L+ 1 —eid;
di”ﬁj)dfj] »

Note that d; = 1/2 + B(s; — s;) for i, = 1,2 and 7 # j. We want to verify that the Hessian matrix H is
negative definite at the point Iy = I, = I and s1 = 83 = §. Given that t < ¢ — 4, it is obvious

327ri(si,li)

oz <0

at any points. Thus, we just need to verify that det(H) > 0 when I} = I, = I and s = so = §, i.e.,

(927TZ‘(81‘, Il) 627Ti(87;, Il)

827TZ‘(SZ‘, IZ)

2
0s;

- ( 8[1851

2
) :| |11212:f,81282:§ > 0'

Let Vy = fOQI g12(21,¢)de, Vi = f211 g12(21,¢)de, Cy = 021(2175)912(4I75,5)d5, C, = f211(2176)912(41*
g,e)de, Dy = 02[(21 —e)%g12(4l — €,¢)de, Dy = f;I(QI —&)%g12(4I — €,¢)de, Ey = foﬂ g12(4I — €,¢)de,
E, = f211 g12(41 —€,e)de. We can write det(H) as follows:

8271'7;(37;, L,)

|:(927|'2'(Si, Iz) 8271'7;(87;, Iz)

BE:

811-8&

2
) } |11:12:f,31:32:§

_ { [~2((t+ O)Vo + (2~ £ — 8) By + (¢~ VA + LE)] x [~2k —88°IP8(Vo + Vi) — 88%(2 — £ — 6) Do + tD)|

_ [45f((t +8)Vo+ (6—t)Vi) +4B((e—t — 8§)Co + tCl)] ’ }|,:,-.

Given Lemma A.1, we have Cy = —Cy, Dy = Dy, and Ey = E;. Thus, we can simplify det(H) as below:

8271'»;(87;, L,) 827'('7;(37;, L)

627&'(51'7 IZ)

|

N ( (’)Ii(‘?si

2
) :| |11=12=f,51=s2

=3

- { [2((t 4+ 6)Vo + (¢ — t)Vi + (¢ — 6) Eo)] x [Qk +86°1*6(Vo + Vi) +88%(c — 5)D0]

166 [F((t + 0)Vo + (e~ Vi) + (e — 2t - 5)00]2 }\,:I-.

(A.15)

After simple transformation of Equation (A.15), it is clear that det(H)|; _; 7, _,,—s > 0 is equivalent to:

k

1B~

[F((t+0)Vo + (e~ Vi) + (e — 2t — 5)C) ’

(t+0)Vo+ (G— Vi + (c— 6)Eo

(PS(Vo + V) + (e — 6>Do>}\H~.

In the endogenous-inventory case, we assume that 8 < 8 = min{f;(I"), B2(I)} (see the definition in the

beginning of Part E), which can guarantee that

12



. [f((t+6)Vo+(éft)V1)+(672t76)Cor
W>{ CT Vot @—DVit (@ 0)Bs }\, r

Thus, given 0 < § < ¢, it is clear that det(H)|11:12:f,51:52:§ > 0 holds. Therefore, we have shown that
mi(8s, ;) is jointly concave in s; and I; when sy = sg =§and [y = I, = 1.

(b) According to the proof of part (a), I(t) is solved from Y (I,¢,t,6) = 0, where Y(-) is given by Equation
(A.14). Taking derivative of Y (I,¢,t,0) with respect to I, ¢, t, and §, we have:

oY (I,e,t,6 b ora
y =— (2(¢ — t)g12(21,e2) + 4tgr12(4] — £2,2))de>
ol
21

21
— / (Q(t + 6)912(21, 62) + 4(5 —t— 5)g12(41 — EQ,EZ))dEQ <0,
0

oY (I,¢,t,6 ol Lot
% = / (/ 912(61,€2)d€1)d€2 —|—/ (/ g12(€1,€2)d€1)d€2 >0,
0 4 2

