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Appendix A: Proofs

Theorem 1. (Existence of equilibrium) For any set of parameters λ,µ, η,V , and C, a symmetric equilib-

rium strategy exists.

Proof of Theorem 1. Existence of an equilibrium in this model follows from using a fixed-point theo-

rem. This is a game of countably many players. A strategy in this game consists of a vector p= [p0, p1, . . . , pne
],

where ps is the probability of traveling to the queue after observing s customers in it. Let X be the space of

all mixed strategy vectors:

X =

{
[p0, p1, . . . , pne

] : ∀s= 0,1, . . . , ne, ps ∈ [0,1]

}
. (1)

Therefore, X is the ne-dimensional cube X = [0,1]ne . Thus, X is a compact space.

Let F :X −→X be the function that generates the best-response strategy:

F (x) =

{
y ∈X : y= p∗(x)

}
, (2)

where

p∗(x) = [p∗(0), p∗(1), . . . , p∗(ne)] : p∗(s)∈ {0,1} (3)

is the best response vector strategy, as was defined in (7).
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Let y1, y2 ∈ F (x). Let y3 = αy1 + (1−α)y2, where α ∈ (0,1), be a point on the straight line segment that

joins y1 and y2. If y1 = y2 then it is clear that y3 ∈ F (x). If y1 6= y2, then for every component s for which

y1(s) 6= y2(s), the customer is indifferent between traveling and not traveling, and therefore for every α,

y3 ∈ F (x). Thus, F is convex.

Given a symmetric strategy, the steady-state probabilities are derived from the linear balance equations

(2), which are continuous for any symmetric strategy vector. The utility function (Equation (6)) is also

continuous. The function that assigns the best response to each steady-state probabilities (Equation (7)) is

continuous, and F is continuous as the composition of the two. Therefore the graph of F ,

{
{x, y} ∈X×X :

y ∈ F (x)

}
, is a closed set.

By Kakutani’s fixed point theorem, the best response correspondence F has a fixed point pe. This strategy

is a best response of a player, when all other players use pe, which defines a symmetric equilibrium. �

Theorem 2. For any set of parameters λ,µ, η,V,C, a unique symmetric equilibrium strategy exists.

Proof of Theorem 2. The proof is based on the continuity of the best-response function, which follows

from the continuity of the utility function. UN (q) is monotonically decreasing in q (see Lemma 1 below):

as more customers travel, the queue tends to be more congested, and the expected utility decreases, which

implies that the best-response strategy is to Avoid-The-Crowd (ATC). As a result, only one fixed point

of the best-response strategy exists, which defines a unique equilibrium (see Hassin and Haviv (1997)). By

assumption 1, U(0) = V − C
µ
− 2C

η
> 0. If U(1) ≥ 0 then qe = 1 is the unique equilibrium. Otherwise, if

U(1)< 0, there exists a unique equilibrium 0< qe < 1 which is the single solution to the equation UN (q) = 0.

�

Lemma 1. UN (q) is monotonically decreasing in q.

Proof of Lemma 1. UN (q) as defined in Equation (12) can be written as a function of the product ρq.

Denote ξ = ρq. Then (12) can be rewritten as:

U(ξ) = V

(
1− ξne

1− ξne+1

)
− C

µ

(
1− (ne + 1)(ξ)ne +neξ

ne+1

(1− ξ)(1− ξne+1)

)
− 2C

η
. (4)

Since ξ is increasing in q, it is enough to show that U is decreasing in ξ.

To show that U is decreasing in ξ, we show that its first order derivative with respect to ξ is negative:

dU

dξ
= V

d

dξ

[
1− ξne

1− ξne+1

]
− C

µ

d

dξ

[
1− (ne + 1)(ξ)ne +neξ

ne+1

(1− ξ)(1− ξne+1)

]
=
C

µ

[
V µ

C

d

dξ

[
1− ξne

1− ξne+1

]
− d

dξ

[
1− (ne + 1)(ξ)ne +neξ

ne+1

(1− ξ)(1− ξne+1)

]]
<
C

µ

[
(ne + 1)

d

dξ

[
1− ξne

1− ξne+1

]
− d

dξ

[
1− (ne + 1)(ξ)ne +neξ

ne+1

(1− ξ)(1− ξne+1)

]]
=
C

µ

−1 + ξne (1 + 2ne(1− ξ)2 +n2
e(1− ξ)2 + ξ2− ξne+2)

(1− ξ)2(1− ξne+1)2
. (5)
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Since C
µ
> 0 and the denominator of the second term in (5) is always positive, it is enough to show that

the numerator of the second term of (5) is negative. For ξ 6= 1:

