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Supplementary Document A
This document contains some proofs for the main model. It is intended to be the paper’s online supplement.

All the other proofs are contained in another supplementary document, which is available upon request.

Proof of Lemma 2. First we note that, if w > ¢, then the retailer cannot make any positive profit regardless
of combating. In this case, trivially, she will not combat or sell in the market. Next, we focus on the case w <gq.

Considering the counterfeiter’s profit function, we obtain

B 2 (1 B)
§pa7 Zf 1;(1 ) 4 iy

Pi(V,pa) = § pa— (1= B)g, if qQ(,BB) < Pa S 24,
%, otherwise.

Then, we have
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As such, given w, the profit function is linear in « for any p,. Then, the optimal combat level can be determined
by comparing the two extreme points v =0 and v =1. Let p;(y;w) := argmax,, Tr(7y,p.;w) and Mz(v;w) :=
mr(7V, i (7;w);w). It suffices to compare ITx(0;w) and Ig(1;w). Specifically, by the proof of Proposition 1, we

have
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To compare Ilz(0;w) and Ig(1;w), we first analyze the case of ¢ > 522 w. In this case,

2(1-5)
Ma(liw) > Ma(0:;w) if and only if ¢ > 40(5)(275)(17,8)+\/1602(132)((12*,6‘5));(17@)2—&-2(276)(175)13%2'
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if @ > SDEPUZ) Ty (1;w) > Tk (0; w) holds for all ¢ >

Moreover,

>

2(1 5)
2(1 ,6‘) w. In this case, we have IIz(1;w) >[Iz (0;w) if and only if % -

c(ﬂ) > 0. This in turn implies ¢ > w + 2¢(B) + 2\/we(B) + c2(5). In addition, w + 2¢(8) + 24/wc(B) + c2(B) <

W. Specifically, if w < W, we have Il (1;w) < IIz(0;w)

Next, we examine the case of w < g <

2(1 /3)"‘) holds if and only if w >

for any w<¢g < 2(1 B)
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Thus, given w, there exists a critical function g(w) such that if ¢ > g(w), then v*(w) = 1; otherwise v*(w) = 0.

Specifically,
4c(8)(2-8)(1-8)+1/16c2(8) (2—8)2(1-B)2+2(2—B) (1-)f2w2 . 8c(8)(2=8)(1-8)
q(w) = 20 5)5 ifw< 52 )
w—+ 2¢(B) + 24 /we(B) + c2(B), iwaW'
Moreover,
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d c(B) ; 8c(B)(2-p)(1-8)
w 1+ w+c(ﬁ,)>0 if w> 7 .

Thus, g(w) increases in w and the lemma follows. [

Proof of Lemma 3. Tt is straightforward to obtain q:—z =2 (L M). To show g% < g™, we have

I

178-9
three cases:

(i) For 8 > 17, it is equivalent to show 2(=3+48++/B8(2—8) <178—9, or y(8) =8582 — 628+ 9 > 0. Note
that dy—(B) =1703 —62 > 170 £ — 62 =28 > 0. Then, y(j3) increases in § and y(8) >85- (13)> —62- % +9=
- @ +9=0.

7
15
T —34+48++/8(2—-8) BRT) 4+ /B(2—B) 136
(i) For 5= 17, AM—hmﬁﬁ%2(T)—hmﬁﬁlg72 — | =5 <l

(iii) F0r5<17,1t is equivalent to show 2(=3+48+/B(2—8) > 178-9, or y(58) =2/ 3(36—-1) >

0. Note that 242 — \;;1(2_@; 9=2,/~1+ 5555 ~9<2,/~1+ =5ty —9=—4 <0. Then, y(ﬂ) decreases

in fand y(8) >2y/:%(2—1%)—3(3- % —1)=32 -2 =0.