I—e; or Jor

aY 17 7,t,5 21 4] —eo 1 21
% = / (/ g12(€1,€2)d81)d82 —I—/ (/ 912(51,82)d€1)d€2 Z 0, and
0 2 4

I 21 I—e2

5)4 I, C, t76 21 4I—eo
(87(?) - / (/ g12(e1,€2)der)de2 > 0,
o Jor

Obviously, I(t) is independent in 3. According to Chain Rule, we have:

oI (t) oY (I,&,t,6) ,0Y(I,¢,t,6) oI(t) oY (I,&,t,6) ,0Y(I,¢,t,6)
= — > = — S >
ac oc o =20 ot /a1 =i =0 and
oI(t) _ oY (et 5)/81/(1,5, t, 5)| 2o
s as oI =i =™

Therefore, f(t) is increasing in ¢, ¢, and 4.
(¢) Taking derivative of §(¢) with respective to ¢, t, §, and S:

d5(t) 95t I(t)) _ ,05(t,1) N d5(t, 1) OI(t) d5(t)  05(t, I(t)) _ ,05(t,T) N d5(t, 1) OI(t)

oe ~ o~ oc or oc =i o = o~ T or ot =i
d5(t) 95, 1(t) (8§(t,1) 95(t, I) 8f(t))| i and 95(t)  95(t, I(t)) >0
s~ 88 Y 86 oI a5 M=y a8~ 0B :
Since 8‘9&[) < 0, 85((931) <0, 88(21) <0, 8(19(}5) >0, al(t) >0, 8I(t) > 0, and % could be positive
and negative, one can verify that ost ), as(t), and 20 could be posmve or negative. Therefore, 5(t) is
oc ot 99

non-monotone in ¢, t, and §, and 3(¢) increases in 3.

(d) Retailer #’s equilibrium profit is 7;(t) = #;(t, I(t)), where 7;(-) is given in Equation (A.11). Taking

derivaftive of 7;(t) with respective to ¢, t, ¢, and S: am(t) 87%%’5“” = (a%i(t’n + aﬁi(“) 8I(t irs i) 6%515“) =
o (t,1(t 07 (t,1 o7 (t,1 81 t om; (t) 67TL t,I(t _ 07 (t,I o7 (t,1 61 t) om;(t)
(626()) =( 8(26 4 (1 : ))|1 Ity aé) - (65()) = ( a(a L+ 6(1 : ( )‘I Iy and 65() o

—2k3(t) 24 < 0.
Note that 7;(t,I) increases in ¢, is non-monotone in I, ¢, and J; and f(t) is increasing in ¢, ¢, and 0.
Thus, one can easily verify that am(t), aﬂét(t), and & ‘(t)

non-monotone in ¢, t, and J, and it decreases in f. O

could be positive or negative. Therefore, 7;(t) is

Proof of Proposition 3. According to Lemmas 4 and 5, IV is solved from YN (I,¢) = &1 —G(2I)) — ¢, and
I(t) is solved from Y (I,,t,8) = 0 (see Equation (A.14)).

When t = 0, one can verify that Y (I,¢,0,6) — YN (I,¢) = 02[( 24[]_82(1? + 0 — ¢)gi2(e1,€2)der)dea < 0.
Moreover, since W <0 and % < 0, we have f(O) <IN,

When ¢ = ¢ — §, one can verify that Y (I,¢,¢—6,6) — YN (I,¢) fﬂ 4I ., (1 —08)g12(e1,€2)der)dez > 0.