− 1 + ξne
(
1 + 2ne(1− ξ)2 +n2

e(1− ξ)2 + ξ2− ξne+2
)
< 0

⇔ (1− ξ)2(2ne +n2
e)ξ

ne + ξne+2(1− ξne)< (1− ξne)

⇔ (1− ξ)2(2ne +n2
e)ξ

ne < (1− ξne)(1− ξne+2)

⇔ (2ne +n2
e)ξ

ne <

(
1− ξne

1− ξ

)(
1− ξne+2

1− ξ

)
⇔ (ne + 2)neξ

ne <

(
ne−1∑
s=0

ξs

)(
ne+1∑
s=0

ξs

)

⇔ ξne <

(∑ne−1
s=0 ξs

ne

)(∑ne+1
s=0 ξs

(ne + 2)

)
. (6)

Both terms in the right-hand side of (6) are arithmetic means of two series: {ξs : s= 0,1, . . . , n− 1} and

{ξs : s= 0,1, . . . , n+ 1}. The left-hand side can be read as a product of the geometric means of these series:

ξne = ξ
ne−1

2 ξ
ne+1

2 =
ne

√
ξ

ne(ne−1)
2

ne+2

√
ξ

(ne+1)(ne+2)
2 .

Because an arithmetic mean of non-equal terms is greater than their geometric mean, the inequality (6) holds.

It follows that dU
dξ
< 0, and therefore dU

dq
< 0. For ξ→ 1, the derivative exists and equals −C

µ

ne(ne+2)

12
< 0. �

Theorem 3. For fixed µ,η,V , and C, λ̄ exists such that in equilibrium, for λ≤ λ̄, customers travel to

the queue with probability 1, and for λ> λ̄, customers travel with probability qe = λ̄
λ

. Moreover, the expected

utility in equilibrium is monotonically decreasing for λ< λ̄, and equals zero for λ≥ λ̄.

Proof of Theorem 3. We use Lemma 2 to prove Theorem 3. From Lemma 2(1.) it follows that when

λ→ 0, the equilibrium is q= 1. From Lemma 2(2.), as long as q= 1, U decreases in λ, and by Lemma 2(3.)

when λ→∞,U(1) < 0. Because U |q=1 is a continues function that is defined for any λ > 0, then by the

mean-value theorem, there exists λ̄ such that U |q=1(λ̄) = 0. For every λ> λ̄, U |q=1(λ̄)< 0, and therefore by

(13), q= 1 is no longer an equilibrium. For every λ> λ̄, q= λ̄
λ

is an equilibrium strategy, because UN (q) = 0

and 0< q < 1 satisfy (13). �

Lemma 2. When q= 1,

1. limλ→0U(1)> 0.

2. dU(1)

dλ
< 0.

3. limλ→∞U(1)< 0.

Proof of Lemma 2 .

1. limλ→0U |q=1 = V −C( 1
µ

+ 2
η

)> 0, following Assumption 1.
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2.

dU(1)

dλ
=
C

µ

[
ν

(
1− (ρ)ne

1− (ρ)ne+1

)′
λ

−
(

1− (ne + 1)(ρ)ne +ne(ρ)ne+1

(1− ρ)(1− (ρ)ne+1)

)′
λ

]
(7)

<
C

µ

[
(ne + 1)

(
1− (ρ)ne

1− (ρ)ne+1

)′
λ

−
(

1− (ne + 1)(ρ)ne +ne(ρ)ne+1

(1− ρ)(1− (ρ)ne+1)

)′
λ

]
(8)

=
C

µ2

[
−1 + ρne ((1− ρ)2(ne + 1)2 + 2ρ− ρne+2)

(1− ρ)2(1− ρne+1)2

]
. (9)

The second term in the product in (9) is similar to the second term in the product in (6), hence the rest of

the proof is similar to the proof of Lemma 1.

3. limλ→∞U |q=1 =− 2C
η
< 0.

�

Theorem 4. For fixed λ,µ,V, and C, η̄ > 2Cµ
V µ−C exists such that for η≥ η̄, customers travel to the queue

with probability 1, and for 2Cµ
V µ−C < η < η̄, customers mix between traveling and not traveling. The expected

utility is monotonically decreasing in η when η≥ η̄, and equals zero when 2Cµ
V µ−C < η < η̄.

Proof of Theorem 4. To prove Theorem 4, we write the utility function in (11) as UN (q, η) = F (q)−

G(η), where

F (q) =

ne−1∑
s=0

πs(q)

(
V −C s+ 1

µ

)
,

G(η) =
2C

η
.

