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Appendices

Online Appendix for:

“Cost learning and strategic inventory: who should carry

inventory in a vertical supply chain?”

Ganesh Balasubramanian Benny Mantin ~ Sachin Jayaswal

EC.1. Proof of results in Section 4
Proof of Theorem 1. The equilibrium results are obtained using backward induction.
The retailer’s second period profit function is given by Il = pa(Q2 + I.) — wa@Qa where

po =1 — Qs — I,. Since Iy, is concave in @, from first order conditions, we obtain

Q2(wq) = 1721%“’2 The manufacturer’s second period profit function is given by Il,,, =

wyQe — 2(Qy — I,,). Substituting @, = 1_21%7”2 in II,,,, we obtain Il,,, = wz(l_ﬂ%w) —

1—21,.— . . . o .
cg(+“’2 — I,,), which is concave in wy. From the first order condition, we obtain

1—2co412I,+c344co I —1212
16

Wy = # Substituting Q2 and wy, My, (c) = . As ¢, is the realized
value of the random variable Cy = ¢; — A(Qy + I,,,), we take the expectation over Cy to yield
Ellls,] = s5ll+c+dal, =122 +2u(Im + Q1) — 41 (uQ1 + plm — 3) — 2¢1 (1 + (I + Q1)) + (12 + 02) (I + Q1)?].
The retailer’s total expected profit is given by E[II,] = p1g1 — wi(q1 + I,.) — h. 1. + E[IL,,].
Substituting E[II,,] in E[II,] , we obtain E[IL] = {5[1 + ¢} + 4e1 L, — 1212 + 2u(1,, + Q1) —
AL Q1+ ply —3) =21 (L + p(Ln + Q1)) + (02 +0%) (L + Q1)*] —wi(@n + ) + (L= q1) — by .
E[II,] is concave in ¢; and I, since the determinant of the Hessian matrix is 3 and the

second derivatives of E[II,] with respect to ¢; and I, are strictly negative making the Hessian

negative definite. The retailer maximizes E[IL,] subject to I,. > 0. Thus, we have the Lagrangian

L.(q:,1,) =1L+ \.(I,). Solving this Lagrangian, we obtain I, >0 when w; < 3+Cl_4h’2“(Q1+I’")

and I, =0 when w; > 3“174”;“(@1“’"). We elaborate these two cases below.

Case 1: I, >0 when w; < 3“174}'“;“(@1“’"). Note that the retailer orders () = g; + I, units

1—wq
2

in the first period. The optimal values from the first order conditions are obtained as ¢; =

_ 642c; —8hr—p—2Inp—8wi —pwy : :
and I, = B TCEn) . Substituting ¢; and I, we have
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1
o (c2) = WHC? +4ei(ca(pp+6) —8h, — 2L pu+ pwy — 2 — 8wi) + c2(p +6)?

+2¢2(p +6)(=8h, + 2L, (1 + 12) + pwr — 2p — 8wy ) + (8hy + p(2L, — w1 + 2) + 8w1)?]

Note that ¢, is the realized value of the random variable Cy = ¢; — A(qy + I + I,,,). The
manufacturer’s total expected profit is given by E[IL,,,] =wi(q1 + 1) —e1(g1 + I + L) — oI +

E[IIy,,(Cy)]. The expected profit of the manufacturer in the second period is obtained as:

E[lls,, (C2)] = [c2(0? +64) + 2¢1 (4h, (81t — 0% — 16) + I, (—40p + 602 + 144) + 64pw, — 64pu — Tow,)

1
8(u+6)?
+2¢1 (602 — 64w, ) + 16R2(u* — dp+ 02 +4) — 8h, (4p® (I, — 2wy +2) — 8u(51, — 3wy +2)
+02(61,, — Twy +6) — 16wy ) + 1612 > — 28812, ju+ 3612,0% — 721, > w + 801, pu* + 4641, prw,

— 2881, 1 — 841, 02w, + 721,,0% + 64#211)? — 128u2w1 + 64#2 — 128,uwf + 128w, + 490211)?
— 8402w, + 3602 + 64w?]

Substituting E[Il,,,(C>)] in E[IL,,] yields

E[IL,] = (3 (—8u+0? +16) + 2¢1 (4h, (12 — 02 + 8) — 81u(81,, — 12wy + 11) + 61,0 — To?w, + 60> + 128w,

1
8(p+6)?
+16h2 (> —4p+0° +4) — 8h, (4p® (I — 2w1 +2) — 4p(101,, — Tw1 +4) + 02 (61, — Twi + 6) + 8w1) — 8h I p®
+ 1612, 1% — 96h, It — 288h, Iy, — 28812, 1+ 3612 0% — 801, p1?w1 + 801, 2 + 4161, prwy — 2881, it — 841,,0%wy

+ 721,02+ 64/.1211)? - 128#2101 + 64,u2 - 184uwf + 176pw, + 4902wf — 8402wy 4 3602 — 27271)? + 288(wy — (:1)]

E[IL,,] is concave in w; and I,,, since the determinant of the Hessian matrix is obtained

as (6+u)2 (72H*4H2*902)(272+184H*64ﬂ2*49!72)*(104H*20H2*2102)2

IGEE , which is strictly positive in our model

and the second derivatives of E[I1,,] with respect to w; and I, are strictly negative, making
the Hessian negative definite. Since the manufacturer maximizes E[IL,,] subject to I,,, > 0, we
solve the Lagrangian L,(wy, I,,) = E[II,,] + A1, that yields two solutions based on whether
the constraint I,, > 0 is binding or not.

Subcase 1.1: The constraint is binding, that is, I,, =0 when:

1—cq)(32u—1302
(a) hy < hyy = UG89 ) and b, > 0.

hr(256—64p% —3602)—(1—c1 ) (64pu—2602
(b) by > hyy and hy, > hy (hy) = @0t 300 ) oG a) Ghu260)

For sub-cases 1.1 (a) and (b), since the constraint I, = 0, we get w; =

144+8811— 6412 — 4202 41 (128+9611—T02) —4h, (8+281— 81> —T02)
27241844 —64p2 —4902

. For the sub-case 1.1. (a), the optimal values
of w; and I,, satisfies the condition w; < % for I, > 0. For the sub-case 1.1. (b),

—~ 2 —~
wy < 3+61_4h";“(Q1“m) is satisfied when h, < h, = %. Note that 0 < h,; < h,..

