Online Appendix

Cross-Category Retailing Management: Substitution

and Complementarity

In this Online Appendix, we provide technical proofs for the paper titled “Cross-Category Retailing

Management: Substitution and Complementarity.”

Proof of Theorem 1. Let II(S, T, p,r) = 2. Then, the pricing problem (6) can be rewritten by
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Note that the right-hand side (RHS) of the equation inside of the max(-) function is strictly decreasing in z

for any given (p,r). Then, the above equation continues
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Given r and z, the optimal solution to the optimization problem with respect to (w.r.t.) p; is p; = ¢; +
z4+1— EleTi (r; —s;) - exp(vy — rl)/(l + ZkeTi exp(vy, — rk)) We have also derived a by-product result:
p; —c;+t; =z+1, where t; = ZleTi (r— ) -exp(vy — rl)/(l + Zken exp(vix — rk)) It suggests the aggregate
markup p; — ¢; +t; is the same across all main products at optimality.
Then, the above chain of equations continues as follows: z = H(z), where H(z) :=max, H(r;z) and
(ry— ;) -exp(vy — 1) (r; — s;) - exp(vo; — 1)
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We observe that H(z) is strictly decreasing in z. Denote z* as the unique fixed point of H(z), i.e., z* = H(z*).
Immediately, the aggregate profit is equal to z*, and the optimal price of each main product 7 is
pr=ci+2+1— Z(rl* —5;) -exp(vy — rl*)/(l + Z exp(vik — rk))
LeT; keT;

where r* is the solution to the pricing problem for the secondary products max, H(r;z*).

To derive the optimal prices (p*,r*), we can combine with the bisection method and repeatedly solve the
problem max, H(r; z) for different z. A sketch of the algorithm is provided as follows.

Step 0: Choose lower and upper bounds for z*: z < z* < Z and select the stopping criterion § > 0.

Step 1: Solve the optimization problem H(z’) :=max, H(r;z’) regarding the middle point 2z’ = (z+z)/2.

Step 2: If H(2') > 2/, set z=2; otherwise set z=2'. If |Z —z| < §, stop; otherwise, go to Step 1. O



Proof of Proposition 1. For Ty =0, the function H(r;z) defined in the proof of Theorem 1 becomes
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Immediately, by Theorem 1 the optimal total expected profit z* is the unique solution to
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One can observe that we need to solve the above optimization problem w.r.t. r only once. O

Proof of Proposition 2. By the proof of Theorem 1, the problem max,II(S,T,p,r*) is equivalent to the
problem z =3, _cexp(u; — (1 +2 +¢; —t;)) +t5, where t; =3, . (1] — ;) -exp(vy —r;‘)/(l—i—zkgn exp(vi —
r;)) for any i € S. The unique solution w.r.t. z is denoted by z*. Taking full derivatives for z* =
Y iesexp(u; — (142" +¢; —t7)) +1; w.r.t. t7, and rearranging terms yields the derivative of z* w.r.t. ¢; as fol-
lows: 0z* /0ty = exp(u; —(1+2*+¢; —t;‘))/(l—l—zjesexp(uj (142" +¢;—t7))). Obviously, 0 < 9z /0t; < 1.
Recall that the optimal price can be expressed as p; =1+ 2* +c¢; —t;. Then the optimal price p; is decreasing
in ¢7 although z* is increasing, because dp;/0t; = O(1 + z* +¢; — t7)/0tF = 0z*/0t; — 1 < 0. Moreover, the
optimal price p; is the largest at ¢f =0, which indicates the optimal price could be lower when secondary

products are provided. O

Proof of Theorem 2. With the disjoint secondary sets, the multi-secondary-product pricing problem can
be decoupled into multiple independent pricing problems of smaller size corresponding to each main product.
Let Zzen (ri— s1)qui =t; for the secondary set T;, and we have r, —s; =1+, by using the seminal result
in Li and Huh (2011) and Gallego and Wang (2014). Replace r; by 1+ s, +t;. After using some algebra and
rearranging terms, problem (8) can be rewritten as follows: ¢, =37, ;. exp(vy — 1 — s, — ;). Obviously, the
above equation has a unique solution, denoted by t!, and immediately / =1+ s, +1!.

