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Appendix A: Proofs

Proof of Proposition 1 The first-best problem relaxes IC constraint (5) in Problem 1 and effectively

reduces to: max Ao ot V —rk

ar 1—ra?

> 0. Let v > 0, be the Lagrangian multiplier for the
(V —rk— %) . From the KKT conditions
pn(l—ra)—Aa

9 = by (k= oS ) =0 and 28 = A oy (—ep 2 ) =0, we have 7 > 0. By
complementary slackness, V —rk — = 0. This implies that raW; + (1 — ra)W, =

- c
pn(l—ra)—Aa

constraint. Thus, the Lagrangian becomes £ = 1A

e 1
p(l—ra)—Aa pn(l—ra)—Aa”

Hence, the optimal scheduling policy must always be work-conserving in the first-best problem. From

U=V —rk— =0, a(r) & USRS <1 Also, 9U/0a <0 and 9U/r < 0. Thus, da/dr =

—(0U/0r)/(0U/da) < 0; « is decreasing in r. The objective function can be expressed as a function of r:
Ao _ A% _A;L(V rk)—c

l—ra 1—r n(V—-rk)—c A(V—rk)+cr

V—rk)(A+pur)
rocal is increasing in 7. It suffices to show

- ¢
pw(l—ra)—Aa

. We shall show this function is decreasing in r by showing its recip-

A(V—rk)+er __ A+ cr+Ac/p

WV R e = & T vk 18 increasing in 7, which is obvious.

MVc

Therefore, the objective function is decreasing in 7. Note that «(0) = Thus, «(0) <1 if and only if
A>p—c/V. Thus, when A>p—c¢/V, r=0and o =35 When A<p—c/V, a=1 and r € (0,1) solves

a(r)=1, or % = 1. Collecting terms gives p —

\/4k,u(c+AV uV)+(—kA+kpt+pv)2— kA+k,u+,uV
2k

—pr=A. Tt is easy to see Or/JA < 0. Solving

O

for r gives r =

Proof of Proposition 3 Any mechanism that generate referrals must have k < ca(Wy — W7), or equiv-
alently, Wy > k/(ca) + Wy. Moreover, the OA constraint requires Wy > 1/(u(1 — ra) — Ara?) and the IR
constraint requires V —rk — c[raW; + (1 —ra)Wy] > 0. Thus, by substitution, any mechanism that generates

referrals must have

k c
- — >0. Al
v a  p(l=—ra)—Ara? =0 (A1)

Since m > = and % = >k, thus to generate referrals, we must have V —k — < = >0. Therefore, if

V—c/u<k, no referrals can be generated. [
Proof of Proposition / In the first-best problem, when A <y —¢/V, af® =1 and r'® solves
V—rfBE— - . A2
S R (4.2)

It is achievable by the second best if and only if W, and Wy satisfy r"BW, + (1 —rfB)YW, = k=

n(l— TFB) A

c[Wo—W1], Wy > W The first equation is due to work-conservation of the first-best solution. The

second equation is due to 77P € (0,1), i.e., customers should be indifferent to referrals. The inequality is from

the OA constraint. Solving the first two equations gives W, = H(PT}B%A - k(l’:FB)7 W, = m +

krf

; Thus, we need to show

1 Ck(=rTP) 1
p(l—rFB)y—A c T (1 —rFB)— ArFB

(A.3)



if and only if A > A* (subject to A > pu—c¢/V), where A* € (0, —¢/V) is uniquely determined. Combining
(A.2) and (A.3), it follows that (A.3) holds if and only if
c

—k— >0. .
V—k M(l_rFB)_A,rFB—O (A4)

From (A.2), A = u(l —r"") — —5%5;. Note that A is decreasing in r"”. Plugging it into (A.4) gives
c _ A FB
V_k_m—v_k w(1—rFBY (1= TFB)TFB+TFB FBk =V-k- w(l— 7FB)2+ ,Fllin _f<7" )