Hence, in sub-case 1.1 (a) where 0 < h, < h,1, we obtain I,, =0 and I, > 0. In sub-case 1.1
(b) where h,. > h,; and h,, > h,,1(h,), we obtain I, =0 and I, > 0 when h,; < h, < ET and

B > B (B
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Sub-case 1.2: I, > 0 when h, > h, and h, < hp(h). Solving the

first order conditions with respect to I,, and w  simultaneously, we

4hy (64p—902 —162) — (1—c1 ) (64p—2602) — hyn (2724184 —64u% —4952)

get Im 4(136pu—36u2—1702)

and w, =

144—1802 =722 +¢1 (128—1602) —4hy (8pu—4p% —02) —hy (104 —20p% —2102)
2(136p—3642 1702

. The above optimal values of w;

and I,, satisfies the condition w; < 3+Cl_4hr;“(Q1+Im) for I, > 0 when h, and h,, satisfies

() o < hy < By = G and By < By (he) (i) hes < By < By and By (Be) > fy, >

32u—8u2—402

2 2 ., _ 552 .
Pz (hy) = hT(160“’40‘;2;3(;‘;22:(114;;1)(40” 577)  Hence, in sub-case 1.2, I, > 0 and I,, > 0, that

is, both members carry inventory when either of the conditions mentioned in (i) and (ii) are

satisfied.

3+c1 —4hr—p(Q1+Im
4

Case 2: I, =0 when w; > ), Solving the first order conditions with respect

2
to q;, we obtain ¢, = 1_2“”. Substituting ¢; and I, =0, we obtain Il,,,(cz) = (I_CQ)%M where

¢y is the realized value of the random variable Co = ¢; — A(¢1 + I + I,,,). The manufacturer’s
total expected profit is given by E[Il,,| = wiq1 — ¢1(q1 + I + In) — b (1) + E[II,,(Cs)]. The

expected profit of the manufacturer in the second period
1
E[l,,,(Cy)] = 3—2[403 —dey (20, (p—4) — pwy + p+2) + 412 0% + p? (wy — 21, — 1)?]
1
+ §[4Im02 —4(41,,, — (21, —wy +1) — 41,,0%w; + 0w} — 20°w, + o +4].

Substituting E[I1,,,(C2)] in E[IL,,], we get

_Ac] — 4 (21, (e — 4) — pwy + p A4 2) — 16¢1 (21, — wy + 1) — 32y, 1, 44172, 0°
B 32
N w(wy — 21, — 1)? —4(41,,, — Dp(21,, — wy + 1) — 41, 0%w,41,,0% + o%w?

32

E[TL,,]

0% —20%w; — 16(w; — 1w, +4

* 32

E[IL,,] is concave in w;, and I, since the determinant of the Hessian matrix is obtained as

n—2p*—o
(8u-20—0?)

7 , which is strictly positive in our model and the Hessian is negative definite. Since

the manufacturer maximizes E[II,,] such that I,, > 0, we solve the Lagrangian L. (wy,I,,) =
II, + A2, which yields two solutions based on whether the constraint I,,, > 0 is binding or

not.

~ 2
Sub-case 2.1: I, =0 when h,, > h,, = 1%7(;7;27)2 Solving the first order conditions, we obtain

_ 2 (H+4)*H2*2M*02 +8
- 16—p2—o2

3+c1—4hr—p(Q1+1Im)
4

. The optimal w; satisfies the condition w; > when
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~ 2 ~
hy, > h,, and h, > h,3 = %—;ﬂ‘;’). Note that h,3 < h,.. Therefore, I,, =0 and I, =0 when

h,, > h,, and h, > h,.

Sub-case 2.2: 1, >0 when h, > /i\zr and h,, < ﬁm. Solving the first order conditions, we obtain

lfcl)athm(167u27c72)

1+ 8}17()2 —h 4 *}L2*(72 74}12 (
wy = ( cl)( ) m( jad ) 3nd lm —
4(8;1,72;1.27(72)

2(8/172u2 702)

condition w; > 3“174“;”@1“’") when (i) h.o < h, < ﬁr and h,, < hpe (i)h,. > ?LT and h,, < Em.

.The optimal w; satisfies the

Thus, I,,, > 0 and I, = 0 when either of the conditions in (i) and (ii) are satisfied. All the sub-cases
and the corresponding equilibrium decisions are summarized in Table 2. From the equilibrium
decisions, the manufacturer’s inventory I,, and the retailer inventory I, in the four regions are

given by

(a) Region RS: I,, =0 and I, = - (27(21;168123_2;;’3?;902) >0 where ©, = 321 + 70? + 80; O3 =

80 + 124 — 8% — To? hold for all values of h, satisfying conditions for Region RS and for

all values of p, o, and ¢; satisfying (1).

. 4hy (64— o2 -16u2)—(1—c 1—2602 —hm®
(b) Region RMS: I, = w00t Uq)Cy200)hnls > 0 and I, =

= 2y —99,,2 1452
(ocn)(onbe) 200 Sethn (a2 —17) > (0 where O = 272 + 184y — 64p% — 490%; Oy =

84t — 212 — 02 hold for all values of h, satisfying conditions for Region RMS and for all

values of u, o, and ¢; satisfying (1).

(1—01)0'2—117”(16—#2—02)
4<8u—2u2—02)

(¢) Region MS: I, = >0 and I, = 0 hold for all values of h, and h,,

satisfying conditions for Region MS and for all values of u, o, and ¢; satisfying (1).
(d) Region NS: I,, =0 and I, =0 hold for all values of h, and h,, satisfying conditions for
Region NS and for all values of p, o, and ¢, satisfying (1). O
Proof of Lemma 1. The interim step of backward induction (to find the subgame perfect

Nash equilibrium), gives the reaction function of the retailer’s strategic inventory, I, =

6+201*8hr*/21(gifﬂ7r;#*8“’17”wl (Case 1 in the Proof of Theorem 1). Therefore, we obtain (a) gﬁ; ol
and (b) 2= = —(81m) O

owq 2(64p)

Proof of Lemma 2. From the interim step of backward induction while solving for the
equilibrium solution provided in Theorem 1, we obtain I,, =0 when h,, > Em (see Sub-case 2.1
in the Proof of Theorem 1). From Case 2 of the proof of Theorem 1, note that when h, > Br, we

obtain w; >

3“174}“;“(@1”’”), which is the Lagrangian condition for I, = 0. O
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Proof of Lemma 3. (a) From the interim step of backward induction while solving for the
equilibrium solution provided in Theorem 1, we obtain I,, > 0 when h,, < ﬁm and h, > iz\r (from
condition (ii) of Sub-case 2.2 in the Proof of Theorem 1) or when h,, < h,,; and h, < ET (from
conditions (i) and (ii) in Sub-case 1.2). (b) The sufficient conditions for I, > 0 similarly follow
from combining the conditions obtained in Sub-case 1.1 and 1.2 in the Proof of Theorem 1. [

Proof of Lemma 4. Lemma 2 provides the expressions of /f;,,. and ﬁm and Lemma 3 along with

Table 1 provide the expressions of h,,; and h,,, obtained in the Proof of Equilibrium decisions.