Recall p; =14 z+¢; — t; for any main product i at optimality by Theorem 1. Combining it with r;, — s; =
1+t; results in

pi—Ci+r—s=2+z VieS, l€T;, (EC.1)

where z represents the firm’s total expected profit from all main and secondary products. The equation
(EC.1) shows the aggregate markup of any pair of main product and its associated secondary product is the

same across all pairs of main and secondary products at optimality. (Il

Proof of Proposition 3. By the proof of Theorem 2, the optimal price for each secondary product [ € T} is
equal to 1+t! + ;. Considering the derivative of 7] w.r.t. 3; yields
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After using some algebra and rearranging terms, we have 87";/851-1 = vexp(Byv; — 1 — s — tf)/(l +
ZkETi exp(Bive — 1 — 85, — tf)) > 0. Thus, ] is increasing in f;,.

Similarly, for any other secondary product k € T}, k # [, the derivative of r} w.r.t. B is 87“,1/65” =
O(1 +t! +5,)/0By = Ot /0By > 0. Thus, r] is also increasing in 3; for k € T, and k # I. Therefore, if 3
increases, both the optimal profit ¢/ and the prices for all secondary products in 7} increase. Moreover,

87“;/65” = 87‘11/3@1 = atj/aﬁih |



3

Proof of Proposition 4. By Theorem 1, we have the optimal price p! =1+ z' + ¢; — t! for each main
product i € S with disjoint secondary sets. Because a one-to-one relationship exists between ¢/ and 8;;, we
take the derivative of p! w.r.t. 8; as follows by using the chain rules: OpI/aﬁil =90(1+z +c¢; — tj)/aﬁ“ =
O(1 + 2t 4 ¢; —th)/ot! - otl JoB, = (02 /ot! — 1) - 9t! /0B, By Proposition 3, we have 9t! /08, > 0, so we
next consider the derivative of 2! w.r.t. t: 921/0t] = exp (u; — (1 + 2 + ¢, —t])) (1 — 9z1/0t]) — 021 Jot] -
Zjes,jqﬁi exp (uj — (142t 4¢— t;)) After using some algebra and rearranging terms, we have 9z /9t! =
exp (u; — (142t +¢,—t])) /(1 + Y iesexp (u; — (142" +¢; - t!)) < 1. Therefore, p is decreasing in 3.

In a similar fashion, for any other main product j € S, i # j, the derivative of p; w.r.t B is 8p; /0B =
O(1+2"+c;—t1) [0By =01+ 2" +¢;, —t]) JOt] - Ot] JOBy = 9zt Ot} - Ot] /OBy > 0. Therefore, p! is increasing in
Bi1- Because all secondary sets are disjoint, t;r- remains unchanged w.r.t. 8;;, which is obvious by the expression
of t;. Moreover, the total optimal profit z! increases in 8;; indirectly because 8}9} /0By =02/ 8151T -8151T /0By =
021/0B;, > 0. Thus, except for the optimal price for the main product ¢, the optimal prices for other main
products increase in ;.

The market share for main product 4 is denoted by d;. Taking the derivative of d; w.r.t. 3;;, we have

apt apl
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because 8plT /0By <0 and (“)p; /0By > 0. Therefore, the market share for product i increases in ;.
Similarly, for any other main product j € S, j # 1, the derivative of d; w.r.t. 3, is

ap! op!
— 5= (1+exp(u; —pl)) + 55- exp(u; — pl)
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Therefore, market shares for other products in S decrease in ;. Moreover, the choice probability of the

od,

p— . — T .
a5, exp(u; —pj) <0.

no-purchase option 0 also decreases in (;;, because

at!
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The second equality holds because dp! /08, = (9z1/0t] —1)- (0t /0B.) and Opl /0B, = (9= /0t]) - (Ot]/9By).

