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A Online Appendix

A.1 Summary of Notation

We denote vectors in boldface, random variables in upper-case and their realization in lower-case letters, use
“” for probabilistic conditioning, and provide the arguments of a function in parantheses.

The disease set N = {1,2,--- ,n} is arranged in non-increasing order of disease prevalences m;,i € N, that is,
m > o+ > . The joint vector, p, contains all mono-, co-, and no-infection probabilities for the n diseases, and
the marginal vector 7 = (m;);en contains the disease prevalences (Definition 1). § = (S¥)k=1,... 4, ¢ =1,-- ,n,
denotes a g-partition of the disease set N, where each assay S* has cardinality (size) s*, prevalence 7(S*), and
pool size t*, with t*¥(S*) = ¢**(7(S*)) denoting an optimal pool size within the domain t € Z*,¢t > 1 (with ¢ = 1
denoting individual testing), which is a function of assay prevalence 7(S*) only (Property 1). When referring to
an optimal Dorfman pool size, we use the notation 37 (m(S*)), that is, considering the domain t € Z*,¢ > 2. We
use the terms partition and assay portfolio interchangeably. In general, we use the superscripts k, k’, [ for assay
(with a subscript added to the index in places, e.g., k1, k2), and the subscripts i, j, r for disease.

Functions T'(S,t) and C(S,t) respectively denote the per subject expected number of tests (“expected tests”)
and per subject expected testing cost (“expected testing cost”) for assay S with pool size t, and TC(S, t, A) denotes
the expected total testing cost (“total cost”) for partition S, pool size vector ¢, and coefficient A € [0, 1], where A
(hence, 1 — \) is the weight of the expected testing cost (expected tests) in the objective function.

By Definition 3, D@ and I9, g = 1,--- ,n, and M9, ¢ = 2,--- ,n, respectively denote the optimal testing
design when constrained to be within the g¢-partitioned Dorfman, individual-testing, and mixed-testing design
classes (an M) design is not possible). When needed, we use the design class as a subscript to refer to the
corresponding metric for the optimal design within that design class, e.g., Spw, Tpw, and TCp(,) respectively
denote the partition, the expected tests, and the total cost for an optimal D(? design.

The composite cost function is given by ¢(s,A) = A ¢(s) + 1 — A\, Vs € ZT, X € [0,1], where ¢(.) is the assay
cost function; by definition, any &.) € C must satisfy Assumption (A). When needed, we use the notation
that composite cost functions ¢(.) and ¢&(.) respectively utilize assay cost functions ¢(.) and ¢/(.). The notation,
¢(.) >aifr ¢(.), denotes that function ¢(.) has higher differences than function ¢(.) (Definition 5).

To simplify the notation, we drop the indices and function arguments when clear from context, e.g., ¢(s) for
é(s,A) when X does not change, or &(.) when referring to a generic composite cost function, S for S ) when it is
clear from context that we are referring to an optimal partition for the D(@) design class. We also use the notation
that T*(S) = T*(w(S)) = T(w(5),t*(7(S))) and T} (S) = T5(w(S)) = T(w(S),t5(w(S))), that is, expected tests
for assay S at the (global) optimal pool size, and at the optimal Dorfman pool size, respectively.

A.2 Preliminaries

By Definition 3, optimal pool size vectors for the different design classes are given by, t;) = 1, tpw) > 2, and
tyw 3k l=1,---,q: tﬁmq) =1, th(q) > 2. Any assay with individual testing (¢ = 1) uses one test per subject
for all the diseases in the assay, i.e., T'(S,1) = 1,VS C N (Eq. (8)).

Then, by Eq. (2), the total cost of the (global) TD optimal solution (denoted by superscript *), and the
optimal solution when constrained to be within each design class (denoted by the design class subscript), follow:

.
TC*(A\) = TC(S",t,A) = > &™) xT°(S"), whereq" € {1,--,n} (17)
k=1
. k k o k . k
TCia(N) = Zé(SI(Q)vA) XT(SI(Q),l) :Zé(SI(Q)vA) x1 :Zé(sl(q)7>\)7 Vg=1,---,n (18)
k=1 k=1 k=1
! k k - k 1 k th
TCD(q) (A) = é(SD(qM)\) X TEJ(SD(Q)) = ZE(SD(Q)7)‘) X W +1- (1 - TF(SD(‘Z))) p | VYg=1,---,n (19)
k=1 k=1 Dla
TCyw(N) = Z 6(3§u(q) s A) X T(Szlt{(rnv 1)+ Z é(slM(q) s A) X TB(Sju(Q) )- (20)
k:luq:t;"w(q):l l:lnq:tl]w(q) >2

The following definition and properties will be used subsequently in the proofs.



Definition Al. 1. Function f(.) is a subadditive real-valued function if f(x +y) < f(z) + f(y), Vz,y € R [55].
2. Function f(.) is a subadditive set function if f(S* U S?) < f(S1) + £(S?), for any pair of sets S*,S? [15].
Property A.1. (1) T*(n(S)) and T}(n(S)) are subadditive in w(S) € [0,p]. (2) Both c(s) and &(s,\) are
subadditive in s € Z+, VA € [0,1]. (3) m(S* U S?) is a subadditive set function, ¥S',S* C N.

Proof. T} (m(S)) is non-negative and concave increasing in 7(S) € [0, p], and T* (7 (S)) = T} (7 (S)) for m(S) € [0, p]

(Property 2). Similarly, ¢(s) is non-negative and concave non-decreasing in s,Vs € Z+ (Assumption (A)), and
é(s,A) = A ¢(s) + 1 — X is a linear function of c(s), VA € [0,1]; and for any two sets S, 5% C N, (S U S?) =
7(SY) + 7(S?) — (St N S?) < w(SY) + 7(S?). Then, the subadditivity results follow by Definition A1. O
Property A.2. For the independent diseases or no co-infections cases, T*(S) is strictly concave increasing in
each m;, Vi € S, as long as ©(S) < p.

Proof. For both the independent diseases and no co-infections cases, 7(.5) is linear increasing in m;, Vi € S (Egs.
(15)-(16)), and T™*(7(S)) is strictly concave increasing in 7(S) € [0,p] (Property 2). Then, it follows that 7™ (7 (S5))
is strictly concave increasing in m;, Vi € S, in the region 0 < 7(S5) < p [14]. O

Remark A.1. IfII has an interval type uncertainty set given by,
Q@) ={mw:m € [r,;,Ti],i € N}, where0<m, <T; <1, i€ N, (21)
then P has the following uncertainty set,
Q(P)={p>0:(p;m) is a solution to (5)-(6), =& QII)}, (22)

where (p; ) (i.e., p conditional on ) represents a solution to (5)-(6) for a given realization ® € Q(II), and set
Q(P) contains all such non-negative solutions, (p; =), for w € Q(II). Note that for each given w € Q(II), there
may be multiple solutions, (p;m), i.e., with different mono-/co-infection probabilities, because the linear system in
(5)-(6), where 7 is given, has 2" unknowns and n + 1 constraints, where 2™ > n +1,Yn > 2.

Similarly, given an uncertainty set on P, denoted by Q(P), the uncertainty set on II is given by,
Q(IT) = {mw > 0: (m;;p),i € N, is the unique solution to (5), p € QP)}.
Letting m; = min{m;, € Q(II)} and 7; = max{m; € Q(II)},Vi € N, we can equivalently write:
QM) ={xw:m € [x;,7i],i € N}.

Thus, given an uncertainty set Q(II), one can obtain an uncertainty set Q(P), and vice versa.

A.3 Supporting Results
Theorem A.1. Consider Q(II) = {mw : m; € [r;,7;],t € N}, where 0 < 7w, <7; <1, i € N, and ils equivalent
Q(P) from Remark A.1. For any given x and t, the inner mazximization in R-TD objective function (14) can be
equivalently expressed as follows:

n

max {/\ iC(wk,tk;p)—i— (1-2X) iT(wk,tk;p)} = Z { max {)\ x C(z", t*: p) + (1 = \) x T(mk,tk;p)H
k=1 k=1

peQ(P) 1 Lpe(P)
tk
=~ 1
—Z(s(zxf)\) x min ¢ 1, tk+1—<1—min{1,zmxf}> , (23)
k=1 1EN iEN

where, for each x, 3p € Q(P): w(x*;p) = min{l,zieNﬁixf}’ Vk=1,---,n.