Thus, proving the proposition is equivalent to showing that When V —c¢/u > k, there exists a unique r* € (0, 1)
such that f(r*) =0. Moreover, f(r) >0 if r € (0,r*) and f(r) <0 if r € (r*,1). By inspection, f(1) =0
fO)=V—-k—c/u>0. f(r)=V —k— % Since pu(1 —r)*(V —rk) +rc>0 for r € (0,1),
it suffices to show g(r) £ f(r)(u(1 — r)*(V — rk) + rc) has this property. Plugging f(r) into g(r) gives
g(r) = (w1 —r)2(V —rk) +rc)(V — k) — ¢(V — rk). Note that g(r) is a third-degree polynomial function,
which has at most three roots. We already know one root r = 1. The coefficient for r® is —ku(V — k) < 0.
Therefore, g(r) < 0 for sufficiently large r. The derivative of g(r) evaluated at r =1 is ¢’(1) = ¢V > 0. This
implies there exists € > 0 such that g(1 +¢) >0 and g(1 —¢) < 0. Since g(0) >0 and g(1 —¢) <0, there
exists r* € (0,1) such that g(r*) =0 by the intermediate value theorem. Likewise, since g(1 +¢) > 0 and
g(r) <0 for sufficiently large r, there also exists an 7*' > 1 such that g(r*') =0. Since g(r) has at most three

’

roots and one root is 1, we conclude that r* and 7*' must be unique. Moreover, g(r) > 0 if r € (0,7*) and

g(r) <0 if r € (r*,1). Therefore, f also has this property. We also need to show A* = u(1 —7*) — = >0.

Since A is decreasing in r, It suffices to show f(rg) <0, where rq solves u(1—ro) — ;== = 0. By definition,

4
fro)=V —k—755=V—k— —t—=—(1-79)k <0. Therefore, A* > 0. Finally, solving g(r*) =0 for r*
V—rok
2_ 2
g = Y T ST [0 ]

Next, we identify the optlmal second-best mechanism for A < A* and k <V — ¢/u. Either r =0 (FIFO) or
r >0 (referrals generated). Now, we compare these two candidate mechanisms.

Case 1: r=0. Since A< A*<pu—¢/V,V—c/(p—A)>0; thus, « =1, and the system throughput is A.

Case 2: r > 0. From the proof of Proposition 3, any mechanism that generates referrals must satisfy (A.1).
Thus, the optimal value to the following relaxation problem is an upper bound of the system throughput

with r > 0: max, , 1 s.t. V — > 0. Note that at this point, we have not shown that the

a p.(l ra) Ara?
solution of this problem is implementable. We will show this later. In this relaxation problem, the constraint

must be binding because otherwise one can always increase r to increase the objective function while still

satisfying the constraint. Therefore, V — k/a — m =0, which gives r = % Plugging
it into the objective function gives A%~ = A(a:A;i(f‘Ak'R“) AAiﬁt“k From r = %, aV —k=
7 ra) araz > 0. Therefore, Aa/(1—ra)=Ax “AJ”‘ is increasing in ar. Hence, the optimal o5® = 1. Plugging
a=1into r= % gives rSB % Note that the throughput in this relaxation problem is

obviously higher than the FIFO throughput A in Case 1. Since V — k/a — =0, it follows from

- ¢
u(l—ra)—Ara?

the logic of the proof of Proposition 3 that W; = Wy =W; + k/c. It remains to be shown that

1
p(l—r)—Ar’
the solution to this relaxation problem is implementable. We check if all the constraints in the mechanism

design problem are satisfied. The IC constraint is satisfied by construction since ca(Wy — W;) =k. The IR

constraint is satisfied because

c
V*Tk*C[’I"O[Wl7(1*7’0&)Wg]:V7k7m:0 (A5)



The OA constraint W; > 1/(u(1 — ra)) — Ara?) is obviously satisfied. We check the other OA constraint:
raWi+ (1 —ra)Wy > 1/(u(1 — ra) — Aar). From (A.5), it is equivalent to checking

V—rk— 0. (A.6)

¢ >
p(l—r)—A "~
We shall show that this is true and the inequality is strict if A < A*, which would prove the optimality

of strategic delay. First note that by definition of A*, at A*, V —r*k — =0, where r* solves

c
pn(l—r*a)—A*a

V—k—- 55~ =0 From (Ab5), A=p(l—r)/r— 7.+ Moreover, decreasing A increases r, which
implies that for A < A*, r > r*. Plugging this into the LHS of (A.6) gives V —rk — m =V —rk—
u(l—r)—u(l—cr)/rﬂvfw =V -—rk-— % £ #(r). To prove (A.6), it suffices to show ¢(r) > 0 for r €