Hence, g* < g™ is proven, and the retailer in the DR model is more keen to combat the counterfeit than the
manufacturer in the DM model. [

Proof of Proposition 3. We compare profits under DR and DM from the perspectives of the manufacturer
and the supply chain:

(i) We first examine the manufacturer’s optimal choice between DR and DM. To compare DR and DM, we
define the difference of the manufacturer’s profits under DR and under DM as A ,,. Note that the manufacturer’s
profit is a continuous function of ¢ under both DR and DM. Then, A, is also continuous. Start with g > %
where g% < 46(13);# < @™ < 16¢(B). Then, by the manufacturer’s profit functions in Proposition 1 (Table 2)

and Proposition 2 (Table A1), we have

0, if ¢<q",
wi(g—wi) 1-8 . AR 4¢(8)(2—B)2
o) sy if <y Sagr

wa (g—wy" — . c _B)2 N
Ay = z(qu 2)_4(12766)(1’ if 4(,3);5 B2 < g <M,

wR 7wR . ~

wilimer) _ gy o), if @1 <q<16¢(B),

c(B), otherwise.

Thus, when g < g%, we have A, =0; when g™ < ¢ <16¢(3), we have

Ay = 40}5((]2; wg) q = m_ 2 - C(B)a and

dAy _ 1 @__ 1 11,
dg 2\l ¢ ) 160 8 ’

which means that A, increases in ¢, and hence Ay, > 0; when g > 16¢(3), Ay > 0. Now we consider g% < ¢ < g™

By Proposition 1 and Proposition 2, v* =0 under DM but v* =1 under DR. We have the following three
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8c(8)(2-8)2 wit(g—wi’) _ _1-8

cases: when ¢ < ¢ < G5 by (i) in the proof of Proposition 2, we have A, = T sl > 0;
2 2 —w —_
vi/hﬂen 861(66(3?(:?) <g< 46(’6)[%7‘3) , by (ii) in the proof of Proposition 2, we have A, = = (qu D) _ 4(127%)11 >
Jtit ——F 2
Q’Bq(zq 257 _ 4(12155)(] = f((;:;))zq > 0; when 46(’3)[3# <q< @™, by (ii) in the proof of Proposition 2, we have
Wl (g—wf - 5=5a(a—3=5q) - -
Ay = 22 (‘;q 2) _ 4(12756)(1 > =8¢ ‘;q2 Fa) 4(1276[%)(]: 45((21765))2(1 > 0. Then, we have A,, >0 for any ¢ and the

manufacturer prefers DR over DM. The case of 5 < % can be shown similarly.

(ii) We then examine the supply chain’s preference between DR, and DM. Define the difference of the supply
chain profit (the manufacturer’s profit plus the retailer’s profit) under DR and under DM as A... Note that
the manufacturer’s profit is a continuous function of ¢ under both DR and DM, but the retailer’s profit is
discontinuous at ¢ = ¢ under DR and at ¢ = ¢™ under DM. Then, A,. is also discontinuous at ¢ = g% and

_ oM ; 2 SR 4c(8)(2-8) _ ~m ) I
q=q". Start with 8> 2, where ¢"* < =5 <q"< 16¢(8). Then, by the manufacturer’s and the retailer’s

profit functions in Proposition 1 (Table 2) and Proposition 2 (Table Al), we have

0, if ¢<q",
wR(g—wk _ B2 - RN e 32
1 (qu i) + (g 4q1) —C(ﬁ) _ 28723(]7 ’Lf qRSqS 4 (ﬁ)ﬁ(g B) ,
wB(g—whl — . c —B)2 ~
A, = 2(112(1 2)_28722% if 4(13)[55 8) <qg<gM,
WR 7LL)R . A~
wileer) _ 3q+c(B), if < q<16¢(B),
0, otherwise,
0, if ¢<q", .
smoyd T 252 e(B), if g7 <q<2REA
— . c —B)2 ~
= /qc(b’) _ 20(6) . 2872% if 4 (/J‘)ég B) <q< qM, and
Vae(B) = e(B) — 154, if ¢ <q<16¢(B),
0, otherwise,

0, if ¢<q", o

58-3 . SR 4c(B)(2—8
dA,. i(%f()gf 0’3(175) N l\/w_ 31-8) _ —1+26 z; Zc(j(gjﬁ < 62< AM7
d—q = i c(qB) 83(2—[3)1 2 : 166(,3)3 8(2\/;6) _38(276) ’ o B2 <9

5 T—E§§1/m—ﬁ<?—ﬁ<07 qu nglﬁc(ﬂ),

0, otherwise.

