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Appendix A: Proofs

Proof of Lemma 1. Since the dual problem (3) is a linear program, basic solutions are achieved at the
corners of the polyhedron defined by {y; + z; =p; | (a;,b;) € A}, {y;=0]1<i<n} and {z;=0]1<j<m}.
From the above | A| +m + n equations, we arbitrarily choose m +n linearly independent binding constraints
that identify a unique basic solution. In the chosen m + n equations, denote C; as the set of equations that
belong to {y; =0|1 <i<n} or {z; =0|1 <j <m}, and denote Cy as the set of equations that belong
to {y; + z; =pi|(a;,b;) € A}. Note that {y; =0|1 <i<n}U{z; =0|1<j<m} is not a feasible solution,
and therefore we assume that |Cy| > 0. Let G = (A, B,G) be the graph corresponding to the chosen m +n
equations, where the set of edges G is defined by C,. In other words, (a;,b;) € G if equation y; + z; = p;
belongs to C5. Suppose G consists of g components, each of which is a connected subgraph. For each subgraph
G, =(A,,B,,G,) where 1 <r < g, there are three cases to consider: (1) there exists some j such that z; = 0;
(2) there exists some 7 such that y; =0; and (3) z; #0 and y; #0 for all a; € A,.,b; € B,.
Case 1: Suppose z;+ =0 for some a;+ € A,.. For any a; € A,, since G, is connected, there exists a path
(aj«,biy,a,,b

.,bik’af

5) connecting a;- and a;. Since y; + z; = p; for any pair (4,7) on this path, y;, =

g1 Yigy - -
Dirs 2 =05 Yip = Diy 1 %y = 0,93, = pi, and z; = 0. Therefore, z; =0 for all a; € A,.. For any b; € B,,
since G.,. is connected, there exists a path (a;«,b;,,a

j1s-- 504, , b;) connecting a;« and b;. Since y; + z; = p; for

any pair (¢,) on this path, y;, =p;,, z;, =0,...,z;, =0, and y; = p;. Therefore, y;, = p; for any b; € B,..

Case 2: Suppose y;« =0 for some b;« € B,. For any a; € A,, since G, is connected, there exists a path
(bi=,aj,,biy,... b, a;) connecting a; and by«. Since y; 4 z; = p; for any pair (i, ) on this path, z;, = pi,y;, =
Diy = Dixy -+ s Zjj, = Dix» Yi, = Pij, — Pi=, and z; = py». Therefore, z; = p;- for each a; € A,.. Similarly, there exists
a path (b, a;,,bi,...,0a;,,b;) connecting b; and b= for any b; € B,.. Since y; + z; = p; for each pair (¢,7) on
this path, z;, = pi,¥s, = Pi; — Di=»- -+, %5, = Pi= and y; = p; — p;«. Therefore, y; = p; —p;» for each a; € A,.
Notice y; + z; = p; for all (a;,b;) € G,, and hence b;» has the lowest margin and p; > p;« for all b; € B,.

Case 3: Suppose z; #0 and y; # 0 for all a; € A,,b; € B,. In this case, the chosen equations in G, all come

from subset Cs. Since there are |A,| + |B,| variables, the number of arcs in G, is also |A,| + |B,|. Notice

that a connected graph with n vertices is a tree if it has n — 1 edges. It immediately follows that there must
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exist an even cycle in G, since the number of the nodes is the same as that of the edges. But the arcs in
an even cycle are linearly dependent, contradicting the fact that we have chosen m + n linearly independent
equations to identify a basic solution. [J

Proof of Theorem 1. To prove Theorem 1, we first show a result that focuses on the worst-case profit,

and then we generalize to the broader class of robust measures in I'.

PROPOSITION 3. For any uncertainty set U that is part-wise independently symmetric around p, the
worst-case profit RY(A,U) is given by
T ft-1 Hr
— : K
o= {we s (Sa (3wl e
t=1 \r=0 i=Hyp—kip+1

where €,, :=d,, — p,, denotes the vector of demand residuals for each product category S,.

