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A. Proofs
A.1. Proof of Generalized Proposition 1
In the following, we present the proof of a generalized version of Proposition 1 with
different switching costs (dp; and d19). Proposition 1 as presented in the main body can
be obtained by equating the two switching costs (dg; = d19 =9).

Let ¢ be the coupon rate. We first assume that the equity holders may pursue tem-
porary suspension of production in a non-empty set of states (i.e., the product price).
The equity values in the operating and idle modes follow:

Vi) { VI =K 0 4 G s for s> 5]
’ Vo= _c% + P15 + Pos*? for sgd <s< sgl,

2 2 o2 2
To simplify notation, we drop the superscripts f and r in the corresponding proofs. The

value matching and smooth pasting conditions at the default barrier are

wherealzl—%—2®+\/(%—%)2+%>l,andagzl—ﬂ—\/(l—z;;])2+%<0.

—cl + 1805 + d2sg; = 0, (A.1)
Oélqblsgcll + OéQQbQngl =0. (A2)

The matching and smooth pasting conditions at the production suspension point are:

—%K + %Slg + 08(115 + 510 = ¢18§% + ¢28?§7 (A3)
Ls10 4 aoblsi; = ai¢isyg + aagasig, (A.4)

and at the restart point we have:

— 3K + Zso1 + 0557 — 001 = ¢1551 + Paspi, (A.5)

3301 + a9fsgi = and1sy) + aadasgi. (A.6)

From (A.1) and (A.2), we have:

$1 = o 2an)rSod (A7)
P2 = (a?ilz)rsadm- (A.8)

From (A.3) and (A.4), we can eliminate  to obtain:
(—%K + 510)0(2 = (012 — a1)¢18(116 — g(()éz — 1)510. (Ag)

Similarly, equations (A.5) and (A.6) lead to:
(—%K — 501)062 = (062 — Oél)qblsgll — g(OZQ — 1)801. (AlO)

Now, define sg; = k15109- Note that kK > 1, i.e., so1 > s19, otherwise the threshold policy
is not feasible. Then (A.4) and (A.6) lead to:

¢1S§% = K92S510, (All)
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where

_ 7 (k1 —K7?)

Ro = al azy -
a1q (KT — KD?)

Substituting (A.11) into the right hand side of (A.9) and solving for sy leads to s9 =
az(yK/r=510) The value for k; can be solved by taking the ratio of equations (A.9)

(a1—ag)ke—y(1-a2)/q"

and (A.10) and substituting so; = k1519 together with equation (A.11). This leads to
the following expression, the solution of which identifies 1:

Ky/r+dp o1 (o1 —ag)ka — g(l — ag),«;}_o‘l
K~ /r— 019 (051—042)/{2_%(1_&2) .

(A.12)

(Note that if dp; = 019 = 0, the two systems of equations, (A.3,A.4) and (A.5,A.6) are the
same, and the problem degenerates to the case where sg; = s19, with x; = 1. Moreover,
applying x; = 1, and use the definitions of k9, a; and as, it is straightforward to show
that S10 — K)

From the above expression, we see k; and ko are independent of c¢. Hence, s1y and
sp1 are also independent of c. From (A.11), we see that ¢; is also independent of c.
Combining (A.7) and (A.11) and rearranging for the default barrier leads to:

S04 = (e, (A.13)

1/
—aoy 1-1/0q

el 510 is a constant, independent of the coupon. Finally, we

where ( =

can identify 6 from equation (A.4). In particular, we have Isio + axfsif = ai¢isyg +
anp9s];. Hence,
0= L6070 4y — sl (A.14)
0%) Qag
Now combining (A.8) and (A.13) leads to ¢o = ﬁ(’”cl"”/al. Substituting the
expression of ¢, and (A.11) in (A.14) leads to:

0 = +mpc' 2, (A.15)
l—« —a
where 1, = % and 7, = &T’f@;, which completes the proof. O

A.2. Proof of Corollary 1
To prove Corollary 1, we first prove the following two technical lemmas.

LEMMA EC.1. When dyg1 = 619 = 0, we have % > 0, where Ky s defined in equation
(A.12).

Proof: We have from equation (A.12):

Ky/r+6 . (a1 —az)ko — (1 - )k
— =K ,
Kvy/r—o¢ 1 (a1 —az)ko — (1 — )

(A.16)

which can be rearranged to:

M_Hm 5(1—042)(1—/1%_0‘1)
Ky/r—4 o (1 " (o1 — g) kg — g(l —ag) | (A.17)
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Substituting for ke = aiq% in the above equation leads to:
1

(1—02)(1—1451 “1)
(ala;laﬁ (1+o¢11;,1{(1271> —(1—ay)

Note that RHS increases in k1 since o > 1 and ay < 0, so the numerator of the second
term in the parenthesis increases in k1 and its denominator decreases in x;. Since LHS
increases in 6 and RHS increases in k1, k1 increases in . U

LEMMA EC.2. When o1 = 610 =6, s),(c,0) = C-ci7 defined in (A.13), increases in
0 for a fixed c. Equivalently, aC > 0.

Kv/r+06 )
el VA T
K~/r—4§ & i

Proof: Since V7 O(s;c) decreases in § and increases in s, for d; < d;, we have
VfO(SOd((Sg) c,0y) = 0 and V/O(sl (65);¢,81) > 0. Therefore S0a(01) < Soa(d2) for

VIO (sh(61)sc,81) = O
Proof of Corollary 1: Substituting for ks in the expression for 510 leads to:
o (—K~y/r+0)ay
10— :
1(1 =y — aze2)lm?)
q (1 2 (’i _”1 %) >

1—k171 . .
Since k; increases in §, %1)) 1+ ﬁ decreases in k; and hence decreases in
K1 Ry K1
0. Therefore, the denomlnator of 5{0 increases in 6. Moreover, the numerator decreases

in ¢ as a2 < 0. Hence s, decreases in 6.

