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Online Appendix

EC.1. Asymmetric Pure-Strategy Nash Equilibrium

In this section, we discuss the robustness of our results when considering asymmetric pure-strategy
Nash equilibria. In the following lemma, we show that when N =2, any pure-strategy Nash equi-

librium is symmetric, and hence all our results under symmetric Nash equilibria follow.

LeMMA EC.A1. Let ef be agent i € {1,2}’s equilibrium effort. Then, e; = ej.

Proof. We first suppose that ej >0 and e5 > 0. Then, given that agent 2 exerts her equilibrium

effort e, agent 1’s utility when exerting effort e; is
Ulen, T) = A(l =) + A2y — 1) / H(ey — 5 + $)h(s)ds — c(ex)'7(T) ™" = F.
SEE

Evaluating the first derivative of U;(e;,T") with respect to e; at e; = e} yields

8U(el, T)

Be: =A(2vq) — 1)/ h(ef — e+ s)h(s)ds —cb(e})" ' 7(T) " =0. (EC.1)

—e* =
er=ej sez

Similarly, noting that P(es + Ez >e;+ {1) =1—P(e; + 21 >es+ §~2), given that agent 1 exerts her

equilibrium effort e}, agent 2’s utility when exerting e, can be written as
Ule, T) = Al =) + A2y — 1) [1 ‘/ H(ej — e +s)h<s>ds} — c(e2)'r(T)' ™" — F.
SEE

Evaluating the first derivative of Us(ey,T') with respect to ey at e; = e} gives

aUQ (62, T)
862

A2y - 1) / h(e: — €5+ s)h(s)ds — cb(e) "+ (T) =" = 0. (EC.2)
eg=e3 sEE

From (EC.1) and (EC.2), agent 1’s and agent 2’s equilibrium efforts are

* (A(m —1) [ e 5+ s)h(s)ds> i

7(T).

e* =€, =
1 2 Cb
Thus, there does not exist an asymmetric pure-strategy Nash equilibrium where e > 0 and e > 0.

= —A(2’}/(1) — 1) fsEE h(e’{ +
s)h(s)ds < 0. Thus, vy = 0.5 because [ __ h(e;+s)h(s)ds > 0. However, when e =0 and ) = 0.5,

oU1(e1,T)
661

OUz(e2,T)
Oea

We next suppose that ej > 0 and ej = 0. Then,

62:0

= —cb(e})* 7 (T)'=" #0 for ej > 0. Thus, by symmetry, there does not exist an
asymmet?icz ef)ure—strategy Nash equilibrium such that e >0 and e =0 or e5 >0 and ej =0. m

We next discuss the case where N > 2. Specifically, we are interested in whether an asymmetric

equilibrium emerges when there is no symmetric one (i.e., 7 >T) and how this asymmetric pure-

strategy Nash equilibrium changes with T'. For ease of illustration, we focus on the WTA award
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scheme. Let e} be agent i’s equilibrium effort. Given that all other agents j € {1,2,..., N} \ 7 exert
their equilibrium effort e, agent ¢ determines her effort e; to maximize her expected utility

Ul(e;, T / H(e; — € + s)h(s)ds — celr(T)" " — F.

€8 jequ, 2 ..... NI

Let I(eflejz) = [iez 2 jeqron. vy Per — €5 +8)h(8) [icro, vy iy H (€ — €; + s)ds. Evaluating

.....

the first-derivative of U;(e;,T') with respect to e; at e; = e} yields
Al(efles ;) —cb(e])* ' r(T) " =0for all i € {1,2,...,N}. (EC.3)

In the following lemma, we show that for a sufficiently large T, the agent’s participation condition

is violated. Thus, consistent with our finding in §3, 7™ is bounded even when ¢ = 0.

LEMMA EC.A2. There exists T, such that when the contest duration T >T,, an agent’s partici-

pation condition is violated under a solution to (EC.3).

Proof. Let P(eflel,;) = [, = [Tjcqio. nyiH(ef — €]+ s)h(s)ds. In equilibrium, all agents choose
to participate in the contest if and only if the following participation condition is satisfied:

b
Al(erler )\ 1
AP(el]el;) —c (%) H(T)—F>0forallie{1,2,..,N}. (EC.4)

