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Appendix to “Optimal Contract Design for a National Brand
Manufacturer under Store Brand Private Information”

Appendix A

In this appendix, we list all mathematical notations used in the main paper in Table A1 below.

Notation | Definition

IT, [II,] | NB manufacturer’s profit function under asymmetric [symmetric] information

IL. [II,] | Retailer’s profit function under asymmetric [symmetric] information
[

Q.. [Qs] | NB [SB] production quantity
pn [ps] | NB [SB] product retail price
dn [¢s] | NB [SB] product quality
0 Consumer’s quality evaluation parameter
¢n [cs]) | NB [SB] unit production cost
c [c¢E] | Estimated high-type [low-type] SB unit production cost
w Unit wholesale price paid to the NB manufacturer
T Fixed lump-sum payment paid to the NB manufacturer
w [wl] | Unit wholesale price for high-type [low-type] retailer

[
TH [T*] | Fixed lump-sum payment for high-type [low-type] retailer
[

V.] | Value of information to NB manufacturer [retailer]

cS Consumer surplus

Table Al List of mathematical notations

Appendix B

In this appendix, we provide proofs for all the results mentioned in the main paper.

Proof. Lemma 1. We start with deriving the local optima under cases I, II, and III. Under

. . . . al I . . dﬁI w4qn—2p d2ﬁ1
case I, direct differentiation on II. with respect to p, yields == = n_=Pn gnd —% = —= < 0.
T dpn, dn dpn n
Solving first-order condition equal to 0, we can get pl* = %QQ”. It follows that Q* =
fil+ — ln—w? _

4qn
Under case III, the derivation of p;

IIT« _ 1 IITx _ (gs—cs)?
Q; —2 2q ,andH =

RES IIT« __ cs+t4s

is obtained in a similar manner. We have p, """ = <74,

~ Syul
Under case II, taking derivatives of II!! with respect to p, and p,, we obtain ‘9@? =1-

n
2(pn—ps)—w+cs 6’1_[7{1 _ 2(pn—ps)—w+es  2ps—cs 82H£I _ 82H£1 ] <0 82H£I 62H£1 - (62H£1 )2 _
q’VL qs ’ Ops dn—(s qs ’ BP% 3175 dn—(s ’ ap BPE ajvnaps
m > 0. Hence, the Hessian matrix of II%/ =0 and

S n S
anl! ITx _ wtqn IIx _ Cs+gs
o =0, we get the interior optimal solution for case II as p,™* = =51, p. /" = =74 Tt follows that

QII* _ l _ _w—cs QII* — w—cs __ Cs and HII* — dn-w |:l_ w—Cs j| + qs—cs [ w—cCcs Cs] _T
) 2(

2(an—qs)’ 2(qn—qs)  2gs 2 2 2(qn—gs) an—qs)  2gs
Recall that the condition for the occurrence of case II is ps < Bn—Ps 1. We reorganize this condition

dn—dgs

as an interval of pg, i.e., ps € [pn — qn +qs,pgfs]. Ifw< °qu" , ’q)z 55 < 1 is satisfied but ”b = < ’;"75:
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does not hold. Since ﬁfnl is quasi-concave and monotonically increasing in p, within the closed

interval [p, — ¢, + ¢s, pgfs], the local maximum resides at p, = p, — ¢, + ¢, or p, = ””qs . It follows

csq 11 _ (Qn*w)Q 711 _ (QS*CS Ccsq
from w < “in that II, \psnggs =" —T=1L |ps=pn—an+as = 5.~ — T. Hence, Vw € (0, sgn],
[0 =TI _pnas = (mn—w)® 7 _ fI* If 4 is in (& ¢, + q, — q4], the condition 2= < En=Ps <]
r r Ips=5g] 4qn ro- qs 0 Cs n a5 = qn—gs =

is fully satisfied. Then (p[™,pl'*) = (*52=, %) is indeed the local optimum for case II. If w >

A A~ 2
Cs+qn — qs, III"* occurs at p, = p, — q,, + ¢ such that TIX* =100+, _ L = % —T. However,
i+
retailer to carry both brands.
We now proceed to search for the global optimal profit, i.e., II* = max{IIZ*, II}/* TI//’*}, through

< I for any T > 0. Then if p, = p, — ¢n + ¢s, it is no longer profitable for the

’Ps =pn—qn+4s

the pairwise comparisons among the three local optima. We have shown that when w < %, if
the retailer decides to carry both brands, he has to set the retail prices to satisfy the condition

Zs < ’;Z ZS < 1, resulting in a profit that is equivalent to carrying NB only. Therefore, given any
w e (0, qu"] the retailer is better off to carry NB only, i.e., II* = IT/*. Note that IT/* is decreasing in
Csn

qs

w and continuous with IT/7* at w =

When comparing II7*and II/77*| we need to discuss how the retailer’s decision differentiates based

Cs Qn

on T. Note the lump-sum transfer is not applicable in case III. For any w < , there exists a

threshold transfer T7 >0, such that II'*|;_z; = II/*. Then we have T7 = (q"4q:’) (g 4:) , which

is a decreasing function in w. Hence, if the NB manufacturer (referred as NBM hereafter) charges a

wholesale price w € [0, and a reasonable fixed payment that is lower than the threshold value

Csn]
qs

T*(w), it is more profitable for the retailer to not introduce the SB and carry NB only; otherwise,
if the fixed payment is higher than the threshold, it would be best for the retailer to only carry SB.