For s{,, note that the equations (A.3, A.4) and (A.5, A.6), based on which we defined
k1 and ko, are symmetric, except for the sign in the front of the switching cost 6.
Therefore, by symmetry, we have sgl increases in 9.

The property of soq = (c/* follows directly from Lemma EC.2. 0J

A.3. Proof of Corollary 2
Define &= sup{ ¢|V/!(s19(c);¢) > 0. To show that when ¢ < ¢, the flexible policy is

feasible (i.e., V¥ 1(s19(c);c) >0, so that the firm does not default when s is above sy),
it suffices to show that V /! (310( );¢) decreases in ¢ under the flexible policy. We have:

VI (s105¢) = —(K +¢) 2+ 2510+ 0515
Since we have shown that sy is independent of c,
vt _l + @

dc
(e

For the derivative to be negative we need to show that:

L(@=02), 08 < ¢/, (A.18)

Y

Now, substituting for 7, we obtain 5( ala_l‘”) = (~2. Moreover, since sog = e/ we
have (792 = s,?c®2/* and the left hand side of equation (A.18) becomes (2573 =
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(z'fz)*”c”/ @t and the condition reduces to (2¢)~2 <1, which is true under the flexible
policy. Therefore, 8‘5—2’1 < 0. Hence, when ¢ < ¢, V1(s19(c);¢) > 0 and the flexible policy
is feasible.

The fact that s;p and sg; are independent of ¢ follows directly from the fact that x;
and ko are independent of c. OJ

A.4. Proof of Proposition 2

In the paper, we assume that the firm starts with production at time ¢t = 0. For com-
pleteness, here, we derive the value function for the case where the firm starts in the
idle mode as well, i.e., V"**. The ODEs can be written as:

10282VEl 4 (r—q)sVIt — eVl 4+ ((s — K —¢))y = 0 for s> 57,
5028 VIO + (r—q)sV] 0 —rVT0 =0 for s, < s < sp,

where the boundary conditions are:

VO (spaic) = 0, (A.19)
Vii(sigic) = 0, (A.20)
V™O(spi¢) = V™ (s51:¢) — don, (A.21)

with smooth pasting conditions:

V;’O(sgd;c) =0, (A.22)
VI (sigse) =0, (A.23)
Vsr’l(sgﬁc) = Vsr’o<56150)- (A.24)

We can obtain the solution for the above ODEs as:

Vii(sie) = —(K+¢)2+ Is+ps™ for s> sy, (A.25)
VO(sic) = =X+ Grs™ + Gas™ for s < sp, (A.26)

where the coefficients p, G; and G5 as well as the threshold values are determined by
the boundary conditions. Combining (A.20) and (A.23) leads to:

—(K+c)7

=+ 131d+ps?j =0
roq

%sld + appsi; = 0.

Then, we obtain: s1g = =2 %(K +c) and p = —q?TQsi;O‘Q.. The remaining four unknowns,
801 » S04, G1 and Gz can be solved from the four equations, (A.19), (A.21), (A.22) and
(A.24). O

A.5. Proof of Corollary 3
Since s14 = 22 4(K +¢) with ap <0, s14 clearly decreases in c. Note V" (s;¢) = —(K +

l—agr
c)l+ gs — (F%Qs%;” s*2. which is independent of the switching cost. By definition, the

switching cost does not enter the value function under the rigid policy when the firm
starts in the production mode. [l
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A.6. Proof of Proposition 3

Since V/'(si¢) = —(K +¢)1 + Is 4+ 0s° and V''(sjc) = —(K + )T + Is + ps®2, to
compare these two avalue functions, we only need to compare 6 and p. From (A.15), we
have 6 =n; + 77201_0% Note that 75 > 0 since as <0 and «y > 0.

Now, p= —q—s}d 2> 0. Since s14= =2 4(K +c¢), p can be written as M; (K +c)'*2
with My = — - (ﬁ)1 “2 > (. Note that when ¢ =0, there is no debt, and the flexible

policy leads to higher equity value (6(0) > p(0)). The power terms in 6 and p are 1 — 2
and 1 — ay respectively. Since a; > 1 and as <0, 1 — g—f < 1 — as. Hence, when c is
sufficiently large, p > 6. Moreover,

o0/0e _ (1= ag/ay)mye 2/ (1= Qva /vy )20z

9p/0c (1—042)M1(K+C)_02 (1-0&2)M1(K/C+ 1)—042

Since a; > 1 and as <0, as — g—f < 0. Hence, the denominator increases in ¢, whereas

. 96/0 . . ..
the numerator decreases in ¢, and thus ap/ 5. decreases in c¢. We use this monotonicity

property to show that 6(c) and p(c) can only cross once.

: . 00 f) 20 ) 20 )
We consider two cases: 0 < 57 |c—0 < 32|e=0 OF §7|c=0 > F|e=0 > 0. If §7|c—0 < 3E|e=o0,
90/ .
since 7 ?86 decreases in c, ?| < g_p|c for all ¢ > 0. Therefore, § and p can cross at most

once.
On the other hand, if 2|, > % 52| .0, since 0(0) > p(0) but O(c) < p(c) as c is suffi-
ciently large, there must exist a set (with measure >0) such that %¢|. < ap %] in this set.

Now, based on the monotonicity property of g ;gc
c; such that when ¢ < ¢y, %k > g—’;|c, and when ¢ > ¢, 89| < f:’|c. In this case, since
0(0) > p(0), O(c) > p(c) for ¢ < ¢y. Therefore, § and p can cross only once, which is in
the interval of [¢1, 00

The facts that 8 and p can cross only once in ¢ for both cases and that 6 > p when ¢
is small and 6 < p when c is large assert that the result of this proposition is true, and
we define the crossing point as ¢(d).