Corollary A.1. For the special case where ), T; < 1, the worst-case solution, 7(z*; p) = min {1, YieN ﬁmi—“},
Vk=1,---,n, is attained at p: p; =7;,Vi € N, p;; = 0,¥ij € N(2), pijr = 0,Vijr € N(3), -+ ,p12..n =0, po =

1= N Ti, that is, each marginal prevalence is at its upper limit and there are no co-infections.



A.4 Proofs
Proof of Theorem A.1. From the definitions of Q(IT) and Q(P) (Egs. (21), (22)), for any given assay portfolio

x = (z%)k=1,.. » and pool size vector t = (t*);_1 ... ,, we can write:

A Ok tRp) + (1 - A T(x* t*, 24
pg&ag){ E («*,1"; p) E (=", ,p} (24)
1 *
_ ~ (1 (k.
_pg}%){g ( E acl,A) xmln{l, s +1 (1 m(x ,p)) }

iEN

<3 s (o (35 o {1 fn- (-t ) o
“16<Z€ZJ:V:5,,)\> xpg&%){min{l, tikJ“l* <1ﬂ(mk;p)>tk}}

tk
= 1
5(2@%) X min { 1, tk+1—<1—min{1,zmxf}) , (28)
1

k= i€EN €N

(25)

M:

(27)

IN

where (25) follows by Eqs. (2) and (8); (26) follows because, for a given assay portfolio = (z*)—1,... ,,, and pool
size vector ¢ = (t*)g=1.... n, the solution to (24) requires a common worst-case vector, p € Q(P), for all assays

k=1,---,n, while (26) relaxes this restriction and allows for a potentially different worst-case vector, p* € Q(P),
for each assay k =1,--- ,n. (27) follows because the term, > ;_, 6( D ieN xk, )\>, is a constant for a given x, that

is, independent of the joint vector p. Finally, the upper bound in (28) follows, because for any given ¥ and t*, the
term, t%Jrlf (1 - W(mk;p))tk is strictly increasing in 7(x*; p), and 7(x*; p) < min {1, dieN Exf} Nk=1,---,n

Then, to prove the equivalence of (24) and (27), and the equivalence of (27) and (28), it is sufficient to show
that, for a given x and ¢, there exists a common p € Q(P) (for all assays 1,--- ,n) that corresponds to the upper
bound in (28), in which case this particular p must be a worst-case solution to both (24) and (27). Equivalently,
we wish to show that 3p > 0 that satisfies: (i) (assay equations) m(z";p) =min {1, yTizf}, Vk=1,--- ,n
(ii) (disease equations) Pr(A;;p) = 7;; and (iii) (universal set equation) (7(N);p) + po = 1, where (i)
follows from (28), and (ii)-(iii), along with the constraint p > 0, ensure that p € Q(P).

Observe that if an assay has exactly one disease, then its assay equation reduces to the equation for its
corresponding disease, and is redundant; these assay equations are omitted from further consideration. Therefore,
we only consider the assay equations for assays in Q = {k = 1,--- ,n : s* > 2}, with cardinality m : 0 < m < 151
without loss of generality, the assays in @) are re-indexed as assays 1,---,m. Thus, we wish to show that the

following system of linear equations (based on Egs. (3)-(5)) has a non-negative solution, p € RT(2")*1.

it Zj:ijeN(Z) pij + Zj:jieN(Z) pji+ -+ pr2em =T, VieN, (29)
Dicsk Pi ZijeN(2):ieSk or jesk Pij + -+ 4 Pi2..n = min {L Diesk ﬁi} » Vked (30)
Po+ 2ien Pi+ 2Dijen(2)Pis T 2ijren() Pigr + 0 T P1zen = 1. (31)

This system has n + m + 1 linearly independent equations and 2" unknowns (i.e., each element of p), where
2" > n+ (2] +1,Vn > 2. Let A € {0,1}(nFm+Dx(") and b € RECFmHDXD regpectively denote the binary
coefficient matrix, and the non-negative RHS of this system of linear equations. By Farka’s Lemma [29], exactly one

of the following alternatives hold:



1. Either 3p € RZ")*! that satisfies:
Ap = ba p 2 Oa (F_l)

2. orelse Iy = (U1, ,Upn, V1, ,Um,2) € ROTHDXL where u; corresponds to (29) for disease i € N, vy,

corresponds to (30) for assay k € @, and z corresponds to (31), that satisfies:

ATy >0, (F-2a)
by <0. (F-2b)

Then it suffices to show that By € R*Tm+DX1 that satisfies (F-2a)-(F-2b), which we prove by contradiction.

To simplify the subsequent presentation, we introduce some new notation. Denote the columns of A by
A,z =1,---,2" where each column represents the constraint coefficients for an element of p € ®+(")*1 Hence,
each row of (F-2a), ATy > 0, corresponds to an element of p, which is the probability of either a mono-infection
(pi,i € N), a co-infection (p;...;,4, -+ ,4 € N), or no-infection (po); in either case, it is the probability of a set of
diseases S C N (e.g., S ={i},S = {i,---,j},5 =0), and we refer to this inequality as (F-2a)(S), i.e., indexed by
its disease set. As defined above, p, b, and y are all column vectors.

Suppose, to the contrary, that y = (u1,- -+ ,Un, V1, ,Um, 2) is a solution to (F-2a)-(F-2b). Based on the

signs of assay and disease variables, we decompose assay set () into six mutually exclusive sets:

Qt ={keQ:v,>0and {u; >0,Vi € S*}}, Qi ={ke€Q:v;>0and {u; <0,Vi € S*}},
fLOJrE{k:GQ:vk20and{3i€Sk:u120, andﬂjeSk:uj<0}},

Qi ={kecQ:v,<0and {u; >0,Viec S*}}, Q- ={ke€Q:vx <0and {u; <0,Vi € S¥}},

D ={keQ:v,<0and {JieS*:u >0, and Ij € S*: u; < 0}}. (32)

Observe that we use the indices k and ¢ to respectively refer to assay variables and disease variables; the subscripts
a+ and a— to respectively refer to assay sets with non-negative versus negative assay variables (vx); and the
superscripts i+, i—, and 70 to respectively refer to assay sets whose corresponding disease variables (u;) are all
non-negative, negative, or neither. Finally, let S*~ = {i € S¥ : u; < 0},k € Q.

The proof by contradiction proceeds in two parts. First we consider a specific row of (F-2a) and perform row
operations on it in order to bring it into a form that is a lower bound for the LHS of (F-2b), and show that this
lower bound is non-negative, thus reaching a contradiction with the inequality in (F-2b).

To this end, consider disease set S C N:

S = U argmin;cgr{u; } U S+ U Sk,
keQit kEQLIUQL_ keQif, uQ.

which contains the disease with the lowest u; value (breaking ties arbitrarily) for each assay k € Q. all the

a—>
diseases in assays k € Q’a:_ U Q' , and all the diseases with a negative u; value in assays k € ;O+ UQo. (As
will be clear in the sequel, the diseases in the assays in set Qfﬁ are omitted, as their assay and disease variables
are non-negative by definition). Consider the joint (co-infection) probability of the § diseases in set S, and its
corresponding column A,, where A;, = 1, Vi € S, Apyp, = 1if SNSk£0, vk e Q, Aptmi1e = 1, and

A, =0 otherwise. Then:

(F-2a)(S): 2+ Z vy + Z v+ Z v+ Z vk + Z Uk + Z Z“i+ Z Z Ui

keQly kEQL, ket keQi~ keQi’ keQliy i€S8k keQi® ieSk=

4



+ Z irggr%{ui}—i- Z ZUH- Z Z u; > 0.

