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Proofs of Proposition 1 and Proposition 2. Follows the proof of Proposition 5 with ty =coand n = 1. [
Lemma Al. If D and Q share the same marginal density function that is symmetric, then the density
function of (D — o) — (Q — uo) is symmetric about mean zero.

Proof. We write D and Q in terms of corresponding standard random variables, D = up + opZp, Q = o +

0qZq. Note that (D — ) — (Q - ) =0, Z, —5,Z, . The marginal and conditional density functions of

(Zo, Zo) satisfy ¢, (+) =y, ()= 4()with §(2) =¢(=2), b, (X1Y) =y, (FXI=Y) s B, (XIY)3

B11 (—x| =) forall xand y (due to symmetry). Let Q(x) ={z,,, 2, | 0,2, — 092y 2 X} . Then

PlonZs—00Zg 2X]= H Brono (20120 )82 ) 25024 = ” Broree (~20 |20 ) (2 ) 2502,
Q(x) Q(x)
= .U ¢ZD|ZQ (ZD | ZQ)¢(ZQ)dZDdZQ
{ZD,ZQ|6DZD—¢TQZQS—X}

(because o, (2, ) — 0 (2 ) < —x forall (z0, 2q) € Q(x))
=P|0pZy —09Zg <. [0

Proof of Proposition 3. Since b >b , it follows from Proposition 2 that C(x) = Ca(x). To consider the

effect of changes in unit cost, we augment expected cost to include parameter c:

C(x) = Ca(x) :CI:(Z,uD +i,uTx+(1—a)E[S(x)}+(v/c—1)E[(S(X)—X)+ﬂ

X = min{(x+)+ ,b/c} = min{(lfDlQ (ﬂ*))+ b/ c} mm{[F ! (%)j b/ C} (i)
(see propositions 1 and 2). Parts (a) — (c). From (i) it follows that X" is unaffected by changes in «, 7 g,
or, and or; is increasing in 1/, v, and b; is decreasing in i and c. To clarify the effects of increasing o
and uo, we write in terms of standard random variables, D = up + opZp, Q = ug + 0oZq. Let A = up — g,
dA

which is increasing in up and decreasing in uq. For the sign of . It is sufficient to analyze the case

117 d(x.) _ i1
(If P[D-0>0 th 0.1f P[D-0>0 th
7 (fP[B-Q>0]< 7, then — 0 [B-Q>0]=_7 = then

either the left or right derivative is zero, with the nonzero directional derivative matching the sign of

of P[D-Q]> 44
vic—

d(dXA) for the case of P[D - Q>0]> To_q ) Notethat



iuT = : = .
1_V/C—l_ P[(A+GDZD _O_QZQ) < X*]_ P[O-DZD —0gZq =X, —A]- (i)

Thus, to maintain the above identity, any increase (decrease) in A must be offset by an increase (decrease)

. d(x,) e - - . .
in .. Therefore, %2 0, i.e., X" isincreasing in up and decreasing in wuq. Part (d). Rewrite the right-

hand side of (ii) as P[k x(0pZp —09Zg ) <X, —A] = P|:O'DZD ~04Zy < X*;A} where k = 1. Thus,

X

-A . . . . . . . .
- " is decreasing (increasing) in proportionality factor k if X+ > up — 1o (X+ < up — o). Therefore, x.

(and x”) is increasing (decreasing) in K if x. > up — 1o (X+ < 4o — uq). Part (). Due to Lemma A1, =

obZp — ooZq is a symmetric random variable about mean zero. Recall that (Zp, Zg) correlation (and

covariance) can be expressed as '[IZDZQ¢ZD|ZQ (25129 )4y, (24 ) dzodz, =

”zDzQ¢ZleD (zQ | zD)¢ZD (zp )dz,dz,, (which is also the value of the (D, Q) correlation coefficient). If we

keep the marginal distributions fixed (i.e., other things equal), we see that an increase in negative

correlation, corresponds to expansions (compressions) of the density ¢(zD | zQ) for realizations where zp

is small (large) and zq is large (small). The consequent effect is an increase in the tails and a reduction in
the mid-region of the symmetric density function (about mean zero) of random variable £ Thus, if x. — A
>0 (x+ — A <0), an increase in negative correlation leads to an decrease (increase) in