Given any w € (%, ¢, + ¢, —gs), we first compare I17* with IT/7*. We have proved that IT/* and I1//*

are continuous at w = Cflq" It is stralghtforward to show that H’ * with HI I* are both monotonically
d dHII* (w) < (

decreasing in w, an . Therefore, given any w € qu" ,Cs + it is more
bl S n S/

dw
profitable for the retailer to carry both products than carry NB only. To compare 1:[7{1 * with TIZ77*
we again recognize a threshold transfer T/ = (634(“;:7'12)‘“ such that TI77*|_zrr = IIZT7* . Note that

Csqn
qs

Thus, for any w € (%2, ¢, + ¢, — g,), if 0 <T < T (w), I1* = I117*; otherwise, IT* = IT/7*. When
w > ¢s + g, — qs, we can directly claim that for any T > 0, it is never profitable for the retailer to
carry NB, ie., [I* =II1*. O

Proof. Proposition 1. Case I: Based on Lemma 1(ii), the occurrence of case I implies that

NBM offers a (w,T) such that w < <% and T'< T!(w), following which the Q,, = QL*. Since II! is
T,

TH is decreasing in w and T'|,—.. 14, —q. = 0. Furthermore, T? and T!! are continuous at w =

increasing in T', we have T* =T’ (w). The retailer consequently receives the reservation profit
I 2!
Substituting p’*, @ and T* into I/, we get dnd"i(m =a=w apd Pl —i < 0. We then have

w 2qn dw?
the interior optimum w* =¢,. If ¢, < %, then w* < qu‘i” is indeed satisfied. As a result, the NBM’s

—C. 2 —C 2 . . .
optimal profit under case I becomes I12* =TI |,,_. = (q"4q°") — 4;3) - Otherwise, if ¢, > =1 since
n e B
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the profit function is concave and decreasing on w for any w < qu" , the optimal solution exists at

2
w* = %42 Then We have 1L = IIL| _cugy = 2otn=cnts)ts—ce)tlon ALY
T ags s

Case IT: Following Lemma 1(iii) , the occurrence of case II suggests that % <w < Cs+Gn—gs
and T < T (w). Again, NBM will set the transfer T' such that T* = T*(w) and the retailer only

earns his reservation profit TT2/7*

n (w)

We obtain w* = ¢,, by solvmg =0, noting & <0.Ife, < ”ZZ” , I is quasi-concave and

decreasing in w for any w € (=2, ¢, —I—qn —qs). w* then has to be set as =1, Thus M =101, _csan =
&l s ds

2(csqn—cnqs)(gs—cs)+(an—qs)(gs—cs)? _ |
4113 — i lw==_1

the optimal solution. Then we have Hfll* )=, = W If ¢, > ¢+ ¢, — qs, w* then

esn . Otherwise, i.e., qu" <c, <cs+q,—qs, w =c, is indeed

equals to ¢, + ¢, — qs. Thus, ITL* =TI | .10 —q. =0.

To search for the NBM’s global optimal profit II*, we compare her profit functions under three

n’

cases across three intervals of ¢, as follows.

_ 2
(i) fe, <2t then I =TI 4=, and I =TI1]« _csan . Thus, we have IL* — I = % >
s qs nis

0, and I12* = (q";qfl")Q - (qs;lzs) >0 =1II!". Therefore, if ¢, < “edn it is best for the NBM to offer a
(w,T) = (¢, T"(c,)) such that the retailer will carry NB only.

(if) If 2 <ec, <cy+qu— g I = HI‘MI*:%, I =11 jrre—,, . Again, it can be shown that
i — 1l = % >0 and IT//* = % > 0=TII;". Hence, if %™ <c, < ¢, + g, — g5,
NBM’s optimal strategy is to offer (w,T) = (c,,T*(c,)) such that the retailer will agree to carry
both NB and SB.

(iii) If ¢, > ¢s + ¢n — qs, we have 112 =TI/ nlwte=csm < < I =TI i e tq,, —qo = 0. Hence, the NBM

will not be profitable from selling her NB product to the retailer, and the retailer will carry SB

only. [

Proof. Corollary 1. The results follow directly from differentiation on II* (IT*) with respect to
Gn,Cs,Cn, and g, respectively. [

Proof. Lemma 2. Lemma 1 implies that if w < ¢! + ¢, —q, and T < T*(w),Vi = L, H, then such
(w,T) satisfies I, (w, T, ct) > I (cl). Next, we want to show that for any w € [0,cf + ¢, — g,
Aw) = = TH (w) — TL( ) > 0. The function of A(w) varies depending on the range of w.

