On the Distributed Energy Storage Investment and Operations
Online Appendices

A. Proofs

Proof of Lemma 1: (i) We prove by induction. The statement holds for Vp () = 0. For a given
t € T, suppose Viy1(sty1,dey1;S) is decreasing and convex in (s¢41,S) for any dy41.
The constraint q(s¢+1 — s¢,d¢) > 0 in (6) defines a non-convex feasible set, which is difficult for

analysis. We consider relaxing (6) and show that this relaxation does not affect the value function:

Vi(st,dy; S) = minAft(St+1aSt>dt;S)> (A1)

St4+1€

€

where f;(si41,8¢,dy; S) d:fc([Q(St+1 —s¢,dg) — 7)) + VE¢ [Vig1 (Se41, deg15 S) |

To prove (A.1), suppose there exists ;41 such that ¢(8;+1—s¢,d¢) < 0. Because ¢(S —s;,d;) >0
and ¢(-, ) is a continuous function, we can apply the intermediate value theorem and find S;4; such
that S;41 < Si41 < S and ¢(S¢+1 — st,dy) = 0. The objective value at Syy; is lower than at S;41

because

ft(Bty1,86,ds;S) = ¢(0) +VE; [Viy1 (8141, dry1;S)]

> ¢(0) + VE¢ [Vig1 (Se11, deg13S)| = fe(Seq1, 8¢, ds; S),

where the inequality follows from the induction hypothesis that Viyi(s¢y1,dsy1;S) decreases in sy41.
Therefore, in (A.1), when minimizing fi(s¢11,S¢,d¢; S) over si41 € A, we can restrict our attention
to the states satisfying q(sy4+1— s¢, d¢) > 0, which is equivalent to the original problem (5)-(6).

To prove the monotonicity of the value function, for any given (s, d;, S), let s;,; be an optimal

decision found by (A.1). For any (s, S) > (s¢,S), we have

Vi(st,de; S) = fi(sfi1,86,desS) > fi(si 1,8, de; S) > Vi(se, dy; S),

where the first inequality follows from c([q(As,dt) — rt]+) increasing in As and the induction hy-
pothesis that Vi1 1(sj,1,di41:S) > Vigr(siq, digr; §) Thus, Vi(s¢, dy; S) decreases in (s, S).

To prove the convexity of Vi(s;, d¢; S) in (s¢, S), note that ¢([g(As, dy) —r¢] ") is convex in As due
to the composition of convex increasing functions, and E; [W+1(St+1, diiq; S)] is convex in (S¢41,S)
by the induction hypothesis. Therefore, fi(si+1,s:, dy;S) is jointly convex in (si41,s¢,S) on a closed
convex set: {(s;11,8:,5):0<8:1<8,0<s,<8,0<S<S}, where S is some large vector. Using
the theorem on convexity preservation under minimization from Heyman and Sobel (1984, p. 525),
we conclude that Vi(s, dy; S) as minimized in (A.1) is convex in (s, S).

(ii) Part (i) implies that Vi(S,d1;S) is decreasing and convex in S. Thus, V(S) = EVi(S,d;S) is

decreasing and convex in S. |



Proof of Lemma 2: (i) We prove by induction. The statement holds for Vp11(-) = 0. Suppose the
statement holds in period ¢ + 1. For period ¢, we consider two states (s, d;) and (s;,d;) that satisfy
the conditions in part (i). Let sy, be the optimal decision for state (s¢,d;). Denote As} = sy, | —s;
and ¢; = q(As;,d;) — . We construct a feasible decision for state (s¢, d:). Consider two cases:

Case 1: sy + As; € A. In this case, a feasible decision for state (S;,d;) is to produce [gf]* and
change inventory to s;y1 =s; + Asy. Then, S;;; and s} are related as follows: G4l = Sjt41 — O,
Skitl = Skit+1 + (%5, and i 41 = Sigt1 for all @ # j, k. Using the induction hypothesis, we have
Vir1(St41,des1) < Viga(syyy,dey1) for any dyyq, which leads to

ViSe,de) < e([qr]") + VB [Vigr Gegr, deg1)] < e([@]7) + 7B [Viga (sty 1, des1)] = Vi(se, dy).

Case 2: s; + As; € A, e, Sipp1 0 > 5500 sp, . — B%6 < 0 or both inequalities hold. Let
5 = min {Sj — S5 1415 s,*;,tJrl/BQ}. By definition, 5 € [0,9). For state (s¢,d;), construct a feasible
inventory decision s;11 € A satisfying 5,11 = Siip1 T g, Skl = Shat1l — ﬁQS, and 8141 = s7,,4 for
all i # j, k. Then, the induction hypothesis implies V;1(S¢41,d¢41) < Vig1(sjy,deg1) for any diqg.