Thus, if §;; increases, the market share for main product 7 increases, whereas the market shares for any other

main product in S and the no-purchase option decrease.
Recall that the market share for the secondary product ! € T; is ¢, = d;q;; in this special case. Then

considering the derivative of ¢; w.r.t. 8;; yields

) ot . g exp(Bilvlfrj)
aql 8dl . /Ul(1+zk7él,ke’1“i eXp(ﬂik'Uk Tk)) 1+ZkeTi exP(ﬁik”k—Tl)
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Thus, the market share for secondary product [ € T; increases in 3;;.
For any other secondary product k € T;, k # [, the derivative of g, w.r.t. 3; is
op! 1 T Bp;f T t
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The last equality holds because dp! /08, = (921 /ot] — 1) (0t]/0B;) and atj/aﬁ” = v exp(Byv — r;r)/(l +
> ker, eXP(Bivy, — 7'};)) > 0. Thus, market shares for other secondary items in 7; decrease in f3;;. O

Proof of Theorem 3. Let (p*,r*) be the optimal prices for problem (9). For any i € ST and [ € T, we have
w; — 0 < vy <w; + 6. Then, for each i € ST we have

Hi(T,r*) _ Z (rl _SZ)'eXp(’Uil_rl) <Z (rl _Sl)'exp(wl+(§—TZ)

L+ Ler exp(vie = 7) er Lt > rer €xXp(wy — 8 — 1)

(rr —s;) -exp(w, — ) (r? — s,) - exp(w; — ¢
exp(26) - <exp(20) - = exp(26) - II(T, 1°).
P ; 142 erexplwy — %) ~ P ; L4 erexp(we —17) p(20) 1N )

leT
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The last inequality holds because r° is the optimal solution to the problem (11). Then,

< (20 3 e EE o - re)
= el Z 1+ §ffii;;<ii)— ) (v = e+ THT ) ) = exp(26) - TH(S, T, 7).

The last inequality holds because p° is the optimal solution to the problem (12). Therefore, II(S, T, p°,r°) >
exp(—20) -1I(S, T, p*,r*). O

Proof of Corollary 1. (a) If consumers who did not buy any main product do not consider secondary

products, i.e., Ty =@, problem (10) can be updated as follows:

mg,xH(S, T,p7I‘) — Z exp(ui _pz) ) . ((pl _ ci) +t*), (EC2)

ics 1+ZJES eXp(u] —p]

where t* =Y, _,.(r; — s;) - exp(w; — 7)) /(1 + 3, cpexp(wy — r;)) represents the optimal total profit of the
identical set of secondary products, and it is the same across different main products because v;; = w; for
anyi€SandleT.

Let II(S, T, p,r) = 2, the problem (EC.2) is equivalent to the problem z =3}, _cexp(u; — (1 +z+4¢; —t*))
because p; =1+ z+ ¢; — t* for any main product i € S by Theorem 1, and the unique solution is denoted by
z*. Immediately, p; =14 2z* 4+ ¢; — t*. We first consider the derivative of the optimal total expect profit z*
w.r.t. the optimal profit from all secondary products t*: 9z* /0t* = 0{ >, sexp(u; — (1 + 2"+ ¢, —t*)) } Jot* =
(1—0z"/ot*) D ies xp(u; — (142" +¢; —t*)). After rearranging terms, we obtain 02" /0t* =3 . exp(u; —
(I+z2"+c;—t7)/(1+ djesexp(u; — (L+2" +¢; — t*))) < 1. Then the optimal price p; decreases in ¢*
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because dp; /Ot* = O(1+ z* +¢; — t*) /Ot* = 0z* /Ot* — 1 < 0, and it achieves its maximum when ¢* = 0, which
indicates the main product prices with secondary products are lower.

(b) If consumers who did not buy any main product also consider secondary products, i.e., Ty =T, problem
(10) can be rewritten as follows under the assumption of v; = w, for any ¢ € ST and [ € T

(pi —¢:) -exp(u; — p;) (1, —s;) - exp(w; — 1)
maxII(S,T,p,r) := + . EC.3
p.r ( p.T) Z 1+2j65exp(uj—pj) ; 14 erexp(wy —7%) ( )

ics
Obviously, the above optimization problem (EC.3) can be decoupled into two pricing problems under the
standard MNL model, and therefore the multi-main-product pricing problem can be solved independently

of the secondary products. (]

Proof of Proposition 5. We will construct an example to show that in the assortment planning problem,
ignoring the complementarity effects may result in a solution (i.e., offer sets for the main and secondary
products), whose profit is arbitrarily close to zero while the optimal profit is strictly positive.