For any 0 <w < Sj", we also have w < Sqq” due to ¢t < cf. Then A(w) =T (w) — T (w) =

(gs—cE)?—(gs—cH)?
4qs ZO

For any csqﬂ <w<ck+q,—q,, we consider the following two cases:

(1) If ¢t + g, — qs_c dn thenwehavec q"<w<c +qn— qS_CHq” <cH+qn—qsduetoqn>qs>
H)2

(c —w+qn—gs) OA __ Lagn—gsw

H IH IIL _ (gn—w)? _ (gs—c

¢ Therefore, A(w) = T (w) —THE (w) =4 v ! o T . Since 5 = 52 Saras
L L _

0,Vw > =1 and Al,_.riq, g, = (‘“4(;;*) — (qs4cj s 0, we have A(w) > 0,Vw € (C wl el + ¢ — g

L H
(2) If == < cl+¢q, —q,, then we have s g s <cl+q,—qs < +q, —q,. Given any can
H
w < S:",wehaveA( w) =T (w)—THE (w )and <O Y > Sq" InconjunctlonvvlthA] Hy =

Cs 4n

qs

H
(gs=c")* (an=0s)°— (e 9 tanas g~ an)” > 0, we have A(w) > 0,Vw € ( Sq” Sdn] Moreover, for any w €
4((In qe)qs qs
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et an : _ pIIH IIL (ca —cf)(ct! +ei+2an—2q5s —2w)
(%=, ¢ +¢n — qs], We again have A(w) =T (w) =T (w) = ) >0 due to
ek <cH.

In summary, we have shown that T (w) > T* (w),Vw € [0, cX + ¢, — q,]. Therefore, for any (w*, T'*)
that satisfies (IRL), it follows that w* <cl +¢q, —q, < ¢! + ¢, — ¢, and Tt < T*(wl) < TH(wh),
which implies that such (w’,T*) satisfies I, (w”, T%, cf) > 121 (¢ as well. Together with (ICH),
we have IL.(w?,TH cH) (ICZH)HT(wL,TL,cf) > (e, O

Proof. Lemma 3. The proof is embedded in the paragraph right above Lemma 3 in the main
body, thus it is omitted here. [

Proof. Lemma 4. To prove the result here is equivalent to show that under the (H'!, L') con-
tract, (ICH), (ICL), (IRL), and 7" >0 cannot be simultaneously satisfied. By offering a (H'!, L")
contract, the NBM guides the high-type retailer to carry both brands, and the low—type retailer
to carry NB only. In addition, it implies that (wf,TH) and (w”, T*) must satisfy “2* Son gl <
cH + q,—q, TH < THH (wH) wh < SZ”, and T* < Tl (w'). Lemma 1 implies that 1f a hlgh—type
retailer lies about his type by choosing the L’ contract, he will carry NB only, i.e., IL.(w”, T%, cf) =
I (w*, T*,cf). Hence, (ICH) can be equivalently written as T2/ (wf, TH, ) > HI( ,TE e,

. nin wacgl Sfcf wacf cf s—Cg def
Together with (IRL), we have TH < 4=t [1 — T Sl b e Sl e ("T TH (wH),

which is a decreasing function in w’

H N H I AT A . . .
If et +g,—q, < qu#, then T < TH(°5qsq") — nlds—cy )4q2(qs <) 95 () which contradicts with TH >

0. If Cﬁ;% <cl+¢,—q, and w < ck +q, — q,, then Lemma 1 implies that if the low-type retailer
falsely chooses H' contract, he will carry both brands, i.e., IL.(w®,T# ck) = TTH (wf ,TH cL). In

order to satisfy (ICL), ie., IT/(w”, T, L) > T (w!, TH, cF), TH has to satisfy T7 > @=w"[1 _

H L L H L L A~
W —Cs ds—Cs [ W~ —Cs _ Cs _ (95— C H : : : H H : _
Q(Qn—QS)] + 5 [Q(Qn—QS) 2%] 74% > TH_ which contradicts with TH < TH. In this sce

nario, a (H U LTY contract cannot simultaneously satisfy (ICH), (IRL) and (ICL), thus it is infea-
sible. If cqq" < b+ gu—q, and w? > & + g, — q,, then TH < THwH) < TH(cE + ¢o—q,) =
(e e (el qT(rqcn q;;i(c tan=45)9s) < () which again contradicts with 79 >0. O

Proof. Lemma 5. Let II5P* and T1V5P* represent NBM’s optimal profits from contracts with

and without shutdown, respectively. Recall from Proposition 1 that IISP* is equal to vT'H(c,) if
H — H
cp <=t or IIEP* =0T (c,) if 2t <, <cff + ¢, — gs.