We next show the monotonicity property of ¢(§). Suppose there are two values §; and
52 with 51 < 52. Define

1 = &(0y) =sup{c|V/(s;¢,61) > V"i(s;¢)} = sup{e|d(c, 1) > p(e)}
o = &(02) = sup{c|V 1 (s;¢,85) > V™ (s;¢)} = sup{c|f(c,d2) > p(c)}.

in ¢, there must ex1st a threshold

)

®)

Now, we prove this proposition by contradiction. Assume c¢; < ¢y. Then, based on the
above definition of ¢;, we have V(s = s10(61);¢2,01) < V(s = s10(01); 2), i.e.,
(—(K+c)L+ gs +0(c2,01) - 8°2)amaro(ar) < —(K + c)% + gs +9(2)5° | s—sro51)s
which implies 6(cz,d1) < p(cz).
Moreover, we know V71(s=s19(01);¢2,02) < V(s =519(01);¢2,01), i.e

°)

(—(K+c)L+ Is+ 0(c2,62) - 8°%)|s=s1o(51) < (— (K + c)% + gs +0(ca,01) - $°%)|s=s10(51)

which 1mphes 9(62, 62) < 9(C2,51) for 51 < 52.
The above assets that 6(ca, d2) < p(ca), then V1 (s; ey, 85) < V™1(s;cy) for any s, which
contradicts with the definition of c¢s. O
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A.7. Proof of Corollary 4

Since ¢ decreases in 6, we can define §(c) as the inverse function of é(8). The threshold
and monotonicity results follow directly. O]

A.8. Proof of Lemma 1
For the flexible policy we have:
VI (s03¢) = —(K + )2 + s+ s
= —(K+ol+ls+(m+ mactTo2/01) 502
B (s01) = £(1— (2)°%2) = £(1— (2)*2e/),

T S0d

based on the assumption that the firm loses its entire value upon default (i.e., b=1).
To establish the optimal coupon we differentiate these two equations leading to:

ovFht o a1 —an @ ,—as/aq
dc —  r + ( al )7728 ¢ ’

OBl 1 lion—ag) 2 s —az ,—az/a
oc — r r( o )S C ¢ .

Therefore, the first order condition for firm value maximization is:
1—y a1 —« o (T2 —ag/a1 __
(r)+<1a12)82<n2 T‘)C 2 =0.

Substituting 7, = % into the above expression leads to:

(151) 4 () goag o (et} greafes (A1)

T alr a]—asg

from which we obtain the optimal unconstrained coupon:

s (50\™ (ai=1)—a2 a1/
c=(2)" (mase)

s&:(ua?%;aﬂé%. (A.28)

Now consider the rigid case. We have:

Using (A.13), we have:

Vl(s;c) = —(K + c)z + s lsif‘? - 592 for s > s14
roq qap

B"l(s;c) = ¢ (1 - (i)OQ) .

Differentiating the two terms yields:

dV“lz_z_(L) ar man) _ ). 29y T 5 e
dc T qo (S) S1d ( 042) 1— Qo T r r S1d ’
1 a2 —
aBnt s agc a2 —oag—1 2 q
= (1= () ) e =
Therefore, the first order condition for firm value maximization is:
1 1 S0 a2 c S0 @2
—(1—-—)—=1=7) | ———— @2, . =0,
7‘( ) r( 7) <—11i22§(K+C)> 5 K+c (—1__0322(K+C))

a2
. . . aoc so(l—awo)r
which can be simplified to: (1 — (1_7)?K+c)) (—%(Ki)) —1=0. O
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A.9. Proof of Theorem 1
Theorem 1, as presented in the main body, focuses on the setting with identical switching
costs. The theorem can be generalized with different switching costs when one of them
is fixed or proportional to the other; the proof is available upon request. There are two
important conclusions in Theorem 1. The first is the threshold policy that there are two
thresholds 6 and ¢ dividing the domain of switching cost into three regions such that the
optimal coupon rate takes value of ¢}, ¢ and c] respectively. Correspondingly, the equity
holders use the flexible policy in [0,6] and then adopt the rigid policy in [§,0c]. The
second is the non-monotonic property of the optimal coupon rate c¢*. It first decreases
in [0,6] and then jumps up to a flat level in [§,00]. As the proof of threshold property
requires some of the non-monotonicity results, we will prove the non-monotoncity result
first. The monotonicity of ¢(d) shown in Proposition 3, together with Lemmas EC.3,
and EC.4 provided below will be used to prove the non-mononicity result with respect
to ¢ in Theorem 1, and Lemmas EC.5, EC.6, and EC.7 provided below will be used to
prove the threshold policy in the theorem.

We denote Af as the value of the firm when operating using flexiblity, and A" as the
value for the firm when operating without flexiblity.

LEMMA EC.3. ¢}(9) decreases in 0.

Proof: Let A denote the sum of the equity value and the debt value. To show this
lemma, we first assume that 24 S5 a& < 0 which implies that 8“4 decreases in 9. Now suppose

91 < 0a. Then ]5 52.0=65(01) < ac A | o o) = 0. Ta,kmg the derlvatlve of (A.27),

we hav

‘5 d2,c= cf(61)

88—“‘g|5:51,628f(51 = O, we can conclude c}(dz) < c}(d1), i-e. cf(5) decreases in 9.

In the following, we show the above assumption (86“5‘6 < 0) is true. Since % =

21, f,1 2nf1
oV 9B we compute the two terms separately.

dcdd 0cdd
VI 9, O (&2orsiy " + 2 — 2Ls10™) L 0Py "
9c0s 0¢80T 9c06 50" = 9ca5 0

The last equality follows from the fact that ¢; and sio are 1ndependent of ¢ (shown in
the proof of Proposition 1). Since ¢y = %(sgd) = .o ((cal) az

PVIL_ 0 0y 5 90 0

9cod  0cos ° ap—ay 1 00 oc

@B PEA-(2)™)  Pso) 1 9 dc
dcdd 0cdd - dcds r 9 oc

Since ;- <1 and ag >0 (Lemma EC.2), we have aag; + a;CBafél <0. O

LEMMA EC.4. cr > c*(0).