Consider a simple example with one main product and two secondary products: exp(u; —p;) =1 for the
main product 1; exp(vy; —71) = exp(vy —r3) = 1 for these two secondary products. Set 1, — s, = (11 —$1)/3 > 0.
Assume the firm ignores the complementarity effects, so it considers exp(v; — r1) and exp(vy — r3) for the
secondary products 1 and 2 in consumers’ choice process. It is straightforward to verify that the firm will
offer the main product 1 and provide the secondary product 1, i.e., its offer sets are S°:= {1} and T° := {1}.
The firm’s perceived profit is 11°(S°,T°) = (p1 —¢1)/2+ (11 — 1) /4.

However, there exist complementarity effects between the main product 1 and the secondary products, and
the effects are measured by the coefficients 811 and f315. Therefore, consumers in fact consider exp(f11v; —r1)
and exp(B12v2 — r2) for the secondary products 1 and 2 in their choice processes. We consider an extreme
case 11 — —oo while 815 = 1. Obviously, it is optimal to offer the main product 1 and provide the secondary
product 2 as 817 — —o0, and the optimal offer sets are S* := {1} and T* := {2}. The total expected profit of
the offer sets (S*,T*) is II(S*,T*) = (p1 — ¢1)/2 + (r2 — s2)/4, while the actual total expected profit of the
offer sets (5°,7°) is I1(S°,T°) = (p1 — ¢1)/2, which is different from the firm’s perceived profit I1°(S5°,T°)
discussed above. We compare the profits as follows:

T LD N (P = c1)/2 —0.
(pr—c)=0 II(S*,T*)  (p1—c1)—=0 (p1 —1)/24 (12— 82)/4

The limit holds because (ry — s2) > 0. Till now, we have constructed an example that shows ignoring the

complementarity effects may yield an arbitrarily bad solution. (|

Proof of Theorem 4. Denote the optimal secondary sets by T* := (Ti*)iewﬁ'

r, denote z :=maxgc mII(S, T*, p,r). Rearranging terms and using some algebra yields

For given price vectors p and

Z = maxscm Z(pi—ci—i—t: —z)exp(u; — p;) +t5, (EC.4)
ieS

where t7 (i.e., t;(T})), i € M™T represents the optimal profit collected from the secondary set T;*. Note that
the RHS of the above equation is a series of strictly decreasing functions w.r.t. z while the LHS is strictly
increasing in z, thus, there exists a unique solution, denoted by z*. Recall the main products are labeled in
the order of p1 —c1 +t5 >pa—ca+1t5 > - > py — e + th, so main product i € M will be offered if and
only if p; — ¢; + 17 > z*. If we denote p;« — ¢;« +17. > 2 > p;j« 41 — ¢« 41 + 151, then the main product offer
set {1,2,---,4*}, which is an aggregate-markup-ordered assortment, is the optimal solution to the assortment
problem (13). O



Proof of Corollary 2. After obtaining the optimal markup-ordered assortment T for each main product
1 € ST, we relabel main products such that they are in the decreasing order of aggregate markup (which is
p; — ¢+ t; for i € S). Immediately, an aggregate-markup-ordered assortment of main products is optimal for

the assortment optimization problem (14) by Theorem 4. 0

Proof of Proposition 6. (a) The assortment optimization problem for secondary products can be com-
pletely separated according to each main product ¢ € S*. In particular, let Zlen (ri — 81)qui(T;,r) = t; for
main product ¢ at the pre-determined price vector r. Rearranging terms and using some algebra, the assort-
ment problem maxr,cy; Y, e, (r1 — s1)qi(T;, 1) is equivalent to the problem below:

ti=max > hi(ti,Ba), (EC.5)

T;CN;
€T,

where h(t;, 8:) = (r, — s; — t;) exp(Byv;, — r;) and it strictly decreases in t;. Denote the optimal profit of the

*
[l

above problem by ¢!, and the optimal secondary set for main product ¢ is T}, which is a markup-ordered
assortment.

