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Appendix A: Main Proofs

A.1. Results and Proofs for Section 4
Since H;(m;) = h—=— is convex in m; for each j € F(S), and ¢;;c;\; is linear in ay; for each i € D(S),j € F(S), it can be

pi—m

verified that the objecti]ve function is convex in the decision variables m; and «;; for all ¢ € D(S),j € F(S). Since constraints
(3)-(5) are affine and constraints (6)-(7) are convex, the DA problem in (2)-(7) is a convex optimization problem.

Next, we present the Lagrangian function for the DA problem. Let 8; < 0,&; <0,60;; <0,v; >0 for i € D(S),j € F(S) be
the Lagrangian multipliers associated with constraints (3)-(6), respectively. Define vectors 8= (8;)jer(s),€ = (&)ien(s); Y =
(v5)jer(s), and matrix 8 = [0;;]icp(s),jer(s). The Lagrangian function for the DA problem in (2)-(7) for coalition S is
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The Karush-Kuhn-Tucker (KKT) conditions for the DA problem are
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QG j Z 0,aij0ij :O, (7 — Sj)’}’]‘ :07 Vl S D(S),] S F(S), (A2)
Mg — 1
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H;(mj)+ﬁj+727j:0,V]eF(S), (A.3)
(15 —my)
Cijhi —NiB; + & +0:;,=0,Vie D(S),j € F(S), (A.4)
B §07£i <0,0:; <0,7; >0,a; >0, Vie D(S),j € F(S). (A.5)

Noting that there is always an interior point for every inequality constraint in (3)-(6) in our optimization problem, i.e., the
Slater condition holds, as each firm on its own can fulfill its service level requirements.

Proof of Proposition 1. Since the DA problem in (2)-(7) is a convex optimization problem with affine and convex
constraints, KKT conditions are both necessary and sufficient for its optimality (Boyd and Vandenberghe 2004). Thus, if
(m%,a%, B5,85,0%5,7%5) is a solution to the KKT conditions in (A.2)-(A.5), then (m},a%) is an optimal solution to the DA
problem. .

(1) I (af)ij, (af)a > 0, it follows from (A.2) that (0%):; = (05)u =0 and hence from (A.4) that (8%); =cij + % =
ci + (gs)’ . It also follows from (A.2) that m(vs)l s2(v%): and m('@)] =52(v%);. Thus, it follows from
(A.3) that Hi((m3)) + sf(v5) +ca = Hi((m3); ) T 52(75); + ciy, that is, Ta((m3)i) =Ty ((ms),).

(ii) If (ag)i; =0, (ocs)” >0, it follows from (A.2) that (0%)u =0 and (0%):; <O0. Similarly, it follows from (A.2)-(A.4) that
H{((m3)1) + 52 (v8)1 + ca < Hj((m3);) + s3(v5); +¢ij, that is, T ((mg)) < Tij(m3);)-

(iii) This result is directly 1mp11ed by (i ) and (ii). |

Proof of Theorem 1. Note that in the optimization problem in (9), no constraint is imposed on the decision variable ay.
Therefore, at the optimal solution (a*,m*) and based on the KKT conditions for the DA problem in (2)-(7) when S =N, we
must have that, for all ¢ € D(N),j € F(N),

Hj(m5) + 55 + ) 7 =0, (A.6)
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(ci = BN +& + 07, =0, —aj;07;, =0. (7m’f —s5)7; =0. (A7)
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Therefore, according to (9), we have
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= min Ly(my,an,B%,85,0%,7*)=z(N).
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On the other hand, for any S C N, we have
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kes keS i€ D(k) JEF(K) JEF(S) ieD(S)
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JEF(S) m; i€D(S)jEF(S) i€D(S)
= 3 min () mf s 2 Y e - A 0l - Y &
jer(s) "M i i€D(S) jEF(S) ieD(s)
= min Ls(ms,as,B*,€7,0%,7") =ms(8",€",07,7") < 2(5).

my<uj.i€F(S).ag

The second equality is due to (A.7), the third equality is due to (A.6), the fourth equality is due to (A.7), i.e., (ci; — B;)\i +
& +0;;, =0, and the last inequality is because (3*,£*,0%,v) is a feasible solution for the optimization problem in (8).
It follows that ¢ is in the core of the cooperative game (N, z). Furthermore, it is clear that ¢ does not depend on a* directly

as it is determined by m*, 8*,£*,0*,v* only. This completes the proof.
|

Proof of Theorem 2. First, we show that, if (m*,a*,3*,&%,60%,v*) is an optimal solution to the DA problem, then
(m*,a*,B*,£*) is a market equilibrium. It goes as follows.
According to (9), we have
Z(N) :[’N(m*za*)ﬂ*vﬁ*ve*)v*)