Proof of Proposition 3. We first show that for any fixed d € U and any given parameter set K = {k;, €
Zt:t=1,..,T,r=0,..,t— 1}, the worst-case profit R?(A,U) is bounded from above by the following:
T t—1 Hyr
RUAU) <A +D > Bur ( > miniest> : (EC.2)
t=1 r=0 i=Hpp—kypr+1
where €,, :=d,, — p,, denotes the vector of demand residuals for each product category S;. Then we shall
show that there always exist some demand vector d” and parameter set K* such that the inequality in (EC.2)
is tight, which in turn implies the representation (EC.1) of the worst-case profit.

To see (EC.2), notice that by the definition of 4/ (A), there exist y,z that are feasible to problem (3)

such that > py; + > Ciz; =05 (A), and 37, o 1{y; = B} = ki, for all 1 <t <T,0<r <t—1. By the
! i—1 i t

i=1 7
assumption on U, the uncertainty set for e,,, denoted by E, := {e,,|e € E}, is symmetric. Let o' be a
permutation of the index set s, such that y; = 3. if and only if €,:¢;) € {min‘e,, | H,. — ki, <i < Hy,.}. All
such permutations o* for each s, combined together form a permutation o of [n], and let d, = p+e€,. It then
follows that

n m n T t—1 Hyyp

D ooyt D _Cizy =05 (A +D o =0 (A)+ 3D ( > minzeﬁ) . (BC3)

i=1 j=1 i=1 t=1 r=0 i=Hpp—kyp+1
By definition, we have g(A,d,) <>, doyy: + E;nzl C;z;. Since U is a part-wise independently symmet-

ric perturbation uncertainty set, we have €, € E, which then implies that RI(A,U) < g(A,d,) <6/ (A) +

T t—1 Hir e
Dt Do Bir > min €, |.

i=Htr—ktr+1
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Next, we prove there always exist some demand vector d* and parameter set K* such that the inequality

in (EC.2) is tight. Let d" = argmin,,, g(A,d) and define 7 =d" — p. By definition, we have
9(A, p+7) =min ;(u + 1)y +;1 1% (EC.4)

s.t. yz +zj me v(a/ﬁbi) € Aa

¥, >0,V1<i<n, and z; >0, V1 <j<m.

By Lemma 1, there exists an optimal solution (y*,z*) to problem (EC.4) that satisfy y; € {8:.|0<r <t}
for all b; € S, and 1 <t <T. Let k}. = Zb,;est Wy =0} forall 0<r<t—1and 1 <t<T, and define

K*={k; :t=1,..,T,r=0,..,t—1}. Let H}, := > k;; forall0 <r <t—1and 1 <t <T. Then we must have
7=0

Hy, ) .

S yiT > Zle Zf;lo Bir ( > min’ T5t> and Z;n:l Cizr + 3 way; >0/ (A). Tt then follows
i=Hy kg
Ht*7 .
that R7(A,U) =g(A,p+7) > 65 (A) 3 S B < > min175t> . On the other hand, it follows
i=H ]

Hy,. )

from (EC.2) that RY(A,U) = g(A,p+71) <55 (A) + >, S0 Ber ( > minlrst> . Therefore, we

i=Hy,—kp, +1

have
T t—1 H:r
RUAU) =65 () + 3 B > min'r,, (EC.5)
t=1r=0 i=H —kl,+1

Now we are ready to complete the proof of (EC.1). By (EC.2) and (EC.5), we get

T t—1 Hyrp
RI(AU) = }r{nelg {55@4) + erflé%, <Z Bir ( Z minlest>>}

t=1 i=Hyp—kep+1

= ﬂnég {(55 (A)+ eglé%t (Z Ber ( i G-Sf,,i)) }

i=Htr—ktr+1

T t—1 Hyr
_ : K
o KGQ,GS‘I?é?,Vlgth {6“ (A)+ ; (Z Bur ( Z eS”)) }

i=Hyr—ker+1

T t—1 Hypr
= KGI??%?EE {55("4) + 15:21 (; B““ ( Z ESN)) } ’

i=Hyp—k¢r+1

where the second equality holds because E is part-wise independently symmetric. [
We now complete the proof of Theorem 1. For each 1 <¢ < T, let E;" :={e., € E,| Y €,, =w,} for any
given w; € R, . Note that both E;”* and (E}"* x E3? x ... x EXT) (| E are part-wise independently symmetric.