Since AP(ejlej,;) < A, as T approaches oo, agent i’s participation condition is violated unless
I(e;|e;;) approaches 0 because 7(T') approaches co. Suppose that limy . I(ef[€];) = 0. Then,
there should exist e, such that & # i and e, approaches oo as T approaches co. As e approaches
oo and agent k’s expected award is bounded by A, her participation condition is violated. So, for
any solution to (EC.3), the agent’s participation condition is violated for a sufficiently large 7. m
An important implication of Lemma EC.A2 is that even if an asymmetric pure-strategy Nash
equilibrium emerges when 7' > T, the agent’s participation still becomes an issue as 7' increases.
Thus, we next study whether a patient organizer has an incentive to increase the contest duration
T up to T, where the agent’s participation condition binds, consistent with the effort-participation
tradeoff in §3. As it is analytically intractable to analyze the impact of T on the organizer’s profit 11
under an asymmetric pure-strategy Nash equilibrium, we conduct an extensive numerical analysis.
We take 6(t) =6, and randomly generate 10,000 instances. In each instance, we randomly select
parameters according to our numerical analysis setting in footnote 13 (in addition, we select N
from Uniform(2,10) and € from Uniform(0,5)). To focus on the case where there is no symmetric
pure-strategy Nash equilibrium, we randomly generate 7" from Uniform (T, 1.05T); and to focus on
the case of a patient organizer, we assume that the discount factor 6 = 0. In each random instance,
we solve (EC.3) numerically. Because the symmetric equilibrium effort in (5) is a solution to (EC.3),
to prevent the numerical solver from getting stuck in this symmetric solution, we randomize the

initial solutions that we feed to the solver. In 672 instances, we obtain a “valid” asymmetric
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solution where the sum of squared deviations of agents’ first-order conditions from zero (i.e.,
Y (Al(erler ;) — cb(e;‘)bflT(T)l*b)2 ) is less than 107, (In 250 of these instances, all agents’
utilities are non-negative, so there exists an asymmetric solution that satisfies (EC.3) and the
participation condition (EC.4).) To check if II increases with T at each of these 672 instances,
we incrementally increase T to 1.00017, 1.0017", 1.017, and 1.17T, and check if II increases. We
observe that in all of these 672 instances, II increases with 7T'. Thus, we conclude that under an
asymmetric pure-strategy Nash equilibrium, the organizer’s profit II increases with the contest
duration T when the organizer is patient, and hence by Lemma EC.A2, the agent’s participation

condition drives the optimal contest duration.

EC.2. Mixed-Strategy Nash Equilibrium

In this section, we consider the case where agents play mixed strategies. For ease of illustration
and following the contest literature (e.g., Hu and Wang 2020, Mihm and Schlapp 2018, Seel 2018,
Bimpikis et al. 2019), we assume that N = 2. Each agent i € {1,2} participates in the contest
with probability p; € [0,1], and exerts effort e, if both agents participate, and exerts zero effort
otherwise. We derive the equilibrium using the best-response argument in a two-stage game. In
the second stage, if both agents participate, each agent exerts e* as in (5). In the first stage, given
that the other agent participates in the contest with the equilibrium probability of participation

p* and both agents exert e*, agent i decides on p; (€ [0,1]) to maximize her expected utility

* A * — *
Us(pi) =pip” | 5 —e(e)'7(1)"" = F| +pi(1 = p7)[Aq) - F]. (EC.5)
The second component in (EC.5) (i.e., p;(1 —p*)[An) — F]) is always non-negative, so whenever
the first component (i.e., p;p* [4 — c(e*)*7(T)'~* — F]) is also non-negative, the best-response of

the agent is to set p* = 1. Thus, the agent plays a non-pure strategy (i.e., p* < 1) only if she gets

negative utility when both agents participate. The following lemma formally shows this result.
LEMMA EC.A3. For any Ay, A, and T such that w —c(e)T (T - F >0, pr=1.

Aqyt+A : - :
% —c(e*)’7(T)' =% — F > 0. When agent i chooses to participate in

Proof. Suppose that
the contest, she gets a nonnegative utility. However, when the agent does not participate, she gets
zero utility. Therefore, she cannot improve her utility by reducing p;, and hence p*=1. m

Given e* and p*, the organizer’s profit II = exp(—dT)(p*)? (e* +FE [{@D — (P")*(Aq) + Ae) —

2p*(1 —p*)A(1). The following corollary extends Lemma, 2.
COROLLARY EC.1. (a) When II is non-monotonic, T* = T for any 6 > 61, and each agent’s equi-

librium probability of participation p* = 1. (b) There exists 8, (< 81 ) such that for any § <&, T* >T
and p* < 1.
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(a) T™. (b) p*. (c) II*.
Figure EC.1  (a) 7™ under 7y =1, (b) p* under () =1, (c) II" under vy =1 and (yqa),72)) = (0.95,0.05)

when agents play mixed strategies. The setting is the same as Figure 1.