P[GDZD —0oZg <X, — A] , and from (ii) it follows that x. (and x") is increasing (decreasing) in negative

correlation. Similarly, an increase in op or og increases the variance of ¢ i.e., the tails of the symmetric
density function of {expand and the mid-region shrinks. Therefore, if x+ — A >0 (x+ — A <0), an increase

in op Or oq leads to a decrease (increase) in P[GDZD —0oZg <X, — A] , and thus from (ii) it follows that

X+ (and x) is increasing (decreasing) in op or oo. [

Proof of Proposition 4. In the following analysis, we assume x° > 0. This assumption does not affect our
conclusions, e.g., if (x°)" =0, then (x°)* remains unchanged as a parameter changes over some interval.
Outside of this interval, the directional effects we obtain for the case of x° > 0 apply. As in the proof of

Proposition 3, we augment relevant expressions to include parameter c in order to analyze the effect of

~

- b(xRT)|)
changes in unit cost: b(x,R,T)=b + yT + R —cx, S(X) =(D —min{Q,MH ,C(x) =
ac

c{ayD + inx+(1—a)E[S(x)]+[%—1j E[(S(x)— x)+ﬂ. We write (D, Q, R, T) in terms of standard

random variables; D = ot obZp, Q =gt GQZQ, R = MR T orZgr, T = urt+ orZt With E[Z]] =0, V[Z]] =1,



j €{D, Q,R, T}, pdf ¢ogr Of (Zb, Zao, Zr), and pdf ¢r of Zr. Let (zp, Zo, Zr, Z7) denote a realization of (Zp,

Zo, Zr, Z7). Then C'(x) = cm(x) = c[me(X) — ms(X)], Mc(X) =iz, +1_Ta(P[Ql(x)] +G—1j PlQ, (x)]j ,

ms(X) :(X—le[Qs(x)} and the sign of x(u) for u € {a, b, ¢, i, V, up, 1o, o, fr, 1R, Ob, O, OT, OR} IS
c

om( x°
the opposite of the sign of % (follows from the implicit function theorem and the convexity of
u

C(x)). Parameters i and v are not included in C;, It is clear that —~ = 1 >0, which implies x is

decreasing in i. Note that P[Q4] > P[Q.] (because Q2 — Q),
0=m(X) =iz, +1_7“[P[Ql(x°)]+G—1JP[QZ(x° )]]—G—ljp[ga(x")]
=%(1—_ap[gz(xo)]_ P[Q3(x°)])+i,uT (e[, ()]~ Pl () ])+ Py ()]

(24 [24
1- . .
22 =2e[a,(x¢)]-play(x)]) i)
o am(x°) e
which implies ~ < 0. Therefore, X" is increasing in v. Note that

<0foru e {b, sk, s}, >0 foru e {a, ¢, uo, 110} (iv)
ou ou
oP ° oP ’
—[QZ(X )] <0foru e {b, y, ur, 11}, —[QZ(X )] >0foru e {a c, uo, uo} \)
ou ou
Pl Q o oP| Q °
wz Oforu e {b, ¥, Dy MR ,UT}, wﬁ Oforue {05, C, ,UQ}- (VI)

am(e)_o| g1 Pl
( j(%le[Qz(x")]

is nonpositive for u € {b, y, #=} (follows from (iv) — (vi)). Accordingly, X" = min{x°,b / c} IS increasing

_(%_1jp[ga(x°)] (vii)

in b,  and ur. Similarly, (vii) is nonnegative for u = uo. Applying (iv) — (vi) and noting inequality (iii), it
follows that (vii) is nonnegative for u = ¢ Accordingly, i.e., X' =min {x°,b / c} is decreasing in ¢ and uo.