(r*,1). Note that ¢ — (V —k)u(1 —r)? > 0 since ci(‘f(j;)*:()fﬂ,ﬂ =5 > 0and (V= k)r > 0. Therefore,

it is equivalent to showing (V —rk)(c— (V —k)u(1 —7r)?) —c(V —k)r >0 for r € (r*,1). Recognize that the

LHS is equal to —g(r), where g(r) is defined in the proof of Proposition 4, in which we show g(r) <0 for
r>r € (r*,1). Therefore, —g(r) > 0 for r > r € (r*,1). This shows that the solution to the relaxation problem
is implementable, and since it achieves a higher throughput than FIFO in Case 1. This (strategic-delay)

solution is optimal. [

Proof of Proposition 5 The pair (A*,r*) solves the following joint equations:

C C
Verke i =0 Vb e =0 (A7)

Expressing A* as a function of A from the first equation of (A.7) and plugging it into the second equation
of (A.7) gives g(r*) = [u(1 —7*)2(V —r*k) + r*¢|(V — k) — ¢V + ¢r*k = 0. Note that g(-) is the same g
function defined in the proof of Proposition 4. Simplifying g(-) yields g(r) = (1 — r)[p(1 —r)(V — rk)(V —
k) — V] =0. Since r* € (0,1), h(r*) = u(1 —*)(V — 7*k)(V — k) — ¢V = 0. By inspection, 220 <, 22 <

or Bk
0. Therefore, ‘9(;,: = —g%g'j < 0. Next, we shall show dA*/Jr* < 0, which would prove OA*/0k > 0. From
the second equation of (A.7), k=V —¢/(u(1 —r*) — Ar*). Plugging it into the first equation of (A.7) gives
V—r* (V — u(l—ﬁ)—z\w)) - M(12—7‘i)—1\* = 0. Collecting terms gives V(1 —r*) — #(1_:*)_/\* + Ml_ﬁf)_A*T* —

¥ CH(l—T*) _ * *®\ o (923 —

0. V(1 —r*) A=) A (i) —A) — 0. 7(A*,7*) = V(1 —r*) (= J (A= N (i Arrr J(I=r*)) 0. By
inspection, % <0, ;ﬁ < 0. Therefore, %ﬁ = —g://gf\* < 0. Since ‘;’:: <0 and % < 0, by the chain rule,
OA* _ OA* or*
ok = o ox >0 U

Proof of Proposition 6 The first-best problem can simplify to maxX,c( 10 acfo,1I(r,a) =

D o2 r,a)+(2—m(r,a 1—m(r,a
st. Ulr,a) =V — kY _,r — c2((177r3(rfa))[H((lizggr,a))(iw)]) > 0, where m(r,a) =

Aa
1-m(r,a)’

Zil r;a, and o?(r,a) = Zle r;a(l — r;a). To prove Proposition 6, we need to prove that any feasible

solution to the first-best problem (r*,a*) with two or more positive r;’s can be strictly dominated

by a feasible solution with at most ome positive r, > 0. Let m* = 1., r*a*. Then, U(r*,a*) =
V _ kZD 'I"’-k _ CzilT;‘oc*(17T;a*)+(27m*)(17m*)

=1 T ST m ) (T —m ™) —Aa] > 0. We first prove the following lemma:

LEMMA A.1. For any K € (0,1), the minimization problem min,, ., c[01]z1>zs>. >2p ZiD=1 (1 —
z;) s.t. Zz‘i1 x; =m has the optimal value m(1 —m) with the unique optimal solution x1 =m and o =23 =



Proof of Lemma A.1 To see this, note S0 (1 — ;) = > 2 — S 22 =m — (Zil xi)Q +
23 ey ity =m—m? 237, x> m(l—m). On the other hand, z; =m and 23 =23 =...=2p =0

gives > (1 — ;) = m(1 —m). Moreover, 25 x;x; > 0 if there are two positive z;’s, which implies

5]

any solution with two positive x;’s cannot achieve the objective value m(m — 1). Hence, 1 =m and x5 =