T
For notation brevity, denote [] E;* = E}"* X E3? x ... x EfT. Now we have

t=1

RI(AU) = gleilr} {h (g(.A, d), Zdi’ s Z dl-) } = Iergg {h (g(A,u—i—e), Z(#z +€), Z(Mz —i—ei)) }

i€sq i€EsT i€s1 iEsT
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e wt,glliSI%ST min {h (g(A,que),Z(umLei),...,Z(MJFQ))}

T
ec [] Ezut NE i€sy i€sT
t=1

=, in_ ¢ min {h (g(A>u+e),Zm+w1,~-.7 > i +wT> }

T P
ec[1 E/TNE i€s1 i€sp
t=1

Since h is strictly increasing in g(A,d) for fixed w,,Vt = 1,..,T, we have Rf(AU) =

. \rgi<rl<T h Tmin GA L +€), D, Wi Wiy D i+ wr . By Proposition 3,
R ec [l BVt NE
t=1
T t—1 Hyr
. . K
LR WR T SN2 R0 ol S (D SN | b oRu) SPee
S KeQ.ec [] ETNE t=1 \r=0 i=Hpp—kir+1 i€sy i€EsT
t=1
T t—1 Hyr
— min . h 65(A)+Z<ZBW< Z Est,i>>7ZHi+w17...,ZHi+WT
wy V1<t<T,K€Q,ec [] E;/*NE t=1 \r=0 i=Hir—kir+1 i€s1 €8s
t=1

i=Hir—kir+1 SRS [ASED] ASELY

= KeaniIeleEh (5f(¢4)+z (iﬁzr < Z €st,i>) 7Z(ui+€i)72(ui+€i),m, Z(Mi+€i)) s
’ t=1 =0

which completes the proof of Theorem 1. O
Proof of Theorem 2. (a). Let f be the deterministic measure function of R and h(-) be the function
such that h(x,y1,...,yr) is strictly increasing in x for fixed {y1,...,yr}. For each | = 1,2, let f(A;,d) =

h(g(A;,d), > d,,,...,>_ds,). Then by Theorem 1, we have

RI(A,U) = Kerg%?eEh <5ff(Al) +Z (Zﬂt,. ( i %,i)) ’Z(“i+€i)""’ Z(/M +ei)> .

i=H¢r—ker+1 1€8] ASELY

If 615 (A1) > 055 (Az) for all K € Q, it then follows from the above equation that R(A;,U) > R(As3,U).

(b). Let W¥1*7 € ) denote the parameter set whose only non-negative entries are at (¢,0) with value
k, for each 1 <t < T. That is, W/ *" =k, and W/ *" =0 for all 7 > 0. Suppose there exist some
ric perturbation uncertainty set U* such that R(A;,U*) < R(A3,U*), which contradicts with the assumption

that R(A;,U) > R(As,U) for any part-wise independently symmetric perturbation uncertainty set U and

1 2
max, 1 2o l6n (A2)—8f (A2l

ming <¢<r,0<r<t Btr

hence would complete the proof. Let M = . Let €, be a |S,|-dimensional vector
such that there are exactly k, entries with value equal to —M, and the other |S,| — k, entries are equal to
M. Define E* := Hthl(Q(e;t))7 where €)(e;,) is the set of all vectors that are permutations of €?, restricted

to product subset S,. Let U* ={u + €|e € E*}. By our choice of U* and the definition of M, we have

- g (005 (S £ ) T T

i=Hyp—ker+1 ASER i€sT

)
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_ (53/1“ Z-PtktM ZM1+(|51|—2/{:1 ZMZ |ST|_2]€T)M>

