E-companion for “Offline-Channel Planning in Smart
Omnichannel Retailing”

EC.1. Proofs of Statements

The proofs are ordered based on their first appearances in the main text.

EC.1.1. Proof of Proposition 1.
Proof: We prove by showing a reduction of the Uncapacitated Facility Location (UFL) problem
to problem (LA). Because UFL is known to be NP-hard, we have that problem (LA) is NP-hard.
To see the reduction, first note that given X and Z, the optimal expected revenue Q(X, Z) is
decomposable by each i € Z. Indeed, define

H(X)={Y € {0, 1} | ZpepanVr <X, |

Immediately, we have %;(0) = {0} and %;(1) ={Y € {0,1}*|>", ., axYi < ¢;}. For given X and Z,
the objective of Q(X, Z) can be rewritten as

X, 2) = e X ZZZWM;@\] Aojjt(Z)prjor + ZA i1(Z)pra(Y:)

jeT keK leL i€Z;
ZQo(Z)+Y gnlﬂaVXIX ZZZW%HHJ Z Aiji(Z)pra(Y:)
€%i(l),viel(X) jeT kekK leL {€T,NI(X)
:QO(Z)J“YEOJ{%%XEHX) DD > |l Dl wbudia(2) | pralY:)
e i€T(X) keK leL JETHET;
Z moax erklm pk|zl Y)
i€Z(X) Yied; keK leL
= D> Q)
i€T(X)U{0}

Next, note that each Q,;(Z) further reduces to
Bi—ad;;
eli i

Z Zij Ql/’[’j 1 + eﬁi—adij

JETHET,

when customers are assumed to be homogeneous. Note that Q,’s can be obtained by solving sep-
arate optimization problems. Consequently, we have Q(X,Z) = ZieI,j eI, Z;;D;;, where D;;

Q;p efi=dij /(1 + efi=edij), Plugging into problem (LA), we obtain a linear objective function con-
sisting of fixed costs of locating facilities and costs associated with virtual travel distances D;;.
Then, it can be verified that constraint (4) with properly chosen coefficients ensures customer
assignments based on proximity. Therefore, any instance of problem (LA) converts into an instance
of the UFL problem. Conversely, every UFL instance reduces to an instance of problem (LA) with

homogeneous customers with a reverse construction. [J

ecl
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EC.1.2. Proof of Proposition 2.
First by our assumption, a customer from region j will never visit a store in Z \ {i(j)}. Therefore,
nty=0if i e T\ {i(j)}, for all te T, j€ J, 1€ L and k € K. Next, given Q, we consider the

following cases for i € {0,i(j)}.

Case A (i=0and k€K). FixteT, j€J and [ € L. For product k € K, we have

Pojri :=P{the customer is of class [/|a region-j online customer purchases k}

_ P{a region-j and class-/ online customer purchases k} ﬁjé\” jXOUlPku(@,f;)

Y

P{a region-j online customer purchases k} N Sves ﬁj’g\l,‘j’xoljl,pkll,(@’g)
which yields o
03 Mojjt Pri (9, 0) :
e O dop P (0,8) "
Case B (i=i(j) and k€ K). FixteT, jeJ and [ € L, and use i to denote i(j) for notation
brevity. Note that

ﬁgjkl = E[n(t)jkl|wt] :pojklw(t)jk =

ﬁﬁjm = E[“ﬁjkz’wt] = E[at\wt]ﬁjéA?MX“ﬂPk“(IC, v),

and
w;jy, = Ela'|w']f; Z 0113 Nifjir Pryw (S),0).
el
By eliminating E[a’|w?], we have
N Ou Aijj P (K, 0)
ikl = ~—= P
2ver OriiAage P (575 0)
Case C (k = 0). Now we consider the no-purchase option k = 0. Note that E[a'|w'] =
> it Zjej D wer Doter Mo+ 2 iez ZJ_GJ > icc Mijor- Note that we have

t
ijk

T o1 = H005 M1 Lot (0, 9)Efa’ [w'], (EC.1)
i) gor = A0 iy Pon (K, 0)Ela’ |[w']. (EC.2)