kEin kle; i€Sk keQi0 icSk—
Through a series of row operations (detailed below), (F-2a)(S) can be converted into the following form:

z+ Z v X {relgi({ﬁl} + Z v X irensakg{fi} + Z v X min{1, Z T}

kEQL keQY, kEQT LRI LRI et
+ Z lrggr}}{uz} x min{1, Z T+ Z Z u; X %as}f{ﬁj} + Z Z u; X min{1, Z T}
keQiT jesk kel i€Sk keQi~ i€Sk jeSk
+ Z Z u; X max {7;} + Z Z u; X min{1, Z i} > 0. (33)
kEQ, ieSk- jest kEQIO_ ic Sk jESH

In the remainder of the proof, we first describe the bounding of the LHS of (33), so as to reach a contradiction
based on Farka’s Lemma. Then we detail the specific row operations needed to convert (F-2a)(S) to (33).
Bounding the LHS of (33): We bound the LHS of (33) to reach the form in (F-2b), ie., by, where each
vk, k € Q, has a coefficient of min{1, ", -« 7;}, each u;,i € N, has a coefficient of 7;, and z has a coefficient of 1.
We do this through a series of upper bounds on the different terms in (33). First, because 0 <7; < 1,Vi € N:

7j < max{7;} < min{l, Z@}, vjes, SCN. (34)

icS

The next set of inequalities follow by (34), the definitions in (32), the definition of S*~, and because S¥~ C

Sk Yk e Q:
kle’jr i€Sk keQij icSk
Z g X frelz;i({ﬁ,} < Z v X min{1, Z i} (36)
kEQf;r kEQZ; i€Sk
Z Vg X z‘Iens%c)S {mi} < Z vl X {22’5{@} < Z vg X min{1, Z i} (37)
keQu: kEQI, kEQ, iesk
Z nglsr%{u’} x min{1, Z T} < Z nggr%{ul} X Z T < Z Z UTG (38)
keQit jesk keQit jesk keQit iesk
S Yuomlnlc XY un &
keQl, €Sk keQly €Sk
Z Z u; X min{1, Z it < Z Z ;T4 (40)
keQi~ i€sSk jesk keQ!” ieSk
Z Z u; X jlélggc_{ﬁj} < Z Z uim; < Z Z u;TT (41)
kEQY, i€5H- kEQ0, ek~ keQ ieSk
Y Y Yrs Y Y uns ¥ Y um @
keQi0 ieSk— jesk keQi0 icsk- keQy) ieSk
Using (35)-(42), we can bound the LHS of (33) as follows:
RHS of (33) =0 < LHS of (33) <z+ ) vy xmin{l, Y m}+ Y wm =b"y, (43)
keQ icSk ieN

which contradicts with (F-2a):
(F-2a) : bly<0s 2+ Z v X min{1, Z i+ ZuZﬁ <0,
keQ €Sk 1EN

that is, Jy € R+m+UX1 that satisfies (F-2a) and (F-2b). Then, by Farka’s Lemma, system (F-1) must have a



solution, that is, Ip € RZ")*1 such that Ap = b and p > 0. Then to complete the proof, it is sufficient to detail

the row operations needed to convert (F-2a)(S) to (33), which we do next.
it

Row operations: We define the assay multipliers, Ay, k € Q\ QuL, as:
> icsn Tis Vke QM uQi- U
Ak = maX;c gk {ﬁl}, Vk € QZ:_ ) (44)

max;egr- {7}, VkE€E Qf&

and construct the ordered vector A to include any Ax < 1,k € Q\ ;i, and the element 1, which are re-indexed
following a non-decreasing order, i.e., A; < Ag < -+ < Ay < 1= Apg,, that is, A includes the multipliers for
all assays in Qf;_ U Qfg_; and the multipliers for assays in Q5" U Q'~ U Q¥ only if they are strictly less than 1.
We use index h to refer to the elements of A. By construction, each Ap,h =1,---, H, is the multiplier of at least
one assay, denoted by assays kp,--- ,lp, and Ay = 1.

In what follows, we will conduct a series of row operations on (F-2a)($), i.e., the inequality for the joint
probability of the diseases in set S. In each row operation, we will modify set S by progressively removing a
certain subset of diseases. Then we will consider the inequality in (F-2a) for the joint probability of the remaining
diseases in this set, multiply both sides of this inequality by certain assay multipliers, and add to (F-2a)(5), until
we reach the desired form, (33). In the following, we describe this series of row operations first in words, then
using mathematical notation.

We first multiply both sides of (F-2a)(S) by Ay, i.e., the assay multiplier for assays ki, --- ,l1; multiply (F-
2a)(S \ Uk, ... 1,5%) by Ay — Ay; and add the two inequalities to obtain a new inequality (F—Qa)(S’)(l) in which
the variables for assays ki,---,l; and their diseases (vg,k = k1, ,l1, and w;,i € Upg, ... 1, S*) are multiplied
by A1, and all the remaining variables (in y) are multiplied by As. Next, we consider Ao, i.e., the multiplier for
assays kg, - - , lo; multiply (F-2a)(S\ Uk, .- 1 ks, 15%) by (A3 — Ag); and add to (F—Qa)(g)(l), to obtain a new
inequality in which the variables for assays ki, -- ,[; and their diseases are multiplied by Ay, for assays ks, - ,ls
and their diseases are multiplied by Ao, and the remaining variables are multiplied by Az. We repeat this process
until H such row operations are completed, at which point we reach (33). In the following, we formally describe
this series of row operations. To this end, at each iteration h, that is, when considering Ay, h = 1,--- , H, we

update the assay and disease sets as follows:

Qil(An)=SkeQi: Z 7> Ap g, Qi (Ap) = {k €Q; Helgf{ﬂ} > Ah} , Qi (Ap) = {k eQy Z-Iéls%ff{ﬁi} > Ah}-,

K2
€Sk

Quo(An)={keQ Y >0, QL(A))=qkeQy - Y T >Ayp, and

€Sk €Sk
S(Ay) = U argmin;cgr{u;} U S* U Sk,
keQLt (An) kEQIT(ANUQLT(Ar)  KEQIS (AR)UQIY (An)
that is, when considering Ay, we remove the diseases of assays ky, - - , [, from the previous disease set S (Ap—1).

The row operations follow:

1. Ay x(F-2a)(S) +(A2—Aq) x (F-2a)(S(A1)) = (F-2a)(S)(1): In the new inequality (F-2a)(S)(1), the variables
for assays ki,---,l; and their diseases (vg, k = k1,--- , 11, and u;,% € U=y, ... ,llsk) are multiplied by Aq,
and all the remaining variables (in y) are multiplied by As.

2. Forh=2,--- |H: (F-Qa)(g)(h,l) + (Apg1 — Ay) x (F-2a)(S(An)) = (F-Qa)(g)(h): In the new inequality
(F-Qa)(S)(h), the variables for assays ki, -- ,l; and their diseases are multiplied by Ay, for assays ks, - , o

and their diseases are multiplied by Ao, and so on, and for assays ky, - - - , [, and their diseases are multiplied

by Ay, and all the remaining variables are multiplied by Ap1.



3. At the conclusion of row operation H, the final inequality (F-2a)(S )(rry is such that the variables for assays
ki,---,l1 and their diseases are multiplied by A;, for assays ko, --- ,l> and their diseases are multiplied by
Ao, for assays ks, - - - ,l3 and their diseases are multiplied by Ags, and so on, for assays kg, -+ ,lg and their
diseases multiplied by Ay, and all the remaining variables are multiplied by 1, that is, we reach (33). This
completes the proof. O

Proof of Corollary A.1. The result follows directly from Theorem A.1 because m(z*;p) = 3,y Tial < w(N) =
YienTi <1,Vk=1,--- ,n. Hence, to conserve m(zF;p) = ZieNﬁixf, Vk=1,---,n,and 7(N) = >,y T, We
have that pi = fi,VZ' S N, Pij = 07\72] S N(2), DPijr = O,V’L]T S N(?)), e, P12..n = 0, Po = 1-— EiENfi' O

Proof of Property 2. Part 1. For any assay S C N, from Eq. (8):

—2t—1

T(S,t) = %+1 —(1=7(S) <T(S,1)=1n(S)<1-— \E where M =t

) —
5 n(t)—1 >0t <e,

that is, function 1 — \t/% is strictly increasing for ¢ < 2, and strictly decreasing for ¢ > 3. Therefore, the maximum
value of 7(.9) for which pooled testing, with integer pool sizes, outperforms individual testing is attained at ¢ = 2
or t = 3. Then, the prevalence threshold, p, follows because 1 — f/g =0.292893 < 1 — {/g = 0.306639 ~ 0.31. [

Proof of Theorem 1. The following relationships hold VA € [0, 1], hence we drop A as an argument.