Then, A,.=0 when ¢ <g"® and ¢ > 16¢(8). Furthermore,

—34+484+4/8(2—8) 2(58—3) + 2{33,3] c(ﬂ) >0, when q= qAR,

178—-9 B
ASC = _ q
W+ -2 eB) >0, when q=q",

0, when q=16¢(p).
Since A, increases in ¢ when g% < g < @™, we have A,, >0 for any g% < g < @™. Since A,. decreases in ¢ when

g < q<16¢(8), we have A,. >0 for any g™ < q <16¢(3). Therefore, A,, > 0 for any ¢ and DR generates a

2

more profitable supply chain than DM. The case of < 3

can be shown similarly. [

Proof of Theorem 1. (i) Without the counterfeit, it can be shown that the wholesale price is %, the retail
price is %q and the demand is i. Thus, the retailer’s profit is %, the manufacturer’s profit is ¢ and the total

profit for the supply chain is 2¢.
Define the difference between results with and without the counterfeit as Allgo. Note that the manufacturer’s

profit is a continuous function of ¢, but the retailer’s profit is discontinuous at ¢ = g¥. Then, the difference of
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supply chain profit (the manufacturer’s profit plus the retailer’s profit) with and without the counterfeit, Allsc,

is also discontinuous at g = g¥.

For B> 2, from the manufacturer’s and the retailer’s profits in Proposition 2 (Table Al), we have
3

g(; g;q_lﬁ% . if ¢<q", ]

wit(@—wft) | (a—wf) ~R 4c(8)(2-8)
AHSC: ;ng + q4q _C(B)_Eqv Zf qRSlJS 25727

wy (‘Iquz ) EQv if 40(5){53*5) <q< 160(B)7

1—36q —c(B) = 1—36q, otherwise,

38 : R
—;3?5%23 if ¢<q", o
= 16é:B)Q+ =2c(B), if ZRSSS:T’
mﬂﬂ—2dﬂ%—%%1f4@%5@—<Q<I&Mm
—c(B), otherwise.

Thus, Allge < 0 for ¢ < qAR and ¢ > 16¢(83). Next, we will examine the sign of Allgo at ¢ = ¢ and g = 46(*8);#:
et T g Then,

e R_
5 4(2 B)q , we have wi* =

At ¢ =g%, from wf"

R(FR _ R ~R _, R)2 3 1
Alle) = G+ o) - = g (2 %‘%) 7o

2 1-8
[(2\/7_1> 3-48+ /B2 P) _1] 0

which is positive if 8 < B ~0.32, equal to 0 if 8= 3 and negative otherwise. Thus, Allgc(q™) <0 for 3> 2.

c -8)2 - c —B)2 — — _
4 (B)ég 8) 167@76@)4 (B)ég 8) +2ﬂ366(5):%6(5)<0.

When g% < ¢ < %&‘3)2, since Allge linearly changes with ¢, we have Allge < 0 for any ¢ within this

Now, at ¢ = , we have Allge =

interval.

When %&5)2 < q < 16¢(B), we have % =3 @ — 1= decreases in ¢ and hence Allgc is concave

. c c —B)?
with respect to ¢. We note that at ¢ = 16¢(3), dAclqusc =1,/ 16(0’[223) - % =—L<0;at ¢g= 4 (B)ég B dA};qSC =
%1 / % — 32 = _T86_~(ifand only if 3 < . Then, 1f <p < , we have % < 0 and Allgc decreases

16 — 16(2—B8)

in ¢. Hence, we have Allge < 0.If 3> & =, we have % = 5 c(f) — —6 is positive when 40(5);# <g< %c(ﬂ),
equal to 0 if ¢ = & ¢(8) and negative otherwise. Then, we have Allse < (/& e(8) —2¢(8) — £ & e(B) = —2¢(8) <
0if B> 2.
For 5 < %, from the manufacturer’s and the retailer’s profits in Proposition 2 (Table A1), we have
fégq—w% if q<q"%,
w w wR 2 PPN c — —
AHSC = 1(‘1 1)+(q ) _C(ﬁ)_%q, lf qRSQS 32 (5/3)((;775252 5),
16 2q— c(ﬁ) 16 q, otherwise,
16(2 @)Q<O if ¢<q~,
— 78-6 i f OR 32¢(8)(1-B)(2-8)
= To(2-5 Ee(B), if 7 <q< T Sh) and
—c(B), otherwise,
38 <0, if ¢<qF,
dATlge 716(2 5)
- -6 oR 32¢(B)(1-B)(2-8)
dq | meEe <0 T sas T Gsn
0, otherwise.