Define As; =s;41 — s and q; = q(As;, d¢) — 4. If we can show ¢; < ¢f, we have the intended result:

Vi(st, de) < (@) + VB¢ [Vig1Berr, digr)] < e(lgf]7) + v [Viga(siia, der1)] = Vilse, i), (A.2)

where we used the relation V;(s¢, d;) = minA fe(St41,8t,d¢) given in (A.1).
St+1€

The rest of the proof shows ¢: < ¢f. The choice of 5 gives 541 = Sj or 53441 = 0, which implies

Agjjt = gj,t+1 — gj,t > 0 or Agkyt = gk,t—&-l — §k7t < 0. (A3)

Let e =6 —06 > 0. Then, by definitions, we have As}it = Asj; + ¢, As’,;t = Aspt — B%e, and
Asg, = ASpy. Using the definition in (4), we have

6; — G = Vp(djut La(As5,) = Vs (djit Lal(AF;0) = [p(dhi+ Ya(AFks)) — Vs (drit Ya(Asiy))]

> B1a(A8j4 +€) = Ya(A81)] = B [a(ABky) — Ya(ASy, — B%)] = T, (A.4)

where the inequality is because 1g(u) increases in u with a slope of either 3 or =1, Now consider

the cases under the two conditions derived in (A.3):
o If A5;; >0, then I' = Ba~le — 71 [wa(Agk,t) e AT 525)] > pa"te—pra71p% = 0.
o If ASp; <0, thenI'= 5[¢a(A§j,t +e)— @Da(Agj,t)] — B tap%e > Pac — Pac = 0.

Hence, ¢ < ¢/ and the result in (A.2) holds.

(ii) For the case of k = 0, the proof follows the same lines as in part (i), except that so; exceeds 5o

by 36 instead of 525. The case of j = 0 can be proved similarly. ]

Proof of Lemma 3: In (5)-(6), for a given S, we express an optimal decision rule in period t

as sy, 1(st,d¢; S) and abbreviate it as sf, ;. Let {s;,; : ¢ € T} denote an optimal policy, and let
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uf, = di¢ +1Ya(As];) be the corresponding energy flow according to (3).

(i) Under the centralized investment S¢ = (So + 87! YoierSis 0, ..., 0), we construct a policy
{gt+l = (fSV(),tJrl, 0,... ,0) (1 e T} such that

50441 = 80441 + B g4, VteT, (A.5)
g1= > 5 (A.6)
iel
Jt+1 = min{ > Si g+ (X Asyy) + ILBQ > (—U;‘k,t)+}~ (A7)
ieL ieL ieL

The definition in (A.7) implies gi41 € [ ;e Sttt Dier S;] for all t € T.% Hence, 0 < 59441 <

So+ 871 > icr Si, that is, the constructed policy {S;41 : t € T} is feasible under investment Se.?

Next, we prove q(As;,d;) < ¢(Asj,d;). Consider two cases:

1) Case of uj, > 0 for all i € £. In this case, Yg(u;,) = ﬁ_lu;t. Then,

q(Asy, dy) = Va(Asg,) + 30 B (dig + Ya(Ds]))) = Ya(Ash,) + 30 [ dis + Ya(B7As]))]

1eL €L
> Ya(Asps+ D0 BflASf,t) + 871 Y dig
€L €L
> Yo (Ash, + BT AG) + B dip = Ya(ASes) + B diy = q(ASy,dy),
ieL ieL

where the first inequality utilizes the subadditivity of 14(+), i.e., Yo (2) + Yo (y) > Yo(x+1y), and
the second inequality is because (A.7) with u;, > 0 implies that Agy = gi1 — g1 < >0 Asyy.
2) Case of u;, <0Oforj € L™ C L, ie., energy is sent from the nodes in set £ to other nodes. This
immediately implies that As; < 0 because Lemma 2 states that energy should not be released
from one node only to store it in another node. (Formally, if u;; < 0, As;; <0, and Asg; >0
for some j,k € L, then an alternative decision As;; = Asj; + 6 and Asp = Aspy — (26 with
0 = min{—As;¢, Asgs/ %} would lead to the same production but a lower expected future cost

according to Lemma 2.) These conditions imply that the last two terms in (A.7) are

g2 .
( > ASZt) — 1 aﬁ > (djs + aAsj,t)

€L JEL
=( Y Asp)+B( X Asy) -2 4 <o
keL\L~ JEL™ JEL™
52
Thus, Ag: = gr41 — gt = ( > As};,t) + 52( > As;,t) - f >, dj <O.
keL\L~ JEL JEL™

8We show gi41 > Y icr Sir1 by induction. This is true in (A.6). Suppose gr > > .., s;; for some t < T.

Then, gs + > ;e  Asiy > D ic (i + Asiy) = > cp 8ie+1- Since the last term in (A.7) is non-negative, we have

Gt+1 > D e Siit41
9We do not require S, to satisfy constraint (6); see the proof of Lemma 1 for constraint relaxation.