1€8] SEL

> h (53 v ZPJ@M > wa+ (181] = 2k)M, > i+ (S| - QkT)M>

ISER i€sT

which completes the proof of part (b). O

Proof of Lemma 2. We analyze problem (5) for the alternate long chain design in three cases. Recall that
k1o ={b; € Sp|ys = P}, koo ={b; € Sir |ys = Pu}, and ko1 = {b; € Sy |yi = Py — Pr}.
Case 1: kyg =0. In this case, the y; value associated with each high profit product b; € Sy is equal to
either 0 or Py — P;. Consider an optimal solution z* to problem (5). For each b; € Sy with y; =0, we have
27 = Py for its two neighboring plant nodes j € N(b;, AL). By the specific structure of the alternate long
chain that each plant is connected to exactly one high profit product and one low profit product, we have
{a; € Al z; = Py }| = 2kso. For the rest of high profit products with y; = Py — P, the smallest value of z; for
their neighboring plant nodes that guarantees feasibility of problem (5) is 27 = P.. Therefore, the optimal
objective value of (5) is equal to 2kas Py + 2koy Py
Case 2: koo =n/2. In this case, all the n/2 high profit products have their y; value equal to Py. Consider
an optimal solution z* to problem (5). The feasibility requirement for a strictly positive 27 value solely comes
from the low profit products whose associated y; is equal to zero, in which case its neighboring plant nodes
have z; = Pp. In the alternate long chain design, N(b;, AC) N N(b;, AL) = 0 for any b;,b; € S;, such that
i # j. Therefore, the optimal objective value of (5) is equal to 2kq1 Pr.

Case 3: kyg=1,...,n/2—1. In this case, we can spell out the expression in (6) as follows:
2koo Py + 2ko1 Pr,  if kg > koo + 1

0" (AL) = 2kao Py + (2ko1 +1) Py, if kig = kao, (EC.6)

2koo Py + (2k11 — 2ka2) P, if kyg < koo — 1,
We next provide some high-level idea about the analysis of problem (5), and then break down the analysis
into three subcases and show that the optimal objective value of (5) is the same as (EC.6).

Notice that with parameter set K given, minimizing objective function (5) reduces to finding an assignment
of the y; values to product nodes such that the feasibility requirement on z; (specified by y; + z; > p; for

each arc (a;,b;) € AL) can be achieved by the smallest value possible. It is easy to see that there exists an
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optimal solution to (5) such that 27 € {0, P, Py } for any 1 < j <n. Second, for each one of the k3 high profit

products with y; = 0, all their distinct 2ks5 neighboring plant nodes must have z; = Py. Finally, for each

plant j, the only case that z; can take value zero happens when y; = p; for each b; € N(a;, AL). Therefore,

in order to minimize Zj z;, it is optimal to assign the ko low profit products with y; = P, and the koo high

profit products with y; = Py in a consecutive manner to the greatest extent possible so as to maximize the

number of plant nodes with 25 =0. We consider three subcases as follows.

(a)

(b)

If k19 > koo + 1, then the maximum number of consecutive products with y; = p; is 2kog + 1, and the
maximum number of plant nodes with 27 =0 is 2ka0. We next show there does exist a feasible solution
such that the number of plant nodes with 27 =0 is 2kao, which implies that the number of plant
nodes with 2z = P is n — 2kay — 2ko = 2ka; and therefore 0K (AL) = 2koo Py + 2k, Pp. Consider an
alternate long chain AL with py=p3=---=p,_1 =Py and po =py,=---=p, = P. Let y; =0 for
i€{1,3,...,2kaa — 1} U{2,4,...,2k11 }; let y; = P, for i € {2kyy +2,...,n}; let y; = Py — Py, for i €
{2koa+1,...,n—2koo—1}; and let y; = Py for i € {n—2ko0+1,...,n}. Then we have z; = Py for all j €
{1,...,2kas}, z; =Py for all j € {2kaa+1,...,2kos +2ko1 } and z; =0 for all j € {2kag +2ko1 +1,..., 10},

and the number of plant nodes with z; =0 is n — 2kas — 2ka; = 2ks0.