Proof. (a) When II is non-monotonic, by Lemma 2, T* = T for any 6 > 6, and hence T* = T as
in (16) and 4 — c(e*)’7(T*)*~* — F > 0. Thus, by Lemma EC.A3, p* =1.

(b) Suppose that ¢ < d; or IT is monotonic. For agent i € {1,2}, given p; = p; for j # i, taking

the first derivative of U;(p;) with respect to p; and evaluating it at p; = p; yields % =

Pi=p}
_b
p; [% —c(8)" T (T)—F| + (1 —p})[Aq) — F] = 0. Thus, agent 1’s and agent 2’s equilibrium
probabilities of participation are

v _ A(l) —F
= — .
A(l) — A/2 +c (%) -1 T(T)
When T* =T as in (15), p* = 1 from (EC.6), and since p* decreases with T, p* < 1 if only if T* > T.

pPI=p3=Dp (EC.6)

oang

Since limr_, o p* =0, limzy_. . [T =0. Thus, 7*(> T) is interior, and hence 37 —

= 0 is necessary

for optimality. The first derivative of the organizer’s profit II with respect to T is

aH _ *6]7* *\ 2 * N * 286* % * *
a7 = oxp(=0T) [(219 57~ 0(®") ) (e +E [*E(l)D +0 ) 55 |t ar [Aw)(2p" —2) = 2p" A ] -

Under T in (15), p* = 1. Thus, a sufficient condition for p* <1 is that 21 } 7 > 0. We have

o1l op* ~ oe* op*

o7 = exp(=dT) [(2 —5) (e*+E {fN D + 55 ] -2 A@)>0

T | 7 T |, 2 T | ;= oT |,_

. = . |, (e*+B[EN)])+

3 op™ _ * N Qe” > : < 2 T:T( TEE) — .
if (2 o7 | 5) (e +F [5(1)}) + 57 o 0, ie., 6 < e*+E[g(l)} since
%—”T* _ <0. Thus, for any 6 <&}, §%|..._= >0, and hence T >Tandp*<1.m

T=T

T being larger than T has the following opposing effects on II. It improves II by increasing e*, but it
reduces II by decreasing p* and discounting the organizer’s payoff more. When § = 0, the organizer
still limits T to balance the positive effect of a larger e* and the negative effect of a smaller p*.
Thus, the effort-participation tradeoff we identify in §3 persists when agents play mixed strategies,
and this tradeoff drives T™ for the patient organizer. Supplementary to Corollary EC.1, Figures
EC.1(a) and EC.1(b) illustrate that for § € [§],6,], T* =T and p* = 1 because negative effects of a
smaller p* and more discounting outweigh the positive effect of a larger e*.

We next discuss the robustness of Theorem 1. When 7* =T and p* =1, Theorem 1 directly
applies. The following corollary extends Theorem 1(a) to the case where T* >T and p* < 1. To
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analyze a patient organizer while retaining analytical tractability, we assume that § =0 and 6(¢) =0

as in the innovation-contest literature (e.g., Hu and Wang 2020, Mihm and Schlapp 2018).

CoROLLARY EC.2. There exists a such that T™ is increasing in o> «.

Proof. Suppose that 6 =0 and 6(t) = 6. By Corollary EC.1, p* < 1, and under the scale parameter

«, the optimal contest duration T*[a] that solves 21 =0is

GTT T* [«

(M+2A(l)(A(1)—A/2)—4(A(1 fF)An* (Aa) = )(aE m)]A)'

Tl = == 2A) 5T (Aq)-F)e zA\ o
QT2 (A — F) 6 (35) 77 — (777 S 4 2400077 ) e (5) 7

The first derivative of T™[a] with respect to « is

OT*[al (W) (Awy—A/2) =2(Aq) - F) E [%)]
do o (A~ F)0(2) 7 (SO 4240 ) o (2) 70
L1 () ( A<1>—A/2 2(Aq)— F) B [&))]
b=V ar2 (4, - F) 0 (22) 77 — (220D 424 ) et ()71

(A(1y—F)ob
(%) (A(l)—A/2)—2(A(1)—F)E[§(1)} (2A %) (xA)bfl]
_ — > |~ (H&°— C| — .
(72 (A — F) 0 (22) 7T — (SAQTO% 49 ) et (22)7T) b

lim, o 3_8aLl > (, so by continuity, there exists a such that 7™ is increasing in any o> . ®