= Z [mi%j[Hj(mj)+ij;+(ﬁ_81)7;]]

.
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JEF(N) Hi i€D(N)
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From (A.9), it implies that firm k’s optimization problem is given as

pe="> [ min [Hj(mj)+mjﬂ;+(%m—8j)v§]]— > &

jer(Ry - ISH i ieD(k)

which is exactly the same as that in (13). The reason why the demand allocation problem in (A.8) is equivalent to that in (A.9),
ie.,
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is given as follows: For each k € IV, the optimization problem min,, [Ziemk) Yiernylles =B +& +0; ]a”] is equivalent
to the following optimization problem, i.e.,

mm Z [ Z (cij = By +& /M)A ]
i€D(k) JEF(N)

subject to Z a;;=1,Vie D(k),
JEF(N)

which is due to the facts that, under the optimal solution (m*,a*,8*,£*,0%,v*) of the DA, we must have

> Naj, VjEF(N)and Y aj;=1,Vie D(N).

i€D(N) JEF(N)

It follows that (m*,a*, 8*,£*) must be a market equilibrium.



Next, we show that, if (m,a, 8,€) is a market equilibrium, then (m,&) is an optimal solution to the DA problem. It goes as
follows.
Under the market clearing condition, we must have

mj= Y N, VjEF(N)and Y ai;=1,Vie D(N).
1€D(N) JEF(N)

Under market clearing prices, firm k’s optimization problem is given as

(), Gsj)iepwy jerv) €arg  min -~ DG+ > Himy)+mBil+ Y Y (e —Bi+ &/ N ag
R IEE iebtny Rk i€D(k) JEF(N)
subject to «;; >0, Vie D(k),j € F(N),
1

7S5j7vj€F(k)7
Hj — 1
and m; <p;, VjeF(k).

(Notice that the constraint Z].GF(N) a;; =1 for each ¢ € D(k) is ignored in the above optimization as we already require that
under the optimal solution -, .y @i; =1 for each i € D(k).) Let 0;; <0 for i € D(k),j € F'(N) be the optimal Lagrangian
multiplier associated with the constraint a;; >0,¢ € D(k),j € F(IN) and 4; > 0 for j € F(k) the optimal Lagrangian multiplier
associated with the constraint L__ <s;,j€ F(k). Then, the KKT conditions for firm k’s optimization problem are given as

i
mj= Y N, j€F(k); Y i =1,i € D(k);a:;0i; =0,i€ D(k),j € F(N);
i€ D(N) JEF(N)
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So the optimality conditions for the market equilibrium are the aggregation of all firms’ KKT conditions, i.e.,
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B, <0,&<0,0,; < 0,3, >0, Vi€ D(N),j € F(N).

Since the above optimality conditions are exactly the same as the KKT conditions for the DA problem in (A.2)-(A.5) with
S =N, it follows that (/m,&) is an optimal solution to the DA problem. This completes the proof. |

A.2. Results and Proofs for Section 5

Proof of Lemma 1. Given m; and without the service level requirement, the optimal capacity decision for facility j can be

solved by taking the first-order condition with respect to p; in (14), i.e., fhm:nijn_)g + K; =0, it follows that pu; =m; + hkﬂ

J "] J

1 < s, for all j € F(S), that is, u; >m; + Si Consequently, the optimal capacity for
J

—m;

As the service level requirements py
J

. 1 . o
) . { hm, 1 , m; + 5 for m; € [0,m?],
* =m; + max ,—}= e
Hi / K; ' s; m; + M for m; € (m$,+00),

K

facility j is

where m$ = %, which is not convex in m;. And, the total cost under the optimal capacity for facility j is
J

Ky

hm; 1 hm; K; 4+ hs;)m; + = for m; € [0,m?],
n;-*(mj)sz[mﬁmax{,/;“,}1+’:‘;,1:{“ I s €10,m3]
i S max{, /=%, -
J vl

b Um, 42 /REGm,  for m, € (ms, +00).