L
(i) If &, < =%, the optimal contract without shutdown is (H’, L") with (w** wL*) = (cp,ck +
def

Gn — Qs)- Under this contract, TIVP* is strictly less than II5P*. Now suppose ¢, > <. Let § =
5P+ —TINSP* 'We can show that 4 is increasing in c,,, Ve, € (0,q,). Therefore, there ex1sts a unique
¢, such that I15P*(¢,) = [IV5P*(¢,). For any ¢, < ¢,, I5P*(c,) < INP*(¢,), and for any ¢, > é,,
1137 (en) 2 ILY5P* ().

(ii) Similar to above, we can prove that § is decreasing in cZ. Suppose ¢’ increases from é& to ¢b.
Following (i), there are unique &, and ¢, such that §(c,, = é,|ck =¢é%) =0, and 6(c,, = ¢, |ck =¢L) =0.
Due to ¢& < ek, 6(c, =¢,lck =¢ék) > 6(c, =¢,lck =¢E) =0=106(c, = é,|ck = é~). Since § is increasing

in ¢,, we have ¢, > ¢,. Likewise, we can also show that ¢, is decreasing in cf . O
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L
Proof. Proposition 2. (i) Suppose % < ¢, < €,. Then, NBM will offer a contract without
shutdown to the retailer. By substituting 77 from Table 1 into Equation (5), we can obtain detailed

forms for II,,, defined as below:

WO (wH wh), if offering(H!, L) & wt Sqf",
@) (s H LY . IopIry o o <L _
L, (" wh) = LY (w™, w), if offering(H", L) & =3 <111{) <ct+q,—qs,
H(3 (wf ,wr), if offering(H, L) & w’ < %,
@ (wH wl), if offering(H!, LT & %<ngc£+qn_qs.

Differentiation of IT, (w, w’) with respect to w” and w’ yields:

oy o w(e, —wf) o2y 9@ v
owh — owH 2q,  owh®  owt’ :_E<O7
on® oW wv(c, —wt) 011 §IW v
o T gl g owt®  w®  Agi—q)
oY oMY g,(c, —ve, —vek) —wh(g, —vg, —vg,) O 9P g, —vg, —vg,
owt  dwl 2¢,,(qn — q5) T owl? owkt 2q.(qn—qs)
on®  an®w (1 —wv)e, +v(c —ck)— (1 —v)wt 82112 521w 1—w
owl — owk 2(qn — qs) " owl? dwl?  2(qn—qs) <0

Hence, II, is concave in w! regardless of its contract forms. IT? and II(») are concave in w’ and

1) (‘ —C

the interior optimal w’* is ¢, + s) . Whether TI(V and II)) are concave in w” depends on the

sign of ¢, —vq, —vq,. If ¢, — vq, —vg, >0, then IIY and 1) are concave in w*, and the interior

_ _.L
optimal wl* jg dnlen=ven—ves)
dn —Vqn —Vqs

We compare the NBM’s expected profits from (H’, L'’) and (H'!, L'") under the following three

H
Cs dn
ds

H
and ¢, — vg, —vgs >0, (2) =™ <cl + ¢, — g, and
H L
Gn — V¢, —vgs >0, (3) % <ct+¢q,—q, and g, —vq, —vq, < 0. Note that the condition of % <

parameter settings: (1) c¢f + ¢, — ¢, <
H
¢, < &, cannot be met if ¢t + ¢, —q, < % and g, —vq, —vgq, < 0, thus this parameter setting is
not discussed here.
H
Parameter setting 1: ¢Z + ¢, —q, < % and ¢, —vgq, —vg, >0

SQn

Under this parameter setting, a feasible w” automatlcally satisfies wl < , regardless of the

form of contract offered. Furthermore, II(V and II(* are concave in w¥. We also have ¢, < ck +

H L
Gn — qs < =1 Given quﬂ < ¢, < &,, the respective optimal (w* w’*) that maximizes IV (w# , wl)
) s L H o ven —wil H_ 2
and H1(13) (U}H,U)L) are (Cn, gn(cn—ven 'UCS)) and (CS ‘Zn7 Qn((/n VCn 105)). Hgll)* _ H5L3)>k — U(CS dn CQan) 2 O

dn—vqn—vqs qs 4gnq;

Thus, (H!, L") contract is optimal in this case.

dn —Vqn —V(qs

Parameter setting 2: Cg:% <ct+gq,—q, and ¢, —vq, —vq, >0

Under this parameter setting, II(Y) and II*) are concave in w*. In order to distinguish the feasible
boundary for w and w” according to Lemma 1, we further recognize two cases within this parameter
setting: (i) c%% < é,, (i) ¢, < c%%. We present the optimal (w*,w’) for each contract form under

these two cases in the Tables B1 and B2 below.
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Substituting (w*,w*) into the corresponding II, functions and then comparing all I i €

L
(1,2,3,4), under each ¢, interval, we obtain the following results: if = <¢, < eV (where c(l) =
H H L H
A — %), offering a (H', L' : wl < csq%) contract is most profitable for NBM; if ¢V < ¢, <

an sy 1 711.<Hq Lo L e cllq ~
it s best for the NBM to offer a (H', L' : =t <wt <+ G — qs) contract; if =t <6y Gy