+

We next discuss how our results about the award scheme extend to the case where agents play
mixed strategies. From Corollary EC.1(a) and Figure EC.1(b), we can also deduce that when ¢ > 47,
p* =1, and hence Theorem 2(a) directly apply. To analyze the case where p* < 1, we conduct an
extensive numerical analysis. We show that for a sufficiently small §, the WTA award scheme is
not optimal.'® For instance, Figure EC.1(c) illustrates that up to some threshold on ¢, IT* is larger
under the award scheme (0.954,0.05A) than IT* under the WTA award scheme. The intuition
is similar to Theorem 2(a). Specifically, offering multiple awards increases p*, and hence allows
the organizer to set a longer T' to elicit a larger expected effort from agents. Opposed to this
positive effect, a longer T also leads to more discounting. When ¢ is small, the former positive
effect dominates the latter negative effect, so offering multiple awards is optimal, as in Theorem
2(a). Also, from Figures EC.1(b) and EC.1(c), we can deduce that as ¢ decreases, it first becomes
optimal to give multiple awards, and then as § keeps decreasing, it becomes optimal to set T* > T
such that agents play non-pure strategies. Thus, J,,, below which giving multiple awards is optimal,
does not change when agents can play mixed strategies, and hence even giving multiple awards is
more likely to be optimal as p increases, as in Theorem 2(b). Finally, in our numerical analysis, we
also observe that when giving multiple awards is optimal, giving unequal awards is almost always
better than giving equal awards, as in Proposition 2.

15 We take 0(t) = exp(pt), and randomly generate 10,000 instances where p* < 1. In each instance, we select parameters

according to our numerical analysis setting in footnote 13 (and we select § from Uniform(0,0.0001)). We observe that
in all instances, II is larger under the award scheme (0.95A4,0.05A4) than IT under the WTA award scheme.
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EC.3. Existence of Pure-Strategy Nash Equilibrium

In this section, we provide sufficient conditions for e* in (5) to be a pure-strategy Nash equilibrium
under T. We first show sufficient conditions for an interim property in the following lemma, and

then use this property in the main result of this section.

LEMMA EC.A4. Suppose that M <0 for some e and b> 2. For any e; > e, when F is
sufficiently large or when o is suﬁiciently small, we have % <0.

Proof. Under the scale parameter «, given that all other agents exert equilibrium efforts e*, from

(8) and T in (15), the second derivative of agent i’s utility U;(e;, T) with respect to e; is

82Ui(€i,T)_ N _92P, (J)[el, e Ay L (A-NF SYIVE
sz De2 <a2 ) —cb(b—1)e; <—CN ) (@) .

K2 Jfl

w < 0 for some e; = e, but there exists € > e such that % >( for e; =e€.

7

Suppose that

07U, (e, T 07U, (e4,T 3
Then, —3(662 ) ezt —3(;2 ) omer 1€
N 2 2 pN * 1-b b
9*PH ele] O° P [es, e”] A _ _ A—-NF A
(J) ’ @)L= () _ \b—2 _ ( \b—2 A
2 oe) @ 7D -0 (5) () - een

me O(e)?
Suppose that b > 2. Since e > e, the right-hand side of (EC.7) approaches oo as F' approaches A/N.
Thus, when F is sufficiently large, (EC.7) cannot be satisfied. Also, as « approaches 0, the right-
hand side of (EC.7) approaches oo faster than the left-hand side of (EC.7) (when the left-hand
side of (EC.7) is positive). Thus, regardless of the sign of the left-hand side of (EC.7), when « is
sufficiently small, (EC.7) cannot be satisfied. Therefore, for any e; > e, when F' is sufficiently large
or when « is sufficiently small, we have % <0.m

The following lemma shows that when thelproperty in Lemma EC.A4 holds for any e, e* in (5)

is a pure-strategy Nash equilibrium under T.

9? Ui (e.“

LEMMA EC.A5. Suppose that for all e such that % =2 T) <0 when

< 0, we have

e; >e. Then, Ui(ei,T) is pseudo concave. Thus, €* in (5) is a pu}e—stmtegy Nash equilibrium under

T.