Note that F (q) > 0 for every q ∈ [0,1] and it is independent of η, while G(η) decreases with η and it is

independent of q. When η→∞, G→ 0 and therefore customers travel in equilibrium with probability 1.

We denote by η̄ the threshold for which F (1) =G(η̄). At this point U(1, η̄) = 0. For η < η̄, U(1, η)> 0. By

Lemma 1, UN (q, η), and thus also F (q), decrease in q, and therefore to satisfy UN (q, η) = 0 for η < η̄, it must

be that q < 1. The same argument implies that as η further decreases, the equilibrium travel probability q

also decreases and the associated expected utility increases. �

Theorem 5. (1) For λ < λ̄, throughput is increasing with λ. For λ ≥ λ̄, throughput is fixed and equals

λ̄
1−ρ̄ne

1−ρ̄ne+1 , where ρ̄= λ̄
µ

. (2) For 2Cµ
V µ−C < η < η̄, throughput is increasing with η. For η≥ η̄, throughput is fixed

and equals λ
1−ρne

1−ρne+1 .

Proof of Theorem 5. From Theorem 3 it follows that for λ≥ λ̄, λq = λ̄. Because we define ρ̄= λ̄
µ

, it

follows that TN = λ̄ 1−(ρ̄)ne

1−(ρ̄)ne+1 is fixed for λ≥ λ̄.

For λ< λ̄, we show that the derivative of (14) is positive. Recall from Theorem 3 that q = 1 in this case.

We use the following:

TN (1) = λ

ne−1∑
s=0

πs(1) =

{
λ 1−ρne

1−ρne+1 ρ 6= 1

λ ne

ne+1
ρ= 1.

(10)
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For ρ= 1, TN (1) is linearly increasing in λ. For ρ 6= 1, we take the derivative of TN (1) with respect to λ.

dTN (1)

dλ
=

1− ρne

1− ρne+1
+λ

d

dρ

(
1− ρne

1− ρne+1

)
dρ

dλ

=
1− ρne

1− ρne+1
+ ρ

ρne−1(ρ− ρne+1−ne(1− ρ))

(1− ρne+1)2

=
1− ρne − ρnene(1− ρ)

(1− ρne+1)2
. (11)

For ρ 6= 1, the denominator of (11) is positive. To show that the numerator is also positive, we look at two

cases:

• When ρ< 1, proving 1−ρne−ρnene(1−ρ)> 0 is equivalent to proving 1−ρne

1−ρ >ρnene. The left-hand side

is the sum
∑ne−1
s=0 ρs. There are n terms in the sum, each term is greater than ρne . Therefore the inequality

holds.

• When ρ> 1, proving 1− ρne − ρnene(1− ρ)> 0 is equivalent to proving
∑ne−1
s=0 ρs <ρnene. There are n

terms in the sum, each term is smaller than ρne . Therefore the inequality holds.

The second part of Theorem 5, which refers to the change in throughput as a function of η, is similar in

proof, because following Theorem 4, q = 1 when η ≥ η̄ and q < 1 otherwise, and q decreases as η decreases

in the latter case. Therefore when η≥ η̄ the throughput is fixed and equals TN (1), and when 2Cµ
V µ−C < η < η̄

the throughput decreases as η decreases because q decreases. �

Corollary 1. The maximizer of SWN with respect to λ is in (0, λ̄), and with respect to η is η→∞.

Proof of Corollary 1. (1) From Theorem 3, SWN is strictly positive for λ ∈ (0, λ̄), and 0 otherwise.

Hence arg max
λ
SWN ∈ (0, λ̄). (2) From Theorem 4, SWN is positive and strictly increasing when η ≥ η̄, and

0 otherwise. Hence, arg max
η
SWN =∞. �

Theorem 6. For fixed V,µ, η, and C, λP ≥ λ̄ exists such that for λ ≤ λP , TP ≤ TN , and for λ > λP ,

TP >TN . Moreover, SWP >SWN .

Proof of Theorem 6. We start with proving the first part of the Theorem that compares throughput.

In the parking model, the throughput equals to

TP =

{
λ 1−ρnp

1−ρnp+1 , if ρ 6= 1,
np

np+1
, if ρ= 1.

. (12)

Consider first λ≤ λ̄. By Theorem 3, customers travel with probability qe = 1 under the no-information model.

Because ne ≥ np, it follows immediately that the throughput under the no-information model is higher.