The sign of (vii) is ambiguous for u € {a, o, ur}, i.€., there are some elements of the m(x°) function that

are increasing in these parameters and some that are decreasing. However, if i = 0, then it is clear that



am(x")/a,uT <0, and thus x" is increasing in zr (and decreasing in 1/4r). Lastly, we consider
am(x°)/ éu for u e {op, g, or, or}. Note that the sign of ovzo depends on the sign of realization zo of

Zp, which can be negative and can be positive (i.e., recall E[Zp] = 0). As a consequence, just as in

Proposition 3, the value of am(x")/aaD can be positive or negative depending on the parameter values
and distribution functions. The same arguments apply to og, ok, and or. [
Proof of Proposition 5. Part (a). C, (x, yn)can be expressed as the sum of two univariate functions:

Hn(yn) = cost of holding x; in period 1 + ... + cost of holding x,-1 in period n — 1 = ityys, Kn(X) = expected

cost of holding x in period n and cost of disaster given that the disaster occurs in period n =

i x+(1-a)E[S,(x)]+(v-1)E(S,(x)—x) . Define J, = optimal expected cost-to-go excluding
holding cost of past prepo levels and given the disaster occurs in period n or later, and note that J’ =
C.(Y,)—H,(v,)=C,(y,)—it,y,, which is independent of y, (i.e., yn only affects the holding cost over
past periods). Substituting the above into (6),

[H (¥2)+ K, () ]P[T e[(n=1)t,.nt, )T = (n-1)t, ]

Cr(n)=m by +[Hn+1(x+ yn)+Jn+1]P[T >nt, |T>(n-1)t, ]
it,y, +iuX+(1-a)E[S,(x)]

min< +(v-1)E(S, (x)-x)°

x<b, | P[TZHHT Z(H—l)tx}
+t, (x+ yn)P[T e[(n_l)tx,nt )IT > (n-1)t, }

xP[T e[(n=1)t,nt )T > (n-1)t, [+ I, ,P[T =nt, T >(n-1)t,]

From the above expression, it follows that x; =argminC, (x,y, ) where

x<h,

it y, +iuX+(1-a)E[S, (x)]+(v-1)E(S,(x)-x)’

én(x,yn)= | p['r>nt IT>(n t]
+ItX(X+yn) P[T e[(n-Dt,.nt,)|T =(n-1)t, |
65, 0]_1 gt o

dE(S, (0)-x) _1- “2p[0, (x)]- P[0 (x)]

d?E|[S _ _
[n(x):| liP[D>bn+;/Tn+R x,Q>bn+;/Tn+R X:lzo
(04 (04



-—P T,+R-
dXZ a dX >bn+}/Tn+R_X dX ng

b, +yT,+R (1—0{)
2 ) D>-—" o - X, D>Q+x,
d E(Sn(x) X) _1l-a d P a a d { ]>0
Q

a
(24

P =P[Te[(n-1)t,nt,)|T=(n-1)t,].

by . . . . . o ac’in (XO! yn )
Therefore, C, (x, Y, ) is convex in x, and the unconstrained optimal prepo satisfies 0 :6— =
X
. 1- 1-
m, (X)_ m; (X): m(X) » Mg (X)ZIL/un +tx —F)r]]+7a(P|:Q1(X):| +(V_1) P[QZ (X):|)’ m; (X) =

(v-1) P[Q3 (x)] Thus, (7) follows from KKT conditions. To prove the upper bound, note that

mc(x)zi(,un +txl‘—pnj+(l‘_“j(p[gl(x)}+(v_1)p[92(x)])zi(ﬂn i, pnjzmc(x)

P o Pn
ms(x)=(v—1)P[D>Q+x,Qsw}s(v—l)lfw?(x):ms(x).
0= S U)o} m () 2m, (), 1) ().

which implies x, =m™(0) >m™(0) =x°, and thus x; <X . Part (b). From the above proof, we see that X;
is the optimal prepo for an alternative model where the local budget constraint is ignored, or equivalently,
the local budget is infinity. That is, under an infinite local budget, P[Ql(x)} = P[Q2 (x)] =0,