92 U (ezv

< 0, we have 7) < 0 when e; > e. First,

€;=¢€ l

Proof. Suppose that for all e such that M

('?P(j)[ei,e ]

9U;(e4,T) I et
we have == =2 im1 o

7

Ay >0 and lim,, ., Ui(e;, T) = —00, so there should

e;=0
<0 and M < 0. So, there exists a threshold ey(> 0) such that

l

oU; (67,7
Oe;

) > 0; and for any e; > eg, % < 0. So, we should have % >0

exist some e; such that

9%U;(e3,T)

for any e; < ey, 22
7

for any e; < ey, and there should exist another threshold ey (> eg) such that for any e; < eq,
% > 0; and for any e; > e, M < 0. Thus, U;(e;, T) is unimodal with mode eqo, and has

a unique critical (maximum) point, so it is pseudo concave. Therefore, the first-order condition of
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the agent’s utility-maximization problem in (7) is sufficient for optimality. Since e* in (5) satisfies
this first-order condition, e* is the solution to the agent’s utility-maximization problem in (7). As

e* under T also satisfies (8), e* is a pure-strategy Nash equilibrium under T.m

EC.4. Additional Results

LemMA EC.A6. I > I, ) for any j € {1,2,...;N —1}. Furthermore, Zjvzl 157Gy > 0 under any

distribution of awards (Y1), Y(2), - Y(w)) such that vy > Y@ > ... > YN

Proof. Let W/(s) = N (5)N=i(1— H(s))?'. From (4), integration by parts yields

(N=5)'G-1!
Jg.)ze/e: (W25)' (s)h(s)ds = Ol W3 (5 / W ()1 (s)ds.
! i— —j (5)
hy(8) = == (1 = H(s)) " H(s)¥7h(s), so W(s) = A(/}j(s) Letting w; = lim,_5 (J) we
have I, —I[Y, ) = (w; —w;1) + 5 [,z [h]\j7+1)( ) = h{j(s )} o hLs) gs, Vi e {1,2,...,N —1}.

Noting that w; >0 and w; =0 for any j € {2,3,..., N}, integration by parts ylelds

N _ N /.. N N (s 0 G )
Iy ~IGm 2 <11m [H{ 1y (s) = HJ)(5)] h((s)) — /sez [H s (s) = H(s)] (h((s))> ds> ;

S§—S

for all j € {1,2,...,N — 1}. Because h is log-concave, lim, [H(J}’H)( )— H{ (s )} f;((?)) =0 and

(h,(s)) <0. Also, H[Y,,)(s) — H[},(s) > 0 since E(N.) first-order stochastically dominates ng) for

h(s)
any j € {1,2,..., N —1}. Thus, I}, - I[J,,, >0 for any j € {1,2,. —1}. Let k=max{j|[[}, > 0}.

(3+1)
Because I, — {7, ;) >0 for any j € {1,2,..., N — 1}, we have
N N N N
oP/ le;
N N N (. ) i€
> I 2 Z%)’Y(M + Z Ihw =0 )15 Wc)Z : =0. =
j=1 j=1 j=k+1 j=1 e;j=e*

5(b—1)

LEMMA EC.A7. When II is non-monotonic in T and unimodal LAG) <=5

()

Proof. When II is non-monotonic in 7" and unimodal, II is unimodal with mode 7™ = T by Lemma

<0 since g—g 7 =0. Thus,

Rant

2, and hence g—g <0 when T'>T'. This is possible only when =3

_ < 0. The second derivative of II with respect to 7T is
T=T

2’1

we should have o7

0°11
5T = exp(—oT") (—(5

Rant
2
aT2 | . _

—om'(T)+7"(T) <0, i.e., 9((5)) < é(b U When 60(t) = exp(pt), this condition becomes p < —é(bb_l). u

(%) P oy 1) o €]+ (—f) " Corry 4 )

)

and hence < 0 if and only if

_ = exp(—4T) (52) 7T (=67/(T) +7"(T)). Thus, %8

oT?

LEMMA EC.AS8. Let 7, = (VDys V3ys -+ V(nry) s and 7 and 75 be such that Z;\r:l[g)’y(lj) <
Z IN 'y(J ® <0 under ¥, and 73, and 11 is non-monotonic in T under ¥5. Then, II is also

non-monotonic in T under 7, and I1 under T* is smaller under ¥, than that under Y.
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Proof. Since II is non-monotonic in 7 under 7;, there exists some 7' =7 such that g—g i =

. 1 . . ~
exp(—oT") [(%) bt (—5T(T)+T’(T)> —0E [E(I\{)H < 0. Because z under 7; is smaller than z
< 0 under 77, and hence, II is also non-monotonic in 7' under 7~;. Thus,

— 9l
under s, B_T‘T:T

; v > Tx =T ; on _ ou on T
given 7, or g, T* = J;Lb Noting that aI|T:T = 8I‘T:f + 57 lpeg ar‘T:f =

ar|

or IT7=T
~ . 22b

exp(—6T") ((g) -t T(T)"”b_1> > 0. Then, since z under 7; is smaller than z under 75, II under

b—1

T* =T is smaller given 7; than II given 5. m