Notice that 0} (m;) is a linear function when m; € [0,m$] and 7} (m;) is also concave when m; € (m$,+00). Moreover, the left
derivative of 0y (m;) at mJ is n;/(mj)|mj:m?, =K; +hs; and n]*/(mj)\m].:m;+ = K + hs;. Hence, 15 (m;) is differentiable at
m$ and continuously differentiable. Then n; (m;) is a continuously differentiable and increasing concave function. |

In th/e following, we derive the dual problem of the problem in (17). First, as f;() is continuously differentiable per Lemma
1, let f;(-) be the derivative of f;(-). According to the concavity of f;(-), we have the following result:

fi(my) :ﬁfgglo[fj(mj)-f'f;(ﬁ%)(mj —1ny)], Vj € F(S).



Consequently,

2(S)= min min  { Z [fi(my) = f (ma)mj+f(ma)mJ+GmS, )+ Z
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:Ami}\l/l Z [f; () = f (mJ)mJ]+ mi}\lA { Z f 3)m; +G(ms7S)}}+ Z (A.10)
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Proof of Lemma 2. Notice that we can equivalently reformulate the optimization problem in (A.10) as follows:

z(S)=max z+ Z 5 (A.11)
) s;
jeFr(s) ™I
subject to 2z < Z [fi () — f (m7)mj]+ mm { Z f (rhj)m; + G(ms, S)}, Vins € Ms. (A.12)
JEF(S) JEF(S)

For any given ms € Mg, the minimization problem (the primal problem)

min { > f(;)m; +G(ms, )},

mgeMs L

equals to the following optimization problem
min { Z f (ry)m; + Z Cijoj A } (A.13)

TS er(s) JEF(S)
subject to m; > Z aijNi, VjeF(S), (A.14)
ieD(S)
> iy >1,VieD(S), (A.15)
JEF(S)

a;;>0,Vie D(S),j € F(S), (A.16)

which is a convex optimization (linear programming) problem. Next, consider the dual problem of (A.13). More specifically, let
B; <0,& <0,60;; <0forie D(S),j € F(S) be the Lagrangian multipliers associated with constraints (A.14)-(A.16), respectively.
Then, the Lagrangian function for the primal problem in (A.13) is

Ls(ms,as,B,&,0)

> £ (g ym; + DD cijan

JEF(S) 1€D(S)jEF(S)
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The corresponding KKT conditions for the minimization problem are

(cij — Bj)Ai +& +60:; =0, Vie D(S),j € F(S),

and the dual problem of the problem in (A.13) is
max — Z &
i€D(S)
subject to f; () +B; >0, Vj e F(S),
(cij — Bi)Ai +& +0:; >0, Vie D(S),j € F(S),
B; <0,& <0,0,; <0,Yi€ D(S),j € F(S),

which is again equivalent to (notice that in the above dual problem, as 6;; <0, it is optimal to set 0r; =0 for all i € D(S),j €
()
max — Z & (A7)
i€D(S)
subject to fj/ (rhy)+B; >0, Vje F(S),
(cij = Bj)Ni +& >0, Vie D(S),5 € F(9),
B; <0,& <0,Vie D(S),j € F(S).



It is clear that the optimal solution of the dual problem depends on 1mgs. Thus, based on the above result, we reformulate the
optimization problem in (A.11) by substituting (A.13) with (A.17):

K.
z(S)=max z+ E - (A.18)
. S
jeF(s) 77
subject to 2< Y [f; () — f; ()] — > &(1ns), Vins € M, (A.19)
JEF(S) 1€D(S)

() + B (1hs) > 0, Vj € F(S),1hus € Ms,
[cij — Bji(ms)| i +E&i(s) >0, Vi€ D(S),j € F(S),ms € Mg,
B;(hs) <0,& (ms) <0,Vi € D(S),j € F(S),ms € Ms.