Then,
q(ASy,dy) = a(Asf, + B Agr) + BT diy
€L

= OéASE}t + ,B Z (ozAs;’t + djﬂg) + ,6_1 Z (OZASZﬂf + dk,t) = q(ASI, dt)
jeL— kel\L~
Note that U;‘:t < 0 for all j € L is not possible because reverse flows on all lines are suboptimal
by Lemma 2. Therefore, in all cases, we have q(As;, d;) < ¢(As},d;), implying that the policy

{St41 : t € T} achieves an operating cost no higher than V(S). Therefore, V(S¢) < V(8S).
(ii) Under S! = (0, Sy + BSo, ..., Sn + 3S0), we construct a policy {S;41:t € T}:
§0,t+1 = 07 gj,t-ﬁ-l - 5;t+1 + ng,t-i-h .7 € £7 Vit e T7
gji1 =50, JjeEL,

max {Asat o Z Agizt’ 7“;? (0518)}, 1f Aszk] t < 07
) L: 3 ] ’ b
Agjt = Gji+1 — Gjt = i€L, i<j

min {As(’g e— > Agit, So— gj,t}v if Asg, > 0.
TdeL, i<y ’
Using techniques similar to part (i), we can prove V(S!) < V/(8S). |

The proof of Proposition 1 requires some properties of the optimal operating policy and the value

function when d;mn > 0, as stated in the following lemma.

Lemma A.1 Suppose d;mn > 0 for a given demand node j € L. If storage investment S satisfies
as; < d;nin, then,

(i) There exists an optimal policy satisfying Asp - As}t >0 forallteT;

(it) In period t, suppose s;, sy € A satisfy So4 = sor — 0 and sj; = s + B0 for some 6 > 0, and
Sit =it foralli € L, i % j, then Vi(s, d¢) = Vi(st,dy) for any dy.

Proof of Lemma A.1: The condition aS; < d;»nin means that there is never surplus energy that
can be sent from node j back to node 0.

We prove by induction. Suppose part (ii) holds for period t+1 (it clearly holds for period T+1). In
period t, we consider any given state (s,d) and any decision s;y; with inventory change As = s;41—s
satisfying Asg > 0 and As; < 0. Set § = min{Asg, —371As;} > 0. We now show that a strictly
better decision is S;41 with So141 = So,041 — 9, Sj 41 = 8541 + 36, and 5441 = 54441 for i # j. This
new decision satisfies ASy = Asg — 0 > 0, As; = Asj + 36 < 0, and Asy - As; = 0. To show the

superiority of 8;11, note that Viy1(Si+1,diy1) = Vig1(Si+1,di+1) by the induction hypothesis and
q(A8,d) — q(As,d) = 71 (dj+ alA3)) + a 'A%y — B7H(d;+ aAsj) —a tAsyp = ad —a 15 < 0.

Similarly, any decision s;11 with Asp < 0 and As; > 0 is also suboptimal. The optimal decision



must satisfy Asg- As; > 0. Thus, part (i) holds for period ¢t. We next prove part (ii) for period t.
Consider states (s,d) and (s,d) in period t, with 5y = s9 — 9, 5; = s; + 36 for some § > 0,
and s; = s; for all i € £, i # j. Lemma 2 implies that Vi(s,d) < Vi(s,d). Thus, we only need
to show Vi(s,d) < Vi(s,d). Let sy ; be the optimal decision for (s,d) and denote As* = sj | —s.
For state (s,d), we construct a decision s;41 satisfying so;41 = 80441 — g, Sjt41 = Siep1 T ﬂg,
with 6 = min{é, S0.44+1> B=H(S; — s;f,tﬂ)}, and sj41 = s7,,y forall i € £, i # j. We next show

that s;y1 for (s,d) gives the same production cost as sj,; for (s,d). Let As =8;11 —5 = As* —

(—€,0,...,0,8¢,0,...,0), where e = § — 5. Consider two cases:

e Case 1: Asj > 0 and As;f > 0. We have 537”1 > s9p = 89+ 0 > 8. Thus, either 5 =6 or

5= B=LH(S; — s7i+1)- In either case, we can verify that As; > 0 and Asp > 0. Hence,
q(AS,d) — q(As*,d) = B (dj + o ' AS)) + o A5y — BTH(dj + o TAs)) —a T Asy (A8)
=B la Be+ate = 0.

o Case 2 Asj < 0 and As; < 0. Using similar logic, we can show Asy < 0, As; < 0, and
q(As,d) = q(As*,d).
These are the only cases we need to consider, as indicated by part (i).
By the induction hypothesis, Viy1(sj, 1, di11) = Viy1(St41,ds41). Therefore, 5441 for (s,d) gives
the same production cost and same future expected cost as s, ; for (s,d), implying that V;(s,d) <

Vi(s,d). This, together with Lemma 2, implies that V;(s,d) = V4(s,d). |

Proof of Proposition 1: (i) Under investment S, let {sf,, : £ € 7} be an optimal policy satisfying
Asp - Asyy, > 0, which follows from Lemma A.1(i). Under investment S given in Proposition 1(i), we
define ; = min{d, s;,} and construct a policy {S;+1 : ¢ € T} such that 5o = sf,—0¢, 51 = 8}, + B0,
and s;y = s;, for i € L and i@ # j. The policy {St41 : t € T} is feasible under S because by
construction 0 < 5j; < s, + 6 < 5; + 0 = S; and 39, = max{sy, — 4, 0} € [0, Sal.

We next show that the two policies yields the same production levels. Lemma A.1(i) suggests that
we only need to consider optimal policies with Asj, - As, > 0. If As?; > 0 and Asf, > 0, we have
141 —0¢ € [0, Asf ], which implies As;; = As} 4+ (01— 6;) > 0 and Asgy = Asj— (41 —0¢) > 0.
Then, following exactly the same logic as in (A.8), ¢(As;, d;) = q(As;,dy). If Asiy < 0and Asg, <0,
similar logic applies. Therefore, q(As;,d;) = q(As},d;) for all t € T, and consequently the total
production costs are the same for both policies. Because the constructed policy is feasible, we have

V(S) < V(S). The opposite inequality V(S) > V(S) can be proved similarly.