If k1o = koo, then the maximum number of consecutive products with y; = p; is 2k1, and hence the
maximum number of plant nodes with 27 =0 is 2kgo — 1. Similar to the analysis in (a), we next
show there does exist a feasible solution such that the number of plant nodes with 25 =01is 2kgo — 1,
which then implies that the number of plant nodes with z; = P is n — 2koy — 2kog + 1 =2koy + 1
and hence 6% (AL) = 2koo Py + (221 + 1) Pp,. Consider the same design AL as in (a). Let y; =0 for
i €4{1,3,...,2kan — 1} U{2,4,...,2ky; }; let y; = Py, for i € {n — 2k1o +2,...,n}; let y, = Py — P, for
i €{2kaa+1,....,n —2kg — 1}; and let y; = Py for i € {n — 2kqo + 1,...,n}. Then we have z; = Py
for all j € {1,...,2kas}, z; =Py, for all j € {2kan +1,...,2kas + 2ko; + 1} and z; =0 for all j € {2ka +

2ks1 +2,...,n}, in which case the number of plant nodes with z; =0 is n — 2kog — 2koy — 1 = 2ko — 1.

If k19 < koo — 1, then the maximum number of consecutive products with y; = p; is 2k1o+ 1. Consider the
same design AL as in (a) and (b). Following a similar analysis, it is straightforward to show that there
exist a feasible solution with z; = Py for all j € {1,...,2kes}, 2; = Pp, for all j € {2k +1,...,2k11}

and z; =0 for all j € {2k11 +2,...,n}, which has the maximum possible number 2k;o of plants with
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z; =0. It then follows that the number of plants with z; = Pp is n — 2kag — 2k1o = 2k11 — 2ka2, which
implies 6% (AL) = 2koo Py + (211 — 2koo) Py, O
Proof of Proposition 1. Consider a long chain with n/2 low profit products and n/2 high profit products,
where n is an even integer. We call a consecutive sequence of k product nodes a sequence of length k. We first
provide some structural properties of sequences with an odd (cf. Lemma 3(a)) and even (cf. Lemma 3(b))

number of product nodes. We refer the readers to Wang et al. (2020) Appendix A for the proof of Lemma 3.

LEMMA 3. (a) For any 1 <k <n/2—1, there exists a sequence of length 2k + 1 with k high profit products
and k+1 low profit products. (b) For any 1 <k <n/2, there exists a sequence of length 2k with k high profit

products and k low profit products.

We next prove Proposition 1, which together with Theorem 2(a) implies Theorem 3. Consider a long chain
L, with n/2 high profit products and n/2 low profit products. Consider a fixed K = {k1g, k20, k21 }. Recall
that k11 =n/2 — k1o is equal to [{b; € S; |y; =0}|, and kes =n/2 — koo — ko1 is equal to |{b; € Sy |y; =0}
Case 1: koo = 0. In this case, since every product is connected to exactly 2 plants, for any optimal solution z*
to (5) of design Ly, the number of 25 such that 25 = Py is at most 2kss. The value of the other z;."s except the
above (at most) 2kas nodes is either Py, or 0 since these plants are not connected to high profit products with
y; =0. By Lemma 2, it then follows that 6% (Lg1) < 2kes Py 4 (n — 2kas) Py, = 2koo Py + 2koy Pr, = 6% (AL).
Case 2: koo =n/2. In this case, the y,; values of all high profit products are equal to Py and therefore
the feasibility requirement for a strictly positive z; value solely comes from the low profit products whose
associated y; value is zero, in which case zj = Pp. Since every product node is connected to exactly 2 plant
nodes and |{b; € Sy, |y; =0}| = k11, we have 6% (Ly ) < 2k, P, = 6% (AL).

Case 3: koo =1,...,n/2 —1. In this case, the analysis depends on the relationship between k1o and kaq.
(a) If k1o > koo + 1: Since kap <n/2—1, by Lemma 3(a), there exists a sequence S, of length 2ks + 1 with
koo high profit products and koq + 1 low profit products. Let y; = Py if product i belongs to S, and
p; = Py . Similarly, let y; = Py, if product ¢ belongs to S, and p; = P;,. Therefore, for an optimal solution
z* to (5) of design Ly, the 2koy plants that are solely connected to the above 2ksg + 1 products in S,
all have 27 = 0. This implies that among all the n plants, the number of plants whose 2} value is equal
to zero is at least 2kqq. Therefore, the number of plants whose 23 value is equal to either P, or Py is at
most 1 — 2kyg. Since each product has exactly two neighboring plants, the number of plants with 27 = Py

is at most ijgg. Therefore7 5K(EHL) S 2/{22PH + (TL - 2k20 - ngg)PL = 2]{322PH + 2]{321PL = 6K(A£)
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(b)