Proof: see Theorem 1 in Ritchken and Wu (2021). O
The flow to prove the threshold policy in Theorem 1 is as follows:
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1. For the proof of the threshold o, we first define it to be § =
sup{6|V /! (s10(6); ¢;(0),0) > V™' (s10(6);¢5(5))} and we show that for all § < 4,
VI (s10(0);¢3(0),8) > V"1 (s10(8); ¢5(6)). We prove this result by iteration. To do so,
we use a small step size A that is independent of 4. In the first step, we show that
VI (s10(0);¢5(8),8) < V™ (s10(0): ¢5(8)) holds on [§ — A, §], since V' (s19(6 — A); ¢5(5 —
A),6 = A) > VI (s10(0 — A);¢5(9),0) for any A < A (Lemma EC.5) and V(s c5(9))
increases in ¢ (Lemma EC.6). We then conduct this iteratively and extend the result to
0,4] using a finite covering. B

2. For the second threshold 6, we define 6 = inf{§ > §|.A/ (s;¢(4),5) < A"(s;¢)}. Then
we show that for any § > 6, Af(s;¢(5),0) < A" (s;¢r).

LEMMA EC.5. There exists a A that is independent of 0 such that for any A < A,
Vf’1(810(5 — A), C}((S — A),(5 — A) > Vf’1(810(5 — A), C}((;),(S)

Proof: First, for any s> s19(5), V/'(s;¢}(6),0) can be written as:

510(9) avfﬁo(s;c;;(a),a)d +/S OV (s;¢5(9),9)
S
s10(9)

0s 0s ds+0.

VI(sicj(0).6) = [

50d

Recall from (A.28) that so, is a constant independent of § under the flexible policy with
¢ =c}. Moreover, the equity value at sqq is zero.
Hence, for any A >0, we have

VI (s10(6 = A); 3 (6 — A),0 — A) = VI (s10(6 — A); ¢5(6),6)
/810(5) OV I0(s; ci(0—A),0—-A) OV I0(s; c;(6),0) s

So0d 88 as
200=8) GV I0(s;¢5(6 — A),6 = A) IV (s;¢5(0),0)
' /810(5) 0s . ds

ds + A.

Note that for s € [s19(d), s10(6 — A)], if the switching cost equals § — A, the production
will be temporarily suspended, whereas, if the switching cost equals ¢, the produc-

OV IO (5% (83— A),60—A VIO (s;¢%(5),6 . . :
(s Cf(;s )02m8) (Zsf ©) ), the first integral is posi-
‘ ) ) _A) OV (sich (6—A),6—A
tive. Therefore, the above expression is bounded below by f:w(gs) 2) i) és R
8Vf’0(5'c* (6) 5) (IEKI-‘F(S)OA
5sf_’ ds + A. For the expression of s19 = ( - -
17

tion will continue. Since

(e1—ap)(1-k7?)

1 @
q al(mllfnl

) and 0 <

(1-r32) <~ wo have *(fgzé) > 510(0 — A) — 510(2) > — =998 _ Note that the

(k7 —K12) a1—az’ Y(1—o o2
1 ¥ lfagfa

absolute value of the integrand is bounded by the following relationship:

8Vf’1(s;c}(5— A),6—A) B 8Vf’1(s;c’}(5),5) _ GVf*O(s;c}((S— A),§—A) B 3Vf’1(s;c}((5),(5)

Os 0s 0s 0s
IVIO(s;c3(0—A),0 - A) B OV I0(s;¢3(0),0) - OVIO(s;ci(0—A),0 — A) B OV I (s;¢3(9),0)
0s 0s 0s 0s ’

Below, we show that the left hand sides of the above two inequalities converge to zero
uniformly for all § as A — 0.
VIO (s;c3(0—A),0—A)  aVIH(s;¢3(0),0)

O0s 0s
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= (cbl(c?(é —A)) - ¢1(c}(5))) 5227 (@(C;(é —A)) — @@;(5))) 521
gy

B r(on — o) (= soq " 8™ =504 5@ 71) - (cj(0 = A) = €}(9)),

and
oV IL(s; cH0—A),0—-A) oV IL(s; c3(9),0)

0s a Os
= (0(c;(6—A),6 —A) = 0(cj(6 —A),0 — A)) sp 2 - 577!

a; —oe(ci(0—A)—ci(0 a—as _
- (04_2 ( f7(”(oz1—)042) 2 ))7( 10(0 —A)) Sod

Lo —ac;(0)y ((510(5 S (510(6))”‘“2) S0 "

ay rla; —ay)

(0 —A )
( f(T(al )a2) ( ))7500{0‘2 _ aim(slo((s — A) — 510(5))>30d042 . g2l

Clearly, to show the above two expressions uniformly converge to 0, we only need to
(6 — A) — c5(6)| and [s10(6 — A) — s10(0)| uniformly converge to zero, as

A —0, for all 6. As —=2°% < s10(0 — A) — s19(9) < #ﬁ%&%), the uniform convergence

of |s10(82 — A) — 510(52)| follows directly. For ¢}, we have:

ocy 0 —an [(T(1 — @3) - Ko ()
f_ Y . l-—on 1 2 2
85 95" (810(6)) ( —aupy )

— sg‘é . w . |:(1 — al) . (Slo(é))ial 65(190(5(5) /432(5) + (810(5))

— QY

1—ag 852(6)
0

Note from equation (A.9), we have: (=K1 +6) as+ 1(az —1)si0= (a2 — a1)¢157, and
thus, as + 7 (a2 — 1) 20 = (rp — ) 22510, Slmphfymg the above equation, we have

3&2 1 |:(a o ),‘{ ’7(1 o ) 8810 (6%)
= . 1= &2 — LT a2)0 - .
00 (Oq — 042)810 2 q 00 (Oél — 062)810
Js —o -« (1-r7?) —
Since % is bounded in [”(1—a2—2‘;’f))’ %(1_32)], Ko = m -2 €0, e -], and