Ohm _ __—o® Ohy _ __—(80432u+70%) s
(a) 9 = 157z <0 and es = Sa0tasp 32,7 7857 <V for all values of 1 and o satisfying (1),

which is valid throughout our model.

(b) Ohmt 64—2602 >0, mz — 5(8u—o?)

Tl = 64, T84 —i9% 5o = Gogaido% 0 for all values of p and o satisfying

(1), which is valid throughout our model.

Ohpi _  A(64u—16u>—952) Ohpo _ 10(8u—2u%—02)
(c) Fmt = Tarisi ez _mgz > 0 and p2 = T —rr > 0 for all values of p and o

satisfying (1), which is valid throughout our model.

hr (256u—64u2—3602)—(1—c1)(64;¢—2602) hy (1601 —40p° —200%) - (1—¢1) (40p—502)

(d) hm = 272+ 18456472 — 4902 and  hpy = 92u—22p2— 1402
. . I 50’2(1701) I 02(1701)
Substituting h, = h,., we get A1 = Ao = oo g2 7T < hy, = T aT 5T for all values of
u, o, and ¢; satisfying (1). O
. N 1—c1)(80+32u+70> 1—c 80+32u+752 N
Proof of Proposition 1. h,|,~0 = W = (59) (m) > hplymo =
1241 holds for all values of i, o, and ¢; satisfying (1). O
4 W, 0, ymng
Proof of Proposition 2. From Table 2, we obtain w; for the four regions.
2 2 2
(a) (i) Region RS: wy = WHSucCuortafetitn mI-t®l where ©) = 8 + 28 —

Jwy

8u? — 702 Taking the first derivative with respect to u, we obtain S =

—(8(1—c1)(320+2048+ 768> —4270° —112102) —hy (3072 — 166414160 — 4202 —56u02)) }
(3727 1840 — 64,7 —4907)?2 < 0 holds for all

the values of h, and h,, satisfying the conditions for Region RS and values of pu, o,

1441—1802 =724 +¢1 (1280—1602) —4h O 7 —huy Og

where
2(13@—36#2—1702)

and ¢; satisfying (1). Region RMS: w; =

07 = 8u — 4p? — 0% and Og = 104 — 20u? — 2102. Taking the first derivative with

owy _ —((1—c1)(72p% —18u02) =164 (hr —him) +17Thmo 2+ o2 (4hy —13hm))

op (136u—36u2—1702)2 <0

respect to u, we obtain

holds for all values of h, and h,, satisfying the conditions for Region RMS and values of

2 2 2 2
u, o, and ¢, satisfying (1). Region MS: wy = (1“1)(8“72"(;/112’””(241‘;2’3 —o =4 Taking the
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(i)

(iii)

—(2u(1—c —o2 hm0'2 —
first derivative with respect to p, we obtain % = (2ul—en) o)+ 5 ) < 0 holds
H (8u—2u2—02)

for all values of h, and h,, satisfying the conditions for Region MS and values of pu, o,

2cq1 (,u.+4)7/1,272/1,7

2
e 8 Taking the first derivative

and ¢, satisfying (1). Region NS: w; =

. 2 2
with respect to u, we obtain %—";1 = 72(17("‘113(715;3(’7”;)’2” =22 < 0 holds for all values of h,

and h,, satisfying the conditions for Region NS and values of u, o, and ¢, satisfying

(1).
. 4(cq (25612 +161(702+80)—35702 —752) +hy ( —352u2 —56 102 +2944 1+ 35002 —5728
For Region RS, 861”2 = (e )t 3 )
w (—64u2+184u—4902+272)
+4(752+3570‘27256/L27112“0271280”)
(—64u2+184u—4902+272)2

For values of h, and h,, in Region RS and

for wu, o, and ¢; satisfying (1), we obtain %”:f < 0 only when ¢% < o2 =

32y (179—92u+112)—16(1—cy ) (47—80u+1642)
7(51+hr(50—8u)—16u—cy (51—164)))

10(8,12 (9¢1 42k —2hm —9)+po? (—18c1 —4hr+13hm+18)—17hm02)
(36,u2—136u+1702)2

and Z’aﬂ >0, otherwise. For Region RMS, 2¥2 —
m op

. For values of h, and h,, in Region

Owa

52 < 0 only when ¢ < 0? and
n

RMS and for u, o, and ¢; satisfying (1), we obtain

861’;2 > 0, otherwise. For Region MS and Region NS, since wy = H;CQ, g% =0.

From Theorem 1, I, = 0 in Region MS and Region NS; I. > 0 in Region RS and

. . 1— —4
Region RMS. Region RS: I, = (1=¢1)®— 40O where 0y = 32u + To? + 80 and
2(272+184;/,—64p2—4902)

3 = — — To*. Takin e derivative with respect to we obtain
03 =80 + 12 8u? — To?. Taking the d t th respect to pu, bt
o, _ —4((1—¢1) (75212801 —256> +3570° ~11202) — hy (5728435212 —3500° —811(368—702) ) Note that
ou (2724184 —64p2 —4952)2 . ote a
Oy i Tirmay | . oI, __ . _ (1—c1)(752—1280p—256142 +3570% —112u02)
on 18 linear in h,. Solving = 0, we obtain h, = 5728204451 35257 35002 5607

(1—c)(752—1280p—25642 435702 — 1120

Since 5728—2944+35212 — 35002 +56 102

) <, it lies strictly within Region RS. Due to

. : . oI, . (1—c1)(752—1280— 256142 435702 —112p02)
the above stated linearity, o <0 holds when h, < 572820445+ 352, 35007 (56007 -

32h (179—92u+1112)—16(1—cy ) (47—80u+1612)
7(514+hr(50—8u)—16pu—cy (51—16p)))

Rearranging this inequality, we obtain 02 > g2 =

oI, . (1—c)(752—1280p—256%+35702 —112u02)
ou > 0 holds when h" > 5728—2944+35212 — 35002 +56 102 :

Rearranging h, >

(1—c1)(752—1280p—2564° 435702 —112p02)
5728 —2944u+352u2 —35002 45602 ’

we obtain o2 < o2 Region RMS: I, =

(1—c1)(40p—502)—20h, (8u—2p° —2)+hm (23—22u% —1402)
2(136p—36u2—1702)

2 2 2 2
oL _ 10((4p—02)(18p(1—c1) —4hy 1) +hm (1642 +170% —13p0?))
to @, we obtain = (367 36,7 17077

. Taking the first derivative with respect

> 0 holds for all
values of h,, and h, satisfying the conditions for Region RMS and for all values of p,

o, and ¢; satisfying (1).