P[Q;(x)] P[D>Q+x]=F,_o(x). Note that max{amin{d,q}-yt—r:(d,q,r,t)eQ}=

max{a min{d,q}-r:(d,q,r)e Q} — T, is an upper limit on the funds needed for local spend. Thus, if
the budget at the beginning of time n is b = max{a min{d,q}-r:(d,q,r)e Q} —yT, +(x, )" ormore
(i.e., bn >b,), then the local spend constraint is assured to be not binding, which implies that the optimal

solution obtained when ignoring the local spend constraint is optimal for the true problem, i.e., x’ =X .
Part (c). Note that

D>bn+;/Tn+R—x

a SP[D>bn+yTn+R_X:|P{Q>bn+7Tn+R_X}
Q>bn+;/Tn+R—x a a
a




D> b, +yT,+R _(1—0{))(’

o (24

p SP[D>bn+;/Tn+R—x+X}P{Q>bn+;/Tn+R—x}

>bn+;/Tn+R—x a

a

Q

D>Q+x,

b +yT +R-X|_ = b, —x

RV D < T/ T RS n

P|:stn+}/Tn+R x]P[D>Q+x]P[Q . }_FD_Q(X)FQ( - j
(04

where the first inequality in each case follows from Assumption 1, and the second inequality follows from
nonnegativity of T, and R. Therefore,

D>bn+7Tn+R_X,
(04

>bn+;/Tn+R—x

mc(x)=i[ﬂn+tx1_—p”]+(l‘_O‘J ? o

; a D>bn+7/Tn+R_(1—a)X,

+(v-1)P @ @
Q>anr;/Tn+R—x
(04
1 b 'ED(bn_Xj
s{,unﬂX _p”J (1_aJIEQ( ”_X] “ . =, ()
Po “ “ +(v—1)IfD( n_X+xj
o
ms(x):(v—l)P[D>Q+x,Q§b”+7T”+R_X}2( —1)FDQ(x)FQ(b"_Xj:ms(x)
(04
Th f 0 aC,\"()(O’yn) 0 0 0\ < m o 0 —(\,0 hich i li
erefore, 0=——~ """ = = - < - = , Which implies x_=
o m(x°)=m,(x)-m,(x°)<m,(x*)-m,(x*)=m(x°), which implies x

m(0)<m™(0)=x°, and thus x_ > x_. Part (d). Note that x_ = min{(x° ) ,bn}z&f =min{(x )',b,},

x°>x_and (x° )+ >(x_)". Therefore, if x, = bp, then x; = min{(x0 )+ ,bn} =by=x_. Part(e). The
inequalities are proved above in Part (c). [

Proof of Lemma 1. 4 =E[T —(n-1)t, [(n-1)t, <T <nt, | p,+E[T - (n-1)t [T =nt, |(1-p,)=

H, pn +(tx + E[T _ntx |T 2 ntx])(l_ pn) =M, pn +(/er +tx _(/ur:r _:u|:+1))(1_ pn) =

U, + (tX —(y; - yn*ﬂ))l_p—p”(we move , to the left and divide by p,). Rearranging yields Lemma 1. [

n



Proof of Corollary 1. Due to the memoryless property of an exponential random variable, x4, =
E[T-(n-1)t |T—(n-1)t, =0]=E[T —nt, |T —nt, =0]= s, 4y =E[T = (n-1)t, [T =(n-1)t, 20]=

