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Online Appendix
Is Full Price the Full Story When Consumers Have Time and Budget Constraints?

A. Proofs
A.1. Proof of Lemma 1

First assume that the agent is a full-price decision-maker. The linearity of the iso-utility curves
follows immediately from Definition 1. Next suppose that the iso-utility curves are linear. That
implies that any two points between which the agent is indifferent are linearly related, i.e., r+nd =

7+ 773 and the full-price requirement holds.

A.2. Proof of Proposition 1

We start by determining the optimal spending on overhead c]é and the optimal work time ¢/
where j € {NB, B} denotes a non-buyer’s and a buyer’s decision respectively. Time and spending
on leisure are then found from 2 =T — &8 — O(c¥?), B = 0t)5 — P for those who do not

buy the discrete service and t? =T —t8 — O(cB) — 8, P = 0tB — 5 —r, for those who do buy the

QU(ty.cp) ) OUG.c1)

ot, Doy We write down Lemma 4 from the first-order

discrete service. Define x(t;,¢;) =
conditions of (P¢) to solve for consumers’ optimal actions.
Lemma 4. Under the linear compensation structure defined in (1),
1. The optimal actions for a consumer who does purchase the discrete service are found from
X(T —t2 —0(cB)—6,0t8 —cBE—r)=0, and O'(c5)=-1/0, and
2. The optimal actions for a consumer who does not purchase the discrete service are found from
X(T —tNB —O(chB),0tNP — c5P) =0, and O'(c5P)=—-1/6.
Proof of Lemma 4. To prove part 1, we first rewrite (Pg) of a consumer who does purchase
the discrete service as U(T — t,, — O(co) — dy,0t,, — co — ry) + Vy. The optimal work time, and
overhead expenditure when a linearly paid consumers buy satisfy the first-order conditions,

8U(tl,cl) 8U(tl,61>

(_ ) GU(tl,cl)
8tl aCl

ot

8U(tl,cl)

# =0, and 6,

(=0'(co)) + (=1)=0.

Note that the former equality indicates X(tl,C[)|(tlB7clB) = 6. The latter indicates, X(tl’cl)’(tlB,clB) =
—1/0’(c8). Therefore, further, O'(c5) = —1/6. Set y =0, the argument above applies to the con-
sumers who do not buy, which proves part 2. This completes the proof of Lemma 4.

Note that, x(t2,cP) is the slope of the iso-utility curve, which can also be interpreted as the
marginal rate of substitution of time for money (DeSerpa 1971). Thus, consumers paid under linear
compensation structures have iso-utility curves with constant slopes, and that slope is equal to
their wages. By Lemma 1, these consumers, i.e., the gig workers, are full-price decision-makers and

furthermore, n = 6.
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A.3. Proof of Proposition 2
First we state the full conditions for part 2 as follows.
2. The indifference price for gig workers is higher than for shift workers, i.e., r1(0;0) > rg(6;0),
V0, under certain conditions.
(1) rL(6h;0) >rs(6;0);
(ii) ¢, L(H) increases in 0, for j € {B, NB};
(iii) SUGSC >N (0)% when 6 > max{6},6,} "gSB’C > % + (1 - L (0 ) - I{tE L (8) <

9 - NB
ugls . UG Lc Ug.S,c UG e tw,(8)

NB
th7(0)} when 6 € (min{6),6,}, max{6f,0}), and SZ%S’C < thﬁ(G)Z%L" when 0 <
0,S,c 6,L,c
min{6;,6o}.

Next, we prove the proposition.
Note, by definition of indifference prices, ., (6;0) makes consumers indifferent to buying or not

buying the service, that is,

U —t8,, —O(ch,.) = 0.0t5. —cB,. — 1., (6:0) +V = UL — 17 — O(c2), 057 — e,
(7)
Note that, tJ o =t} = S. To simplify the notations, we denote the left-hand side of the above
equation to be ug (.. (0;6),8) +V and the right-hand side to be uy 2. Note that, utility on both
sides are at optimality. We simplify the notation 7. (6;0) as r,,(0) hereafter in the proof.