23 =...=xp =0 is the unique optimal solution and m(1 —m), the optimal value. O
D % % * * *
Lemma A.1 implies that for any (r*,a*) with two or more positive ri’s, 2i=1 &Tﬁi:ﬁiglzﬁi—fxa)g_m ) >
m;(gl__g:))[:((f_‘;”:;EIA‘QT]* ) — o l—m’l‘)— 1= Moreover, since U(r*,a*) > 0, we have
m* c
ver o ¢ .y (A8)

o pu(l—m*)—Ao*
Now, we discuss two cases.
* * * * 1y — C c(l—=m*

Case 1: a*/(1 —m*) < 1. Let o = a*/(1 —m*). Thus, Ul(a):V—m:V—m>V—
m > 0, where the last inequality follows from (A.8). Since U; () is decreasing in «’, there must
exist a unique solution o’ > o’ such that U; (o) = 0. Let o = min{a”’,1}. Thus, Aa’ > Aa* /(1 —m*). This
implies that a non-referral solution (r,«) = (0,a’) can strictly dominate (r*,a*) with two or more positive
ry’s, and therefore, the latter is not an optimal solution to the first-best problem.

Case 2: /(1 —m*)>1. Let r; =1— (1 —m*)/a* €[0,1). Uy(r)) =V — kr} —

k(l— L +m)— o >V —fm —

a* nw(l—m*)—Aa*

:V—

e
p(l—ri)—A

m > 0, where the last inequality follows from (A.8).
Since U (r)) is decreasing in 7}, there must exist a unique solution ry € (r7,1) such that Us(r}) = 0. Note
that A/(1—7{)>A/(1—7}) =Aa*/(1—m*). This implies that a new solution (r,«a) with r =7, ro =13 =
...T7p=0and a =1 can strictly dominate (r*,a*) with two or more positive r}’s, and therefore, the latter is
not an optimal solution to the first-best problem. Combining the two cases shows that the first-best problem

can have at most one positive r; in the optimal solution. [

Proof of Proposition 7 Under the transfer mechanism proposed, we show that (af'?,rf®) satisfies both
IR and IC and thus is an equilibrium outcome. If customers adopt strategy («,r), then each customer’
expected utility is U(r,a) = a{V — rk 4+ raP — c[raWi(r,a) + (1 — ra)Wy(r,«)] — r¥B P}, where Wi (r,a) =
1/[p(1 = ra) — Ara?] and raWi(r,a) + (1 —ra)Wy(r,a) =1/(u(1 —ra) — Aa). Thus, U(rfB,aff=1)=V —
Tk = A

must have k = ca|[Wy(r"8,a?) — W, (rfB,a" )] + P, which is satisfied by construction. Thus, the proposed

FB pFB) To satisfy the IC constraint, we

=0. Hence, the IR constraint is satisfied by (a'Z,r

transfer mechanism can induce the first-best customer outcome. Also, note that it is budget-balanced and
therefore, it achieves the first-best system throughput without any (long-run) financial cost/gain for the firm.

Note that when the first-best is not achieved in the base model, we must have V —k —c¢/[u(1—778) — ArfB] <
0; since V —rfBE >0. O

=0, we must have P:k—c[

c A
~ ETFER H=r T AT P A7 PP

Proof of Proposition 8 We first solve for the optimal FIFO capacity. Given capacity u, the expected utility
from joining a FIFO queue is V —¢/(n — Aar). Thus, the system throughput N775€ (1) is: \F7FO(p) = 0,if p <
c/ViNFIEO () = pu—¢/V,if ¢/V < u < A+ ¢/V; AFFO (1) = ALif > A+ ¢/V. The optimal objective value is
IT717€ = [max, A7179 () —wp?/2]*. Since V > ¢/A, we have IIF7FC = A — Lw(A +¢/V)?, if w <V/(AV +
e);IIF1FO = —c/V + L if w e [V/(AV +¢),V/(2¢)); IFIFO =0, if w > V/(2¢). The corresponding optimal

2w’



FIFO capacity p'7° is 7% = A+ ¢/V,if w < FIFO = 1/w,if w € [, 5= )i w0 =0,if w > £

AV+ K AV+c? 2¢c

Next, we characterize the first best of the referral program. By Proposition 1, in the first best, the system
throughput as a function of capacity p, A2 (p), is M8 (u) =0,if p < c¢/V; M B(p) =p—c/V,if ¢/V < pu <
A+c/ViAPB(u) =A/(1 —rFB(p)),if > A+ ¢/V; where r78(u) solves V — krf8(u) — e & = O-
Note that 7B (u) is increasing in p. Thus, M5 (u) = A/[1 — 78 (u)] is increasing in p. Next, we show that
AFB(u) is concave in p for > A+¢/V. Plugging 775 (u) =1—A/A"E into V — krfB(u) — A e & =0
gives V —k+kps — A(;iipjm) = 0. Writing x4 as a function of AF'E gives u = + A\FB, Note that
V—k+ kAFB > 0, which is equivalent to A2V — AFBE 4+ kA > 0.