Furthermore, for any given ms, we can define new variables p; (s) < 0,7 € D(S) so that
> Uf0hy) = £yl > = > pi(ims). (A.20)
JEF(S) ieD(S)
This is possible as f; () — f;. ()1 >0 for all j € F'(S). By substituting the inequality (A.20) into the constraint (A.19), we
have

2<— > [pilis) + & ()], Vins € M. (A.21)
ieD(S)
We can further define 7;,i € D(S) so that 0 < m; < —p;(ths) —&;(1hs) for all i € D(S),ms € Mgs. Then, the constraint in (A.21)

becomes

z< Z i, VMg € Ms.

i€D(S)

Proof of Theorem 3. By definition, it is easy to check
K, K;
Sea-Y (Y ma T - ¥ w3 o),
keN kEN ieD(k) JEF (k) Si i€ED(N) JEF (k) S

For any optimal solution (7*, p*(mn),B8*(mn),£*(mn)) to the dual problem in (18) with S = N, we can construct a feasible
solution (7%, p%(ms), 8% (ms),&° (ms)) to (18) with coalition S as follows:

Ji=mr, VieD(9),
pi (ms) = p;(T*(ms)), Vi€ D(S),
B5 (ms) = B; (T'°(ms)),  Vj€F(S),
& (ms) =& (T%(ms)), Vie D(S)
in which T9(-) is a function from Mg to My such that:
(D) I3 e pisyMs 2 2iepwy N then

Uy

m; if j€ F(S)
TS = 7
5 (ms) {0 others
(2 I X ien(sy M S 2jers) M < 2iep(w) Mis then
TJS(mS) i={ ZieD(V) AFZJEF&S.) "5y others.

>
o |
(%

TieF(N\F(S) 3ot
J

When 37 gy M > 20, pwy Nis it s easy to check (7%, p%(ms), 8% (ms), €% (ms)) satisfies constraints (19)-(24).
VYhen YN S XiersMi < Ziepwy Nis we can see that —30. 5y pr(T(ms)) < 3ok [£i (T8 (ms)) —
[; (T8 (ms))T5 (ms)] as T%(ms) € Ms. For any j € F(N)\ F(S), we have

ZieD(N) Ai _ZjEF(S) m;j ZieD(N)\D(s) i

<

i - K
2 e F(V\VF(S) ne? 2 e F(N\F(S) ne?

<1

in which the last inequality holds due to our assumption ZieD(N\S) A < ZjeF(N\S) % Therefore, we have Tjs (ms) < —2
for any j € F(N)\ F(S). Then constraint (24) is satisfied due to the following inequality:]
* ’
= D pms)<— Y pi(T%(ms)) < Y [f(TF (ms)) = f(T7 (ms))T (ms)]

ieD(S) i€D(N) JEF(N)

= Z [fi(m;) — fj,' (m;)m;]

JEF(S)



in which the last equality holds due to the fact that f;(m;) is a linear function when m; < %

Till now, we have verified that (79, p%(ms), 8°(ms),£°(ms)) is a feasible solution to problen{ (18). By definition,
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A.3. Results and Proofs for Section 6

Consider a coalition S C N, let L;; be the expected number of customers from demand source : at facility j for i € D(S),j € F(S).
Based on Coffman and Mitrani (1980), given demand allocation matrix as = [ai;licp(s),jer(s) for coalition S, the feasible
region for the vector (L;;);ep(s) of facility j under any mixed preemptive priority policy can be described by the following
polyhedron:

S Li;> 2icnm) I vTCS,

ieD(T) i = 2 iep(T) Aiij

Z Lij _ Z1€D(S) J

K
ieD(S) 127 _ZieD(S) i

and L;; >0 for all ¢ € D(S). In fact, the achievable region has the polymatriod structure (the reader can refer to the proof of
Proposition 1 in Yu et al. 2015 for a more detailed discussion on the polymatriod).

Let ¢;(T) <0,8;(T) <0,v;; >0, <0,0;; <0, for i € D(S),j € F(S) be the Lagrangian multipliers associated with con-
straints (27)-(29), (4) and (5), respectively. Define vectors ¢ = ((;(T))jer(r),rcs:B8 = (B;(T))jer(r),rcs,& = (§)iep(s) and
matrices 0 = [0;;]iep(s),jer(s),Y = [Vijlien(s),jer(s). Then, the Lagrangian function Ls(Ls,ms(T),as,¢,5,€,0,7v) for the
PDA problem for coalition S is given as

ﬁS(LsamS(T)aaS»Cvﬁv€707’7)