Now, we replace the complementarity coefficient §; by B, for any ! € T, and S, > f;. Then
we have h(t;,Bq) > h(t;,B;,) for any t; > 0. Immediately, the unique profit solution to t; =
maxr, {d,cr. oy et Bin) + hu(ti, 8),)} is denoted by ¢7, and ¢7 <t;. The corresponding optimal secondary
set is denoted by T7. Since any secondary product k will be included in the optimal secondary set T if and
only if r, — s, > t7, we immediately have T CT7.

Therefore, if 3;, increases, the optimal profit ¢ increases and the seller offers fewer (we use “fewer” in a
weak sense in Section 4, i.e., fewer or equal) secondary products in the secondary set 7. By the function for
any j € S*,j #i (including the no-purchase option in the first stage if necessary), t; = maxy, 3, er; (ry—s;—
t;)exp(Bj v, — 1), we find that the change in 8;; does not affect the best value of ¢; and the assortment of the
secondary set T};. Therefore, the secondary sets for other main products remain unchanged as /3;, increases.

(b) Following the proof of Theorem 4, let g;(t7,2) = (p; —¢; +t; — z)exp(u; — p;) for any i € S, and it
strictly increases in t7. Recalling that ¢7 <t} and ¢} is unchanged for any j € S *,j #1i by part (a), we have
9i(t7,2) < gi(t;,z) and g;(t;,2) remains unchanged in ¢; for any z > 0. Thus, the unique profit solution to
z=maxscam{d es/0y 95 () 2) + 97, 2) } +15 is 2°, and 2° < 2*. The corresponding optimal offer set of main
products is S°.

For main product ¢, it will be included in the offer set S* if and only if p; —¢; > 2* —¢;. As t! increases
due to larger 3y, the value of z* —t; decreases because 0(z* —t;)/0t; = (=1 =>_.., . sexp(u; —p;))/(1+
Zjes exp(u; —p;)) < 0. Therefore, product ¢ is still included in the offer set as t; increases.

Any other main product j will be included if and only if p; —c; > 2* —t;. Because 2" is larger but ¢;
remains unchanged as (; increases, we derive S* C S°. Thus, if §; is larger, the firm offers fewer main
products at optimality, but main product ¢ remains in the offer set, becoming more profitable to the firm

and preferred by consumers. |

Proof of Proposition 7. The assortment problem with cardinality constraints for main and secondary prod-
ucts can be solved by linear programming. To have a concise paper and limit its length, the details of the

technical proof are provided in a separate supplemental file, which is also available upon request. O
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Proof of Proposition 8. To establish the NP-completeness for the Feasibility question regarding the assort-
ment problem (15), we show that any Partition problem, which is a well-known NP-complete problem (see,
e.g., Garey and Johnson 1979), can be transformed to an equivalent instance of Feasibility question for
problem (15). We will show the NP-completeness via a reduction from an instance of the Partition problem:
PARTITION PROBLEM: given a sequence of positive rational numbers {a1,as,...,a,} with }°" ; a; =2/3, can
we find a subset T'C {1,2,...,n} such that >, ,a,=1/3=1-3" a7

For any sequence of positive integers, the condition )" | a; =2/3 can be satisfied by scaling. The Assort-
ment Feasibility question is defined as follows:

ASSORTMENT FEASIBILITY: given a profit threshold K, are there an offer set S and an identical secondary
set T that generate a total profit of K or more in problem (15)?

We will construct a feasibility problem below. Suppose that there are two main products in consideration,
ie., M = {1,2}; there are n + 1 products for possible secondary sets, i.e., N'={1,2,...,n,n+ 1}. The
parameters are: for main products p; — ¢; =300 and a; =1 (a; = exp(u; — p;)) for i =1,2. For secondary
products r; — s, =1 and a1; = as; = a; (a;; = exp(vy — 1)) for 1 =1,2,...,n; i1 — Spr1 = 11/8 and
a1,n+1 = 16/3, as .11 = 2. For the outside option, we have ag =1 in consumers’ choice for main products and
a; o =1 for i =1,2 in consumers’ choice for secondary products. Suppose that no secondary products are
provided for the outside option in the first stage, i.e., Ty = (). The threshold for the Assortment Feasibility
question is K = 200+ 83/120.