(ii) Replacing ¢ units of storage capacity at demand node k with § units at node j can be considered

as replacing it first with 716 units of central storage and then replacing 571§ units of central storage



with ¢ units of local storage at node j. Then, we have

V(S0 Sy Skyerr) >V (So+B71,...,8,..., Sk —d,...)
:V(So,...,5j+5,...,5'k*5,...),

where the inequality follows from a generalization of Lemma 3(i) that replacing local storage by
central storage and increasing its size by a factor of 37! reduces production cost (proof of Lemma 3(i)

can be generalized), and the equality follows directly from part (i). |

Proof of Proposition 2: (i) Let C(S) = p|S| + V(S), which is convex in S (Lemma 1). Thus,
it suffices to show that S™* achieves a local minimum. Let S % 8% 4 d, where & = (dp,01,...,0n)
satisfies —S"* < § < %(aild;-mn - S}*)l. We aim to show C(S™) < C(S).

Note that & € [0, %(ofld;nm — S;*)) Define another localized investment S such that Sy =
So—60 =0, §j = §j+,6’50, and S; = S; for i € L,i # j. By definition, §j = S§*+5j + By < a‘ld;mn.
Then, we have

C(S) - C(8") = V(S) = V(™) +p(do + X &)
€L

> V(S) = V(S™) +p(Bo + X 8) = C(S)—C(S™) > 0,
€L

where the first inequality follows from Proposition 1(i) and dy > dg, and the last inequality follows
from optimality of S™* for the constrained investment problem (9). This proves the optimality of S*.
Furthermore, if §y is set to be positive, then §g > By and the first inequality holds strictly, which

implies that an investment with Sy > 0 is strictly dominated by S™*.

(ii) The statement in the proposition clearly holds when d" = 0 for all i € £. We only need to
prove the case when d;»nin > 0 for some j € L. We prove by contradiction. Let the optimal investment
be S* with 53 > 0, and suppose 57 < a‘ld;nin. Define S such that Sy = Sy — 0 and §j = 57+ j9,
where ¢ = min{Sg, (a‘ld;ni]rl —S7)/2}. Note that §j < a~1dn, Then, by Proposition 1(i), we have
V(S*) = V(S). Because |S*| > |S|, we have C(S*) > C(S), contradicting to the optimality of S*. B

Proof of Proposition 3: If d?ﬁn = 0 for all ¢ € L, the statements clearly hold. We focus on the
case where at least one minimum demand is positive.

(i) Consider a given capacity allocation satisfying Sp > 0. Since a|S| < 3., d™™, there exists
some j € L such that aS; < d;-nin. Then, according to Proposition 1(i), we can achieve the same
production cost by reducing Sy by ¢ and increasing S; by $d (thus leaving an extra (1 — $)J units
of capacity), where § = min{Sp, (a‘ld;»nin —8;)/B}. Allocating the extra (1 — £)d units of capacity
to any node will decrease the production cost (Lemma 1). Therefore, we can limit our attention to

localized capacity allocations without losing optimality.



Consider any localized capacity allocation satisfying aSy > dkmin for some k € L. Since S| <
> e AP there exists some j € £ such that S < d;nin. Then, Proposition 1(ii) shows that we can
improve the allocation by shifting some capacity from k to j. Therefore, we do not lose optimality
by restricting our attention to all the allocations satisfying a.S; < d™® for all i € L.

If S| = Y, d™™, then aS; = d™™ for all i € L is the unique allocation that satisfies a.S; < d™®
for all ¢ € £ and is thus optimal.

If afS| < ;o di™", consider two allocations S and S that satisfy §j =98;+0< a‘ld;.nm and
Sp = Sp+0 < a_ldl,fin for some 6 > 0, and S;=8; < d™® for i € £, i # j, k. Then, Proposition 1(ii)
implies that V(S) < V(S) and V(S) < V/(S), leading to V(S) = V(S). Therefore, reallocating 0
units of capacity from node j to k£ does not change the production cost. Using a finite number of such
reallocation, we can convert any allocation to any other allocation with the same |S| and a.S; < di®
for all i € L. Therefore, all allocations satisfying a.S; < d™® for all i € £ are optimal.

Now, we show that the optimal production cost is equal to the production cost under a centralized
investment (ﬁ_1|S], 0,..., 0). Applying Lemma 1 repeatedly, we can replace 5715; units of central

capacity by S; units of capacity at node i, where aS; < d™® for all i € £. These replacements

maintain the same production cost. Therefore, the optimal production cost is V(B_1|S|, 0,... ,0).