144+88;—64p°% —420° 41 (128496u—T702) —4h O
27241841 —64pu2 —4902

Region RS: w, where ©; = 8 + 28u —

8u? — To? Taking the first derivative with respect to o2, we obtain
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(i)

(iii)

56(u+6)(c1 (8ut13)+hy(18—4p)—8u—13)
(764p2+184p74902+272)2

< 0 holds for all the values of h, and h,, satisfying

the conditions for Region RS and values of u, o, and ¢; satisfying (1). Region

RMS: w, = 144p—1802 —72pu% +¢1 (128—1602) —4h©7 —hi, Og

2(1361—36u2—1702) where ©7 = 8y — 4p* — 0% and

Og = 104y — 20pu? — 2102, Taking the first derivative with respect to 2, we obtain

% = 1602uOe1+2hr —9)+hm (31=131) () Y6]ds for all values of h, and h,, satisfying the
o (36p2—136u+1702)

conditions for Region RMS and values of u, o, and ¢; satisfying (1). Region MS:

(1+cl)(8uf¢72)7hm (4/1.7/127(72)74/12
2(8,u72uzfo'2)

wy = . Taking the first derivative with respect to o2, we

obtain % — w20 e)uthm@=m) - () holds for all values of h, and h,, satisfying the
g 2(2#2—8u+02>

conditions for Region MS and values of u, o, and ¢, satisfying (1). Region NS: w, =

2c1 (p+4) 7/1,2 72/1.7(724»8
16—p2—o2

2 we obtain 2% =
g

. Taking the first derivative with respect to o

%ﬂ(fg)? < 0 holds for all values of h, and h,, satisfying the conditions for Region NS
pul+o2—

and values of p, o, and ¢, satisfying (1).

For Region RS and Region RMS, 2%% is obtained as 22— (c1(But18)=2hy (2u=9)-8u=13) 5
9o (272-64p2+184— 4902 )

5u(2(9¢c1 +2hr —9)+hm (34—13u))
(36u2 —136p+1702)

, respectively. For both the regions, taking the corresponding

range of values of h, and h,,, g% < 0 always hold for all values of u, o, and ¢; satisfying

(1). For Region MS and Region NS, since w, = 12 9%z —

2 ) 92 T

From Theorem 1, I, = 0 in Region MS and Region NS; I. > 0 in Region RS and

Region RMS. Region RS: I, = - (1=c1)0; —4h-Og ) where ©, = 32 + 70 + 80 and

(272+184;/,—64p2—4902

oIy __
da2 T

O3 =80+12u—8u%—T70%. Taking the first derivative with respect to o2, we obtain

28(8—p)((1—c1) (Bu+13)—hy(18—4p))
(764,u2+184,u74902 +272)2

o ) e —502) =20y (81— 2412 — 02 ) By (23— 22112 — 1402
and ¢; satisfying (1). Region RMS: I, = (1—c1)(40u—507) 22(2?3((5‘&32[’12717?2—)}1 (28-22u" 1407)

> 0 for all values of h,. in Region RS and all values of , o,

oI,
do2

Taking the first derivative with respect to o, we obtain

5(20(9(1—¢1)—~2hs )~ (34—1342))
(3642 -136p+1702)°

> 0 holds for all values of h,, and h, satisfying the

conditions for Region RMS and for all values of p, o, and ¢, satisfying (1). O

Proof of Lemma 5. From Theorem 1, I, =0 in Regions RS and NS; I,, > 0 only in Regions

RMS and MS. Hence, in the rest of the proof, we focus on Region RMS and MS only. The proof

is structured as follows. First, we prove that Region RMS and Region MS cease to exist when

o =0, which implies I,, =0 when ¢ = 0. Next, we prove that when ¢ > 0,

Al

5% >0 in Regions
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RMS and MS. From Lemma 2, we obtain ﬁm = ﬁ%. From this expression, we obtain ﬁm =0
when o = 0. Region RMS: The holding cost range for satisfying the conditions is h,,5 < h,, < 1.
In Region RMS, we find that Em > Max{h,2,hm1} always holds for all values of p, o, and
¢, satisfying (1). Hence, when o = 0, Region RMS ceases to exist as the required conditions
hma < Ay, < hnp are violated for positive values of h,,. Region MS: From Table 1, the condition
for this region to exist is h,, < h,,2 when h, < ?LT and h,, < Em when h, > ﬁr. Since hy,s < ﬁm
holds for all h, < 77,7. and ﬁm =0 when ¢ =0, the conditions for Region MS is violated when ¢ = 0.

Hence, we prove that Region RMS and Region MS cease to exist when o =0. In Region RMS,

I, = 4hr(64u7%2;tfgg;:%;gi)ﬁi;fﬁo?)7hm®8 > 0 where Og = 272 + 184y — 64u® — 4902, Taking

O, 2u(9—9c1 —2h;)(34—13p) —hm (34—13p)°

the first derivative with respect to o2, we obtain 53 > >0 for
o (36u2—136u+1702)
all values of u, o, and ¢, satisfying (1). In Region MS, we obtain, ?f—’g = U=wCl-cu—hmd-p))
“ 4(2;1,278,u+02)
which is positive for all values of u, o, and ¢; satisfying (1). O

Proof of Lemma 6. The first derivatives of the manufacturer’s profit with respect to the

learning rate and variance are as follows.

(i) Region RS:

Ol _ 64((13+8p)(1 —e1) — by (18— 4p) (1 — 1) (54 8 — 20%) + h, (14 — 4 — 5*))

— >0
o (272 + 184p — 64p2 — 4902)2

O _ 8((13+8p)(1 = 1) — 18h, +4h,p)* _

do? (2724 184p — 64u? — 4902)2

hold for all values of h,, and h, satisfying the conditions for Region RS and for all values

of u, o, and ¢; satisfying (1).

(ii) Region RMS:

O, (204(9 — 9¢1 — 2hy) — P (34 — 1311)) (2(9 — 9¢1 — 2h,) (44t — 02) + B (136 — 20 — 1302))

- >0
ou (1361 — 36u2 — 1752)2

MLy (hum(34—13p) —2u(9 — 9c1 — 2h,.))> <o

902 2(136p — 362 — 1702)2

hold for all values of h,, and h, satisfying the conditions for Region RMS and for all values

of p, o, and ¢; satisfying (1).

(iii) Region MS:

DML, (21— 1) ~ B (4= ) (21— ) (41— 0) 4 huu(16 — 4 — o)
o 4(8p —2p2 —02)?

DML, (21— e)) ~ 4hu(d— p))?
do? 8(8u —2u? —o0?)?