We first claim that both main products should be offered; otherwise, the total profit cannot be equal to
or greater than K. Second, we claim the secondary product n + 1 should be included in the secondary set;

otherwise, the total profit cannot be equal to or greater than the threshold, i.e.,

2
—51) Qi
Di—¢Ci+ =200+4/15< K.
Za0+a1+a2 < Z 10/+Zl 1 zl) /

=1
Therefore, product n + 1 should be included in the secondary set. Denote the identical secondary set for
both main products by T'U{n + 1}. Then, the total profit including the main and secondary products can

be expressed as follows:

IM, TU{n+1})= (p1 e (Trg1 = Sn41)@1 g1+ D ep (i — sl)au)

Q1,00 + 01 pny1 + ZleT a1,
(rn+1 — Sp41)A2 i1 F Do (T — Sl)a271> — 200+ 1 . [22/3+x 11/4+
Q2,00 + A2 ni1+ D ep A2, 19/3+ 3+z |’

3

1
+~<p202+ 3

where x =3, _, a;, for i =1,2. Denote the terms inside the square bracket by F'(z) and consider its derivative

as follows:

OF(z) 0 [22/3+x 11/4+:c} _ (37/643x/2)(1/6 —x/2)
dr = 0z |19/3+= 3+ (19/3+x)2- (3+x)?

Then F(x) is increasing in « for  <1/3 and is decreasing thereafter, so maxo<,<2/3 F'(z) = F(1/3). Imme-

diately, we have II(M,TU{n+1}) <200+ 3 - F(1/3) =200+ 83/120. The equality holds if and only if there

exists a subset 7' such that Y, _,.a;=1/3=1->"" | a;, which is exactly a solution to the Partition Problem.

Thus, we have shown that the Feasibility question to the assortment problem (15) under the two-stage MNL

model is NP-complete. O



Proof of Proposition 9. Denote the optimal offer sets of main and secondary products by S* and T*. Then,

we have

(S*,T%) = Z exp(u; — p;) ) ( )+ Z JrZZET*e;(;)p(( L r;l)))

ieg*t 1+ ZJ'GS* exp(u; —p;) leT*

Note that pg — ¢g = 0 corresponds to the no-purchase option in the first stage. Consider the assortment
problem of secondary products for the no-purchase option in the first stage:
;?cfﬁz )+ ao(To,x). (EC.6)
This is an assortment optimization problem under the standard MNL model, so by the seminal result in
Talluri and van Ryzin (2004a) a margin-ordered assortment is optimal, denoted by 7.
We first show II(S*,T*) < (14 k) - II(S*,T,+) as follows.

exp(u; —p;) ) -exp(vy — 1)
(s, 1) = ( )+

i§+ 1+ Zjes* eXp(ud _pj) l;:* 1+ ZZGT* eXp( Vi — rl)

exp(u; — p;) < —¢;) - exp(v; — Tl))
< : )+
,EZS* 1+ ZjES* exp(u; —p;) l; 1+ EZET* exp(vy — 1)
+ 1 <Z (Tl—sz)'eXP(Uoz—Tz) >
1+ZJ€S* exp( pJ) 1+EIET* eXp(’Uoz—?”l)

leT*

exp(u; — p;) —c) ) - exp(vy — 1)
Z = Dj) < )+ Z 1+ EZGT* exp(vy — 7"1))

S5 T s oxp(y,

+ 1 ( Z (11— 51) - exp(vo, —11) )
1+ ZjeS* exp(u; —p;) 1+ ZzeTm exp(vo; — 71)

IA

IET, 4
< (1_’_&). Z eXp(ui_pi) . ((p:—c,-)—l- Z (Tl—Sz)-exp(Uu—Tl) ) :(1+m)~H(S* TT)-
a e+ 14> esexp(u; —p;) S I€T 4 1+ZzeTnT exp(viy —11) o

The first inequality holds because (1, — s;) < k(p; — ¢;) for any [ € N and i € M; the second inequality holds
because T,,+ is the optimal solution to the assortment problem (EC.6) for the no-purchase option in the first
stage; the third inequality holds strictly if ZzeTM (r; —s;) - exp(vo; — ’I”l)/(l + ZZETM exp(vo; — rl)) >0.