Thus we have

Ela'lw]=>">">"3 A, +> > A0y, (/\oulPou(@, ) + Ay Lo (K 17)) Ela'|w],
icT JET keK leL JET leL
Zief Zjej Ekeic Zleﬁ ﬁgjkl
=2 icq 2er Bibu; (/\omPou (0, 0) + AigyaLon(K, 17))
Zief Zjej Ekelc Zleﬁ ﬁzjkl
doiet 2ojreq 2ver dwek MO Mo P

Plugging the above equation into (EC.1) and (EC.2) completes the proof. [

Ela'|w'] =
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EC.1.3. Proof of Proposition 3

Based on the definition of A;, we have

A} =E[a'|w'] E:E:E:E:mm
icT JE€ET ke leL
As (8) is decomposable, u*, 8* and A* can be obtained by solving the following problems:

pr=argmax< > (D N"NN AL Iy p=1

pn>0

JeTJ \1€T eI €L ke JjeT
/\t .
0’ = argmax E ( E E E nijkl) Inf; : E b =1,,5€J
;20 leL “NteT LeR ieT leL

Np=argmax ¢ 37 30 Poalulndy: Y Ap=LAu=0ieI\{i()} . je T leL,

MitZ0 | €T iefi(h).0) hek i€{0,i(3)}
T
V) on = argmaxz (Z Z”om) In vy on — Z <Zzﬁt0ﬂ€l> In <1 + Z Uk'z,on> ,lel
ULonZ0 ke \1=1 jes kel \t=1 jeJ K ek

0} o = argmax Y (zzznw) T o (ZZZ%> In <1 s ) et

> — 3 -
ViofiZ0 Lok \ieT ieZ jeg kel \teT i€T jeT K ek

which have closed-form solutions given by

/ﬁ _ ZteT Zzel Zleﬁ Zkelc Afﬂcl
’ E] reg DoteT DuicT Ezez: Dok ”U'kz
* ZfeT Zkelc Zzez ijkl
ll] ZZ’EL‘, EtGT Zkefc ZzGI igkl’ ’

N = { EEZTEZKK LAl R P 1y
0 i€ Z\{i(5)},
UZ[ = ZteT dej Oglcl7
’ ZtET Z]EJ nOJOl
Ul:l = EteT Ziez Zjej jjkl 7
’ doteT Dier Zjej i jou
Thus we finish the proof. [

jedJ

lel,jeJg

kek,leLl

kek,leL.

EC.1.4. Proof of Lemma 1.

Proof: Note that (i) for any fixed j and [, because there is up to one i € Z; such that Z;; =1 (due
to constraints (4)), then we have \;);,(Z) = XZ-WZZ-]-, for all i € Z;, and (ii) e"sttomYik = st Yy, o +
ek TOkY, & by constraints (11) and (12). Therefore, the objective function of problem (LA) is

equal to

ZfiXi—ZZZTk,ujﬁzu Aojji(Z Pk\oz-i-Z/\m )xin(Y3)

€T JjeET keK leL i€Z;
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Dropping the constant term —7 . pi; + > 7> o it Ro in the above expression leads to
the equivalent objective function (10). O

EC.1.5. Proof of Proposition 4.
Proof: Omitted. [

EC.1.6. Proof of Proposition 5.
Proof: Note that

_ > N Zk K Z ¢ TkVkt Yike
R (Y;) =T 9” ’)\i\ 1 9” ‘Ai\ il S < : —.
; ’ ! ; ! ’ 1 + Zke;(j Zcec Ukl,ch,c

Along the same line of derivation of the reformulation (LA-MISOCP) as in Section 5.1, we have
(19) and (20). This completes the proof. [

EC.1.7. Proof of Proposition 6

Proof: Fix a permutation 7, it is evident that for any n € {1,2,...,2K}, we have 6., >0, .
Then, by noting that /- defines a polymatroid function, we obtain that p., < p,, for all n €
{1,2,...,2K}. Consequently, any (y, z) satisfying inequality (26) must also satisfy inequality (27).
Then, the result follows from the validity of inequality (26) (proved in Atamtiirk and Gémez
(2020)). O

EC.1.8. Proof of Proposition 7.
Proof: Subsuming the notation 51, .. ,32 x and ¢ as defined in the proposition’s statement, we
can re-express ., as the following LP:
2K

Or, =bp+ max bsyS
¥>0 -
S=
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St Yop—1+ Yy =1 VEe K\ {n°}

Z agYar < C.

kek\{n°}

This is because notation 51, ... ,32 K is defined in a way that allows the use of the same lower and

upper limits of summation for all n. By the strong duality, we have

O, = bot+ min cv + E i

ueREK v>0 kek(no)
st up >bopy Yk K\ {n°} (EC.3)
U+ ayv > by, Yk €K\ {n°}. (EC.4)

Note that constraints (EC.3) and (EC.4) imply that u, = max{/l;gk,l,/l;gk —apv} forall k€ L\ {n°}.