>0

>0
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hold for all values of h,, and h, satisfying the conditions for Region MS and for all values

of p, o, and ¢, satisfying (1).

(iv) Region NS:

O, (1—c1)?(4+p)(164+4p—o0?) >0
o 4(16 — 2 — 02)?
o, (L—c1)?(44p)?

G AN
0o? 8(16 — u? —02)?

hold for all values of h,, and h, satisfying the conditions for Region NS and for all values
of p, o, and ¢; satisfying (1).
The first derivatives of the retailer profit with respect to the learning rate and variance are

as follows.

. g oI, __ 451(hr(4096u3(20'273)—4416u2(1502+16)+8u(58802—1674502—58480)+23(490‘4+1180802+25856)))
For Region RS, == = - ; 3
op (64p2—184p+4902 —272)
—8c7 (409643 (02 4+30)— 76812 (3702 —528)+16 (14702 — 5546024 28192) —13(490% +671202 —9088)) 4
(64u2—184u+4902—272)3
—8n2 (12843 (802+479) ~ 4812 (19702 42480) 444 (14704 +797802 +120928) +9(490% — 230452 —70912))

+

(6442 —184p+4902 —272)3
—4hy (40963 (202 —3) — 441642 (1502 +16)+ 8 (58804 — 1674502 —58480) +23(4904 + 1180852 4 25856) )

(64p2 —184pu+4902 —272)3
—3276815 (2 430)— 153612 (3702 —528) +32u (14704 —55460% +28192) —26(490% +671202 —9088)
(64;42 —184u+4902 —272)3
+16¢q (4096;1.3([724»30)—768“2 (3702 —528)+16u(14704—554602+28192)—13(4904+6712a2 —9088))

s and 2r is obtained as
(64p2—184p+4902 —272) do

4(—c1 (8u+13)+2hy (21— 9)+8u+13) (1 (—512u3+4672;¢2—294;“72+13752u+63702+12272)+hr(256u3 —1160p2+147pu02 —2368;L+882a2+16992))
(64p2 —184u+4902 —272)°
(4(—cq (Bu+13)+2hy (2u—9)+8u+13)) (51215 —4672u2 429402 —13752u —63702 —12272)
(64u2—184p+4902 —272)° ’

3 2 2 2 2 2 2 2
. o, —4n(36c3 (8102 4+2480) —4cy (—2hr (27902 +6728)+1287hem 02 +13456hm +14580 2 +44640)+32h2 (1102 +236))
For Region RMS, 2= — 2(onE 1o 1757 +

—4u3(—4h7.(455)171,,02+377Ghm+55802+13456)+2197h$n62+7552h$n+5148h7n0-2+53824h7n+291602+89280) n
2(36p2 —136u+1762)3

4244202 (5580cF +4c1 (841hy —222Thm —2790)+472h 2 — 2k (1309h4m +1682) 4352302, +8908hm +5580) "
2(360u2— 136)L+1762):3

—no? (402 (1413cF 4+2¢1 (535hr —1418)+168h2 —1070h,+1413) —4ho, (c1 (248302 +41888)+871hy 02 +12648h, — 248302 —41888)+5h2, (84502 +35088))
2(36u2 —135u+17a2)3

+1664p% (hy—hin) (9¢1 +2hp —2hom —9)+68him o2 (02 (—2¢1 —25hp+2)+hm (2602 +2312))
2(36#2 —136u+1762)3

oIl

P is obtained as

and

(hm (13p—34)—2p(9¢1 +2hy—9)) (hm (67613 — 488012 +11(32502 +4624)+57802 ) 2 (4p? (81c1 +44h, —81)—81(463¢1 +152h —463) +0 2 (157c1 +84hy, —157)))
4(36;L2—136u+1702)3 )

. —23 (4c? (02 432)—4cq ((hm+2)02+64)+(hm+2)202+128
For Reglon MS, on, _ —2n (4¢3 (62 +32)—4cq ((hm+2) +3 )+ (hm+2)202+ )Jr
on 8(2u2—8u+02)
—po?(—4(c1—1)hm (02432)+4(c; —1)202+h2 (02+496))+24p202 (—2c1 +hm+2)2+128h2 o2 . .
po? (DAer = Dhm (72 482) (e - )22 +1F, (e2496)) 424707 (- 2e1 +hm +2)F 128K, and 2 is  obtained as
8(2u2-8u+o2) do

(hm(u74)72(cl71);1)(hm(2#3716;¢2+u(o‘2+32)+4o’2>72(0171);1,(2#2724;1,4»02))
16(2,u278,u+02)3 )
. p (1—c1)? (13 (02 +32)+384p 2+ (0* —4802+1536 ) +128(16—02) . .
For Region NS, % — ( ( 3 ) ) and 2% is obtained as
om 8(167u2702) do
(1—01)2(u+4)(192+4o‘2—u3+4u2+80‘u—u02)

16(16—;12—02)5

From the above expressions, we obtain that 381}; >0 and gzg > 0 hold for all values of pu, o,

and ¢ satisfying (1) and all ranges of h, and h,, applicable to the four regions. O
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EC.2. Continuous Learning

The manufacturer’s and the retailer’s equilibrium decisions under continuous learning are

provided in Table EC.1.

Table EC.1 Equilibrium solutions: Continuous Learning

hy. <h, hy. > h,
Period 1
w b (4= 10) %41 1o +2c1 93 (1+¢1)(256—224p+64p° — 43 +160° —4po® 242 0%) 17
1 2(4—p) 2y (4-m)2 (262 —p(24-02) 202 +32)
0 hy (4=p) > $5+1P6—2c197 (16+0%—2p)(1—cl)—po”
1 294 122 (24—02)—402+64
I Py —2¢1 9 —hr(4—p) 910 0
r dapy
1, 0 0
Period 2
w hr(A—p) 211 —1a+2c1 015 (14c) (16A+4p® —22pu+2p0 —48u+Ao2 — 402 +64) —64N+28uX—2u> X
2 2(4— Nty (2u2—p(24—02)—202+32)(4—N)
o) By (A—p)%4p14—2c1915+16 (14¢1) (16 A +4p? —2Apu+2u0% —48u+ o2 —402 +64) — o’ A
2 2(4—N)1hy 222 —p(24—02)—202+32)(4—N)

(1= ¢1)(2560 — 32004 + 16322 — 40814% + 481* — 241 + 57602 — 37602 + T6p20? — dpda? + 280 — 2u0t)
208 — 62u° + pto? +716p* — 32ul02 —4064p° — p2ot +240pu20? + 1209642 4 8ot — 64002 — 179204 — 1604 + 51202 + 10240
64002 — 800u0? +316p%0? — 46302 +2u*o? — 24puo* 4 p?o* 4+ 320* — 0°
+ 208 — 620° 4+ pto? + T16pt — 32u302 — 406443 — p20* + 240u202 + 120962 + 8o — 640p02 — 17920p — 1604 + 51202 + 10240
¥, 1 €{1,2,..17}, are functions of u and o2. The explicit expressions are omitted for brevity and are available upon
request.