By the proposed heuristic, for n =nf, i.e., the secondary set is T+, we derive the best offer set for main
products, denoted by S,,+. Obviously, we have II(S,,+,T,+) > I1(S*,T,,+). Therefore,

I(Smo, Tro) = T(S,nt, Tyt ) = T(S*, T1) > 1/(1+ k) - II(S™, T).
Thus, the proposed heuristic yields a 1 / (1+ k)—optimal solution. O

Proof of Theorem 5. We will first show that for any given main product offer set S, a markup-ordered
assortment is optimal for the secondary set. Assume by contrast that for a main product offer set S, a
secondary product t’ is included in the secondary set T' but another secondary product ¢ is not included,
where t < t'. Note that (r, —s,) - exp(vy —7¢) > (ry — 8¢ ) - exp(viy — 1) and exp(vy — 1) < exp(vViyr — ryr).
We will show that replacing the secondary product ¢’ with ¢ yields higher profit.

To show the improvement, we compare the total expected profits of (S, 7) and (S,T/{t'}U{t}) as follows.
For any main product ¢ € ST, we have
Soier(ri—s1) - exp(va — 1) Dier oy (re— 81) - exp(va — ) + (rv — su) - exp(viy —74/)

1+ cpexplva—m) L+ ery oy €xXP(Va — 1) + exp(vi — 1vr)

Hi(T) =



Zng/{t/}(rl - Sz) 'eXp(Uiz - 7"1) + (Tt - St) 'eXp(Uit - Tt)
I+ ZleT/{t'} exp(viy —71) +exp(viy —74)

_ Z (7'1 - 31) ’eXP(Uz'l - 7"1)

leT/{t' }Uft} 1+ ZleT/{t’}U{t} exp(vi — 1)

The inequality holds because (1, — s;)-exp(vis — 1) = (ryr — S/ ) -€xp (Vi — 14 ) and exp(vy; —74) < exp(vier — Ty ).
Therefore, for any offer set .S of main products, the following comparison holds:

)= [ ) (e et

€S+ leT

S[Z exp(u; — p,) )-((pi—ci)+ S (rl—sl)~exp(vil—n)rl>>:|

ies+ 1+ Zjes exp(u; —p; leT/{t' }u{t} 1+ ZIET/{t’}U{t} exp(vi

(S, T/{t'} U{t}).

In other words, for any given main product offer set S, a markup-ordered set of secondary products is
optimal. Thus, we only need to consider the offer sets of secondary products: 17,75, -+ ,Tx.
For any markup-ordered secondary set T,,, we consider the main product offering problem:
exp(u; — i)
max Z ) : ((pi_ci)+Hi(Tn))7
J

SCM 1+ csexp(u; —p;

ieSt

where for notational convenience IL;(7T,,) =3 .. (1 —s1) - exp(vy — r)/(1+ > ier, €xp(va — r1)). The value
[(1% —¢)+ 11, (Tn)] can be viewed as the aggregate markup for the main product i, so one of the aggregate

markup-ordered assortments is optimal. In particular, we only need to consider the assortments S, :=

{o(1,n),...,0(m,n)}, where the main products are relabelled in the aggregate markup decreasing order such
that DPo(1,n) = Co(1,n) + to‘(l n) (T ) ©Z Po(in) — Co(i,n) + td(z n) (T ) s> Po(M,n) — Co(M,n) + tU(]M,n) (Tn)
Thus, we conclude that the proposed heuristic returns an optimal solution. O

Proof of Proposition 10. By qx:(9,8;) = exp (Bﬂ(ﬂT ‘Y — Tkz)/ Z]ETI; exp (ﬁij(ﬂT Y,) — rkj)7 the log-
likelihood function £L£5(1,3) can be expressed as follows:

LLy(,B) = Z Y > mea-log (qui(9.8,))

k=1iestiery,
K

- Z Z [( Z Mkeit (ﬁu(fﬁT Y1) — Tkl)) — ny, log ( Z exp (&j(,ﬂT y;) — Tkj)>:| )
k=liest = 1ery jerst