Do > L+ agel+ Y > [ Y Lij*%]@ + (Y a—1g

i€D(S)jEF(S) TCSjeF(T) i€ D(T) i€D(S) JEF(S)
303 M= D> aud)B(M+ D> D b+ Y Y (Lij— Niv;sig)vi
TCSjeF(T) i€D(T) i€D(S)jEF(S) i€D(S)jEF(S)
m;(T)
Z Z Lij[hi +vi5 + Z G (M) + Z Z [m; (T)B;(T) — __]7_(71)@ (1]
i€D(S)jEF(S) TCS:D(T)>i,F(T)>j TCSjeF(T) Hj —
+ Z Z @105 + & + Ni(cij — Si5vi5) — Z X3 (T Z &i- (A.22)
i€D(S) jEF(S) TCS:D(T)34,F(T)>j ieD(S)

The corresponding KKT conditions of the PDA problem are given as

hi+7i + > G(T)=0,Vie D(S),j € F(S), (A.23)
TCS:D(T)>i,F(T)>j
By (1) = s (1) =0,V € F(T), T C S, (A24)
(NJ ( ))
i +& +Ni(ciy — si57i5) — > XiB;(T) =0, Vie D(S),j € F(S), (A.25)
TCS:D(T)>i,F(T)>j

(Y 2o ) =0, ()~ 3 Nanlg (1) =0, Vi e F),TCS, (A.26)
zED(T) i —m;(T) i€D(T)
(> @i —1)& =0, ;;0;; =0, az; >0, Vi€ D(S),j € F(S), (A.27)
JEF(S)
(Lij — Niaigsij)ys; =0, Vi€ D(S),j € F(S), (A.28)
Gi(T)<0,8;(T)<0,8 <0,0:5 <0,v:; >0, Vie D(S),j€ F(S), TCS. (A.29)

In the following lemma, we provide conditions under which the optimal policy is a strict priority policy. Let 75 be the optimal
Lagrangian multiplier for the service level requirement in (29). The dual problem (30)-(31) implies the following result for each
facility j.

PROPOSITION 1 (Yu et al. 2015). For any permutation m; = (w1, , T p(s)|,5) of the index set D(S) for any j € F(S) such

s s . s ; o o : i
that hn,J +'y7r17j > h’""2,j —&-.77,?7], > > hﬂD(sn,j +,YW‘D(S)‘,]‘ , then a strict priority policy is optimal for facility j and demand
source m; has a higher priority over demand source my; for any l <k.
If there exists a subset A such that h;; —i—'yls;ys = hi; + 'y;ijs for all I,k € A and some A C D(S), then a strict priority policy

may not be optimal for facility j and the optimal policy may be a mixed priority policy. It is interesting to note the cu rule
may not be optimal and the optimal priority order is determined by the values h;; +7fj,i € D(S),j € F(S).



Proof of Theorem 4. Note that (a*,m*(T),L*) is the optimal solution for the primal problem in (26) with S = N and
(¢*,B*,€*,0%,v*) the optimal Lagrangian multipliers for the dual problem in (31) with S = N. Based on the KKT conditions
for the PDA problem when S = N, we must have that, for all i € D(N),j € F(N),

hi+75 + > (1) =0, (A.30)
TCN:D(T)>i,F(T)3j
* Hj * .
Bi(T)— ———————=¢(T)=0,Vje F(T), TCN, (A.31)
! (g —m;(T))* ™
07 + & + Xilciy — si375;) — > A5 (1) =0, (A.32)
TCN:D(T)3i,F(T)>j
m; (T) .
[ > L 7] (T = = > NajlB(T)=0,Yj€F(T),TCN. (A.33)
uy —m;(T) ’ 7
i€D(T) J i€D(T)

Therefore, we have

So-Yl- Y e X X mmsm- 0 g
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=3 > M) - (2<<T > oe

TCN jeF(T) i€D(N)
m;(T)

S Y Y bt Y @i Y mmsm- S
i€D(N)jEF(N) TCN:D(T)>i,F(T)>j TCN jeF(T) “j_mj( )
YD Al €+ Nle —siv) — > EHG R D

1€D(N)jeF(N) TCN:D(T)34i,F(T)3j 1€D(N)