Thus, Allge <0 for ¢ < g% and Allgo decreases in g for g > g®. Furthermore, Allgq(g®) > 0 if and only if

ﬁ<B. Thus, ifBZB, Allge < 0 for all g; ifﬁ<g, AHSC>Owhen§R§q<W
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(ii) Now we examine how the counterfeit affects the manufacturer’s profit. For 3 > 2

5, by the manufacturer’s

profit function in Proposition 2 (Table Al), we obtain the difference of the manufacturer’s profits with and

without the counterfeit,

1-53

-~
wit(a— wR) _4<
Art, = 2 5=
M w3 (q wR) 4«
2q 8 —
0,
For g < 2
1-8 a _
1 275)‘]}: 8
Amy, = wi (‘12;“’1 ) _ % <

Thus, A7, <0 for any g.

Next, we examine how the counterfeit affects the retailer’s profit. For 5 > 2

S(Q—ﬁ)Q<O7 if ¢<q¥,

2@=2) q_( ¢ 2R 4c(8)(2—8)?
j(? z) §=0,if (i (;(ggﬁ)z B2 )

1 (q—2 . c _

22q2 —%:O,sz<q<160(ﬂ),

otherwise.

5, by the manufacturer’s profit function in Proposition 2 (Table A1), we have

8(26,5)q<0a if ¢<q"~,

3@—3) a_( ;r AR 32¢(8)(1-B)(2-6)

T s =0 T Ses T Ty
otherwise.

3, by the retailer’s profit function

in Proposition 2 (Table A1), we have the difference of the retailer’s profits with and without the counterfeit

1-p _
se-nd— % -
—c(B) -

(g—wf)?
4q

_a
= <0,

—c(B) <0,

sign of A7y at ¢

* —_
Ay, =

Next, we will examine the

1=V68/2=5) \/52/(2*@ G%. Then,

R

w5 e <0, if ¢<q~,
c P ¢ —8)°
s
if 2OE= < g <16¢(),

otherwise.

R —wf _

2gR

=g At ¢ = ¢%, from w = 4(12 5 =

)q , we have w;

amy(a = T - Lo - (2\/ : 5+%)af¥ (9)
B 23 1-3 e
B KQ B +1> 3—48++/B2-P) B,

which is positive if 5 < ,equal to 0 if =

when % < ¢ < 46(*8)’#, by noting that

= and negative otherwise. Thus, for >

, A13(q") < 0. Furthermore,

dwy

2(1 - B)q(Bg — 4c(B8)(2 - B))

L 41— B)(Bq - 2¢B) (2 — B))

dq

i)

B2-5)

|

B(2-5)

18 [ _edpepyer
2(2—-5) q(q—4c(B)(2-p)/6)’
we have
dAryp _ 14-115 1-5 1+ (2¢(B)(2 - B)/B)?
dgq 16(2 - ) 2(2—p) q(q—4c(B)(2—-08)/B)
14—115_\/ 1-8 \/1+ (2¢(B)(2 = B)/B)>
~16(2-p) 2(2—p) 4e(B)(2 — B)?/B%(4c(B)(2 — B)? /B — 4c(B)(2 - B)/B)
_M-1p 4-38 1
T 162-p) 12—/ 16

The first inequality holds because g(q—

46(13)(275)) ;
B

increases in ¢ when q > W. Thus, A7}, strictly decreases

in g. Hence, we have Ar}, <0 for any ¢ for g > %
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For 5 < %, by the retailer’s profit function in Proposition 2 (Table A1), we have

1-p5 1. B ; R
sl 169" " e <0 if ¢<q7,

. AP N . _ _
Ay = (g 4q1) —c(B) — %q’ if R <q< 32 (513)87%52 ﬁ)7
—c¢(B8) <0, otherwise.
When gF <q¢< —320(513((5:7’3;;276), we have

dAm, 14-118 [ 1-8 \/1+ (2¢(8)(2 - 8)/8)?
dg  16(2—8) | 2(2-5) q(q—4c(B)(2 - B)/B)