By Property A.l, ¢(s) is subadditive in s, that is, é(s) < Y. 9_,¢(sF), vsF € Z+ : Yi_ s* = s,V =
2,--+,s,Vs € Z* (Definition Al). Then, from Eq. (18), TC;a) = ¢é(n) < >-{_, E(s];(q)) =TCro, Y¢=2,-- ,n,
hence IV < 1@ Vg =2 ... n. Let S C N denote the set of diseases that are individually tested in an optimal
M@ design. For set S, TCr)(S) = &(s) < 1 _; é(sh,)) =TCra (S), Yg=2,--+ 5,5 C N, hence, it is optimal
to bundle all the diseases in set .S into one multiplex and individually test.

Part 1. Case where 7(N) < p: Then, n(5) < 7(N) < p,VS C N = TH(S) < T(S,1) =1,VS C N (Property 2).
Hence by Eqs. (18)-(19), TCpay = é(n) x ThH(N) < &n) x T(N,1) = TC;a), hence DM < TV = D) < (@),
VYg=1,---,n, because I(Y) < [0 Vg =2 ... n, as shown above.

Next, consider an M@ design, which, by definition and as shown above, must contain exactly one assay with
individual testing, say assay k¥ € {1,--- ,¢} : T(Sﬁ(q),tﬁ(q> = 1) = 1. Construct an alternative design that uses
the M (9 partition, Sy, but with pool size vector t},(Sy,) > 2, that is, each assay in the M(? partition
is now pooled with the optimal pool size. Because 7(S) < p,VS C N, we have that TE(S]kmq)) < T(S]’fj(q),l),
Vk =1,---,q (Property 2), that is, this new design, where all assays are pooled, is a feasible design for the D@
class, and has a total cost less than or equal to that of the optimal M (@ design. This inequality continues to hold
for the optimal D@ design, and we have that D@ < M@ Vg =2, ... n. Therefore, the optimal design class is

D@ for some g =1,--- ,n.

Part 2. Case where m < p < m(N): By Property 2, 1 = T(N,1) < T(N) = IV < DW; and from Eq. (7),
m <p=m<pViecN=TH{i}) <T{i},1) =1, Vi € N. Then, because M) is an all-singleton design,
ie, S = ({i})ien, it must have exactly one assay that is individually tested, and the total cost of this design can
be improved by pooling this particular assay (with optimal pool size), hence converting the design into a feasible
D™ design with a total cost less than or equal to the optimal M (") design. This inequality continues to hold for
the optimal D™ design, and we have that D™ < M) Therefore, the optimal design class is either I(V), or D(@)
for some ¢ = 2,--- ,n, or M@ for some ¢ =2,--- ,n — 1.

Part 3. Case where 7, > p: Then, p < m, < 7(5),VS € N = T(S,1) = 1 < T}(S),¥S C N (Property 2).
Therefore, we can show that 119 < D@ VYg=1,--- n,and I9 < M@ Vg =2, ... n. Further, IV < (@) Vg =

2,---,n as shown above. Then, the optimal design class is JAON



Part 4. Case where 3i € {1,--- ,n — 1} : m41 < p <7 Then, 7(N) > m > mp--- > m; > p. Hence, by Property
2,1=T(N,1) <T5(N) = IM < DM Consider any D@, q = 2,---,n, which must contain at least one assay
Ee{l,--,q}:n( D(q)) >p = ThH(SK ‘) > T(Sk D(q), 1) = 1 (Property 2). Construct an alternative design that
uses the D(Q) partition, Spe), but with tD(q
cost less than or equal to that of the optimal D9 design. This inequality continues to hold for the optimal M (@)
design, and we have that M@ < D@ Vg=2 ... n

Next consider set § = {1,---i} C N, where 7(S) > m; > p. Then, by part 3 of this theorem, IV is optimal

, = 1, which is a feasible design for the M@ class, and has a total

for set S, that is, in an optimal design, all the diseases in set S are bundled into one multiplex and individually
tested. Because the total cost is additive over assay sets; the set of remaining diseases, N\ S = {i+1,--- ,n}, has
cardinality n — i; and all the i diseases in set .S are bundled into one multiplex assay, an optimal design can have
at most n — i + 1 assays, exactly one of which is individually tested. That is, the optimal design class is either
IM or M@ for some ¢ =2,--- ,n—i+ 1. O
Proof of Property 8. The first part follows from Definition 5 because é(s,\) = A ¢(s) + 1 — A is a linear function
of ¢(s),s € Z*. For the second part, for any € € (0, \), we have:

s+l A=) —és,A—e)=A—¢€) [e(s+1)—c(s)] < Ae(s+1)—c(s)] =(s+1,A) —é(s,\), Vs € ZT,

and it follows, by Definition 5, that é(s,X) >airs ¢(s, A —¢€). O

Proof of Theorem 2. Consider the smallest-difference composite cost function in C, that is, A = 0 or c(s) =
v,Vs € ZT, where the objective reduces to the minimization of the expected tests function, T(.). By Theorem

1, IM < 1@ Vg = 2,--- n, and an M@ design contains exactly one assay with individual testing, that is,

T(S’]’f;(wtﬁ//[(q) =1) =1, for some k" € {1,---,q}, and g — 1 assays are pooled. Then, Ty;« > 1 = T, hence
IM < M@ Vg =2 ... n. Next we characterize an optimal design class.
Part 1. Case where m(N) < p: By Theorem 1, the optimal design class is D@ for some g =1,--- ,n. Consider a

D@ design, with partition S p, for any ¢ = 2, - - ,n. We construct a feasible D(¢~1) design by combining any two
sets, SDl(q) and SD(q), ki,ko € {1,--- ,q}, k1 # ko, into a new set, S¥ = SkD1<q S]Zf(q) Because T} (S) is subadditive
in 7(8) € [0, p, and 7(S) is subadditive in set S (Property A.1), it follows that 27:1 T3 (S*) > T} (S*). Because
this result holds for a feasible D@1 design, it continues to hold for an optimal D@1 design, hence D4~ < D@,

for all ¢ = 2,--- ,n. Consequently, D) < D) < ... < D and the optimal design class is D).

Part 2. Case where m(N) > p: Because IM < 1@ and 1M < M@ Vg = 2,--- . n, it is sufficient to show that
IM < D@ that is, Ty < Tpw,¥g = 1,--- ,n. By Property 2, 1 = Ty, < Tj(N) = Tpa), hence I < D).
Next consider any Dorfman design, D@ ,q=2,---,n, with partition Sp). There are two possible cases:

(a) Case where 3k’ € {1,---,q} : 7( D(q)) > p: Then, we have that T7, (SD(Q)) > T(S ) = 1 (Property 2),

and it trivially follows that 1 = Tya) < Yp_; ThH(S% ), hence IV < D@ g =2, ..
(b) Case where W(ng) <p, Vk =1,---,q Because ’/T(SD(,I)) <p<m(N),Vk=1,---,¢q, I € {1,--- ,q} :
(U ) < p < T(UEL Shiw)-
Define some dummy set S : 7 (( - LSk ) U 5) = (Uk _lSkD(q)> (S‘) =p,andlet ' = ( _IS’B(Q))

S. By construction, m(S’) = p = T}, (S’) =1, and we can write:

D(a)»

k'—1

Tioy =1 = TH(S') < TH(S) + ZTD Shw) < ZTD Shw) ZTD(S @)

where the first two equalities follow by Property 2, the first 1nequahty follows because TD( ) is subadditive in
7(5), the second inequality follows because T, (.S) is strictly increasing in 7(S), and the last inequality follows
because k' < ¢q. Hence IV < D@ ¢=2 ... n

In each case the optimal design class is I("), completing the proof. O



Proof of Theorem 3. Consider the highest-difference composite cost function in C, that is, A = 1 and c(s) =
v x 8= &(s) = xs,Vs € ZT, where the objective reduces to the minimization of YF_, s x T*(S*).