(ii) If afS| > ;e d™™ and S satisfies aS; < d;“in for some j € £, then S must also satisfy either
Sp > 0 or aSg > d" for some k € £ or both. Then, Proposition 1(i) and (ii) provide ways
to improve on S, until the condition a.S; < d;»nin no longer holds. Hence, there exists an optimal

capacity allocation satisfying oS} > ™" for all i € L. |

Proof of Proposition 4: For any given S > 0 and the associated optimal policy {s; : t € T}, we

construct a new system with node 0 and a single demand node. The storage size and operations at

node 0 remain the same as in the original system. The single demand node combines the demand

and storage of all n nodes in the original system: demand is dr; = ) d; 4, storage size is Sp, = ) S;,

and a feasible operating policy is so+ = 5§ 4, SLt = Z;:s;:t, teT. LleetﬁC(S) =p|S|+V(S) denozteeﬁthe
i

total cost under investment S in the original systeren, and let C (S, S1) denote the total cost under

(So,Sr) for the new system. The subadditivity of 1, and g implies

Vg (st + wa(AsLt)) < g (st + %¢a(A8;t)) < z:ﬁ&% (di,t + ¢a(ASzt))» teT,
1€ 1€

which in turn implies that the new system produces no more than the original system. Thus,

C(So, = Si) < C(Sp, 1, -+, 8n)- (A.9)
el
Furthermore, (A.9) holds with equality if d;; = k; d1; and S; = k; S1, for all @ € L. This can be

shown by using the optimal policy for the new system to construct a feasible policy for the original



system that yields the same production cost. The construction maintains the local storage levels at

the ratios k;. In other words, under d;; = k; d1 ¢, we have
Yiecki T Xiecki/

Following the reasoning after Proposition 4 in the paper, a localized investment is optimal for the

C(So, S1) = c(so, (A.10)

new system with only one demand node. Denote the optimal localized investment as S7. Then,

under d;; = k; dq ¢, we have

k1S7 kn ST ~ ~
Zie[l ki Zieﬂ ki g ( i€l )
Because S is arbitrary, we conclude from (A.11) that the localized investment is optimal. ]

Proof of Proposition 5: Consider any p; and ps with p; < p2. The optimality of S*(p;1) suggests
p1[S*(p1)| + V(S*(p1)) < p1|S™(p2)| + V(S*(p2))- Similarly, pa [S*(p2)| + V(S*(p2)) < p2[S*(p1)| +

V(S*(p1)). Combining these two inequalities, we have

pi(IS™(p1)l = [S™(p2)) < V(8™ (p2)) — V(S¥(p1)) < p2(IS™(p1)| — IS™(p2))),
which implies (p1 — p2)(|S*(p1)| — [S*(p2)|) < 0. Because p1 < pe2, we have [S*(p1)| > [S*(p2)|. 1

Proof of Lemma 4: Symmetry in demand nodes (S; = Sy = --- =5, and (17)) implies that the
cost function is also symmetric: E; [Vt+1 (st+1, dt+1)] = E; [Vi+1 (§t+1, dt+1)], where 5041 = S0t+1
and (Sj 41,7 € £) is any permutation of (s; 41,1 € L).

Suppose sP is a minimizer for (14) (thus feasible for (18)), but it is not a minimizer for (18).
Then, there exists sb that is feasible and achieves a lower objective in (18). Such s? can be obtained
by decreasing s'{”p and increasing s'ﬂq for some p,q € L, ie., sg’,p = s'ip
5'202- = s'fi fori e Landi#p,q, and 0 < e < (s'fp — s'fq)/Z.

— €, 55’761 = s'iq + ¢, and

Next, swap sl p and sl ', and define the new vector as s1 Similarly, swap 82 " and 82 , and define

the new vector as sb. Notice that s? and s2 each are convex combination of sP and S1 Furthermore,

sP + b = sP + sP. Therefore, we have

K¢ [VZH(S? dig1)] +Ey [VltJrl(SE), dt+1)])

Et [Vig1(s5, degr)] + B [Viga (s, dt+1)])

= E¢[Vir1(sh, des)].

B¢ [Vig1(s?, dig1)] =

/N

>

N = DN =

VR

Because s'f is a minimizer for (14), the above inequality must hold with equality, i.e., SIQ) is also a

minimizer for (14) and achieves a lower objective value in (18). Continuing this procedure, we can
identify a constrained balanced inventory that is also a minimizer for (18).

Finally, if allocating the total local inventory z equally across all demand nodes is feasible, i.e.,



x < (mo, z/n,... ,z/n) <y, then by the symmetry and convexity of the objective function, such an

equal allocation minimizes the expected cost. ]

Proofs of Propositions 6 and 7: Overview and Preliminaries

Proposition 6 is for the case of a < f; Proposition 7 is for the case of a > 3, stated in Appendix E.
These two propositions provide structures of the optimal solution to (12). Because q(s;+1 — s¢, dy)
increases in s;41 and Vi41(S¢41,di+1) decreases in s, 1, the problem in (12) with equality constraint

(13) is equivalent to the following problem with an inequality constraint:

Wi(gs,s¢,de) = SmliélA {E¢ [Vig1(stq1,di1)] : qlse1 — s, de) < qe s (A.12)
t+

where we minimize a convex function over a convex set. Thus, to show that a solution is optimal,
we only need to prove that it achieves a local minimum in (12).