(a) First, we will show LL5(19,3) is jointly concave in the vector ¥ for any given 3. Its first-order partial

derivative w.r.t. 97 can be derived as follows:
OLL(
8219T Z Z {Z Mkt — Miei * QZW) 'ﬂilyl:|a
k=1liest “iert

where ¢y = exp (Bu (9" - y:) — rkl)/ZjET;_ exp (Bi;(97 -y;) —rx;) for notational brevity. By considering the

second-order partial derivative of LLo(9,3) w.r.t. ¥, we derive the Hessian matrix as follows:

% Z Z Mg - { 3(]z|m - Bu l:| = Z Z N [ Z Q) ki ( ﬁzl}’l Z qi|ki @z)’l ) 'ﬁil}ﬁ]

k=1iest zeT,ji k=1iesk LT, LT
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K
Z Z —MNpy |: Z ql\ki(ﬁilyl zlYl Z Qz\kz zlyl Z quz Zlyl }

k=1iest leTy, leTy, leT
K
— § : } : § : v T v
= - N { qui(ﬁil}’z - yki) : (ﬁil}ﬁ - ykl)} ,
k=1iesk leTy,

where y,; = ZZGT;;, Quki - Buyi-

Because the moment matrix (8uy; — ¥5:)" - (Bay: — ¥i:) 18 positive semidefinite, the Hessian matrix is
negative semidefinite. Therefore, the log-likelihood function L£L£5 (¥, 3) is jointly concave in the vector 9 for
any given 3. We would like to point out that 92LLy(3,03) / 09709 is negative definite under some very
mild conditions, for example K > |3,|, where |3,| represents the dimensions of 3,. The readers of interest
are referred to page 116 of McFadden (1974) for detailed discussion on the uniqueness of the maximizer of
LL:(Y,6).

(b) For any given ¥, the log-likelihood function L£Ly(¥,3) can be decoupled according to each main
product i € M to LLy(9,8) =3, i+ LL2:(0,8,), where LLy;(9,3;) is defined as follows: for any main
product i € M™T,

K

LLi(Y,B,) = Z Z Nk - 10g (ql\ki(ﬂvﬁi))a
h=1ert
where 3, := (Bi)ien+- Recall that we assume By, =1 for any [ € N For the concavity of LL;(¥,3) w.r.t.
B given any 9, it is sufficient to show the concavity of LLo;(9,3,;) w.r.t. 3,.
Let z, represent a vector: each element is zero except the I-th element is 9" -y,. Then, the choice probability
quk: can be rewritten by gy x; = exp (ﬂZT -z — m)/ ZjGT;:Z exp (,BZT ‘Z;— rkj). Then, the first-order and second-
order partial derivatives of LLy;(9,3,) w.r.t. 8, can be derived as follows:

OLLDB) ST (o) ),

k=1 +
LTy,

D2LL (9,5, = O Y
M :—;nm{z Ok l]:—;nki'[zq“@'i'<z’f_ ZsziZlT>-zz]

+ + +
leT, leT;, leT;

K
—an" { Z di|ki Zkz)T' (Zl_zki):|a

k=1 ety
where z,; = ZleT,ji Quki - 21

Axiom 5 in McFadden (1974) shows 82LL;(9, B;) /0B; 0B, is negative definite if the S 1Sk X (N +1)
matrix whose rows are [z; — Z;,;] for any k and [ is of rank (N + 1). Note that z; is an (N + 1)-dimensional
vector with only one non-zero element. Moreover, we fix 8;o» =1 for the no-purchase option in the second
stage associated with each main product i. As discussed above, the log-likelihood function L£Lo;(¥,3;) is
jointly concave in the vector 3. Immediately, LLs(9,8) =, .+ LL2:(9,B;) is also jointly concave in the
vector (matrix) B for any given 9.

(c) In the AO method the log-likelihood function LLQ(E(t),B(t)) is monotonically increasing in each itera-
tion I, i.e., LL(V (t),ﬂ ) > Eﬁg(ﬁ(til),ﬁ(t 1)) Moreover, LLy(¥, 3) is bounded above, e.g., LLs (9, 3) <0,
so the AO method converges to a stationary point of L£Ls(¢,3). The readers of interest are referred to
Csiszar and Tusnady (1984) and Bezdek and Hathaway (2002) for detailed discussions on the convergence
of the AO method. |