First, we show that if 7(N) < p, then D™ < D=1 < ... < D). Consider a D@ design, with partition
Spw, forany ¢ =1,--+- ;n— 1. Then, 3" € {1,--- ,¢} : Dm > 2. We construct a feasible D(@t1) design by
splitting set S¥, into mutually exclusive sets, S and S*2 : U2, S* =S¥ = and N2_, S¥* = 0. Then:

2 2
Zsk/r x TE(Sk;) < Z B x TD(SD@) = 5D<q> x TD(SDm)

r=1 r=1
where the inequality follows because, by construction 7(S*) < W(S’[“)(q>) r=1,2, and Y2, sk = S’B(q), and
T} (m(S)) is increasing in 7(S) € [0, p] (Property 2). Because this result holds for a feasible D@1 design, it must
hold for an optimal D@tV design, and we have that D@D < D@ vg=1,... n—1.

We are ready to characterize an optimal design class.

Part 1. Case where m; < p:

(a) Case where m(N) < p: By Theorem 1, the optimal design class is D(@ for some ¢ = 1,--- ,n. Further, as
shown above, D) < D=1 < ... < DM hence the optimal design class is D).

(b) Case where mw(NN) > p: By Theorem 1, the optimal design class is either IM or D@ for some g = 2,--- ,n,
or M@ for some ¢ :72, ~-,n—1. From Eq. (7), m <p=m <p,Vie N = T){i}) <1, Vi N. Further,
Th(m(S)) is increasing in 7(S) € [0, p|, with T (p) = 1, hence T}, ({i}) < T}5(S),Vi € 5,5 C N. Then:

Th({i}) <min{l,TH(S)},Vi€ S,SC N = ZTE({Z}) <sxmin{l,TH(S)} < s x TH(S),¥S C N, (45)
i€S
and the result that D™ < D@ for any ¢ = 1,---,n — 1, follows. Also, from Eq. (45), TCpm) =
Sien 1 x Tp({i}) < n=TC;q). Hence, D™ < T,
Finally, in an M(? design, T(SM(Q),tk @ = 1) =1forsome k' € {1,---,¢}, hence, by Eq. (45), D™ < M),

for any ¢ = 2,--- ,n — 1. Hence, the optimal design class is D).

Part 2. Case where m, > p: By Theorem 1, the optimal design class is I (1), Next we show that the total cost of
any individual-testing design 19, g = 2,--- ,n, is the same:
q q
TCray =Y st X T(Sjw,1) =Y sj =n=nxT(N,1) =TCju).
k=1 k=1

Hence any individual-testing design, 19, g = 1,--- ,n, is optimal.

Part 3. Case where 3i € N : ;41 < p < m;: By Theorem 1, the optimal design class is either IM or M@ for
some ¢ = 2,---,n — i+ 1. Decompose set N into two mutually exclusive and exhaustive sets, S = {1,--- i}
and S? = {i +1,---,n}, that is, 7; > p,Vj € St and m; < p,Vj € S52. Then, by part 2 of this theorem, any
I9,q = 1,--- 4, is optimal for set S' = {1,---,4}; and by part 1 of this theorem, D(™~% is optimal for set

S2 = {i+1,--- ,n}. Because the total cost is additive over assay sets, an optimal design is the combination of the
optimal designs for sets S' and S2, that is, any M@ forg=n—i+1,--- ,n. O
Proof of Theorem 4. Because m(N) < p, by Theorem 1, the optimal design class is D@ with partition S ) for
some ¢ = 1,--- ,n. Because T}(S) is subadditive in 7(S) € [0,p], we have that:
TD(1>7TD(N)<ZTD Sh@):¥g =2, ,n. (46)
k=1

Recall that an optimal pool size t*(7w(S)) depends only on 7(S) (Property 2), that is, it does not change with A;
and T7(S) denotes the expected tests for set S C N at the optimal pool size for set S. The proof is three-fold:
First we show that Ix < 1 such that D™ ()) is optimal if and only if X < X(1)7 then we show that Ix" <1
such that D™ ()\) is optimal if and only if A\ > max {X“),X("‘”}; finally we show that EIX((I) <l,gq=2,--- ,n—1,

such that D) ()), for some 7 = 2,--- , g, is optimal if and only if A € (max {X“),X(‘H)} ,X(q)}.



We first prove that EIX(U : DDA DD\, Vg=2,--- ,ne A< X(l).
(a) We first show that, if for some A\, DM (X) < D@ (\), Vg = 2

-, n,then DM (X —¢) < D@ (A

—e€),Ve € [0, A]:
DM () = DP(N),¥g =2,
q
& &n) x TH(N) <> &spw) X TH(Sphw ), Vg =2,
k=1
q
&) +1 =N xTH(N) <Y [\ elspw) +1- A x TH(Shw), Vg =2 (47)
k=1
There are two possible cases:

(i) Case where ¢(n) x T} (N)

< Yiiielsh ) X TH(SE ), Yg =2, -+ ,n: Then, the result trivially follows by
(46) and the condition stated for this case, because we have, Vg = 2

- ,n, and any € € [0, A]:
(A=€) e(n) x Tp(N) < (A - G)Z e(shin) X TH(Sh),

k=1

= TCD(1) ()\ - E) < TCD(q) ()\ — E).

(ii) Case where c(n) x Tp(N) > Y1 _; c(sh ) x Th (5% ), for some g = 2,

.-+, n: It is sufficient to show that,
q

and [1— (A= xTH(N) <[1— A=l x Y TH(Shw)

—ec(n) x Tp(N)+exTp(N) <

< —eY clshw) X TH(Spw) + € ZTD(SD<q))
k=1 k=1
which holds, because by (46) and the condition stated for this case, we have that, for any € € [0, A]

q

q
—ec(n) x TH(N) < =€ _c(shw) x Tp(Spi), and exTp(N)<e Y Tp(Spw) = TCphm(A—e) <TCphw (A —e)
k=1 k=1
Thus, in both cases, DV (A —¢) < DW(\ —¢€), Vg =2,--- ,n,Ve € [0, ]

(b) To complete the proof, we now show that, if for some A, D@ (\) < DM (X), for some ¢ = 2, --- ,n, then D@ (A
€) < DM (X\ +¢),Ve € [0,1 — A]. Tt is sufficient to show that,

q

€ c(n) x Tp(N) —ex Tp(N) > ¢ ZC(SD(q)) X TD(SD(Q)) —€ ZTD SD(Q))
k=1 k=1
Because D@ ()\) < DM ()) and by the inequality in (46), it must be true that

c(n) x TH(N) >

c(sp) X TH(ShHw)-
k=1
Then, for any € € [0,1 — AJ:

q

> el(sh) X TH(Spw) < € e(n) x TH(N), and  — eZTD(S @) < —exTH(N) = TCpha(A+e€) <TCpHu(\+e)
k=1
That is, D@ (XA +€) < DD (X 4 ¢€),Ve € [0,1 — \], and the result follows

Next, we prove that HX(”’” : D < D@D VYg=1,--- ' n—1 \>max {X(”,X(”’l)}.
(a) We first show that, if for some A\, D@ (\) < D ()), for some ¢ =1,--- ,n — 1,then D@ (X —¢) < D™ (X —
€), Ve € [0, Al:

pl@ \) < D(”)()\)

n

q
&> dspw) X TH(Shw)

<> 1) x Th({k})
k=1 k=1
q n
&Y Nelshw) + 1= A X TH(Shw) < D A e(1) + 1= x Th({k}). (48)
k=1 k=1
There are two possible cases:
(i) Case where >{_, c(sD(q)) x T% (ng

) < > p_ic(l) x T5({k}): Then, the result trivially follows by (46)
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and the condition stated for this case, because for any e € [0, A:

n

A=9 ZC(SDW)) X Th(Sp) < A=) Y e()) x Th({k}), and (1—(A—q)) ZTD(SDm) (1= =) TH({k})

k=1 k=1 k=1 k=1

= TCph(A—€) STCphm (A —e).