By =

Proof of Theorem 2 The equilibrium results are obtained using backward induction. The

retailer’s second period profit function is given by Ily. = pa(Q2 + I.) — weQs where py =

2

1 —Q, — I,. Since II,, is concave in Qo (Z&x=—-2<0), from first order conditions, we
Q2

obtain Qq(ws) = 1_21%”2 The manufacturer’s second period profit function is given by

Iy, = waQs — &3(Q2 — I,,). Substituting Q. = 1_21%“” and ¢ = % where ¢3 = ¢y —
MQ2 — I,) in Iy, we obtain I, = %((217” + 21, + wy — 1)(dea + A (21, + 21, + we —

1)) — 4wq(2I, + we — 1)), which is concave in w, (m = # < 0). Hence, from the first

2
Owj

2e+2ImA—21 (2= \)—A+2
=X

order condition, we obtain w, = . Substituting Q)5 and w,, we obtain

A+2c0 (TmA+2T = 1)+ I (4T —2)AA24+12) + (T A—1)2 =12 (A2 —8A+12 .
Iy, (c2) = zr2ean e ()/\_:); )+ Pt = ) The retailer sets the first

period decisions ¢; and I, maximizing his total expected profit given by E[IL.] = p1q; —

wi(q + I.) — h, I, + E[Il,,], where the expected second period profit is obtained as E[Il,,.] =
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3 —2¢1 (Ir (n—=2)+pa1 +1)+412 (n—3)+1Ir (2q1 (n* +02 ) +p® —4pgy —6p+02 +12) +(ugy +1)2 C
! ((4#(02 ) ) . Substituting E[IL,,], the
total expected profit for the retailer is obtained as E[II,| = (1 — ¢1)q1 — wi (L. + ¢1) — h, I +

3 —2¢1 (Ir (n—2)+pa1 +1)+412 (n—3)+1r (2q1 (u2 +02)+u2—4uq1 —6u+02+12)+(uq1+1)2
(n—4)2 ’

E[II,] is concave in ¢; and
I, since the determinant of the Hessian matrix is positive and the second derivatives of E[IL,]
with respect to ¢; and I, are strictly negative making the Hessian negative definite. The

retailer maximizes E[II,] subject to I, > 0. Solving the Lagrangian, we obtain I, > 0 when

4cy 7201p7hruz+8hru716h7«+u2 76}L+0‘2+12

P T and I, = 0 otherwise. We elaborate these two cases

wy; <

below.

4617201ufhru2+8h“t716hr+p276u+02+12 The

Case 1: I, > 0 when w; < T .

optimal

values of ¢ and I, are obtained from the first order conditions as ¢ =

213 (e1 —5hyr— 7w +6)+12 (—16c1 +hr (02 +32)+ 02wy —202 +76w1 —60)+2u(cq (2 4+16) —4hy (o2 +4)— 402wy +402 —96w, +80)
2(pA—4pB+2p2(02—14)—4p(o? —40)+a4—192)

+

3 2 2 2
p2 (hr+wi—1)—402(c; —4hy —4w; +3)—0* +192(wy —1) d I = 21 (1% —10p2 +1u(02 +32)—32) —8hy (u—4) (1 —2)
; al T 4 3 2(52 2 4
2(;1,4—4;1,3+2M2(0'2—14)—4;1,(0'2—40)4—0'4—192) 2(p —4p34242 (02 —14)—4p(02 —40) 4o —192)
whwg —pt =188 w1 +16p8 + 0P wy —pPo? +112p%wy —92u° —8puo?wy +14po> —288pw1 +224u+160°>wq —3202 +256w; —192
2(u4—4u3+2p2(02—14)—4u(o'2—40)+U4—192> :

Substituting the optimal ¢; and I. in the manufacturer’s total expected profit, we obtain the

OE[Im]
OIm

manufacturer’s total expected profit to be decreasing in I,,, that is, = —h,,. Hence,

the optimal I,, = 0. Since the expected manufacturer profit is concave in w;, from the first

order conditions, we obtain the optimal w; provided in Table EC.1. Note that the optimal w,

4c1—2¢1 p—hy i 48hypu—16hy+pu> —6puto+12

AT only when h, < h, (see Table EC.1 notes for

satisfies w; <

ii,.). Otherwise, the equilibrium solutions correspond to those under case 2 mentioned below.

_ _ 2 _ 2_ 2 . .
Case 2: I, =0 when w, > ia=2au=hmu +§§j‘§uﬁ’é*+“ uto+12 “Since retailer’s total expected

2
profit is concave in ¢, (agg;r] :—ﬂfb‘? <O), we obtain optimal ¢; from the first order
1
2
condition as ¢q; = 2“(4“’1_cl_l‘zgf‘;;’w)(l_wl). Substituting this ¢; in the manufacturer’s total

expected profit, we obtain the manufacturer’s total expected profit to be decreasing in

OE[T1 ]
Olm

I,,, that is, = —h,,. Hence, optimal I,, = 0. Since the expected manufacturer

profit is concave in w;, from the first order conditions, we obtain the optimal w; =

2¢1 (12 (32—0%)—2p® —2p(0 % +56) +8(02+16) ) +2p* — 1® (36 —0?) +161° (12— %) —521(8— 07) — 4802 +256

=2 (217 (e —20) 27 +32) . Substituting the

optimal w; in the best response functions, we obtain the equilibrium decisions provided in
Table EC.1. From this table, we obtain the retailer’s inventory I, > 0 when h < h and I, =0

when h > h. Also, from the equilibrium solutions provided in Table EC.1, we obtain I, =0. [
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Proof of Lemma 7 From Table EC.1, we obtain the retailer’s strategic inventory for

continuous learning. Taking the first derivative of I, with respect to o2, we obtain

Al __ Uy +4hy (4—p)? Ty +4cy Us
7= -
9o 4(11u°+2,u4(0'2—100)+p,3(1396—602)+4u2 (04—1802 - 1164) +,u,(—17o‘4+304o'2 +7360)+2(06+1604— 12802 —2176))

2

where ¥, , i € {1,2,3}, are functions of y and 0. The explicit expressions are omitted for brevity

ol
do2

and are available upon request. The numerator of is positive for all values of u, 02, and c¢;

satisfying (1) and the denominator is a square function which takes only positive values for any

Al
do2

1 and o in the Real domain. Hence, we obtain > 0. Using a similar algebraic approach, we

obtain % > 0. ]
"

EC.3. Retail Duopoly

Under a retail duopoly setting, the sequence of decisions is as follows. At the beginning of
period 1, the manufacturer announces the wholesale price w; and commits to carry I,, units
of inventory from period 1 over to period 2. As in Section 3, we assume complete information,
wherein inventory held by one supply chain agent is completely visible to the other. After
observing the first period wholesale price and the manufacturer’s inventory, each retailer j,
j€{1,2}, orders Q1; = q1; + I,; units, sells ¢;; units at a retail price p; =1 —X;¢;; and carries
I,; units as inventory over to period 2 incurring a holding cost of h, per unit. At the beginning
of the second period, the reduced unit production cost ¢, (due to cost learning) is observed.
Given ¢y, the manufacturer sets the wholesale price wy. After observing ws, retailer j, j € {1,2},
orders @2, units and sells Qy; + I,; units at a price po =1 —X;(Qq; + I,;).