:LN(L*,m(T)*,a*,C*,ﬁ*,f*,e*,’y*):Z(N)~

On the other hand, for any S C N, we have
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keS
. « e m; (T)
=2 = > g+ > X [mAij(T)f’i(T) ()]
keS ieD (k) JEF(k) TCN:F(T)>j Hj
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Z Z Li[hi +7)5+ Z ¢ (M) + Z Z [mj(T)ﬂj(T)—T*(T)Cj ()]
i€D(S)jEF(S) TCN:D(T)>i,F(T)>j JEF(S) TCN:F(T)>j Hj J
DD a0 €+ Ni(ei — sigvE) — > BT = > &
1€D(S)jeF(S) TCN:D(T)34,F(T)>j i€D(S)
: . . « o m; (T)
=min { 33 Lylhi+s+ > GO+ > [mj(T)ﬁj(TV__i()C ()
S5 > iep(s) jeF(S) TCN:D(T)3i,F(T)3j JEF(S) TCN:F(T)3j pg —mi (T
+ 30T e A —sivi) — 3> MBI(T= > &}
i€D(S) jEF(S) TCN:D(T)3i,F(T)3j i€D(S)
. . mi(T) .,
—Lmlg{ ST Lyl + > G+ > > [mj(T)Bj(T)__]iij )
S8 N ieD(s) jeF(S) TCS:D(T)>i,F(T)>j JEF(S) TCS:F(T)>j pg —mj(
+ Y > eyt €+ e — si) — > XB; (D= > &
iED(S) jEF(S) TCS:D(T)34,F(T)3j i€D(S)
m;(T)
D SR DI ol . T R DR VS
JEF(S) TCN,T¢S:F(T)>j i€D(S) Hj — ieD(S)

where the third and fourth equalities are due to (A.32) and (A.33), and the last equality is due to the rearranging of the terms.
Notice that

A= Y Y Y b e i) - Y Ae)s 1)

JEF(S) TCN,T¢S:F(T)>j i€D(S) J J( ) i€D(S)

mi(S
= > > ALY Lz‘j—%*)()]C (T)+[m;(S) = > Niayy]B; (T)
TCN,T¢S jEF(TNS) ieD(S) i mj i€D(S)
my(S)  my(T)
= ® - m@

16 (T) + [m} (1) —mj (8)18; ()} <0,



where the inequality is due to: (i) [X;cp(s) Lis — ‘L;?T(;()S)]C;‘(T) < 0 based on (27) and (;(T) < 0; (i) [m;(S) —
. m*(S) m*(T) .
ZieD(s) X185 (T) < 0 based on (28) and 8;(T) <0 ; and (iii) by using (A.31), [#‘7‘*.’7771,;(5) - 7.7m§(T)]<]’f(T) + [m3(T) —
. s M) m*(T) g (A (T =m* (S, o gl (T —mi (92 .
m; (S)]B_] (T) = [u].,Jm;f(s) - M],,Jm;f(T) (“]{,,,,L;(T)JQ ]CJ (T) = (“j,m;J(s))[“j ,J,,,L;(T)]z Cj (T) <0 as Cj (T) <0 and p; —
m;(S)>0.
Consequently,
Do
kes
. . . w iy e mi(T) |
< Lmlil { Z Z Lijlhi + 7 + Z Cj (M) + Z Z [mj (T)/Bj (1) — _]7*71)(] (1]
S'%S % ieD(s)jeF(S) TCS:D(T)>i,F(T)>j JEF(S) TCS:F(T)>j pg —mi (
+ D D gl &+ e — sigv) — > B = > 5:}
i€D(S)jEF(S) TCS:D(T)3i,F(T)>j ieD(S)
= min_ { Z Z L;jlh; +’ij + Z C]* (T)]
Lgomj(S)<uja€F(S)es b 500 Sris) TCS:D(T)>i,F(T)>j

_ ey my(T)
+ Z Z [m; (T)IBJ' (T) 11, —m,(T) ¢ ()]

TCSjeF(T)

D 0 &+ N —sigy) — > NHEIED ﬁf}

i€D(S)JEF(S) TCS:D(T)34,F(T)3j ieD(S)
= min Ls(Ls,ms(T),as,(",B*,&,0",v"
Lg,m;(S)<p;j,j€F(S),ag S( s S( ) s C ﬁ £ v )
=ms(¢™,B87,67,07,77) < =(5).
The first inequality is because A(m*) < 0. The first equality is due to the first-order optimality conditions (A.31). The last

inequality above is because (¢*,8%,£*,0%,v*) is a feasible solution for the optimization problem in (31). It follows that ¢ is in
the core of the cooperative game (NN, z) for the PDA problem. |

Appendix B: Extensions

This part can be found in the unabridged version of the paper available at https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3654046
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