d FB(\FBY _ LAFB 4 9k A d? 2ck2A
Jdp g A AV Z kAT + )>1; L= ¢ > 0. (A.9)
dXFB A(k(=AFB + A)+ \FBV)? d(\FBY2  (MNFBV — kXFB 4 kA)3

C)\FB
AV —k+kfg]

Therefore, p is convex increasing in A¥Z. From Mrsevié¢ (2008), the inverse of a convex increasing function is
a concave increasing function, i.e., Af'# is concave increasing in . Since the capacity cost is wu?/2 per unit
time, the first order condition of the objective function is I’ (u) = dATZ (u) /dp — wp. Since AP is concave in p

+ )\FB

e FB

for p> A+4¢/V,II'(p) is decreasing in p for g > A+¢/V. Tt follows from the equation pu =

A
B

— (V+k) dr "B — L —
=1 + AV2 HGHCG i p=Ate/V == 1t C(X\;k) =
2 2 .
W‘?V-ﬁ-k) Therefore H/(A+C/V) W‘?V-ﬁ-k) (A+C/V) #V(V-i-k) _W(A+C/V) >O, 1.e., w <
AV?2
AVZte(VIR)](Ate/V)

dp/dA\"P > 1 implies dA"P /dp < 1. Tt follows from dA"Z /du |,—,, —wio =0 that po < 1/w. If w > @, then
1 < A+c¢/V and the optimal capacity follows from the FIFO case. Thus, uf'? = pg > A+¢/V (with pf1F° =

that when p=A+¢/V, AFZ = A. From (A.9)

dup
) dAFB | \FB=A

£ &, then there exists a unique po > A + ¢/V such that II'(u) = 0. Also, From (A.9),

A+¢/V) if w<i and pufB = pfF10 otherwise. This completes the proof. [0

Proof of Proposition 9 If w € [@,V/(2¢)), the first best is trivially achieved by non-referral FIFO. Next,
consider w < @. If k >V — ¢/pug, then under pg, referrals cannot be generated (by Proposition 3). Thus,
the firm runs a FIFO queue with 5B = A + ¢/V < po. If k >V, then obviously k >V — ¢/uo and then
non-referral FIFO is optimal. This proves Case (iv) of the Proposition.

Next, we consider £ < V. By Proposition 4, a referral mechanism must satisfy: max,, .. 1’7\7, - %w/ﬂ,

c
.t. —-rk— —m—— > Al
st. V—rk p(l—r)—A_O’ (A.10)
c
—-k——> Al
v u(l—r)—Ar_O’ (A.11)

whereas a FIFO mechanism (with all customers joining) has the optimal objective function value IT¥/F° =
A — 2w(A +¢/V)? Note that since w < @, the optimal FIFO mechanism must have all customers join the
queue. Also note that in the referral mechanism formulation, both Constraints (A.10) and (A.11) being non-
binding is not optimal because one can always increase r (without changing i) to satisfy both constraints
to strictly increase the objective function value. Thus, the referral mechanism can have three possibilities
at optimality. (1) Both Constraints (A.10) and (A.11) are binding (which corresponds to full priority and
it achieves the first best, which dominates the FIFO mechanism); (2) Constraint (A.10) is binding, but
not Constraint (A.11) (which corresponds to partial priority and it achieves the first best, which dominates

the FIFO mechanism); (3) Constraint (A.11) is binding, but not Constraint (A.10) (which corresponds to



strategic delay; it does not achieve the first best and we must also compare the optimal objective value with
the FIFO mechanism to decide which one is better). In the first best (u*Z,r"?), since w <@, r? >0 and

V =18k — pa=7sy—x = 0. We examine conditions under which ("%, r"?) satisfies (A.11) with p=p"®