8 *
I is bounded

S10 € [Soa, K|, % is also bounded uniformly, independent of é. Hence, -

uniformly. Hence, |¢j(6 — A) = ¢}(8)| — 0 uniformly as A — 0.
AVIO(sic5(5=0),0-8)  aVIi(sic}(6),0)

Consequently, | s e | = 0 uniformly for any § as A — 0.
Therefore,

s10(0-4) gy fil §—A),0—A) 0VI(s;ci(9),

[ (5616 8),0-8) _OVIsics()0),
510(6) 85 8

OV Il (s;cp(0—A),6—A)  OVI(s;¢3(0),0)|  —ang
A(l— : .
>A( e Os Os 7(1—042))




A10 e-companion to On the Interplay of Production Flexibility, Capital Structure and Investment Timing

8Vf’1(s;c}(5—A),6—A) 8Vf’0(s;c;(§),(5)
Js o Js

Since max — 0 uniformly for any J, there must exist

VI (s;ch(6—A),6—A)  aVIO(s:¢3(),0)

a A that is independent of & such that 1 — max, 5 5

w(l_—aj) > 0. Therefore, we have shown that there exists a A such that for any A < A,

VI (510(8 — A); 55— A), 6 — A) > VL (s10(8 — A); ¢5(5), ). O

‘ LEMMA‘EC.G. 8‘3—21 < 0. And since c}(0) decreases in d (Lemma EC.3), V" (s;¢}(0))
increases in 0.

Proof: Note V"' = —(K +¢)1+ gs+ps“2 where p= — L 57,2 = —L(( —2q_3l-o2 ([

qan °1d azq \ (1—a2)r
c)'~2, Taking derivative wrt ¢ leads to:

8‘/7“11 o P)/ f}/ _a2q 1—ao —Q9
90 ——;—@(1—a2)(m) (K +c¢)
= 21— (=2 ye2) <. (A.29)

The last step is true since sy > s7,(c); otherwise, it would be trivial since the firm would
default on date 0 and the equity value would be equal to 0. O]

LEmMMA EC.7. If &(6) < c5(8), Al (s;¢(9),0) decreases in 6.

Proof: Note ﬂ = 85‘? % + == ‘Mf . It is clear that 8Af < 0, and we have shown 8C <0

(Proposition 3) Moreover, since ¢ < ¢}, by convex1ty of A/ . we have aAf o= > 0. There—

fore, W <0. O

Now, we prove Theorem 1 based on the above technical lemmas.

Proof of Theorem 1: From the proof of Proposition 3, we know that the compari-
son between V/'(s;¢}(0),0) and V"'(s;¢5(8)) is independent of s. Therefore, if we can
show V! (s10;¢}(6),0) > V™! (s10; ¢5(6)), the inequality holds for all 5. Towards this goal,
define § = sup{d|V "1 (s10(8);c5(6),8) > V"' (s10(6); ¢5(6))}. Since VI ((s10(8);¢5(6), )
and V"™'(s19(0);cj(d)) are continuous in 4, Vfl(slo(é);c}(é),é) = V"l(510(9); ¢}(9)).
Hence, we need to show that for any 0 < 4§ <48, V/!(s19(8); ¢5(6),8) > V"1 (510(6); cf(é))

From Lemma EC.5, there exists a A that is independent of 8, s.t., for any A < A,
VIil(s10(8—A); c}(é A) d—A) >V (s10(0—A); ¢5(9),d). From Lemma EC. 6, we have
Vi (s10(6 — A);c5(8 — A)) < V" (s10(0 — A);¢5(8)). Therefore, VI (s10(8 — A) (0 —
A),0 —A) >V”(310(5 A);ci(d—A)).

Now repeat the process, with the same A. For any A < A, V/1(s30(8 — 2A);¢3(0 —
2A),8 — 2A) > V1 (s19(8 — 2A);¢5(8 — A),6 — A). And from Lemma EC.6, we have
Vr1(810(6 — 2A) (5 — 2A)) Vr1(810<5 — 2A) cf(<5 — A)) Therefore, Vf’l(Slo(é -
2A); cf(é 2A),0 —2A) > V" (s10(0 — 2A4);¢5(0 — 24)).

Since A is a constant that is independent of &, we can repeat this process of subtracting
A from ¢ until it hits 0 (i.e., s10(d) hits s19(0) = K). In other words, we find a finite cov-
ering in [0, §] such that we have V/!(s19(8); ¢5(8),8) > V"' (510(8); ¢5(8)) for all § € [0, 4],
and the equity holders choose the flexible policy. In other words, ¢(d) > 0. Therefore, we
only need to show that from the firm’s perspective, A/ (s;c}(),8) > A" (s;c}), which is
true because the unconstrained flexibility always has a non-negative value. Therefore,
when § <9, it is optimal for the firm to set ¢ =c} and the equity holders will operate
the firm with flexibility.
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Next, let § =inf{d > §|.A7(s;¢(3),0) < A"(s;¢)}. Note that the firm chooses between
Al (s;6(5),9) and A"(s;c’) when deciding its financial choice. Clearly, when § — oo, the
flexibility will never been used. It follows from Lemma EC.7 that A/ (s;é(5),d) decreases
in § and A"(s;c’) is independent of §, and thus there is a single crossing point & of
A7 (s;¢(6),8) and A"(s;c).

By the definition of ¢, c;(d) = ¢é(8). Therefore, by the monotonicity of ¢(d) shown in
Proposition 3 and Lemma EC.3, ¢*(§) decreases in ¢ on [0,]. Based on Lemma EC.4,
c*(0)= cf(O) < ¢(0). Hence, ¢t > c*(§), for any § < . In sum, we have shown that c*
decreases in ¢ in [0, 6] and then jumps up to a flat level ¢. And by the definition of &(d),

c*(0) leads to flexible operations on [0,d] and to rigid operations when § > §. Thus, this
Completes the proof for Theorem 1. [l

A.10. First Best Optimal Coupon
In the following, we show the optimal coupon rate of the first-best solution.