When λ> λ̄, by Theorem 5 the throughput under the no-information model is fixed and equals to λ̄ 1−ρ̄n
1−ρ̄ne+1 ,

where ρ̄= λ̄
µ

. Next, we show that TP strictly increases with λ, and that limλ→∞ TP > λ̄ 1−ρ̄n
1−ρ̄ne+1 . If ne = np,

then for λ > λ̄ we get TP > TN , and the Theorem statement follows from setting λP = λ̄. If ne > np, then

there exists λP > λ̄ such that TP > TN for λ > λPT . To prove that, we take the first derivative of TP with

respect to λ. For ρ 6= 1,

d

dλ

λ(1− ρn)

1− ρn+1
=

1− ρn−n(1− ρ)ρn

(1− ρn+1)2
=

1− ρ
(1− ρn+1)2

(1 + ρ+ · · ·+ ρn−1−nρn). (13)
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If ρ < 1, both terms in the product are positive, for ρ > 1 both are negative, and when ρ→ 1 13 goes to

n
2n+2

. Hence the derivative is positive, and we conclude that TP strictly increases with λ, and therefore for

λ> λ̄, TP > λ̄
1−ρ̄n

1−ρ̄ne+1 = TN .

Last, we calculate the upper limit of TP as λ→ inf.

lim
λ→∞

TP = lim
λ→∞

λ(1− ρnp)

1− ρnp+1
= lim
ρ→∞

ρµ(1− ρnp)

1− ρnp+1
= µ. (14)

Next, we prove the second part of Theorem 6, which compares social welfare. The social welfare under the

parking model equals

SWP = λ

np−1∑
s=0

πPs

(
V −C s+ 1

µ
− 2C

η

)
. (15)

We start by considering λ ≤ λ̄, in which by Theorem 3 customers travel with probability 1 under the

no-information model. Then social welfare under the no-information model equals

SWN (q= 1) = λUN (q= 1) = λ

(
ne−1∑
s=0

πNs (1)

(
V −C s+ 1

µ

)
− 2C

η

)

= λ

np−1∑
s=0

πNs (1)

(
V −C s+ 1

µ
− 2C

η

)
+

ne−1∑
s=np

πNs (1)

(
V −C s+ 1

µ
− 2C

η

)
−πNne

(1)
2C

η

 . (16)

The second term in (16) is strictly negative because the utility from joining the queue is less than the cost

of traveling, which is the reason why customers in the parking model do not join the queue when observing

np customers or more. The third term is also negative. We compare the first term in (16) with the parking

model social welfare in (15). The only difference between the two terms is in the steady-state probabilities

πPs and πNs (1). Comparing the two, we have for ρ 6= 1 and for all s= 0,1, . . . , np− 1,

πNs (1) = ρs
1− ρ

1− ρne+1
<ρs

1− ρ
1− ρnp+1

= πPs . (17)

For ρ= 1 we have πNs (1) = 1
ne+1

< 1
np+1

= πPs .

From (17) it follows that SWP >SWN .

Next, assume λ > λ̄. In this case, under the no-information model customers travel to the queue with

probability qe < 1, and their expected utility is zero, and so is SWN . Because SWP is strictly positive,

SWP >SWN . �

Appendix B: Generalized mixed-threshold strategies

More examples for non-threshold best-response strategies to threshold strategies are given in Figure 1, for

V = 8, µ= 1,C = 1.

Figure 1(a) shows that best-response strategy to the threshold strategy [1,1,1,0.8,0,0,0,0,0] when λ =

6, η = 0.7 is [1,1,1,0,1,0,0,0,0]. Figure 1(b) shows that the best-response strategy to the threshold strat-

egy [1,1,1,0.6,0,0,0,0,0] when λ = 15, η = 0.8 is [1,0,0,0,1,0,0,0,0]. When λ = 5.5, η = 0.5, Figure 1(c)

shows that the best-response strategy to the threshold strategy [1,1,0.4,0,0,0,0,0,0] is [1,0,1,1,0,0,0,0,0],

and Figure 1(d) shows that the best-response strategy to the threshold strategy [1,1,0.44,0,0,0,0,0,0] is

[1,0,1,0,0,0,0,0,0].
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(a) λ= 6, η= 0.7
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(b) λ= 15, η= 0.8

0 1 2 3 4 5 6 7 8

s

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

B
R

(s
)

(c) λ= 5.5, η= 0.5
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(d) λ= 5.5, η= 0.5

Figure 1 Examples of non-threshold best response strategies to threshold strategies, for V = 8, µ= 1,C = 1.