Using the definition from (4), the set of feasible s,y for (12) is the iso-production hypersurface

Alg) = {St+1 € A Ya(sou1 — s04) + 2 Ua(dip + Va(sipe1 — sit)) = C]}, (A.13)

€L

which separates A into two parts (production < ¢ and > ¢). Note that A(g) is a piecewise linear
hypersurface in A, because ¥4(80.t+1 — S0.t) is piecewise linear in so ;41 with slopes a and a1 (slope
changes at so 41 = so;), and g (di,t + Vo(Sit+1 — s@t)) is piecewise linear in s; ;11 with slopes af,
afB™t, and o171 (slope changes at s; ;111 = 8i¢ — dit/a and 8,441 = 845 if 8;¢ — di/a < 0, the
segment with slope a8 does not exist). For ease of exposition, we refer to any linear hypersurface of
A(q) as a face (which has n dimensions), and the intersection of any two adjacent faces as an edge
(which has n — 1 dimensions)

To prove local minimum, we show that the objective value E; [%+1(St+1, dt+1)] in (12) increases
as sy41 deviates from the prescribed s}, ; (or the set containing sy, ;). We prove this using two steps:

Step 1. Find all faces of A(g;) that intersect the prescribed s}, ; (or the set containing s}, ), and
identify the edges formed by these faces.

Step 2. Prove that the objective value E; [W+1(St+1, dt+1)] increases when s;y1 moves away from
s;,1 (or the set containing sj ;) in the directions parallel to any of the edges identified in Step 1.
(We in fact prove a stronger result that Viyi(sy4+1,ds+1) increases for any realization of dy4.)

Steps 1 and 2 prove local minmum because from sj,; (or the set containing s;, ;) we can reach
any point in any neighboring face identified in Step 1 by taking at most n moves parallel to the edges

of the faces; each move increases the objective value, as shown in Step 2.

Instead of repeating Step 1 for every case, we first identify all possible faces and edges of A(q;).
To find faces, we can consider A(g;) as consisting of two parts: a part with sgs11 > so; (store at

node 0) and another part with sp;41 < so¢ (release at node 0). The boundary of the two parts,



which contains the edges formed by faces from both parts, corresponds no change in storage level at
node 0.
Let k index the faces of A(g:). Face k satisfies (A.13), which can be expressed as a linear equation
g Sir1 = ). QkiSit41 = bg, for s;41 € face k,
1€LU{0}
where ay o is either o or a~ !, while ap,;, 1 € L, takes three possible values: of, aB™t, or a1,
These values are exactly the slopes discussed after (A.13).

For the part of A(q;) with so¢+1 > so¢, we have apo = a1, while ak;, © € £, have 3" com-
binations. Thus, this part of A(¢) has up to 3" faces (the actual number of faces depends on ¢).
For n = 2, the contours of the 9 possible faces are shown in Figure A.1(a), labeled from 0 to 8.
The other part of A(g:) with sg¢y1 < so; consists of faces with ay o = . These faces are shown in
Figure A.1(b) and labeled from 0’ to 8. Note that A(g) cannot contain the lower-left area because
50,641 < So,¢ implies that %¢5 (diyt + Vo (Sig+1 — sLt)) > (0 due to (A.13).

i€

Let {el(.;.n) :m=1,...,n— 1} denote a basis for the (n — 1)-dimensional vector space parallel to
the edge formed by faces i and j. Because all coefficients ay; > 0, we can always choose the basis
such that eg-n) contains exactly two non-zero elements, with one being —1 and the other belongs to
(0,1]. For n = 2 and a < f3, these basis are shown as vectors in Figure A.1; we omit index m because
each edge has only one dimension.

We next prove a lemma on how the value function changes along the directions of these basis.

¢

Lemma A.2 (In this lemma, *... represents omitted zeros.) For any diy1, we have

(i) Vit1(St41,dis1) increases as sir1 moves along egn) =(..,=1,...,0%. . Dor(....,5% ..., —1,...).
(ii) Vig1(Se41,dey1) increases as siy1 moves along el(.;ﬂ) =(B,....,—1,...) or (=1,...,8,...).
(i4i) Viy1(St41,der1) increases as sgr1 moves along eg-”) = (a?B,...,—1,...) or (—=1,...,a283,...)
or (...,—1,...a28%, ... ) or (...,a%B%,...,—1,...).

(m)

() If a < B, then Viii(Se+1,dey1) increases as spp1 moves along e, = (a?/B,...,—1,...) or

(..,=1,...a% .. )or(...,a% ..., —1,...).

Proof of Lemma A.2: Parts (i) and (ii) follow directly from Lemma 2(i) and (ii), respectively.

For part (iii), suppose s;11 moves in the direction (a?f,...,—1,...) by a small amount & > 0.
Then,
Viga(sepr,dig1) < Viga(sern + (86, =06, ), dip1) < Viga(sen + (06,0, —0,...), depa),

where the first inequality is due to Lemma 2(ii) and the second inequality follows from o < 1 and
the monotonicity in Lemma 1. The proof for all other directions in part (iii) are similar.

For part (iv), suppose s;y1 moves in the direction (a2/3,...,—1,...) by a small amount § > 0.