If k10 = koo: Since koo <n/2, by Lemma 3(b), there exists a sequence S, of length 2koo with koo high
profit products and koo low profit products. Let y; = Py if product i belongs to S, and p; = Py. Let
y; = Py, if product ¢ belongs to S, and p; = Pp. Therefore, for an optimal solution z* to (5) of design Ly,
the 2ka0 — 1 plants that are solely connected to the above 2kag products in S, all have 27 = 0. This implies
that among all the n plants, the number of plants whose 2} value is equal to zero is at least 2ka — 1.
Therefore, the number of plants whose 25 value is equal to either Py, or Py is at most n — 2koo + 1. Since
each product has exactly two neighboring plants, the number of plants with 27 = Py is at most 2ks.

It then follows that 5K(£HL) < QkQQPH -+ (n — 2](120 — 2k22 -+ 1)PL = 2]{?22PH + (2]{721 + l)PL = (SK(.AL)

If k19 < koo — 1: In this case, we have k1o <n/2—1. By Lemma 3(a), there exists a sequence S.. of length
2k10 + 1 with kqo high profit products and k1o + 1 low profit products. Let y; = Py if product ¢ belongs
to S. and p; = Py. Let y; = Py, if product i belongs to S, and p; = P;,. Therefore, for an optimal solution
z* to (5) of design Ly, the 2k;o plants that are solely connected to the above 2k;o + 1 products in S.
all have 27 = 0. This implies that among all the n plants, the number of plants whose z; value is equal to
zero is at least 2k10. Therefore, the number of plants whose 27 value is equal to either P, or Py is at most
n—2kyo. Since each product has exactly two neighboring plants, the number of plants with 2} = Py is at

most 2k22. Therefore, 5K (‘C’HL) SZ 2k’22PH + (TL— 2]4,'10 — 2k22)PL = 2k‘22PH + (2k11 —2k22)PL = 5K (AE)

Combining all the above three cases together with Theorem 2(a) completes the proof. [

Proof of Proposition 2.  'We show there exist parameter sets K = {kiq, k20, ka1 } and K’ = {k},, k5, kb1 }

with koy = kb, = 0 such that 6%(AL) > 6%(DL) and 6% (AL) < §%'(DL), which implies Proposition 2 by

Theorem 2(b). The disjoint long chain DL consists of two disconnected components, denoted by DLy and

DL, where each component is a long chain with size n/2 and the products in component DLy (resp. DL;)

have identical margins Py (resp. P;). By the definition of DMGI, we have 6% (DL) = 6% (DLy) + 6% (DL.),

where 6% (DLy) and §%(DL;) are the optimal objective values to problem (5) for designs DLy and DL;,.

Consider the following two parameter sets K and K':

n

o K = {kig,ka0,k21} with ko = 5,k20 = k21 = 0. In this case, we have kg = 4§ and it follows from

2

Lemma 2 that 0%(AL) =nPy. For the disjoint long chain, it is easy to see that 6" (DLy) = %Py and

0" (DLL) =0, and hence 6" (DL) = § Py. Therefore, we have 6% (AL) > 6" (DL).

o K'={kly, kg, ki } with kjy =5 —1,k =5 —1,k5; =0. In this case, we have k5, =1 and by Lemma 2,

we have % (AL)=2Py+ (n —2—min (ﬂ -1, %) — min (2 -1,z — 2)) P, = 2Py + P;. Now we consider

2 2 72
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the disjoint long chain. For component DL, we have k{; = 2 — ki =1 and hence 6% (DL;) = (k{; +
1)P;, = 2P;. For component DLy, we have kj, = 2 — ki, — ki =1 and 6% (DLy) = (kjy, + 1) Py = 2Py.

It then follows that 6% (DL) = 2Py + 2P, and therefore we have 6% (AL) < 6% (DL). O