— N —
Moreover, since w < 0 and WTE,I’C) <0, we have I(¢ — ) > IV,
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In addition, according to Lemma 5, I (t) is increasing t; and obviously, IV s independent in ¢. Therefore,
there exists #; € [0, — 6] such that I(t) > IV when t > ; and I(t) < IN otherwise. O

Proof of Proposition 4. Given that g(¢) = 1 for € € [0,1] and g12(¢1,e2) = 1 for 1,69 € [0, 1], we can
simplify IV, 5N, #N, I(t), 5(t), and 7;(t) (see the proof of Lemmas 4-5) as below:

. %(1 -9 (A.16a)

& = N () = gl e(1 ;k‘l(f:N)Q) —p.P= 21;' e (A.16b)

# = #N () =p- /01 %sig(si)dsi - E/Z;N(lsi ~ V)g(en)dei — N — k(5V)? (A.16¢)

— % . a- ifN)Q eV gy = =)ot c2)(4k121;2((p — 20)c+¢*)B’) (A.16d)
t—c+4/3e2426t+12 —2c(c+2t—5)—285 . c—36—6

i) {3”\; \/% ’ ff b= i (A.160)
6c—4t—60 if t > ===

5(t) = st I(t) = o 412(2?“1??“"? if ¢ < Be=3e=0 (A.16f)

p+(21—1)(21(36+6t—2¢8)4(26—5—2t)) . 8c—3c—4
8- i L > st

Fi(t) = 7:(t, T (D) = p- E[ el + ¢ - E[(min{f — 15,, 56— INT1 = (t+0) -E[(min{ési . %sj})ﬂ (A.16g)

—E~E[(%5i—l— (i— %sj)) | — of — k(3(t))? (A.16h)

prr—e(t —T+81% —6(I* - 81°) — I — k(3()%, ift< Be=3==2 (A.160)

= - _ .161
p- b — U202 (a4 — 8T) + 5(8] — 1)) — of — k(3(1))%, if t > Se=de=d

—alq T+ 51 = 8(1° = §1%) - of — 7. UECeSgoteel, <=5 )

Il
——
ST
PN N

— 022D (54— §F) 4 6(8T — 1)) — of — B2 - LHEIZDEIEIH6_20)+(2e20-20))" gy > Se—3os

(a) Tt is easy to verify that 5(¢) is continuous in ¢. In addition, though tedious but straightforward algebraic

=2 2 - . . S —
analysis, we can show: If ¢ < 11&° ’2%?1)‘: 5;53 +8° , §(t) decreases in t, i.e., a‘;(tt) < 0 for any t € [0,¢ — J];

8s(t) Bs(t)

otherwise, §(t) first increases then decreases in t, i.e., > 0 when ¢t < t; and < 0 when t > t1, where
t1 is the second root of the polynomial equation 2¢> + (3c —0)t2 + (14e0 — 462 — 12¢2 ) +18¢%¢c —11¢® — 24¢cd +
11625 + 8¢ — 0% — 6 = 0. Thus, 3(t) either decreases in t or first increases then decreases in t.

Moreover, it is easy to verify that §(0) > 5V always hold, and that 5(¢ — §) > 3~ when ¢ > & and
5(é—6) < 5 when ¢ < & where ¢ = % Combining the result that 5V is independent in ¢ and 3(¢)
either decreases in t or first increases then decreases in ¢, we have: When ¢ > ¢, 5(t) > 5% for any t € [0,¢—6];
when ¢ < ¢, there exists a unique t5 € [0,¢ — 6] such that 5(t) > " when t < #, and 3(¢t) < 3 when ¢ > {,,
where %, is the unique solution of 3(¢) = §V.

We further define that £, > ¢ — ¢ when ¢ > ¢ and #, as the unique solution of §(t) = 5V when ¢ < & Thus,

we can conclude that §(t) > & when t < t, and 3(¢) < 3V when ¢ > {,.