10



Figure A.1: Contours of A(q:), faces, and edges: n = 2

This figure illustrates the iso-production surface 14 (0,141 — S0,¢) + Zi:m ¢6( it Va(Site1—8; t)) =q

Each contour line represents a fixed sg,41 level; the lower-left contour line has the highest s ¢11 level
If Sit — d

i.¢/a <0, then the faces between 0 and s; ¢ —

d; +/o do not exist.
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Then,

Vi (se41, deg1) < Viga(sesr + (B0,...,=6,... ), des1) < Viga(sepr + (@2/B - 6,..., =6, ...), dey1),

where the second inequality follows from o < /3 (so that o /3 < ) and the monotonicity in Lemma 1.

The proof for all other directions in part (iv) are similar. |

Proof of Proposition 6: For ¢; € (¢7,q), per proposition, s}, ; = s; + (a(q — ¢7),0,...,0), i.e.,

serve all demand using ¢f and store remaining ¢; — ¢f at node 0; no operations at the local storage.

Possible directions of deviation from this prescribed solution includes (—1,...,05,...), i.e., move
some energy from central storage to a local storage, (o/3,...,—1,...), i.e., use some local storage
and store more at the central, and (0,...,—1,...a2,...), i.e., use some local storage and store at

another demand node. Lemma A.2 asserts that V41(s¢,d;) increases along these directions, which
ensures the local optimality of sf, ;.

For ¢; € (qt,4qf), per proposition, sf,; = sP(s¢,s¢, 2,d;). From the definition of sP(s;, sy, z,dy)
in (14), sy, minimizes E¢[V;iy1(St11,d¢y1)] within a set X = {st+1 D S04+1 = S0t, i+l € [(sm —
dit/a)t, Sz‘,t] SO Sithl = z}. (For n = 2, the set X is the intersection of faces 0 and 0’.) We only need
to show that ‘ffl (S¢4+1,ds+1) increases as sy moves away from X. Possible directions of deviation
includes (—1,...,0,...), i.e., use some energy from central storage instead of local storage to serve
demand, (0,...,—1,...,3% ...), i.e., use remote storage, (a/3,...,—1,...), i.e., store energy at
the central node instead of sending to leaves. Lemma A.2 ensures that V;i(s¢, d¢) increases along
these directions.

For g = ¢, per proposition, s;,; = s, i.e., the set X shrinks to a point, which leads to additional
directions of deviation: (a?8,...,—1,...), i.e., release energy from a local storage and store it at the
central. Similarly, for ¢ = ¢f, the set X shrinks to s}, ; = s;, which leads to additional directions:
(—1,...,a%B,...), i.e., release energy from the central and store it at a demand node. Lemma A.2
ensures that Viy1(s¢, dy) increases along these directions.

Proofs for the other cases of Proposition 6 are parallel. |

B. Performance of the Heuristic Method

To ensure that the heuristic method described in Section 6.2 performs well in our context, we consider
a simpler demand setting and compute the “optimal” cost of the stochastic dynamic program with
discretization, which is then compared with the cost found by the heuristic method. In this simpler
setting, there are n = 4 demand nodes. At each node 7, during the even-numbered periods d; 21 = 0,
while during the odd-numbered periods d;2;—1 takes three possible values: 0, 15, and 30, with
probability 0.4, 0.4, and 0.2, respectively, independent across nodes and time. Although simple,
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the demands exhibit both predictable and unpredictable variabilities, reflecting the characteristics

of energy demand.

Table 1: Estimated long-run discounted production cost V (S)

(a) Sp = 18, various S; (b) S; =5,i=1,2,3,4, various Sy

S 181 " ched method | DIf S 181 “iiiied method PP

0 18 104725.5 104341.3  -0.37% 0 20 102552.4 102231.4  -0.31%
1 22 100219.6 99886.0  -0.33% 4 24 98849.9 98673.9  -0.18%
2 26 97231.8 97152.9 -0.08% 8 28 96048.7 96109.7 0.06%
3 30 94828.9 94957.4 0.14% 12 32 93794.8 94087.7 0.31%
4 34  92782.1 93138.5 0.38% 16 36  91876.6 92383.5 0.55%
5 38  91032.0 91622.1 0.65% 20 40  90266.7 90919.9 0.72%

Table 1 shows the expected long-run production cost estimated by solving the stochastic dynamic
program in (5) and by the heuristic method. Because solving the dynamic program requires state
space discretization and value function interpolation, the estimated cost is slightly higher than the
exact optimal cost. Under the heuristic method, the reported cost is an average over 100 sample
paths, and thus can be slightly below or above the exact optimal cost. Overall, the differences

between the cost estimates by the two policies are very small.

C. Nonlinear Line Losses

In this appendix, we conduct a robustness test using a quadratic line loss function, which captures the
theoretical relationship between resistive heating (also known as Joule heating) and electric current.

Because our numerical optimization procedure described in Section 6.2 is most efficient when all
constraints are linear, we use a piecewise linear function to approximate the quadratic loss function.
We choose the quadratic loss function to be 0.04¢%, where the coefficient 0.04 is chosen so that the
total energy loss is about the same as the total energy loss under the linear loss model in the paper.