FB

and r =rfB. Note that as w decreases, uf'? increases and so does r¥E. From V — rfBk — FEa s =0

we have p"P(1 — rfP) = A + —S75. Plugging it into the following gives: V — k — TFEA P A TE =
V—k— sro ey a B 2 h(rfB). Recognize that k(1) = 0. Also, let h(r) =¢/(V — kr) — Ar . Thus,
hMr)=V —k— g5y W'(r) = — A. By inspection, h/(r) is increasing in r. Therefore, h(r) is convex

in 7 € (0,1), and since Ai(r) is increasing in h(r), h(r) is quasi-convex in r € (0,1). Since h(r) is quasi-convex

(Vv— kr)2

and h(1) =0, we have the following three possibilities regarding the signs of £(0) and #/(1): Case 1: £(0) >0
and //(1) <0. Case 2: h(0) <0 and #/(1) >0. Case 3: i(0) >0 and /(1) >0

Case 1: /(0) > 0 and /(1) <O0. In this case, A(r) > 0,Vr € (0,1). Further, #/(1) <0 is equivalent to
h'(1) <0. Thus, h(0) =V —k — 375 20, and W/(1) = ﬁ — A <0. These conditions are equivalent to
A> 2 A. Hence, if A > A, A(r) >0 for all any 7 € (0,1), which implies the first best can be achieved

(V k)2

by partial priority for all w < @. This proves Case (i) of the Proposition.
Case 2: h(0) <0 and #/(1) > 0. In this case, i(r) < 0,Vr € (0,1). Conditions i(0) <0 and A/(1) >0 is

equivalent to

V—k—ﬁgo. (A.12)
That is, A < = k)V £ A. In this case, the first best cannot be achieved for any w < w. Thus, the second
best (u5%,75F) is either FIFO, or a referral mechanism with strategic delay that satisfies x(u5%,r5%) £
V—k— cqosmass =0, V =1k — 5555 > 0. Note that when p=A+c¢/V and r =0, x(p,7) =
V—k- 9% 7 <0. Also, x(p,r) is increasing in p and decreasing in 7. Hence, any (u,7) that satisfies
X(1,7) =0 must have p > A+ ¢/V = p*77°. This implies that in this case, p% > pf79. From x(u,r) =0,
we have
_ ArJrf/_(‘:fk) _ A+A(r—11)_4;c/(V—k) _ A A+cl/£‘i k) (A13)

Let z = 1‘_\7, A —lopt=z-¢ { Az <1+ N ’C))r 2 II(z). TI(x) is a concave quadratic function.
The first-order condition is II'(z) = 1 + Aw (1 + m) — wx (1 + m)z, x> A. I'(x) is decreas-
ing in z and II'(00) = —oo. Thus, if II'(A) > 0 then II is maximized at z*, where z* is the unique
solution to II'(z*) = 0; Otherwise, II(z) is decreasing in z, and the maximizer 2* = A (i.e., no refer-

2
rals). Also, TI(A) = A — ¢ ( < ) <A-¢(A+ %)2 =IO where the inequality follows from (A.12).

2 \V—k

This implies that when z* = A, the optimal second-best mechanism is non-referral FIFO. II'(A) =1 —
(1 + a5 k)) - I'(A) is decreasing in w; thus, when w is small enough, II'(A) > 0 and there exists
a unique z* > 0 such that II'(z*) = 0. We next show that when w =&, II'(A) < 0. II'(A) |o=a=1 —

— c c . A 2 c c
& (1+ m) e [AV2+C(V+V]€)]<A+C/V) (1+ A(V_k)) - From (A12), ¢/(V — k) > A+ ¢/V.

AV?2 AV? c _
Hence, 1 — AVZte(V+R)](Ate/V) L+ 3w k) = B < 1- [AVZ4c(VHR)](A+c/V) 1+ A(V*k)> (Ate/V)=1-
VE[A(V— ’“Hc — 1 AVEWVkde® Letting H'(A) =0 gives w = _AWR)® A G Therefore, for

[AV24c(VHE)](V—Fk) AVZ(V—k)F+c(VZ—k2) [A(V—=k)+d]

w € [w,w), the optimal second-best mechanism is non-referral FIFO. When w < @, the referral mechanism



14+Aw( 14+ 55— .
Aw(1t sy A(V"“Z)). The optimal capac-
c
w(1+ x5 )

The optimal profit under that mechanism is II9° =

with strategic delay (SD) is feasible. Its system throughput is A5 =

ity of the referral mechanism is pS° £ %
A2 (V=kE)(V—k4+2(c+A(V—k))w) _  A>(V—k)? + A?(V—k)
(A AV —F))Zw = (A=K T AV =)