THEOREM EC.1. There exist two thresholds ' P and with respect to the switching

cost such that the optimal coupon rate of the first-best solution follows:

5FB

c* if 6 < 6"
if 6B <5 <HFB . (A.30)
if § > 688

Al

Cpp(d) =

c:
Proof: Let 677 = sup{6|V /! (s10(6);c;(5),6) > 0)}. To show the threshold property
for 6%, we show that for any § < §°7, VIt (s10(0);¢5(0),6) > 0. We apply Lemma
EC.5 and follow similar steps in the proof of Theorem 1. First, there exists a A
that is independent of 4, s.t., for any A < AV (s19(67% — A);e (5FB A), 6P —
A) > VI(s0(8"7 — A)se (5FB) 07P). Since Vfl(slo((SFB - A) c3(677),6"7) >
Vfl(slo(éFB) cf(dFB) B > 0, V1 (s10(8"F — A);e (5FB A),6"% — A) > 0. Given
that A is a constant that is independent of §, we can repeat this process of subtracting
A from 0 in finite times until it hits 0. That is, we can find a finite covering, where
VIt (s10(9); c;(6),0) > 0. Therefore, this inequality holds for any d € [0,8"7].

Next, let 672 = inf{§ > 5SB|Af(s ¢(6),0) < A"(s;c)}. To show the threshold prop-
erty for 67P we need to show that for any § > 68, A/(s;¢(0),8) < A"(s;¢r). Since
A" (s;¢?) is independent of §, we only need to show A/(s;&(d),d) decreases in §. Taking
derivative of A7 (s;2(8),9), A7 (558).9) . dAN(5:E(0).8) | AN (5E(3).0) 66(6) . Note that aAf <0,

ds s de
Wk:a(a) >0, and ¢(d) < cf for § > "% hence we only need to show 8(6 < O Slnce
V(s10(6);(0).6) =0, AnofeOl) — 0, 2 swgg c0) = VI Do1o0) OV 0e) 4 OV
Note <5~ >0 and av <0, and we also have 853%(5) < 0 (Corollary 1) and ‘Wf <0
(shown in the proof of Corollary 2). Hence (s;¢(6),9) decreases
in 6 and there is a single crossing between Aﬁ (s;¢(9),0) and .A”(s ), which completes
the proof. 0

A.11. Optimal investment timing

Denote the value of the growth option as G(s;c) =1 - sy*, where v is to be determined
later by the continuity of the value function and the optimality of the investment. The
investment point U and the debt level are determined jointly to maximize the firm’s
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value. As shown in Proposition 3, when the coupon rate ¢ < ¢, the firm will be operated
under the flexible policy. The value matching and smooth pasting conditions lead to:

W Uf = —(K+¢)2+ 12U +0U + £(1— (L)) - I, (A.31)
arpf Ut =2U; + 00xU3 — apf(£)™. (A.32)

Therefore, (A.31) *a;— (A.32) results in:

—a ((K—i—c)% - —|—I1> + Z—(Ozl - 1)U+ (9 — r:{?j) (o — ) (Up)* =0.
Using the value matching condition, the coefficient can be solved by:
€ —Q1 —Q1 [ a2 Qa2 —Q
W= —((K )7+ 1= U™ + 307" 4 (0= £(5;)™) U

When the coupon level is ¢ > ¢, the value matching and smoothing pasting conditions
lead to:
U9 = (K +¢ U——S 012Ua2 c _&ag -7
VUR = (K07 + U — LU 4 £ ())

r

ol U a2 ~ 1 ag—1
o =2 Lo 22 _c UrNa2 o7 (L = c( 1\ e
061¢ Url - Ur < > *S1d a2(31d) 2—qu <q (Sld) +Oé2r(81d) 2)UT2.

1 q \Sid

U™ can be solved by:

con (K= 1) + (=120, — (e —an) [ L2 s+ S ) (Z2) =0 (a33)
(0= E 1) -3 (et t) ()

Q2 g r S1d

and ¢ can be solved by:
Pr=—((K+c)24+1— ;)U;‘“ + U+ <p - E<a) )UO‘Q o (A.34)

B. Empirical Analysis and Robustness Check
B.1. Empirical Test on the Interplay of Production Flexibility and Financial
Leverage in the Iron and Steel Industry

As discussed in the introduction and literature review sections, most empirical studies
on production flexibility and financial leverage use indirect measures of flexibility that
face multiple problems. Indirect measures can only capture realized flexibility, but its
existence rather than its realization influences financing decisions. Moreover, indirect
measures often are influenced by accounting rules and may proxy for other factors. For
example, proxies typically do not differentiate between operational flexibility and opera-
tional leverage. Operational leverage is defined as the proportion of the fixed production
cost to the total cost (Van Horne 1977; Ferri and Jones 1979; Huffman 1983; Dugan
et al. 1994; Novy-Marx 2011). The fixed cost is to be paid regardless of production
quantity and needs to be paid continuously as a rate per unit time. It plays a different
role from switching costs that we use as a measure of flexibility. One of the differences
is that operational leverage is not directly linked to risk shifting since the fixed cost is
an ongoing cost. In contrast, operational flexibility refers to the ease of altering produc-
tion quantities, and since the timing of switching is controlled by the equity holders,
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risk shifting problems are encountered. Endogeneity issues are more of a concern when
indirect measures are used.