The manufacturer produces @11 + Q12 + I,,, units in the first period at a production cost c;.
She experiences a stochastic cost learning, as a result of which the second period unit production
cost is given by the random variable Cy = ¢; — A(Q11 + Q12 + I,n). In the second period, she
produces @21 + Q22 — I,,, units at a unit production cost cy. The rest of the framework is similar
to the retailer monopoly case discussed in Section 4. Retailer j’s second period profit is given
by Ils; = p2(Qa; + L;) —waQ2;,  j € {1,2}. The manufacturer’s second period profit is Il,,, =
wo(Qa1 + Qa22) — c2(Q21 + Qo2 — I,,). Retailer j’s total expected profit can be expressed as
E[IL,;] = p1gi; —wi(q; + L;) — h,I; + E[IL;, ], j € {1,2}. The manufacturer’s total expected

2rj

profit is E[IL,,] = (wy — ¢1)(qu1 + qri2 + L1 + L) — (¢1 + Iy ) L + E[T15,,,].
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Proof of Lemma 8 The proof proceeds similarly to that of the proof provided for retailer
monopoly (Appendix EC.1). We use superscripts M and D to denote the monopoly and duopoly
settings, respectively. Similar to the equilibrium decisions under retailer monopoly setting, we
obtain four regions based on the values of h, and h,, each with a unique Subgame Perfect Nash

Equilibrium solution. The regions are defined in Table EC.2.

Table EC.2 Manufacturer’s and Retailer’s inventory decisions for various regions in the h,-h,, plane for Retailer

Duopoly
Region Definition Inventory decisions
RS  h, <hP & h,, >h2, I, =0,1,;>0
RMS hE, <h., <hb, I,>0,1.;>0
MS MS1 U MS2 I,>0,1.;,=0
NS hy > hP & hy, > h2 I,,=0,I;=0

MS1= (hy <hP & by < h2,); MS2= (hy > hP & hyy, < hED)
~p_ (1—=¢1)(126+ 754 +1000%) [, _ h,(1800p — 600u” — 3120°) — 150(1 —c1)(pp — o) |
miT 1116 + 1500 — 62512 — 40002 ’

h, = sh

" = 1512 + 3964 — 30042 — 24002
WD = h,- (1008 — 3362 — 16802) — (1 — ¢1)(84p — 1402) D = o*(l—ci1)
m2 — 9

678 — 22502 — 12002

m

:g_uz_gz’

From Appendix EC.3, for retail duopoly, we obtain the second period profit functions of the

two competing retailers and the manufacturer as

Uy = pa(Qoj + Irj) —waQ;, j€{1,2},
Iy, = wa(Qa1 + Q22) — €2(Qa1 + Qa2 — I,).

Since Ily,; is concave in @), from first order conditions, we obtain the optimal second period
order quantities as Qs; = % Substituting optimal Qs; in Il,,,, we obtain Il,,, to be
concave in ws. Solving the first order condition, we obtain optimal second period wholesale price
as wo;(I,;) =2 —2I,; — 2Ly, j € {1,2}, k=3 — j which proves that the second period wholesale
price decreases for both retailers not only with their own strategic inventory level, but also with
their competitor’s strategic inventory level to the same degree. Hence, both retailers benefit

(free-ride) from their competitor’s strategic inventory holding. O
EC.3.1. Downstream competition with Price Discrimination

Here, we explore the effect of wholesale price discrimination by the manufacturer between the
competing retailers based on their respective inventory levels. Let w,; denote the wholesale
price offered to retailer j in period ¢, t € {1,2} and j € {1,2}. The rest of the model is the

same as in Section 6. The proof of equilibrium solutions in retailer duopoly with wholesale
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Table EC.3  Equilibrium decisions under retailer duopoly and uniform wholesale pricing scheme

jef{1,2} Region RS Region RMS
1134+12754—1250u% — 60002 +¢1 (1098+17251—20002)— 12k, &1 756u—1260° —500u> +c1 (732—12202) —12h, 5 —hm Pg
2232—-1250122+3000,—80052 4(8724-12542 —6202 )
O1; (1—c1)(62514450)+3h, (100 —312) (1—c1)(9001—15002) —24h, (78u—1302 —2512) +hm P17
15 2232—125014243000,.—8000°2 12(372”7125”276202)
I 0 24h, (T5—1302 —25u2)— (1—c1 ) (150 —15002) — hyy, Pg
m 6(372p—125u2—6202)
I. (1—c1)Po—12h, Py (1—c1)(84p—1402)—168hyPg+hm (678u—12002 —2252)
rJ 3(1116—625u2+1500u—40002) 6(372u—125,u2—6202>
w c1Po+12h, P3+5Dy e 6601—250u2 —11002+c1 (84pu—1402)+168h, Pg—hm P19 T
2 2232—125012+3000p—80002 2 4(372u—125p2—6202) 2
Qs c1 Po+12h, 3+5Dy e 660u—250p% —11002+¢1 (84p—140%)+168h, L9 —hm P10 _ co
27 6696—375012+90001—240002 6 12(372;17125#276%2) 6
Region MS Region NS
w (1+(:1)(6;/,7172)7hm(3,u7<727;/,2)74;/,2 361(/L+3)72;1273;17202+9
1 2(6H72p,27<72) 2(97;142702)
Q ) (1—c1)(6p—0)+hm(Bu—c—u?) (1—c1)(p+3)
1j 6(6M—2p2—02) 2(9—;/,2—02)
I (lfcl)crthm(gf;ﬁfaQ) 0
m 2 2
3(6#—2# —0c )
I, 0 0
14co 1tco
Wao -5 5
Q25 1-cp 1-cy
2j 6 6

&, =18 + 141y — 50u? — 4002; &y = 751+ 10002 4 126; &3 = 126 + 33p — 25u> — 2002%; &4 = 198 — 12542 4 2851 — 10002;
&5 =12 — 207 — 6°; &g =594 — 16002 — 175u%; 7 = 19501 — 6252 — 40002 ; g = 1116 + 1500 — 6254% — 4000°2;
By =6p —2u% — 0% P19 = 678 — 22512 — 12002,

price discrimination proceeds similar to that of the proof provided for retailer monopoly
(Appendix EC.1). Similar to the equilibrium decisions under the retailer monopoly setting, we
obtain four regions based on the values of h, and h,, each with a unique subgame perfect Nash
equilibrium solution. The regions are defined in Table EC.4 and the equilibrium solutions are
provided in Table EC.5. Although the equilibrium wholesale prices remain identical between the
two retailers, they are different compared to the case of no possible price discrimination (refer
to Table EC.5 and Table EC.3).