FIFO profit II"/F¢ = A — Lw(A+¢/V)? is

The difference between the referral profit and the

15D _ [IFIFO — A2<V_k>2 (A+C/V>2 + A2<V_k)

T3+ A(V - R)w 2 T eram—ry N (A-14)

Next, we prove that II5P — II¥1¥© is monotone decreasing in w for w < @. Differentiating I1°P — II¥/F© with

201, 12 o/V)2
respect to w gives Q(w) = _2(c-ﬁAi‘\;7]Z§)2w2 + (A+2/V)

Q@) <0. Qo) = 72(‘;;)2 + (A+;/V)2 < 0, where the last inequality is due to (A.12). Since IT°P — II¥1F©

, which is increasing in w. Hence, it suffices to show

is monotone decreasing in w for w <& and II°P — IIF7F9 > (0 as w — 0 and 115 — 17779 < (0 when w =@,
there exists a unique @ such that 115 — II¥7¥° > ( if and only if w < @. Therefore, the optimal mechanism
is strategic delay for w < &, and non-referral FIFO for w > &. This proves Case (iii) in the Proposition.
Next, we show that the optimal capacity under strategic delay in the second best, x5, is lower than the
optimal capacity in the first best, u“Z. Let Apg(p) and Agp(p) be the throughput as a function of capacity p
in the first best and the second best (with strategic delay), respectively. Thus, ™7 solves App’(u"?) —wpu™? =

0 and pP solves Ny, (p®P) —wp®P = 0. Note that both M. 5z (p) and Ny, (1) are decreasing in u. Therefore,

eAppApp(V—k)+2kA

to show p5P < pfB it suffices to show N5 (1) > Ngp (). From (A.9), df;B =14+ =B o rAe L. From
(A.13), df;‘D =1+ gF- Since dy/dx =1/(dz/dy), to show Np5(1) > Nsp(n), it suffices to show dfﬁg <
df:D, ie., fo[‘igg(‘gv(‘_/;)?:/i’;/‘] < xv—- This is equivalent to showing (V' — k)Aps[Ars(V — k) + 2kA] <

[Ars(V — k) + kAJ?, which is equivalently showing (kA)? > 0, which is trivially true. Hence, u5” < u#'2.
Case 3: i(0) >0 and A/(1) > 0. This gives the condition A € (A, A). In this case, there exists a unique
r" € (0,1) such that A(r) > 0 for r <r’; Ai(r) =0 for r =7’; and h(r) < 0 for r > r’. Since r*? decreases in w, it
follows that there exists a unique w such that the first best is achieved by partial priority if w € (w,@), by full
priority if w = w, and cannot be achieved in the second best if w < w. Next, we show that strategic delay dom-
inates FIFO for w < w. First, at w =w, [I°7 (w) = 17#(w) > [IF"F9(w) and p°(w) = pf?(w) > pf7O(w) =
A+ ¢/V. Second, from (A.14), TI°P(w) — ITF1F°(w) is decreasing in w if w < [A(V7£)<Iifx+c/v). From the

expression of u%P we have p%P(w) = % Since p*P(w) > A+ ¢/V, we have w < [A(V_Q)(XCE(’“KH/V).

Therefore, 1157 (w) — TIF7¥9(w) is decreasing in w if w < w. Since 197 (w) > ¥ (w), we have 1197 (w) >

ITF1FO(w) for all w < w. Thus, strategic delay dominates FIFO and is optimal for w < w. This proves Case
(ii) of the Proposition. Note that puP € (u17°, u¥'B) can be similarly shown as before.