1 pIr. con Lo .L B . .
then a (H', L : =% <w" < ¢/ + ¢, — ¢;) contract is optimal for the NBM.

o

” Ta

C

L H H
4 . Cs dn 1 1 Cs dn Cs dn ~
¢, interval: ZT<CTLSC$Z) c%)<cn§éq—s =< <Gy
H
H=x Cs dn
HI Lk < Han w Cn n qs
( s WU S ) L " H
ds wL* (en—ven—veg )gn Cs dn Cs dn
dn —Vgdn —Vgs gs ds
H
Hx Cs qn
H w C C e—
I II . ¢s q L L n n
(H ’L : STsn <w" < Cs +n— qs) cH v(cH —cl) U%SCH—CL)
wL* s dn I _I_ S ] I + S S
qs n 1—v n 1—v
H
H ’LUH* Cs qn Cs dn c
HI [T L < & an qs gs '
( ) WS ) — H H
qs wL* (cn—ven Ve )dn Cs dn Cs dn
dn —V4dn —V(gs ds ds
H wH* Cf‘ln qu'n c
II II. ¢s q L L n
(H'T L st <t <cl4q, —q,) A s H L
qs S c v(cy —cg') v(cg —cg)
,wL* s dn ¢, + s s c, + s s
qs n 1—v n 1—v
H
Table Bl  Parameter Setting 2: (i) =2 <¢,

as
(Note: The global optimal (w™, w”) under each ¢, interval is highlighted in gray;

the same style is used in Table B2 and Table B3.)

L
. cs ~
¢, interval: % <c, <cM e <e, <@,
Hx
H w C &
I 17 . L Cs 4 n n
(H!, L' b < i) e el
gs wk* (en—ven—veg)gn Cs dn
dn —Vqn —Vgs ds
Hx
H w Cn Cp
HI LII:CS dn ’[UL<CL _
( 9 s < — bg +Qn qs) ’U)L* cgqn c + v(cf—cg’)
ds n 1—v
H U)H* Cf‘]n qu'n
(HII LII:wL<Cs Qn) gs - gs
’ - s wk* (cn—ven—veg )gn Cs dn
gn —Vgn —Vgs qs
H H
i I ch . . ,wH* Cs dn Cs dn
(HY, LM St <l <l + g, —q,) gs g
qs L+ Cs qn v(cy —cg)
w == Cn +
gs 1—v

Table B2

H
Parameter Setting 2: (ii) ¢, < Cq—

an

s

H
Parameter setting 3: % <cl+¢,—qs and ¢, —vg, —vg, <0

When ¢, —vq, —vqs < 0, IV and II® are convex in w*, thus the maximum exists at the boundary
L
of w*. Given ¢, > =1, M and I are both increasing in w’. Consequently, both TI(V and TI(®) are

(8

H
maximized at w’ = %2 In addition, both II® and II¥) are maximized at their respective interior
L L
optimal wl =¢, + % under the condition <% <¢, <¢,. We list the optimal (w",w") for each

contract form under two cases in Table B3.
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H H
op o~ c i C ~
Two cases: if ¢, < qun if qun < ép
S S
L L H H
3 . Cs dn ~ Cs dn Cs dn Cs dn ~
¢, interval: o <Cn <eé, = <cCn < o < <Gy
H
Hx Cs dn
(HT, LT ;b < S0n) = . - i
! - s wL* Cs dn Cs dn Cs dn
ds ds ds
H
Hx Cs dn
H w C C -
I II. ¢s 4 L L n n
(H,L )] §cs+qn—q5) H L L Qe
ds Lx v(es —¢5) v(es —c5) v(es —cg
W= et | Gt Cn
H H
H wH* Cs Gn Cs dn cn
(HII LII :wL < G Qn) ds ds -
’ - gs U)L* Cs dn Cs dn Cs dn
ds ds ds
H H
c c
HII LH . Clen L < L wH* qu" qu” Cn
( s : <w fcs“‘Qn_qS) H T H T H L
ds Lx 'U(Cs Cs ) 'U(Cs Cs ) 'U(Cs Cs )
w Cn + 1o Cn + 1o Cn + 1—v

Table B3 Parameter Setting 3

We again substitute (w?*,w"*) into the respective IV i € (1,2,3,4). The comparison among all
(V% under each ¢, interval reveals the following result: if % <c, < {%, it is most profitable for
the NBM to offer a (H', L1 : C%% <wt < el +4q, —q,) contract; otherwise, i.e., Cg;% < ¢, < ¢y, then
it is best for NBM to offer a (H'!, L1 : C%% <wh <ck+ ¢, — qs) contract.