(b)&(c) Similar to the proof of Proposition 1(b)&(c), we can show that:
A(t) =7i(t) — 7)) = wi(t, 1(8)) — &V (IV) = R(¢, 1(t)) = RN (IV) - —k((3(t,1(1)))* — (3" (IN))?).
First Term Second Term
where RY(1) = p-j1/2=¢ [,y (es/2= Dg(ea)der and R(t 1) = pp/2=3 [ (o (e1/2= Dgna(er, e2)der)de
2I(f411_52 (0(I —ez/2) +c(e1/2+e2/2 — 21))gr2(e1, €2)der )dea — cfﬂ fﬂ 81/2 — Ig12(g1,€2)de1)dey. More-
over, (3(t, I(1)))? — (3n(IN))? = B2((S(t, 1(1))* — (SN(IN))?), where 8(t,1) = PA=A=B) and §N(1) =

(pp—¢ [5, eg(e)de)
5% .
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Comparing with the proof of Lemma 1, we can find that I(t) = I™¢, IN = [me=N R(t, I(t)) = 70 (t),
and RN (IV) = 7 N* As shown in Lemma 1, we can know that the firm term in A(t) is positive, i.c.,
R(t, I(t)) — RN(IN) = aPe*(t) — ™~ N* > 0. And it is easy to verify that the first term is independent in 3.

Similar to the logic in the proof of Proposition 1(b)&(c), we can show that the second term in A(t) is
negative and decreases in  when t < f,, and it is positive and increases in 3 when ¢t > £,. Hence, A(t)

decreases in 8 when ¢ < ty; and A(t) > 0 and increases in 8 when ¢ > t,. Moreover, when ¢ < g, there exists

B(t) = \/ k((gﬁg§égt)>)>2;§g;f(;;))2) such that, A(t) < 0 iff 8> B(t), and A(t) > 0 iff 8 < B(t). O

Proof of Proposition 5. (a) From Equation (A.16), it is easy to verify that 7;(¢) is continuous in ¢ for

t € [0, — d]. Moreover, dﬁ;t(t) = dR(td’ti(t)) - 2k:§(t)dil—(tt) = %h:f@ ‘H;l(tt) - 2k§(t)di—(tt). Note that

R(t, I(t)) is concave in I, dfi(tt) > 0, and §(¢) either decrease in ¢ or first increases then decreases in ¢. Thus

7;(t) might be concave or convex in ¢t. Thus, there always exists (maybe not unique) an optimal transfer

price t* € [0,¢ — §] that maximizes each retailer’s profit, and #* could be strictly smaller than ¢ — ¢ (see the
illustrated example in Figure 9).
(b) From the proof of Proposition 4, we have shown that A(t) < 0 iff § > f(t) and t < ,, where 3(t) =

R(t,I(t)—RN(IN)
k((S(8,1(1))2 (SN (IN))2)

Note that when ¢ > ¢, ts > ¢— ¢ holds. That is, given ¢ > ¢, A(t) < 0iff B > B(t) for any t € [0,6—6]. We
define 3 = maxye[o,z—s) B(t). Then, given ¢ > ¢ and 8 > 3, A(t) < 0 holds for any ¢ € [0, — 6]. One example
of parameters that satisfies this condition is provided in Figure 9.

(c) In the centralized system, s§ = s§ = 0. However, §(¢) > 0 for any ¢ given that § > 0. Thus, one can easily

verify that 7;(t) < n§* holds for any ¢ € [0,¢ — 4], i.e., coordination cannot be achieved. O

F. Additional Results

In this part, we provide some additional results that are omitted from the main paper. First, we conduct
numerical studies to examine the impact of shipping cost (4) on the equilibrium transfer price and inventory in
the endogenous-inventory case, which complements the numerical analysis of Section 5.4 in the main paper. We
have tested many different parameter regions; here, we present the results in Figure A.1, using a representative
example with k =1,p =1,¢ = 0.45,¢ = 0.5, and 8 = 0.4. Through numerical results, we can observe that the

optimal transfer price (£*) and the full equilibrium inventory (I(#*)) both decrease in 4.