E[T [T > O]=y1*= ur. Therefore, from Lemma 1, x, +txl_—p”= L. [

Proof of Proposition 6. Part (a). X" = min{(m’l(o))+ ,b} , M(X) = me(X) — Ms(x), X = min{(m’l(O))+ ,bn} ,

m(x) = me(x) — ms(x), bn = b + {n - Dy,

M) =igs, + 72| P D>@, +(v-1)P D>W+x,
o) =iy +— Q>R +R-x oL beT R X
“ (94
ms(X):(V—l)P[D>Q+X,QSMi|
M) =i + 7| P D>W’ +(v=1)P D>W+x,
olX) =14 a Q>M Q>M
“ (04

ms(X) =(v—1)P{D>Q+x,QSM]
o

Note that f; (t)= > f; (t) and by = b. Thus, for any realization (d, g, r) of (D, Q, R) we have

d >M+X

_d>b1+;/T1+r—x JbyT+r—x

) d 1) 7
P @ >P « , P “
q>b1+;/T1+r—x q>b+;/T+r—x q>b1+;/T1+r—x
L o a o
4> 2Ty, b+ 7T, +1—x b+yT +r—x
P a , p|:q S7l—}§P[q sy—]Therefore, forn=1,
q>b+}/T+r—X a o
L o

mP™™e (x)=me™* (x) and m>™™ (x)<m™**(x), which implies x; < x". Note that the probability

distribution of T, and T, for any n are identical. As noted after Table 4, b, < bn+1 for all n. Therefore, for

the dynamic model, m. is decreasing in n and ms is increasing in n, which implies x’ <x_ , for all n. Part
(b). If =0, then b = b, and 6(x, R,T):lﬁn (x,R,T,) for any n, i.e., there is no prepo budget effect and no
local budget effect. From Corollary 1, there is no marginal holding effect. Therefore, x"=x for all n. Part

(c). Since T is an exponential random variable, we have T = T =0, and thus b =

7



max{amin{d,q} -r:(d,q,r)e Q}+ (F Q(ﬂ*))+= b, foralln. Ifb> b, then from Proposition 2, X" =

x|

*:(IED’}Q (ﬁ*))+ . Furthermore, from b = by <b, <bs < ..., it follows that by > b = b, for all n. Then from

Proposition 5, X = ! (ﬁ*))+ = X" for all n. Part (d). M, (X) =iz +

l-ag (b_xj[lf,)(ﬁ}r(v—l) (MHD ms(x)=(v—1)lfDQ(x)FQ(uj, m (x) =

(24 a a o

el
11
—_
n
9
AN
o]

iy +1_—0[|fQ (b” — Xj{lfD(b“ _X)+(v—1) IfD(b” X, wahich is decreasing in n (because by < by
o (24 [24 (24

for all n; the inequality is strict because y> 0), m,(x)=(v-1)F, o (x)F, (b" — ijhich is increasing in
o

n (because by < by for all n). Therefore, x_ =M™ (0) is increasing innand x, = min{(rﬁ’l(o))+ ,bn} is

increasing in n. Furthermore, since b = b, the marginal cost and savings functions are identical for the

static model and the dynamic model when n =1, and thus,

X=X < X <X (viii)
Therefore, if x"'=band x =b = by, and it follows from propositions 2 and 5 that x” = x; = b. From
Proposition 5, x> x for all n, which in conjunction with (viii) implies x"<x_ for all n. [J
Proof of Proposition 7. If y= 0, then the result follows from Proposition 6(b). Suppose > 0. Given

exponential T and prepo budget b, the marginal cost and savings functions are m, (x) =
. l-«
i1y +7(P[Ql(x)] +(v-1)P[Q, (x)]) m, (x)=(v—-1)P[ Q,(x) | where Q = support of (D, Q, R, T)

and T1 = random time to disaster given that the disaster occurs within the review period of length t«. The
-X —ty 1
cdf of Tris F (x)=max<0,min {1—6’” ][1—e”T ] .1} t. Consider review periods t* <t® with

corresponding conditional random times to disaster, T,*and T,”. Note that T, has first-order stochastic

dominance over T¢, i.e., 1-F, (x)>1- Fe (x) for all x. Therefore P[Ql(x % )J < P[Ql(x |T1a)],

P, (xIT)|<P[@, (xIT?) ], P[s(xIT) ]2 P[0y (xIT*) |, which implies m, (x|T")<m, (x|T,*),

m, (x| T”)2m, (x|T?), and thus X <x_,. 0]

1|Ta =