Summarizing the results from all three parameter settings above, we obtain that if ch% <c, <Cp,

(H*,L*) is given by

H
(H',L'), if ¢, <
(H', L), if ¢, > cdn,

(H*,L*) = {

(ii) Remark that if ¢, > ¢,, then NBM prefers to offer a contract with shutdown, i.e., offering
the first-best contract to H-type retailer and offering nothing to the L-type retailer. According to

H
quq", then a HY
S

Proposition 1, the form of the H-type contract depends on the value of ¢,: if ¢, <
contract will be offered; otherwise, a H'! contract will be offered. [

Proof. Corollary 2. The proof is embedded in the proof of Proposition 2 and main body of the
paper, thus omitted here. [

Proof. Proposition 3. If % <¢, < ¢,, then a contract without shutdown is offered.

(i) Suppose the parameter g, increases to §,. By substituting 7% in Table 1 into equation (5)
and after some algebra, we can show that for any given contracts without shutdown, II,, increases
in q,. Therefore, for any given (w?,w”), we show IL, (w, w’|q,) <II, (w?,w*|G,) for any ¢, < G,.
Let (wf* w®*) and (w"*,w’*) be the optimal contracts of (w*,w”) for given g, and §,, respec-
Hx pl*) is the optimal solution for NBM with parameter g,, IT,(w* w®*|g,) <

I, (W™ *|g, ). Hence, we show I, (w* wt*|q,) < IL, (w™*, wL*|g,).

tively. Since (w

Similarly, we can prove that the NBM’s expected optimal profit II? decreases in g;.
(ii) The L-type retailer’s equilibrium profit is his reservation profit ITZ/7*(¢L), which is increasing

in ¢, and independent from g,,.
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(ii) When a contract without shutdown is offered, direct differentiation of II#* w.r.t. g,

H H *
yields the following results: if a (H!,L' : wl < %) contract is optimal, then ddnr =
qds Adn

L2 L 902 1) —va2]—ck _3 . . .
vd=v)"(ends —c5 an){enl(2y qgnqs)( v) vqs]3 &5 an (an+04n ”qs)}; otherwise, i.e., any other contract form in
4(qn—gs)?(gn (1—v)—vgs)

. . dH,I,—I* _v(chcL)(ch(l v)—Cg +3'uc 7ch'uc
Tables 5, 6, or 7 is optimal, then T = 0 0) (@ —a0)?

down is offered, then IT#* is irrelevant to g,.

.Ifa contract with shut-

all possible parameter settings in Proposition 2.

In addition, we obtain numerical evidence that IT7* may increase or decrease in ¢,. Suppose
¢, =0.493, q, = 1.155, ¢ =0.346, ¢L =0.248, v =0.594. When ¢, increases from 0.582 to 0.61 to
0.627, IT# first increases from 0.0479 to 0.0511 then decreases to 0.0493.

(iv) It follows from part (ii) and (iii) that II* is increasing in ¢,. Moreover, our numerical exper-
iment shows that II* may increase or decrease in g,. Suppose ¢, = 0.55, ¢, = 1.125, ¢ = 0.35,
ck'=0.26, v =0.63. When ¢, increases from 0.532 to 0.55 to 0.559, II, first increases from 0.0348 to
0.0367 then decreases to 0.0358. [

Proof. Proposition 4. The proof for (i) and (ii) are similar to the proof of Proposition 3 (i)-(ii),
thus it is omitted here.

(iii) If can <¢, < ¢, (i-e., a contract without shutdown 1s offered), direct differentiation of IT7*

Hx
w.Ir.t. ¢, ylelds the following results: if a (H', LI :wl < % q") contract is optimal, then %*n =
—v(1=v)%an(cngs —c; an) < 0; otherwise, i.e., any other contract form is optimal, then dILT _ —v(e’—cg) o
5(an—gs)(an (1—0)—vgs)2 Y p den 2an—as) —

H
0. If a (H',L' : w" < =) contract is offered, then I/ is irrelevant to c[’. Otherwise, i.e., any

H* —v(2vqs cf—cf 1—v)(cn s—cf n .
other without-shutdown contract form is optlmal el = (2vas( 52 (q)t(q )(1)£v)q 1 )), which can

be shown to be negative with some algebra.

Furthermore, our numerical experiment below illustrates that II* may increase or decrease in cZ.
Suppose ¢, = 19.54, g, =59.6, ¢ =11.27, ¢, =19.07, v =0.7. When ¢ increases from 4.8 to 5.4 to
6.1, IT7* first increases from 2.037 to 2.232 then decreases to 2.198.

(iv) It follows from part (ii) and (iii) that IT? is decreasing in ¢,, and ¢. Furthermore, our numerical
experiment show that II* may increase or decrease in cZ. Use the same example above in (iii),
when ¢ increases from 4.8 to 5.4 to 6.1, II} first increases from 2.2264 to 2.2972 then decreases to
2.2004. O

H
Proof. Proposition 5. (i) Ifa (H!, L' :wt < %) contract is optimal, then 9% = v(q;#b) > 0.

Otherwise, if any other without-shutdown contract form is offered, then with some algebra, we have
AV, 7’((1_U)(C£I+Qn—93—Cn)—v(cf_cg))
defl ™ 2(1-v)(gn—gs)

irrelevant to ¢f. Thus, V,, is increasing (non-decreasing) in ¢ overall.