14-118 _\/ \/1+ (2¢(8)(2-B)/B)?
16(2-8) 2(2 ﬁ) (32¢(B)(1-B)(2-8)/8/(6-T8))((32c(B)(1—B)(2—8)/B/(6—TB))—4c(B)(2—B)/B)
_M-118 10-98  —6+78

65 s2op) 1@ 5"

46(5)(243))

IN

The first inequality holds because ¢(q — increases in ¢ when g > %. Thus, Any, strictly

decreases in ¢. Specifically, Azj,(q%) > 0 for any 8 < 2. Hence, for § < 2, we have Az}, >0 when " <¢<q,

~ —245p+4,/2(2-5)(1-B) 16c 2
where A7} (q) =0, ie., g= 57476560 16 (’B)g B

Therefore, the manufacturer is always worse off by the counterfeit while the retailer can be better off if and
onlyif <2 and g <¢<q. O

Proof of Proposition 4. Without the counterfeit, it can be shown that the wholesale price is £, the retail

price is 3 5q and the demand is 7. Thus, the retailer’s profit is the manufacturer’s profit is £, the total profit

76+
for the supply chain is ﬁq and the consumer surplus (CS) is z5. Then, the social welfare (SW), consumer

surplus plus profits for the supply chain and the counterfeiter, is %q.

With the counterfeit, we begin our analysis with consumer surplus. If ¢ > g%, there exists oF = % such

that consumers with 6 > 6% buy the authentic products. Correspondingly, C'S = félF (0q — %)d@. If g < g%,

there exist § = 2 3 and 9}\’ = ig g; such that consumers with 6 > 6~ buy the authentic products and those with

é}\’ <f< éi\’ buy the counterfeit. As a result, by Table Al, for 5> 2,

S (0 = 355 0)a0 + [33 (98g — 53=23Ba)dd, if q <",

o5 = ) [ (0g—£2)do, if G < q< 0"
Lqu—sgﬁyw7 if SR < q < 16c(5),
feF (0q — ﬂ)déﬂ otherwise,

74;1(72[“' S, if ¢ <%,

_ (¢ qu )2, if gF<q< 46(5)2375)27
42, if LS < g <16¢(B),
35 otherwise.
Then,
S g - B0 g
ACS — (a qul> L (q&?) —£=0, if R<q< 4c(5>é§—5)27

) _ g ) L80) if 746(");?6)2 <q<16¢(pB),
< - 3_‘12 =0, otherwise.

By the counterfeiter’s, the manufacturer’s and the retailer’s profits in Proposition 2 (Table Al), we have

98(1-8) 4+178-58° ~R
8% 6)q+4(2 6)q+16(2 ,@)2‘1+ 32(2-8)2 q—32q, if ¢<q”, ]
~ 4e _
if g <q<REA

ellael) | Seelt? (g
F sl n cw) if D g <16¢(3),
—c(B), otherwise,

Eqv

ASW =

37 32q7
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wes, o<
w —w w . ~] c _3)2
_ ) el Al o(8) — L, if G << G
e 4e(8)(2—8)?
207 - 3¢(B) - La. if DD 16e(s)
—c(B) <0, otherwise.

Then, by noting that

ol 1 l \/2(1—ﬂ)q</3q—4c</a><2—ﬂ>>]1 4(1— B)(Bq— 2c(8)(2 — B)
2

dgq B(2—B) B(2-p)
B [ edpe—pep
2(2-5) alqg—4c(B)(2-B)/B)’
we have
e if <7,
2-58 _(2¢(8)(2-8)/B) ~ 4c(B)(2-8)?
dASW. ) meom %\/2(2 ) \/1+ T a—m 1T Ses =
c c —B3)2
dq 1/ 0 _ 1, if BEB” < < 160(8),
0, otherwise.
Next, we will examine the sign of ASW at g = ¢"*. At ¢ = ¢, from w{"‘%ﬁf = 4(12 Bﬁ)ij, we have wit =
T g T,
wi(@® —wh)  3(g% — wf)? 7 1 B 8
ASWAR — 1 1 1 _ __/\R:_ 3 )R
@) ser T wm c(B) =330 =15 55 30-5) )¢ c(B)