Finally, when referrals are generated, the average delay rW; + (1 — r)Wj is equal to (V —rk)/c because
V —rk—c[rW; + (1 —7)Wy] =0. In a FIFO queue, the average delay W¥¥© is equal to V/c. Therefore,
rWi+ (1 —7)Wo < WFIFO_ This completes the proof. [
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Appendix B: Equilibrium Conditions for the Full-Priority Referral Scheme

Under the full-priority referral scheme, if a customer makes a successful referral, she gains full priority over
all the others who do not make a successful referral. Those with a successful referral (without a successful
referral) expect a delay of Wy (Wy). An equilibrium is specified by customers’ joining probability a € [0, 1]
and referral effort r € [0, 1]. In equilibrium, (W, W3) is determined from (o, r) from the following equations:
Wi(r,a) = ——>~1——, Wy(r,a)= p(1-ro)

u(l—ra)—Ara?? [u(1—ra)—Ara?][u(l—ra)—Aa]

Case 1: (e < 1,7 =0) is an equilibrium if V' — 71/\ =0, ca 1A — 7) <k.
Iz n—Aa
Case 2: (a¢=1,r=0) is an equilibrium 1fV——>O c(%—7> <k.
u(l—roz)—l\a -

=0, ca[Wy(r,a) —Wi(r,a)]=k.
m >0, ¢[Wo(r,1) — Wi(r,1)]
=0, ca[Wy(l,a)—Wi(1,a)] > k.

Case 4:
Case 5:

(
(

Case 3: (e < 1,7 €(0,1)) is an equilibrium if V' — kr —
(a=1,r€(0,1)) is an equilibrium if V' — kr —
(

a<1,r=1) is an equilibrium if V —k — m

Appendix C: Mechanism Design Formulation that Discriminates Between Base and
Referred Customers

The mechanism design problem chooses expected delays W = (WE WE WE WE) to induce customer strate-

gies 0 2 (o, a®,rB,r®) that maximize the system throughput, subject to the IR, IC, OA and stability

constraints. For ease of exposition, let ¢ = rBaf, p = rfaf, A = Aa®. The mechanism design formulation

A(1+4g—p)
1-p

V—kr? —c[rBa®WE + (1 —rBa®)WFE] > 0. IR constraint 2: V — krf — c[rRfa W + (1 —rRa® )WL > 0. IC
constraints: 78 € argmax,, V — k1’ — c[r'a®WE + (1 — ' o)W, r® cargmax,, V —kr’' —c[r'a®™ W] + (1 -

'a®YW . Stability constraint: m%’;p) < p. Next, we list fifteen (15) OA constraints. We invoke Lemma

is as follows. The objective function maximizes the system throughput: max, w . IR constraint 1:

B.1 of Yang and Debo (2019): In a batch-arrival queue with exponential service rate u, Poisson arrival rate
A, and random batch size N with finite first moment E[N] and second moment E[N 2] the expected delay
W in the system is W = _EINIFEIN'L A constraint 1: WB 1 OA

2]E[N](u AE[N]) 0 = p=—2(1- q)
. B
constraint 3: Wit > m ( )W > .- 0A

constraint 6:

Aqp Aq 1

AGWE + 2Py : (C.1)
Podlep P T l-pu(l-p)—Ag
OA constraint 7: AgWE + AgW§ > 2)\q2u - OA  constraint 8 MWﬁ + )\(1 — QW§E >
A(1—p—q+2pq) pg+(1—q)(1—p)* A R R
T T (L p) Mg a Ty OA comstraint 9: SEWY + AW > 4 S, OA con-
straint 100 A(1 — @)W + AgWg' > 25 OA comstraint 11: AgW{ + 2EW + M1 — q)W
A(1=p+pq) (1-q)(1=p)*+q : . By dapypR R~ 2a(2p) (1-p)°+2
o Torrrol(-n-x(1—prpg] OA constraint 12: AgWi + W+ AqWo' > A28 snia = 5 Se
: LA A(l—p+ ) (1-9)(1-p)°+ : .
OA constraint 13: %Wﬁ + A1 — @ WE + AgWE > T— (lfp-‘rpq)[,u(zlfp)pf/\(qup+pq)]' OA constraint 14:
AGWE + X1 = q)WE + MW F > A(1 —&—q)m. OA constraint 15:

Agp AMl+g—p) 1+q—p+(1—p)g—p)
AW P+ == WR—i-)\ 1—qWE + AgWJ > .
Pol- 1-0W, 0 1-p  (I4+q—p)[ud—p) —A(1+q—p)]
In terms of the structure of the optimal referral mechanism, partial priority (subject to work conservation)

(C.2)

corresponds to (C.1) being non-binding and (C.2) being binding; strategic delay (with full priority assigned
to referring customers) corresponds to (C.1) being binding and (C.2) being non-binding; full priority (subject
to work conservation) corresponds to both (C.1) and (C.2) being binding; non-referral FIFO corresponds to

rP=rft=0.
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