H
Similarly, if a (H!, LY :wl < %) contract is optimal, then

dVin — ”[qun(l_”)_cg(Qn—’UQS)_(qn—qs)((1_”)‘177.—’0‘13
dek 2(gn—gs)((1—v)gn—vqgs)

tract form is offered, we have ‘;‘C/E — vlv(es Fan—gs—cn)ten—cg —gn-+gs] < 0. Otherwise, if ¢, < ¢, <ck +

2(1-v)(gn—gs)
In = s ZZZL =& U)(;(qtqnqs)qs cn) > 0; if ¢, > ¢ + ¢, — q,, then V,, becomes 0 and is irrelevant to cr.

Thus, V,, may increase or decrease in c-.

> 0. If a contract with shutdown is offered, then V,, becomes

1 <. Otherwise, if any other without-shutdown con-
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(ii) |[V.F] =0, thus is independent from any parameter.

(iii) Our numerical experiments below demonstrate that |V,| may increase or decrease in ¢ and
ck, respectively.
Example for c¢: Suppose ¢, =14.49, ¢, =75.5, ¢k =3.64, g, =19.78, v =0.81. When ¢ increases
from 8 to 9.3 to 10.7, |[V.7| first increases from 0.9020 to 0.9697 then decreases to 0.9392.
Example for cf: Suppose ¢, =14.49, ¢, = 75.5, ¢ =10.46, ¢, =19.78, v = 0.81. When ¢’ increases
from 1 to 2.4 to 3.5, |V,¥| first increases from 1.5650 to 1.7217 then decreases to 1.6028.

(iv) Since |V,| =|V,H|, |V,| shares the same properties as those of |[VH|. O

Proof. Proposition 6. If a (H!, L' : wl < q") contract is optimal, then CS is irrele-

dcs

H
vant to ¢f. If (H', L' : ‘S In < wl < el + g, — qs) contract is optimal, then we have ol =

vlv(es’ +an 4?1 f}’;()qn(cqtq” s C”) <0.Ifa (HY, L' el <wl <cl +¢q, —q,) contract is offered, then

dCS_ [f’ln gs(c L+Qn gs)+v(gs—cg )(qn gs)]
dc? 4qs(1—v)(gn—qs)

C'S behaves like the case under symmetric information, thus it decreases in /.

<0. Otherw1se, if a contract with shutdown is offered, then

The proof for C'S decreasing in ¢,, is similar to the proof above, thus it is omitted here.

Our numerical examples below show that C'S may increase or decrease in ¢, and ¢, respectively.
Example for ¢,: Suppose ¢, =2.84, q, =5.34, cZ =1.21, ¢ =2.04, v =0.252. When ¢, increases
from 2.28 to 2.65 to 3.017, C'S first decreases from 0.1462 to 0.1434 then increases to 0.1491.
Example for cZ: Suppose ¢, =4.83, q, = 11.55, ¢! =2.29, q, =4.78, v =0.424. When ¢’ increases
from 0.66 to 1.33 to 1.99, C'S first decreases from 0.4838 to 0.4564 then increases to 0.4879. [J

Proof. Proposition 7. (i) We first solve the retailer’s pricing problem. That is, given any NB
retail price p,, set by the NB manufacturer, the retailer decides whether to introduce SB products
and the retail price p, for SB products. Note that given p,, and p,, the demands for the NB and SB
products (Qn, QS) are determined according to equation (1). We analyze the retailer’s local optimal

decisions under Case I, II, III.

Case I: If p, < CZZ", any p, higher than ¢, satisfies the condition zs > pzﬁ”s following which
QS:O and fIT:O.
Case II: If, given any p,, the retailer decides to sell his SB product such that there are two

products in the market, the retailer’s profit function is written as I’ (p,) = (p, — ¢,) <% - %) ,
CsQn+2(I%_2(InCIs
2qn—gs

following which II2*| . ooy +pnes = M' if p,, > CS‘J" , then the interior optimal decision does
Ps=""5¢, qnqs(an—4qs)

not satisfy the condition % > 2’—: such that p’ has to take the boundary value %’ following
~ ~ ~ 2

which Q, =0 and ITI/™*|p, = bade = 0; if p, > W, then the interior optimal decision does

not satisfy the condition % < 1 such that the p¥ has to take the boundary value p, — ¢, + gs

. . . ~ csq ~ s . . . . Csqn+Png
which is concave in p,. If = <Dn < , P& is the interior optimal solution B 7o

_ (gn—Pn)(Pn—Ccs—qn+4s)
gs :

Case III: Given any p,, if the retailer decides a retail price p, such that the demand of the

following which @, =0 and TIX* |5, 5, _o 10 =

NB product reduces to 0, the retailer’s profit function becomes I/ (p,) = (p, — ¢, )(1 — ”—Z) If p, >