(ii) Case where Y {_, c(s¥ ) x TD(SIB@)) > >y c(1) x Tr({k}): It is sufficient to show that,

n q

—e Y (1) x TH({k}) + € ZTB({’C}) <—€ Y c(shw) X TH(Shw) +e ZTD Sh);

k=1 k=1 k=1 k=1
which holds, because by (46) and the condition stated for this case, we have that, for any € € [0, A]:
q n q n
—eyelshw) X To(Spw) < —ey_e(1) x Tp({k}), and €y Tp(Spw) < ey To({k})
k=1 k=1 k=1 k=1

= TCh(A—¢€) STCphm (A —e).

Thus, in both cases, D@ (X —¢) < D™ (X —¢),Ve € [0, A].

(b) To complete the proof, we now show that, if for some A, D™ (\) < D@ (\),Vg=1,--- ,n—1,then D™ (\+e) <
D@ (X +¢),Ve € [0,1 — \]. Tt is sufficient to show that,

q

e Y clshw) X TH(SHw) ZTD(SD«;)) > € Zc(l) x Tp({k}) —€ ZTD {k}).

k=1 k=1

Because of the optimality of D) (\) and the inequality in (46), it must be true that,

> ) x TH({k}) < elshw) x ThH(Shw)-

k=1 k=1
Then, for any € € [0,1 — AJ:
n q n
ey (1) x Tr({k}) < €> c(sphw) X To(Spw), and  —e> Th({k}) —EZTD(SDm
k=1 k=1 k=1

= TCD(n) ()\ + 6) < TCD<q) ()\ + 6).

That is, D™ (A +€) < D@ (A +¢€),g=1,--- ,n—1,Ve € [0,1 — )], and the result follows.
Finally, we show that EIX(q) <1l,q=2,---,n—1, such that if A € (max {X(”,X(q’”} , X(q)} then the optimal
solution is D) (M), for some r = 2,--- ,q. To this end, we first show that 3A? < 1,¢ = 3,--- ,n, such that
D=1 () < D@()\), VA < \°.

Consider any D@ design for ¢ > 2. We construct a feasible D(?~1) design by combining any two assay sets,
k1,ko € {1,--+ ,q} : k1 # ka2, in the D@ design, while keeping all remaining assays intact. We show that, if for
some A\, D@D (\) < D@()), then DI~ (X —¢) < D@(X\ —¢€),Ve € [0, \]. Because all assays other than k; and

ko remain the same, it is sufficient to show that, given:
2
X e(s™ +s72) +1 = N x T (w(S* U SF2)) Z A e(sP)+1 =X x Th(x(S*)), (49)

the following inequality holds:

(A =€) e(s" +8%2) + 1 — (A= €)] x T (n(S* U S*2)) Z —€) c(s")+ 1= (A=) x Th(n(S*)), (50)
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equivalently, the following inequality holds:
2
(ec(s™ +5%2) — €) x ThH(m(S* US*)) =Y~ (ec(s™) — €) x Th(m(S*)). (51)
r=1

Because T} (m(S)) is subadditive in 7(S5), and 7(S) is subadditive in set S (Property A.l), for any ki,ke €
{L 7q}:k1 #k2:

(8" + 7(8%2) > 7(S*1 U §*2), and (52)
S TH((S)) > TH (> w(S*)) > Tp(r(S™ U S§*2)). (53)

There are two possible cases:
(i) Case where ¢(s* + s¥2) x T (m(S* U §*2)) > S22 e(s¥r) x T (w(S*)): Then, for any e > 0:

2

e c(s" +5M) x ThH(m(S US™)) > e > e(s™) x Tp(x(S™)), (54)
and from Eq. (53),
—e ThH(m(S* U S™)) > —e > ThH(m(S*)), (55)

hence adding (54) and (55) leads to:
(ects™ +5*) =€) x Th(r(s* US*)) 2 3 (ec(s™) =€) x Th(x(s™)), (56)

that is, (51) is satisfied, and this feasible D=1 design dominates the optimal D@ design, and this result
continues to hold for the optimal D=1 design, that is, D@1 (X —€) < D@ (X —¢), Ve € [0, \].

(ii) Case where ¢(s* + s¥2) x Th(m(S¥ U S*)) < S22_, ¢(s%) x Th(n(S*)): Then, we have that

2
(Aels™ +55) + 1= A) x Th(r(s" US*)) < 30 (Ae(s*) + 1= A) x Th(r(s™), e 0,1, (57)
r=1
that is, D@D (X) < D@ (), VA € [0,1].
Then, it follows that 3\? < 1,q = 3,--- ,n, such that D@1 < D@ ¥\ < . Therefore, the result follows by
setting b ming—q.... n{A\*}, for ¢ =3,--- ,n.
Note that only the existence of the D) optimal-region, \ € [O,X(l)], is guaranteed. In other words, D("-optimal

region may be empty if max {X(”,X(”’”} =1= (max {X(1)7X(n71)} , 1] = (); and the region where D), for

some rr = 1,--- ,q, is optimal may be empty if X(Q) < X(l) = (max {X(”,X(q‘”} 7X(q)} = 0. O

Proof of Lemma 1. From Theorem 4, D™ < D@ VYg=1,.-- 'n—1& X\ > max {X(l),X("’l)}, equivalently,

n q

SN % Th (r({k}ip)) < D0 alshins N) % Th (1(Ship)s Va=1,-+,n—1e A >max{X", X"V} (58)

k=1 k=1
By Definition 6, for any p’ that is more correlated than p, 7(S;p’) < 7(S;p),¥S C N : s > 2, and #n(S;p’) =
7(S;p),VS C N : s =1, and Tph(n(S)) is increasing in 7(S) € [0,p] (Property 2), that is, as p becomes more
correlated, for each given A, the LHS of (58) remains the same, while the RHS is non-increasing. Therefore, the
range of \ values for which the condition in (58) is satisfied either remains the same or shrinks. Then due to the

D™ _optimality region delineated in Theorem 4, P

Proof of Theorem 5.

Part 1. We first prove the result for the Dorfman design class.

must be non-decreasing as p gets more correlated. O
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(a) Independent diseases case: Consider that the prevalences of the diseases in set N are mutually independent.

Consider any assay S C N, and swap any two diseases ¢ € S, j € N\S. The difference between the prevalences of
the new assay S\{i} U {j}, and the original assay S, can be expressed as follows:

rS\U ) - (s) = BT ) T -, (59)
reS\{:}

Consider any unordered partition § = (S*,$?), where S* = {iy, -+ ,ig} and S% = {ji,- -+, js2 }, with cardinality
vector s = (s!,s?), where the diseases in each set S¥ k = 1,2, are arranged following a non-increasing order of
disease prevalences, that is, m;, > m, > -+ > i, and m; > mj, > -0 > Tjo- Because S is not an ordered
partition, we must have that, either m;, > m; >m; ,, or mj, > m;, > 7; ,, and in both cases, it follows that:
iy > 5, and w5, > . (60)
For each disease r € N, define two dummy diseases, (€ and (-9 with respective prevalences, ) = 7, + € and
Tp(—e) = T — €, for any € > 0 such that 7., 7.~ € [0,1]. Then, from Eq. (59), we have that:
m(S"\{ia}u{ian@) —nm(sh = J] (Q-m) < e J] -m)=n(S")—n(S"\{a}u{ia ™7},  (61)
resI\{i 1} resi\{ir}
and a similar inequality can be derived for set S2.
In the following, we show that swapping diseases between sets S' and S?, as many times as needed so that
set S ends up containing either the s' highest prevalence diseases, or the s! lowest prevalence diseases in set N
(depending on the cost structure), and hence S? ends up containing the remaining diseases, either reduces, or does
not change, the total cost. Thus we conclude that there exists an optimal partition that is ordered. There are two
possible cases:
(i) Case where Condition (C1) holds, where
Condition (C1): &(s') x [TH(S"\{ia} U{ia V) = TH(S")] > &(s”) x [TH(S*) — Tp(S \{} U {i D).
Then, by Eq. (61), because T}(S) is concave increasing in any m,,r € S (Property A.2), we have that:
TH(S"\{ia } U {ia DY) = TH(S") < TH(S) — T (S"\{a} u{in ™9}, (62)
Similarly,
TH(S*\{js2} U {52'9}) = TH(S%) < TH(S%) — Tp(S*\{in} U {n T9D). (63)
Then, Condition (C1) and Egs. (62)-(63) lead to:
&(s') x [TH(S") = TH(S"\{ir} U{in "IN 2&(sh) x [T (S \{ian} Uia DY) = TH(SY)]
(s%) x [TH(S?) = TH(S\ {1} U { T9})]
>&(s%) x [TH(S*\{Ga2} U {529} — TH(S?)]
& &(s') x TH(S") +&(s%) x Th(S) >é(s") x TH(S \{ir} U{in™9}) +&(s?) x TH(S*\{jee} U {52},
and letting € = m;, — m; ,(> 0) yields a partition §" = (§V,5?), where S* = S™\{i1} U {js2} and §?" =
S2\{j2} U {ir}, and TC(S’,t*(8")) < TC(S,t*(S)).
Observe that by Egs. (59)-(60), we have that:

W(Sl/) — (8" = 7(S"\{i1} U {j2}) —7m(S") = (M55 — Wil)m <0 & 7('(51/) < 7(8"), and (64)

1—71'7;1

w($%) = 7(8%) = m(S\{Ge } U {ia}) = m(S%) = (miy —750) >0 & w(S%) > n(s). (65)

Then, it is sufficient to show that if the new 8’ = (S*', 52?') is not an ordered partition, then Condition (C1) is still
satisfied, and hence, starting with the new unordered partition S’, one can swap the highest prevalence disease in
set S with the lowest prevalence disease in set 52/, in order to either reduce or keep the same total cost. Then
one can repeat this argument to swap as many times as needed so that the revised set S! contains the s' lowest

prevalence diseases, hence the revised set S? contains the s? highest prevalence diseases, resulting in an ordered
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partition that is optimal.
To this end, we wish to show that:

&(s") x [TH(S" \figr} U (i ) = Th(S™)] 2 &(s*) x [TH(S™) = TH (" \{in} U {n D),
that is, Condition (C1) continues to be satisfied by the new partition §' = (S, §2').
By Egs. (59), (64), and (65), we have that:
L-n(S)] _ el —n(s")]

(S"\fig} U finV}) = 6[1 — e = mS iU a9}, and (66)
n(s") = w5\ u () = B s WS s s\ u . o)
By Egs. (66)-(67), and because T}, (S) is concave increasing in any 7,7 € S (Property A.2), we can write:
TH(S \{ia }U{ia @) = TH(SY) > TH(S"\{isa } U {ia V}) — TH(S"), and (68)
TH(S) = To(S\ (i } U 4 91 > Th(8”) = TH(S* \{n} U {9}, (69)

and we have that:
é(s") % [TH(S" \ i} Ui ) = TH(S™)] 2e(s") x [TH(S"\{ig1} U (s 9}) = TH(S")]
>&(s%) x [T (S%) = TH(S"\ i} U {9}
>(s%) x [T5(S™) = TH(S* \{zn} U {in "9},
where the first and third inequalities follow by Eqgs. (68)-(69), and the second inequality follows by Condition
(C1). That is, Condition (C1) continues to hold for partition §' = (S, $%).
Hence, if S’ is an ordered partition, then we have attained an ordered partition S’ for which TC(S’,¢*(S’)) <
TC(S,t*(S)); and if S’ is not an ordered partition, then we can repeat the same process by swapping the highest

(
(

prevalence disease in set S " with the lowest prevalence in set 52/7 thus either reducing or keeping the same total
cost until an ordered partition in which the revised set S! contains the s' lowest prevalence diseases and the revised

set S2 contains the s2 highest prevalence diseases is attained, establishing the desired result.
(ii) Case where Condition (C1) does not hold, that is,

&(s") x [Tp(S"\{i } U {ia D)) = TH(8N)] < &(s”) x [T5(S?) = Tp(S"\ {1} U {1 "})]
The proof of this case follows similarly to the proof of Case 1, by repeatedly swapping the lowest prevalence disease
in set S with the highest prevalence disease in set S? (i.e., starting with swapping i,1 € S! with j; € $?) until
an ordered partition in which the revised set S' contains the s' highest prevalence diseases and the revised set

52 contains the s? lowest prevalence diseases is attained, and it can be shown that this ordered partition incurs a

total cost that is less than or equal to the cost of the original partition.

(b) No co-infections case: Consider that the prevalences of the diseases in set N are mutually exclusive. Then,
7(S) = > ,eg ™, VS C N (Eq. (4)). Consider any D@ design, ¢ = 2,--- ,n, with partition S = (S*);—;.... 4, and

a fixed cardinality vector s = (sk)kzl,... .q- Because the size of each assay, sF k=1,---,q, is fixed for all possible

partitions, ¢(s*) becomes a constant, hence &(s*) x T} (S¥) is concave increasing in 7(S* : |S*| = s¥), k=1,--- ¢
(Property 2), that is, considering all sets S* with cardinality |S*| = s*. Hence, the total cost, TCp) (S : |S| = s),

is minimized by an ordered g-partition [3, 21].

Part 2. We next prove the result for the mixed-testing design class. Consider any M9 design, ¢ = 2,--- ,n, and
let N7 and NP respectively denote the set of diseases that are tested (in any number of assays) individually, and
via pooling, with respective cardinalities, n!,n? € Z* : nf + n® =n. Then, NN UNP = N and NI n NP = 0.
By Theorem 4, M (9 contains one assay, comprised of all diseases in set N, that is individually tested, and ¢ — 1

assays (i.e., subsets of set N) that are pooled.
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Next, we turn our attention to those diseases that are tested via pooling, i.e., set NP, and study the optimal
partition of set NP, which, by definition of M (9| needs to be a ¢ — 1-partition, with each assay using pooling. Let
S(NP) = (S*(NP))g=1,.. 4—1 denote any g — 1-partition of set NP. Then, by Eq. (19), we have that

q—1 q—1
TC(S(N),tp(S(NP)) => &s"(NP)) x TH(S"(NP)) = &(s"(N?)) x

k=1 k=1

11— (1—a(SH(NPY))PE I
First, we show that there exists an optimal M(?) design in which set N' contains the n! highest prevalence
diseases in set N. Assume, to the contrary, that this is not the case. Then, 3i; € N¥ i, € NP : 7; < m;,. Assume,
without loss of generality, that io € S¥ (NP) C NP, for some k’ = 1,--- ,q— 1. Then, swapping diseases i1 and i,
will not affect the total cost of individual testing, because TC(NT,t = 1) = TC(NT U {is}\ {i1},1) = &n'), but it
will alter the total cost of pooled testing by TC(S(NP U{i }\ {iz})) —TC(S(NP)) = &(s* (NP)) x T}(S*¥ (NP)U
{i }\ {i2})) — &(s* (NP)) x Tj(S* (NP)) < 0, where the inequality follows because T} (S) is strictly increasing in
7(S) (Property 2); and for both the independent diseases and no co-infections cases, 7(.5) is linear increasing in m;,
Vi € S (Egs. (15)-(16)), hence, 7(S* (NP)) > 7(S* (NP)U {i1 } \ {i2}), that is, we have identified a g-partitioned
mixed-testing design with a lower total cost. Thus, there exists an optimal mixed-testing design in which set N/
contains {1,---,n!}. The second part of the result, that the diseases in set N are tested via pooling following

an ordered ¢ — 1-partition, follows directly from part 1 of this theorem, completing the proof. O

Proof of Corollary 1.
Part 1. The reduction, of the problem of finding an optimal partition of set N, to a Shortest Path Problem
follows from Theorem 5, which states the existence of an optimal design that uses an ordered partition under the

assumptions stated in this corollary, in light of Lemma 1 in [21].