To avoid these problems, Reinartz and Schmid (2016) obtain direct measures on
flexibility based on properties at the plant level of energy utility firms. Their tests
involve firms in the energy utility industry, which is heavily regulated. It is unclear
whether these results extend to other sectors. In this supplement, we conduct a similar
analysis for the iron and steel industry. We choose this industry because there are two
well developed technologies that have very different degrees of flexibility and make up
the bulk of production: the Basic Ozygen Furnace (BOF) process and the Electric Arc
Furnace (EAF) process. The steel facilities using the BOF process are typically called
integrated mills. They make steel from scratch, by melting iron ore in a blast furnace
to produce liquid iron, removing the slag, and then combining the liquid iron with
scrap metal in a Basic Oxygen Furnace, where pure oxygen is blown in at supersonic
velocities. The BOF process relies on large volumes to achieve efficiency and is inflexible.
In contrast, the EAF process is a more flexible modern production method. It uses steel
scrap and pig iron as raw materials and uses electricity to melt them to make new steel.
The steel mills using the EAF process are typically called mini mills. They produce
steel in smaller volumes and can stop and restart production relatively quickly. In the
United States, approximately 75% of the steel is made using the EAF process, and 25%
is made using BOF. 7

To develop the empirical test, we focus on the U.S. listed steel manufacturers. We first
obtain their financial and operational data from the COMPUSTAT quarterly database.
Let ¢ be the index for firms, ¢ for fiscal years, and q for fiscal quarters. We denote
SALES;, as the sales revenue, COGS;;, as the cost of goods sold, T'A;;, as the total
assets, M KV LT}, as the market value of equity, DLTT};, as the long-term debt, DLCj,
as the short-term debt, OIBDPQ;, as Operating Income Before Depreciation, and
PPENT,, as total Property Plant and Equipment.

Second, to construct a direct measure of production flexibility, we utilize the recent
Greenhouse Gas (GHG) dataset in the Envirofacts database obtained from the EPA web-
site.® Starting from 2010, the Greenhouse Gas Reporting Program (GHGRP) requires
firms to provide their greenhouse gas data from large emission sources in the United
States. This dataset can be used to track and compare facilities’ greenhouse gas emis-
sions. Facilities are required to submit annual reports if greenhouse gas emissions from
covered sources exceed 25,000 metric tons of carbon dioxide, CO,, per year. In the iron
and steel industry, about 40 percent of the carbon used in steelmaking leaves the process
as carbon dioxide gas. The required reports not only provide the aggregated level of
emissions for each applicable facility, but also the type of emitting facility. Specifically,
each facility reports the emission volume of CO5 and other greenhouse gases by specific
furnace type (BOF or EAF). This provides us with detailed information at the facility
level of the type of steel-making technology that firms in this industry are using.

We retrieve the information from Greenhouse Gas Customized Search for the iron and
steel industry. Each facility is required to report its highest level US parent company.
We combine the facilities according to their parent company and then manually match
them with those in the quarterly COMPUSTAT dataset that we extract for the iron
and steel industry (SIC code from 3200-3299) from 2010 to 2019, which leads to 403
matched quarterly observations. Table EC.1 displays the total amounts of emissions

" https://www.conklinmetal.com /steelmaking-101/

8 The data is available throught https://www.epa.gov/enviro/greenhouse-gas-customized-search
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Total Emissions  Matched Emissions = Matched Percentage

Year EAF BOF EAF BOF EAF BOF

2010 3.418 4.034 2.721 3.855 79.60% 95.58%
2011 4.096  4.268 3.192 4.039 77.92% 94.64%
2012 4.179  4.165 3.319 4.165 79.41%  100.00%
2013 4.396  4.215 3.509 4.215 79.82%  100.00%
2014 4.595  4.082 3.709 4.082 80.73%  100.00%
2015 4.387  3.466 3.526 3.466 80.38%  100.00%
2016 5.156  3.253 4.054 3.253 78.63%  100.00%
2017 5.048  3.478 4.112 3.478 81.47%  100.00%
2018 6.081  3.420 4.775 3.420 78.54%  100.00%
2019 5.600  3.320 4.452 3.320 79.50%  100.00%
Total 4.696  3.770 3.737 3.729 79.59% 98.92%

Table EC.1  The total emissions (in millions of metric tons) and the portions matched to COMPUSTAT
Quarterly

reported in the GHG dataset and the amounts of emissions from the firms that we are
able to match with the COMPUSTAT dataset. Most of the major steel makers in the
US are public firms and are included in our analysis.

For the measure of financial leverage, we consider both market and book leverages

DLCiq+DLT th _ DLCiq+DLTTyy,
defined as: MLV, = TCe DL Tyt MKV irg and BLV, = T , where the

numerator is the total debt. The market leverage is generally more volatile than the
book leverage since the former contains the market value of equity. Both measures are
widely used in the literature to reflect the amount of debt used by a firm to finance its
business.

For the measure of production flexibility, we define two variables. The first is the ratio
of a firm’s emissions contributed by the flexible EAF process to its total emissions in
each year:

total emission of EAF

total emission of EAF+total emission of BOF’

which reflects how much a firm relies on the flexible EAF process. It is worth noting that
to produce the same amount of steel, the BOF process typically releases more CO, than
does the EAF process, varying from one to three times. Therefore, in our robustness
test, we also alter the definition to place a greater weight on the EAF emission. The
second variable is a dummy variable F'El;, that equals 1 if the firm only uses the EAF
process and 0 otherwise. We do not separate out the firms that only use the BOF process
due to the small number of such firms. Therefore, when FEI; =0, the firm may use the
BOF process only, or use both BOF and EAF processes. For such firms with FEI; =0,
on average, about 86.7 percent of the emissions are from the BOF process, and only one
firm-year observation in our matched dataset has the percentage of emissions from the
BOF process below 50 percent.

We use the same control variables as in Reinartz and Schmid (2016) that are standard
in the finance literature (Lemmon et al. 2008; Danis et al. 2014). Specifically, profitabil-
ity is computed as the earnings before interest, taxes, depreciation and amortization,
divided by total assets. The market to book value is computed as the sum of the market
value of equity and the book value of debt, divided by total assets. Tangibility is com-
puted as the value of property, plant and equipment, divided by total assets. Firm size
is defined as the logarithm of net sales (or the logarithm of total assets in robustness
tests).