P i@

0.1 02 03 04 0.1 02 03 0s O
(a) Equilibrium Transfer Price (b) Equilibrium Inventory

Figure A.1: Impact of § under Endogenous Inventory

Note: This figure is illustrated with g(z) = 1 for z € [0,1] and g12(z,y) = g(x)g(y). Moreover, k = 1,p = 1,¢ =
0.45,¢ = 0.5, and 8 = 0.4.
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Second, we show the effect of demand uncertainty on the retailers’ inventory-sharing decisions in the
exogenous-inventory case. To simplify the analysis, we consider a special case of the random demand factors
(e1,€2). Suppose that e; and e are independent and follow the same uniform distribution on the interval
[v—o, p+o], where p € [0,1] is the mean and o € [0, min{u, 1 — 1}] measures the level of demand uncertainty.
Thus, the pdf of £; can be written as g(x) = 1/(20) for x € [u— 0, u+ o], and the pdf for the joint distribution
of (1,€2) is given by gi2(x,y) = g(2)g(y). We define A(t, I) = #;(t, I) — 7N (I) as the profit difference between
the sharing and the no-sharing cases. When A(t, I) > 0, the two retailers would strictly prefer to agree on
inventory sharing; when A(t,] ) < 0, they would prefer not entering into an inventory-sharing agreement.
As the level of demand uncertainty o changes, the sign of A(t,] ) can change, indicating that the retailers’
preference for inventory-sharing will change. The following Proposition A.1 summarizes the effect of the level

of demand uncertainty (i.e., ) on the retailers’ preferences for sharing.

Proposition A.1l. Suppose that €1 and €2 are independent and follow the same uniform distribution on

[ — o, + o). Given the retailers’ ezogenous inventory levels Iy = I = I € [0,1], when t > 5%, then

A(t,I) > 0; when t < 552, then there exists 6(t,I) such that: At,I) =0 if o < |21 — p|, A(t,I) < 0 if

12 — p| <o < 6(t, 1), and A(t, 1) > 0 if o > 6(t,I).

Profit
Difference A(t,I)

0.008

0.006

Demand
Uncertainty o

Figure A.2: Effect of Demand Uncertainty under Exogenous Inventory for ¢ < E;—‘S.

Note: This figure is illustrated with g(z) = 2%; for x € [u— 6, u+ 9] and g(z) = 0 otherwise; gi2(x,y) = g(z)g(y). p=1,
B=05k=5c=0.1¢=05t=00508=01I = [, = 0.32, and y = 0.5.

Figure A.2 provides an illustrative example for Proposition A.1. From Proposition 1, we know that if the

555), the retailers will always prefer having an inventory-sharing agreement,

transfer price is high (i.e., t >

ie., A(t,I) > 0 holds for all levels of demand uncertainty. So, our ensuing analysis will focus on the case of

t < 555, where the sign of A(t7 I) depends on the level of demand uncertainty o. Specifically, when o is low

(i.e., o < |2I — p|), no-sharing and sharing cases result in the same profits (A(t, I) = 0) because this situation
is equivalent to that of I > (u+0)/2 or I < (u—0)/2, where the two retailers will either both overstock (i.e.,
I > (u+0)/2) or both understock (i.e., I < (u—0)/2) for all demand realizations such that inventory sharing
never occurs even if a sharing agreement was accepted in Stage 1. When the level of demand uncertainty
is moderate (i.e., |2 — p| < o < &(t,I)), sharing inventory is less profitable than no-sharing because the
benefit of risk pooling in this situation is dominated by the intensified service competition, which will make
the retailers worse off. By contrast, under a high level of demand uncertainty (i.e., ¢ > 6(¢,I)), sharing
inventory becomes more profitable because the retailers are more likely to face very high or very low demand,
which makes the risk-pooling benefit of inventory sharing dominate the negative effect of intensified service
competition (caused by inventory sharing at a low transfer price). This result shows that inventory sharing at

low transfer prices can improve the retailers’ profits only when they face a high level of demand uncertainty.

Proof of Proposition A.1. See the detailed proof on SSRN: https://papers.ssrn.com/sol3/papers.
cfm?abstract_id=3512712. O
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