(‘h 0-5) < ¢cs+2gn—gs

jif p, < St

Cst2dn=ds then p? is the interior optimal solution “1% and IT//’*

5.—Cstds —
Ps= 9249
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the interior optimal decision does not satisfy the condition % > 1 such that p! has to take the
(Qn*ﬁn)(ﬁn*CS*Qn+q\s)
qds :
The retailer’s best response to any given p,, is summarized as follows. If p,, < %, then the retailer
2
does not introduce SB; if <12 < p, < W, the retailer sells SB product such that both NB

and SB products have positive demands, and the optimal retail price for SB is p% = ‘”7;’%' if p, >

Cs‘1n+2l1%—2!1n% Cs‘ln“’Q(In—Qane <
2qn—qs 29n—qs

D < %, the retailer will set p! =p,, — g, +¢s*; if p,, > @, the retailer will set p% = %

boundary value , — g, + g, following which IIZ//*[; . . =

, the SB product fully takes over the market and Q.. = 0. Moreover, if

Based on the retailer best responses, we now proceed to analyze the NBM’s optimal pricing

decision. Under case I, p,, should satisfy p,, < M and the NBM’s profit function writes as I, (Pn) =
CsQn‘FQQﬁ*?‘ZHQS
2qn—qs ’

and the NBM’s profit function becomes II,, (5,) = (Pn — cn ) (1 — ”"_ps) Wthh is concave in p,,. For any

dn

, IT,, = 0. We derive the NBM’s local optimal decisions by taking derivatives and

(P —cn)(1— p—") a concave function in p,,. Under case I1, p,, should satisfy qu" < Pp <
~ > Cstn+2q%*2(an‘s
pn — Qqn_qs
checking the conditions of p,, then compare the local optima across all possible parameter settings
to find the global optimum. The NBM’s optimal price and resulting demands for NB and SB are
listed in the table below.

2_
Cn < 2Cs(lnq;qnqs 2(’9(1nqs dngs < Cn < C(l) C(l) < Cn < CSQn';‘jsn qunQS Cn > CsQn‘;jz»,iqunQS
S __ n(cs+2qn—2gs)+cn(29n—3s) Sk
2qngqs—2q2 Pn = 4qn—2qs =0
Cs < 4gn—3gs ~ ~ ~ ~
Qn>07Qs>O Qn:O7Qs>O
~x __ Csqn ~x% gn(cs+2qn—2qs)+cn(2qn—gs) ~
2‘17#15—2‘1? < < 4ds pn T ogs pn 4qn—2qs - O
dqn—3qs ~Cs <73 ~ ~ - - - ~
Qn>07Qs:0 Qn>07Qs>O Qn:07Qs>O
__ ¢ntan % __ Csdn ~% __ qn(cs+2qn—2¢s)+cn(2gn—gs Sk
. e e e
o < cg < (s 5 B B ~ B R
Qn>0aQs:0 Qn>07Qs:0 Qn>07Q9>0 Qn:07Q9>O

Table B4 NB manufacturer’s optimal price and resulting market segmentation under the competition case

(Note: &) def dcsql — 3csqn4972qnqs+2qnqg)
m 2qn9s q3

In Table B4, (Q, > 0,Q, = 0) denotes that II* = II’* and II* = 0; (Q, > 0,Q, > 0) denotes that
¥ =TI/ and II* = I127*; (Q,, = 0,Q, > 0) denotes that IT* = 0 and IT* = ITZ/’*. Note that &) < coln

CsQn+2qn 2qnqs
2qn—qs

enters the market if ¢, > Cf}%. Table B4 indicates that under the competition case, the threshold of

and ¢, + ¢, — ¢ < . Recall from Proposition 1 that under the contracting case, SB
introducing SB is lower than that under the contracting case. Therefore, we can conclude that it is
more likely for the retailer to introduce SB under the competition case than under the contracting
case.

(ii) We can easily obtain the equilibrium profits of the NBM and the retailer by substituting (p?, p*)

into the corresponding I, and II, functions. Under the contracting case, if ¢, < %,ﬁ; = f[ff, if
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% <c,<co+ qn— qs,f[; = f[fj} if ¢, >c,+q, — qs,ﬁ; = 0. By comparing ﬁ; with f[; under all

2 ~ ~ ~ A~
possible parameter settings, we find that if ¢, < W, IT¥ > II* ; otherwise, II* =1I* = 0.

(iii) Similar to (i), we compare IT* with II* under all possible parameter settings. The comparison
2 ~ N ~ ~ N
result indicates that if ¢, < W, IT* < IT*; otherwise, IT: = IT* = T1277*,
(iv) Similar to (ii) and (iii), we compare the channel profit under the competition case (i.e.,

f[’:l + 1:[:) with the channel profit under the contracting case (i.e., f[:; + f[j) We obtain that if
2 ~ ~ A A~ ~ ~ ~ A
¢, < SR =2ants v 4 T5 < IT; 4117 otherwise, 1T + 17 =117 +1I:.

- 2gn—gs