Table EC.2 shows the descriptive statistics for the dependent and independent vari-
ables used in our empirical tests. We observe that on average, the firms that use the

FEy=
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(Mainly depend on) BOF EAF
Variable Mean Standard Deviation Mean Standard Deviation

Book Leverage 0.288 0.122 0.223 0.129
Market Leverage 0.506 0.152 0.247 0.142
Profitability 0.0178 0.0156 0.0278 0.028
Tangibility 0.450 0.036 0.376 0.133
Market to book 0.578 0.164 0.943 0.312
log(AT) 9.768 1.328 7.319 1.727
log(sales) 8.465 1.045 6.084 1.046

Obs 120 283

Table EC.2 Summary statistics

This table reports the summary statistics of financial and operational characteristics for the two different types of firms.

BOF process are more financially levered than the counterparts in both leverage mea-
sures.” We also find that the firms in the two groups differ largely in their profitability,
tangibility, and market to book value. Those using the inflexible BOF process are gen-
erally larger, with lower profitability, higher tangibility, and significantly lower market
to book value. Similar observations are made in Reinartz and Schmid (2016) for the
power industry, which indicates that it is important to control for these factors.

We test the empirical specification as in Reinartz and Schmid (2016):

Levitq :>\t+ 7]q+ﬁ1'Fit+7'Xitq+€itq7 (Bl)

where Lev;, is the financial leverage measure (either M LV, or BLV;y,), F;; is the flex-
ibility measure (either F'E; or FEI;), and X;, is the control variable vector including
profitability, tangibility, market to book value, and firm size. All control variables are
lagged for one quarter. We control for the fixed year (\;) and fixed quarter (n,) effects.
Table EC.3 reports the regression results. The estimated coefficients of the main
model (B.1) with four different combinations among the two leverage measures and the
two flexibility measures are provided in columns (1-2) and columns (6-7), respectively.
We see that the coefficient for the flexibility variable is always negative under every
combination, which is statistically significant except under model specification (7). This
finding indicates that the usage of the flexible EAF process is associated with less
financial leverage with other important factors controlled, which confirms the presence
of a negative association between financial leverage and production flexibility in the iron
and steel industry. In particular, based on model specification (2) where the dummy
flexibility variable is used, a hypothetical steel maker that uses only the EAF process
would have a market leverage about 10.3 percent lower than an otherwise identical
firm that significantly relies on the BOF process, which makes a significant difference
given that the average market leverage for the EAF-only firms is at 24.7 percent in our
dataset. From the other columns in Table EC.3, we see that this result is robust when
we use the alternative firm size definition, add a square term FEZ into the model, or
lag all the independent variables. Moreover, when we add the square term F'EZ into
the model, the associated coefficient is positive, which indicates that the relationship
between financial leverage and production flexible can be nonlinear (convex). Therefore,
these findings can complement Reinartz and Schmid (2016) in that higher operational
flexibility can be associated with less debt, and their relationship might be nonlinear.

® The big difference between the book leverage and market leverage stems from the lower stock price for the
traditional steel makers that depend on BOF. This is consistent with some financial analysts calling some steel
firms in this category “value stocks” based on the low market-to-book ratio (https://www.nasdaq.com/articles/5-
value-stocks-with-low-price-to-book-ratio-for-big-returns-2017-05-31).
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Market Leverage

Book Leverage

Model 1 2 R3 R4 R5 6 7 RS R9 R10

FE -0.122%*¥%  _0.103%**  _0.151%*%* _0.169*** _-0.272%* -0.040%*  -0.020 -0.065%*  -0.060*** -0.437***
or FEI (0.024) (0.021) (0.023) (0.023) (0.134) (0.020) (0.018) (0.199) (0.120) (0.113)

FE? 0.101 0.371%%*
(0.128) (0.109)
Profitability 0.669 0.641 0.767 0.705 0.732 0.548 0.592 0.628 0.480 0.580
(0.475) (0.473) (0.486) (0.456) (0.458) (0.391) (0.385) (0.412) (0.387) (0.392)

Tangibility 0.506%*%*  0.526***  (0.455%F*  0.605%**  (0.608*** 0.296%*F*  0.309%**  (0.264***  (.321%**  (.333%**
(0.059) (0.058) (0.061) (0.056) (0.058) (0.050) (0.049) (0.051) (0.049) (0.048)

Market to Book -0.130%**  -0.132%%*  _0.111%F*  -0.084*** -0.093*** 0.121%%%  0.111%**F  (0.140%**  0.129%**  0.096%**
(0.027) (0.028) (0.028) (0.027) (0.029) (0.023) (0.023) (0.023) (0.023) (0.025)

Size 0.033***  0.032%**  0.027FF*  0.026***  0.028*** 0.025%**  0.027***  0.019%F*  0.022%**  (.028***
(0.004) (0.004) (0.004) (0.004) (0.004) (0.004) (0.004) (0.003) (0.003) (0.004)
Year Fixed Eff. Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes
Qtr Fixed Eff. Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes
R? 0.616 0.614 0.596 0.660 0.661 0.413 0.412 0.380 0.412 0.430

Table EC.3 Preliminary analysis and baseline model regression

This table reports the coefficients of the following regression models:

1. Models 1-2: MLViyyg=ng+ e+ b1 FEi+7v- Xitg+eir and MLViyg=ng+ A e+ 61 FELiyy +7v - Xitg +€it

2. Model 3 is the same as Model 1, except that the firm size is defined as the logarithm of total assets. This is

a replication of the model in Reinartz and Schmid (2016).

3. Model 4 is the same as Model 1, except that all the independent variables are lagged for one year. Model 5
adds a square term FEZ as an independent variable.

4. Models 6-10 are the same as Models 1-5 except that the dependent variable is changed to BLVj,.

In the above models, X represents the control variable vector including profitability, tangibility, market to book

value, and firm size. The sample includes all the firm-quarter observations from 2010 to 2019. ***significant at
0.01. ** significant at 0.05. * significant at 0.1. P-values are two-sided. Standard errors are reported in
parentheses below the parameter estimates.