Then, it can be verified that wu; :g%_l for all ke K. Consequently, we have

G, =bo + Z bok—1 +r$12i]0af(v), (EC.5)
kek—
where f(v)=cv+3, o+ max{boj_1, bax — axv}.
We now study the monotonicity of f(v). Notice that f(v) is a univariate piece-wise linear function,
of which the derivative f'(v) satisfies
K|
f)=2=> az,, Ve (v, 1,m), t=1,2,... K], (EC.6)
t'=t
where vy =0 and v, = (32% —?)\Qﬁt_l)/aﬁt for t=1,2,...,|K*|. By the definition of ¢* and (EC.6),
we obtain that f(v) takes its minimum at v,«, that is, min,>o f(v) = f(v;«). Then, equation (EC.5)

yields (29), and this completes the proof. [

EC.2. Algorithms

Here, we present two additional algorithms to improve the performance of the proposed parame-
ter estimation approach. In particular, Algorithm 1 performs model selection by determining the
optimal number of latent classes, whereas Algorithm 2 provides an initialization approach that can

increase the computational efficiency of the EM algorithm.

EC.3. Related Concepts

Conic programming problems are optimization problems with linear objective functions and conic

constraints. A second-order conic constraint on decision variables & € R™ is of the form

|Az —b| < e —d,
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Algorithm 1 Procedure for model selection

Input 7, K, Data N, convergence level e.

Ouput Latent class index set £, parameter set 2.

Set £=10, AIC® = 0.

while AIC! < AIC*!" do
Set £L=LU{|L]|+1}
EM Procedure: Apply Algorithm 1 and obtain € and In.%Z; ().
Compute AIC: AICIEl=—21n.4(Q)+2/Q).

end while

Algorithm 2 Procedure for an initial solution
Input: 7, £,K, Data NV, constant ~y

Output: Q° = (A% X% u° 6° v°)
for icZU{0} do
for 1 <¢t<T do

Randomly select nif;, from [0,wy;,] with Y7, 7}, = wij;.
Initialize nj;,, =0 for j€ J, 1€ L.
Randomly select NonPurchase> 0
for 1 <r <NonPurchase do
Randomly select n from 1...|L]
Randomly select m from 1...,|J]|
Draw u ~unif(0,1)
if u <~ then
Set Nl ont =1
end if
end for
Ensure Zjej njo0 > 0 for each [ € L.
end for
end for

Set Q° = (A% A% u 6° v°) by Proposition 3.

where ||-|| is the Euclidean norm, A € R™*" beR™, ¢ € R™ and d € R are parameters. Conic pro-
gramming problems have been shown to be polynomial time solvable (see for example, primal-dual
interior point methods). Furthermore, recent advances in solution methods and software packages

have greatly enhanced the solvability of mixed-integer conic problems.
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Our reformulation approach is closely related to a special case of second-order conic inequalities,

which is the following rotated cone/hyperbolic inequality:
T2 > T3, (EC.7)

where x1, 5,23 > 0. It can be shown that the rotated-cone constraint (EC.7) is equivalent to the

following second-order conic inequality:
(21 — 22,223)|| < 21 + 22.

To facilitate the discussion on strengthening cuts, we review the definition of polymatroid functions.
Let V and A denote the componentwise maximum and minimum of two vectors, respectively, that
is, for z,y e R" & Vy=inf{z e R"|z; > z;,z; > y;,Vi={1,2,...,n}}, and € Ay =sup{z € R"|z; <
T, 2 <y, Vi={1,2,...,n}}. A real-valued function f defined on {0,1}" is a polymatroid function
if it is normalized (f(0) =0), non-decreasing (f(y;) < f(y) for y; <y and y;,y» € {0,1}"), and

submodular, that is

Fu V) + [y Ay2) < f(yr) + f(y2), Yyi, 92 €{0,1}" .
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