EC.3.2. Bertrand Competition

In Section 6, we considered a Cournot competition between symmetric retailers. In this section,

we consider a Bertrand competition model, where two retailers compete to sell two differentiated
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Table EC.4 Manufacturer’s and Retailer’s inventory decisions for various regions in the h,-h,, plane for Retailer

Duopoly with wholesale price discrimination

Region Definition Inventory decisions
RS  h,<hP & h,, >h2, I,=0, 1; >0
RMS hP, <h,, <hP, I,>0,1,;>0
MS MS1 U MS2 1,>0, ;=0

NS By >hP & hy>hE L,=0, ;=0

m

MS1= (hy <hP & hy < hE,); MS2= (hy > AP & hay < hE)

m2 m

D= (1—c1) (63 + 361+ 2002) WD = hy (432 — 144p2 — 7802) — (1 —¢y) (721 — 4402)
" = 3784 90 — 722 — 6002 279 + 336 — 1442 — 10002 '
WD — hy (2520 — 84p? —4202) — (1 —¢1) (42p — 70?) 7D — o?(1—ec1)
m2 = e =

159 — 52u2 — 3002 9—pu2—o2’

products. We assume that the manufacturer charges the same wholesale price for both retailers.
For ease of exposition, we consider only downstream inventory. Following Desai et al. (2010),
we take the demand functions in both the periods to be g;; = %(1 — pa + 0(pi2 — pi1)) and
Qi2 = %(1 — pi2 +0(pi1 — piz)), where 0 <6 <1 represents the degree of substitution between the
products. These demand functions are obtained from the quadratic utility function developed by
Shubik and Levitan (1980). The sequence of decisions is as follows. At the beginning of period 1,
the manufacturer announces the wholesale price w;. After observing the first period wholesale
price, each retailer j, j € {1,2}, sets price p;; such that ¢;; units are sold in period 1 and I;
units are carried over to period 2 incurring a holding cost of h, per unit. At the beginning of
the second period, the reduced unit production cost ¢, (due to cost learning) is observed. Given
o, the manufacturer sets the wholesale price wq. After observing ws, retailer j, j € {1,2}, sets
D2j such that go; + I,.; units are sold in period 2.

The manufacturer produces q;1 + I; + ¢12 + I units in the first period at a production cost ¢;.
She experiences a stochastic cost learning, as a result of which the second period unit production
cost is given by the random variable Cy = ¢; — A(q11 + 11 + 12 + I5). The rest of the framework is
similar to the retailer monopoly case discussed in Section 4. Similar to the proof of equilibrium
solutions in Section 6, we solve the game backward to arrive at the equilibrium solutions.

Each retailer’s second period optimal responses are given by py; = 1+u;2+7+6w297 je{1,2}. The

14cy(146) _1 (246)

manufacturer’s optimal response in the second period is obtained as w, = 3010) 2000y

I (249)

REDR The free-riding effect observed in Section 6, wherein one retailer benefits from the other
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Table EC.5 Equilibrium decisions under retailer duopoly and possible wholesale price discrimination

je{1,2} Region RS Region RMS

Wes 4(36-+39u—361% —2002) —5c1 (27+36u—402)—3h,- Py 96— 1602 —6411° +c1 (90— 1502 ) —3hy D5 — hum B
17 2794336 — 14412 —1000°2 186u—64u2 —3102

Q1 (1—c1)(72u+66)+h, (36u—117) (1—c1)(132u—2202)—3h (78u—1302 =242 )+ hy, 7
1j 27943361 — 14412 —1000°2 3(186;#64”273102)

I 0 6h (T2u—1302—242)— (1—c1 ) (72u—4402) — iy g
m 3(186u—64p2—3102)

I. (1—c1)Po—h,P3 (1—c1)(42u—T0>)—48h, Pg+hm (159u—3002 —521:2)
rj 3(279+336u—144u2 —10002) 3(186u—64u2—3102)

Wor c1Poth, P3+6Py 4 1440 —64p% —240% +c1 (42u—T02)+42h, Pg—hm P1g +e
25 2(279+336u—144u2 —10002) 2 2(186u—64#2—3102> 2

Qs c1Pothy P3+6Py e 144506442 —240% +¢1 (42u—T702)+42hr P9 —hmP1g _ ca
2j 6(279+336u—144u2 —10002) 6 6(186;1—64;1273102) 6

Region MS Region NS

Wi (1+¢1) (6p=02)—hm (Bu—0?—p?) —4p 3c1 (u+3)—2p° —3u—20249
Lj 2(6u72u27<72) 2(97;1427(72)

Q1 (1=c1)(6p=0*)+hm (Bu—0?—4?) (1—c1)(p+3)
1 6(6M—2u2—02) 2(9—;},2—02)

I (lfcl)athm(97u2fa2) 0
m 3(6;/,—2;12—0'2>

1, 0 0

) ltcog ltcn

Wa; 2 2

Q ) l—co l1—co
2j 6 6

&, =9+ 66p — 24> — 200%; Py =63 4 36u + 2002; b3 = 378 4+ 90u — T2 — 6002; &4 = 36 + 50 — 24u> — 2002,
&5 =6 —0? —4p®; $6 = 75 — 200% — 2007 &7 = 234p — T2u® — 5007 ; Pg = 279 + 336 — 144> — 1000°2;
By =6p —2u% — 0?; P19 = 159 — 52u? — 3002,

retailer’s inventory holding, is prevalent in the Bertrand competition model as well. Note that

wy(I,15) is decreasing in I; and I,. When 6 = 0, that is, when the products are independent,

the optimal response for the second period wholesale price is obtained as w, = 1262 -1 — I
Whereas, when 6 =1, that is, when the products are perfect substitutes wy = # — %Il — %IQ.

Hence, the marginal impact of the retailers’ strategic inventory on the second period wholesale

price, wy, is more profound when the product substitutability is low.