We repeated the numerical analysis under the piecewise linear loss function. The results are shown
in Figure A.2, which can be directly compared to Figure 9 in the paper. We studied 24 different
total storage capacity levels in this robustness test, ranging from 0 to 1 MWh. (In Figure 9 in the
paper, the range is larger, but the optimal total storage capacity is below 1 MWh.) Computational
time for these 24 different levels is about 400 hours.

As shown in Figure A.2, the optimal storage capacity is 520 kWh, with 280 kWh for the industrial
facilities and 240 kWh for the residential areas. The key difference from the analysis in the paper
is that more storage is placed at the residential areas under the nonlinear loss model. (To compare,

under the linear loss model in the paper, the optimal storage consists of 360 kWh for industrial sites
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Figure A.2: Optimal cost under given total storage size

Note: For each given total storage capacity (horizontal axis), we optimize storage capacity alloca-
tions across the 5-node network to minimize the production cost. Then, we minimize the total cost
(sum of production cost and storage investment cost) by choosing the best total storage capacity,
which is 520 kWh in this example. This consists of 280 kWh of storage located at the industrial
facilities and 240 kWh of storage located at the residential areas.

(1000 $)

-0- Optimal total cost (under p = $150/kWh)
-4 QOptimal production cost

$78,000: cost of
520 kWh of storage

3950

3900

3850

0.0 0.2 0.4 06 0.8 10
Total storage capacity |S| (MWh)

and only 80 kWh for residential areas.) This is because the residential demand has a higher peak
than industrial demand (see Figure 8 in the paper), and quadratic line losses provide an opportunity
for the storage to reduce losses by shaving the peak energy transmission.

Despite the differences, the results under nonlinear losses are consistent with the results in the
paper in that a) no storage capacity is allocated to the central node, i.e., optimal storage investment
still favors distributed storage, and b) the optimal storage investment still places more storage at

the industrial demand, due to the minimum demand effect detailed in the paper.

D. Impact of Central Solar Energy Generation on Storage Investment

In this appendix, we examine the system illustrated in Figure 8 of the paper, where solar power
generation is incorporated at the central node. We analyze two scenarios of solar generation. In
the first scenario, the amount of solar power is such that the average net demand (total demand
minus solar) remains positive for most of the time. In the second scenario, the amount of solar power
is doubled, leading to a considerable amount of excess solar power at times, such as during sunny
weekends.

An essential part of the analysis is modeling the renewable energy generation process. We adopt
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the approach in Peng et al. (2023) and model the potential solar generation r; as ry = ?t%~ The

deterministic process 7 models the diurnal variations of the maximum solar power under a clear sky;

eht
1+eht

the stochastic multiplier s; = € (0,1) models the intermittency of solar power (s; is close to 1
St

i translates

under a clear sky; s; is close to 0 under thick clouds). The inverse relation, h; = In
st € (0,1) into hy € (—00,00), which we model as a mean-reverting process. Following Peng et al.

(2023), we use data from Florida Power and Light to estimate the model parameters.

Figure A.3: Total cost reduction by given total storage capacity

For each solar penetration setting, we compute the total production cost without storage first. Then, for
any given total storage capacity, we optimize the storage allocations across the nodes to maximize the
production cost reduction. The cost reduction relative to the no storage case is plotted. The peak cost
reduction correpond to the optimal storage investment.

Total cost reduction (1000 $)

0.2 0.4 0.6 0.8 1.0

Total storage capacity |S| (MWh)

Figure A.3 illustrates the total cost reduction achieved by investing in storage assets and operating
them optimally. The “No solar” curve is obtained by subtracting the optimal total cost in Figure 9
of the paper from the cost without storage; the “Solarx1” and “Solarx2” curves correspond to the

two scenarios of solar power. The optimal storage investment decisions are:

e No solar: 440 kWh of storage in total, of which 360 kWh is for the two industrial facilities and

80 kWh is for residential areas, and no investment at central node;

e Solarx1: 360 kWh of storage in total, with 320 kWh at industrial sites and 40 kWh at resi-

dential areas, and no investment at central node;

e Solarx2: 520 kWh of storage in total, with 360 kWh at industrial sites and 160 kWh at

residential areas, and no investment at central node.

In both solar scenarios, investing in centralized storage does not emerge as an optimal decision,
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despite solar power being generated at the central node. This aligns with the paper’s main numerical
insight that distributed storage investment is generally preferred. Furthermore, the minimum demand
of 100 kWh at each industrial facility continues to drive the allocation of storage investment towards
the industrial sites, which is in line with the minimum demand effect found in the paper.

It is evident that increasing the amount of solar energy is beneficial for the entire system. However,
the results in Figure A.3 also reveal that both the value of storage and the total storage investment
are non-monotone in the amount of solar power. Specifically, the total storage capacity decreases
from 440 kWh to 360 kWh, and then increases to 520 kWh as solar power increases. This non-
monotonic relationship can be attributed to two factors. First, solar power reduces the peak load
on the system, thereby decreasing the need for energy storage. Second, when there is excess solar
power, storage capacity helps reducing the waste of the excess energy. These results are consistent

with the main findings of Peng et al. (2023).

E. Optimal Storage Operations for the Case of a >

To confine this online appendix to 16 pages as per journal requirement, the analysis of this case has

been made available at https://ssrn.com/abstract=4480308.
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