Part 2. The construction of graph G(V(N), E(N)) requires the computation of all edge weights, w; ; = &(s, A) x
T*(S), where S = {i,i +1,---,j — 1}, Vi,j € V(N) : i < j. Hence, n + 1 — i computations are needed for each
w;j,i < j<n+1 i€ N, foratotal of )/ (n+1—1i) = %n(n -+ 1) computations, leading to polynomial
complexity in the order of O(n?). Solving the Shortest Path Problem by a topological sorting algorithm also has
polynomial complexity, O(n?) [26], establishing the desired result. O

B Case Study: Details and Supporting Results

Assay cost function: Based on [76], which reports the per test cost for 2-plex and 20-plex PCR respiratory
assays as $42 and $114.8, respectively, we explore various concave cost functions that satisfy, 21 < ¢(1) < 42 and
¢(20) = 114.8. We consider a functional form that has a fixed cost per assay, and a variable cost per disease bundled.
For the two extreme values for ¢(1) (along with the given value of ¢(20)), at ¢(1) = 21, ¢(s) = 16.06 + 4.94 x s;
and at ¢(1) = 42, ¢(s) = 38.17 + 3.83 x s. In §6, we provide the results for the ¢(s) = 25.54 + 4.46 x s function,
yielding ¢(1) = 30; sensitivity analysis on cost parameters indicate similar qualitative findings.

CI for R-TD: For each year in the study period, we use the 52 weekly prevalence data for each disease to construct
a 95% CI for each II;,i € N, based on the Wald’s method, e.g., [65], which utilizes the normal distribution

approximation invoked by the Central Limit Theorem: 7; + Z\;S%', where 7; and &; respectively represent the

average and standard deviation for the 52 weeks, and z is the corresponding standard normal CDF.

Price of robustness ratio (PoR) (%): [TCR—T?*CSQE?STD*()‘)] x 100.

Table B.1: PoR for 2018 and 2021 perfect-information R-TD designs, based on 2018 and 2021 data, resp.

A range 0.00-0.55  0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
2018-PoR (%) 0.000 0.232 0.020 0.022 0.024 0.026 0.037 1.600 2.395 1.203
2021-PoR (%) 0.000 0.000 0.000 -2.392 0.000 0.030 0.000 0.000 0.000 0.000
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Table B.2: VoJ for 2018 TD designs (with and without seasonality) based on 2018 data - without COVID-19 testing

X range 0-0.15 0.20-0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
VoJ(\) (%) - Without seasonality | 0.0 00 04 1.0 1.6 24 39 55 7.0 85 102 134 16.7 20.5
VoJ(\) (%) - With seasonality 5.3 52 54 62 7.2 83 9.7 11.3 13.0 14.6 16.7 19.4 222 25.2

Table B.3: The metrics for 2018 TD and R-TD designs based on 2019-2021 data - without COVID-19 testing

Model Range of Testing Cost Number of Tests
(n=17) | XA Values Mean (Min-Max) Mean (Min-Max)
TD 0.00-0.40  1.00 (1.00-1.00) 1.00 (1.00-1.00)
0.45-0.55  0.93 (0.93-0.93) 1.05 (1.05-1.06)
0.60-0.80  0.88 (0.83-1.07) 1.21 (1.11-1.62)

0.85 0.86 (0.82-1.03) 1.25 (1.17-1.57)

0.90 0.81 (0.74-0.94) 1.39 (1.26-1.63)

0.95-1.00  0.79 (0.69-0.97) 1.56 (1.34-1.93)

R-TD | 0.00-0.40  1.00 (1.00-1.00) 1.00 (1.00-1.00)
0.45-0.55  0.93 (0.93-0.93) 1.05 (1.05-1.06)

0.60-0.80  0.88 (0.83-1.06) 1.21 (1.11-1.59)

0.85 0.86 (0.82-1.02) 1.25 (1.17-1.55)

0.90 0.84 (0.79-0.98) 1.32 (1.22-1.63)

0.95-1.00  0.82 (0.72-0.99) 1.54 (1.34-1.90)

Table B.4: The metrics for modified 2018 TD and R-TD designs based on 2021 data

Model
(n=17)

Modified 2018 design

2021 perfect-information design

Range of
A Values

Testing Cost

Mean (Min-Max)

Number of Tests
Mean (Min-Max)

Range of
A Values

Testing Cost
Mean (Min-Max)

Number of Tests
Mean (Min-Max)

Without COVID-19 Testing

TD

R-TD

0.00-0.40
0.45-0.60
0.65-0.85
0.90-0.95
1.00

0.76 (0.42-0.94)
0.68 (0.37-1.03)
0.63 (0.35-0.91)
0.60 (0.36-0.93)
0.60 (0.36-0.94)

0.76 (0.42-0.94)
0.91 (0.49-1.60
0.94 (0.54-1.42
1.16 (0.69-1.89
1.35 (0.81-2.13

0.76 (0.42-0.94
0.83 (0.49-1.02
0.90 (0.53-1.12
1.10 (0.67-1.47
1.12 (0.69-1.47

0.00-0.35

0.40-0.55

0.60-0.80
0.85
0.90
0.95
1.00

0.76 (0.42-0.94)
0.68 (0.37-1.02)
0.63 (0.36-0.90)
0.62 (0.37-0.87)
0.60 (0.36-0.92)
0.59 (0.36-0.86)
0.61 (0.37-0.93)

)
)
)
)
0.76 (0.42-0.94)
0.90 (0.49-1.57)
0.94 (0.54-1.40)
0.98 (0.58-1.38)
1.16 (0.69-1.87)
1.25 (0.76-1.75)
1.38 (0.85-2.13)

0.00-0.35  0.76 (0.42-0.94)
0.40-0.75  0.62 (0.36-0.77)
0.80 0.60 (0.35-0.75)
0.85-0.90  0.56 (0.34-0.75)
0.95-1.00  0.56 (0.34-0.74)
0.00-0.30  0.76 (0.42-0.94)
0.35-0.70  0.62 (0.36-0.77)
0.75 0.60 (0.35-0.75)
0.80 0.57 (0.34-0.78)
0.85 0.56 (0.34-0.75)
0.90-1.00  0.56 (0.34-0.74)

0.83 (0.49-1.02
0.90 (0.53-1.12
1.07 (0.65-1.49
1.10 (0.67-1.47

)
)
)
)
)
0.76 (0.42-0.94)
)
)
)
)
1.12 (0.69-1.47)

With COVID-19 Testing

TD

R-TD

0.00-0.35

0.40-0.55

0.60-0.80
0.85
0.90
0.95
1.00

0.86 (0.59-1.02)
0.77 (0.51-1.11)
0.70 (0.48-0.98)
0.66 (0.47-0.98)
0.66 (0.46-0.97)
0.65 (0.46-0.92)
0.66 (0.46-0.99)

0.86 (0.59-1.02)
1.01 (0.65-1.70
1.05 (0.72-1.53
1.27 (0.88-2.01
1.36 (0.93-2.02
1.36 (0.97-1.89
1.46 (1.01-2.25

0.86 (0.59-1.02)
0.93 (0.66-1.10)
1.00 (0.71-1.21)
1.21 (0.87-1.57)
1.23 (0.89-1.57)

0.00-0.35

0.40-0.55

0.60-0.85
0.90
0.95
1.00

1.00 (1.00-1.00)
0.90 (0.86-1.12)
0.81 (0.77-0.99)
0.81 (0.76-1.04)
0.65 (0.46-0.91)
0.66 (0.46-0.98)

1.16 (1.06-1.70
1.20 (1.13-1.54
1.36 (1.24-1.93
1.36 (0.97-1.87

)
)
)
)
)
)
1.00 (1.00-1.00)
)
)
)
)
1.49 (1.05-2.25)

0.00-0.30  0.86 (0.59-1.02)
0.35-0.70  0.71 (0.49-0.84)

0.75 0.68 (0.48-0.82)

0.80 0.63 (0.45-0.81)
0.85-1.00  0.62 (0.45-0.80)
0.00-0.30  0.86 (0.59-1.02)
0.35-0.65  0.71 (0.49-0.84)
0.70-0.75  0.68 (0.48-0.82)
0.80-1.00  0.62 (0.45-0.80)

0.86 (0.59-1.02)
0.93 (0.66-1.10)
1.00 (0.71-1.21)
1.23 (0.89-1.57)
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