2—-0 1-3
= |(3 -1 ~1|e(d),
K B )3—43%/5(2—5) ]
which is positive if 8 < 3’ ~ (.56, equal to 0 if = 3’ and negative otherwise. Then, ASW (%) <0 for 5 > %
When g% <¢ < %&‘3)2, we have

dASW _ 2-58 1 [ 1-8 [ (2cB)(2-8)/8)
dg 32(2—- 1) 2(2-p) (g —4c(B)(2-P)/B)

ﬂ_l\/ 14 \/1+ 2e(B)(2- B)/5)?

32(2-5) 2(2-5) 4c(8)(2 = B)?/B*(4c(B)(2 — B)?/ B> — 4c(B) (2 - B)/B)
_2-58  4-38 T

C322-8) 8(2—-8) 32 <"

746(*3);276)) increases in ¢ when ¢ > %. Thus, ASW strictly

The first inequality holds because g(q —
decreases in ¢ and ASW < 0 within this interval.
When 46(’3);# < q < 16¢(B), we have 2% — 1 A8 _ % decreases in ¢ and hence ASW is concave

dq 2 q
. c c —B)2
with respect to ¢. We note that at ¢ = 16¢(3), dAd‘zW =14/ 168(?3) -4 =—2<0;at ¢= = (B)lg B~ dAd‘zW =
c 2 —
%1/% — 3—72 = ;25(5271@4) < 0 if and only if ﬁ< . Then, if 2 3<B< 15, we have dAd% <0 and ASW
decreases in q. Hence, we have ASW < 0. If > %, we have dA”ZW = 5 @ — i is positive when 46(’3);%6)2 <
q < 28¢(B), equal to 0 if ¢ = 228¢(B) and negative otherwise. Then, we have ASW < /28¢(8) — 2¢(B) —
%%c(ﬂ):——c(ﬂ)<0 if 3> 12. Hence, for 3> 2, ASW >0 when ¢ <¢" and ASW <0 when ¢ > g".
For 3 < 2 5, similar to the analysis above,
4;_21(72/8 @5)5 qa Z.f q < Z]\Ra
= { (a=wf)? SR 32¢(8)(1-5)(2-8)
cs Tlv if " <q< — s(6=78)
= otherwise.

327
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Then,
44178-532 38(7—28) . ~R
32(2-p)* q—35= 3202~ g)2f1>07 if ¢<qv,
ACS = Gel)® g5 il _ o S on 326(8)(1=5)(2=5)
. 8(11 > 2 =0, ifq S’QS 5(6-75) ,
3535 = 07 otherwise.

By the counterfeiter’s, the manufacturer’s and the retailer’s profit functions in Proposition 2 (Table A1), we

have
e >0 if 4<q",
ASW = w1 ((Iqul ) 4 3(a— ‘;1 2 C(ﬁ) _ 3%(1’ lf Z]\R <g< 32‘3(56)((;:52352*ﬁ),
—c(B) <0, otherwise,
and
98(3-28) ; ~
dASW 32(2—5)2° if ¢<q",
= 258 _1 \/ 4 _CeBICB/B2 e o < g < B2(B)1-B)(2=5)
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The first inequality holds because ¢(g — W) increases in ¢ when ¢ > W. Thus, ASW strictly

decreases in ¢ within this interval. Moreover, ASW (g™) >0 if 8 < B and ASW (g?) <0 otherwise. Hence, if
3’ <B< %, ASW >0 when g < ¢ and ASW <0 otherwise; if 8 < 3’, there exists a unique ¢’ > ¢ such that
ASW >0 when ¢ < ¢ and ASW < 0 otherwise. For convenience, for g > B’, we define ¢’ = ¢®. Then we have
ASW >0 when ¢ < ¢ and ASW <0 when ¢ >¢'.

To summarize, for any /3, the counterfeit improves customer surplus; there exists a unique ¢’ such that the

counterfeit improves social welfare if ¢ < ¢’ and the counterfeit reduces social welfare otherwise. [