Consider an indifferent gig worker, and an indifferent shift worker. There exists a 6, at which the
gig worker is willing to work exactly S hours when they do not buy the service; that is, t}/7 (6,) = S.
By construction, we have ug 1 (r.(60),0) +V =up5 = uy % =ug ¢(rs(6o),d) + V. Note that the
price charged to gig workers and shift workers can be different at the optimal buying utility. We also
know that given the price and time commitment menu, (r5(6y),9), the optimal utility of the shift
worker, is lower than the optimal utility of the gig worker; that is, ug ;(rs(60),9) > ug ¢(rs(6o),0),
since gig workers have a larger feasible region of (t,,co). Furthermore, Therefore, if we can show
ug 1(rr,0) decreases as ry, increases, then r,(6y) > 75(6) directly follows.

Given 0y, fix §, suppose (t*,c;,) optimizes a consumer’s utility at the price r,. Consider a price
ro > 71, then UGBE)}L(tl(tZ,,cg),cl(tfu,c*o);rl,(S) > Ui}L(tl(tZ,,cg),cl(tj‘u,c*o);rg,(s) = uf;,)’L(rg,é). Note
that the optimal solution (tl*ul , c*ol) at price r; will lead to an optimal utility at price r;, which is at
least as high as Uy | (ti(t;,, c5), ci(ts,, ¢5);m1,0). Therefore, ug 1 (r1,0) > ug ;(r2,9). We therefore
conclude that, ug ;(r,d) decreases in r. Therefore, 71,(6y) > r5(6y). We have thus proved the stated
inequality at the point 6. When r1,(6y) > rs(6y), 71.(60) > 75(00) in the neighbourhood of 0, directly
follows from the continuity of 7, (). This completes the proof of part 1.

Furthermore, there exists a 6, at which the gig worker is willing to work exactly S hours when

they buy the service; that is ;7 (6)) = S. Note we have 7 (0}; ) > rs(6f;0) from condition (i).



34

It is then easy to see that if we can further show that 6%570(9) > 8%79(9) on € > min(6),60,), while
argig(e) < argie(e) on 6 < min(6},6,), then the statement 7, (0) > rg(0) is proved for all 6.

Denote ug . (r-.(0),0) as the partial derivative of the buying utility with respect to leisure
consumption ¢; evaluated at optimality for the compensation structure 7, for type 6 consumers.
Denote ue ... as the partial derivative of not-buying utility with respect to leisure consumption
¢; evaluated at optimality. tﬁ . (0,70(0)) denotes the optimal work time of a linearly paid type 6
consumer when she buys the service at price 7. (6), while, ¢ (6) denotes the optimal work time
of a linearly paid type 6 consumer when she does not buy the service.

Given ¢, take derivative w.r.t. # on both sides of Equation (7), and rearrange the terms by
noticing, V0, x4 = —1/0'(c},,.) and x}, =0, where j € {B,NB}, from Lemma 4 and Lemma 2.

For any 6, we have

ore(9) _tw o (0:re(O)ugr (r(0),0) ~tuZO)ugi,
2 g1, (re(0),0) ’
Ors(0)  S(ufls,.(rs(0),6) —uly%,)
00 ugs(rs(6),9)

Irg(6)

orr(0)
Next, we compare the magnitude of =2, =5

in different ranges of 6 to complete the proof.

Case 1: 6 > max(6;,0y), when shift workers are underemployed, whether buy or not buy. If we

8%79(9) > arge(e) in this case, we then have proved r(0) > rs(6) on 6 > max(6;,60,).

can prove
Recall that, by construction, )7 (6y) = S. Therefore, it follows from condition (ii) that, whenever
6 > 6y, we have t}7 () > S. We omit the parameters in the brackets for ease of notation.

Loty (0)>th (0,rL(0))>S.

arL (0) arS (9) NB ué\’gc uévgc
- >g_NBU0Le g gU0se
o0 o0 L ugfhc uf,S,C
NB NB uNB
The last inequality follows from %S > b Ghe,
9 S,c 9,L,
2. tg,L(ea TL(Q)) > tw L(e) > 5.
87,L (0) 87’5 (9) uévfc U(Jivgc
— >S5(1 - —= S(1— > 0.
06 06 ( uﬁhc) ( u97s70)
NB uNB
The last inequality follows from BS £ > e
9 S,c 9 L,c

Case 2: 0 € (mln(GO,GO max(6;,6o) ) Again, we want to prove araLe(o) > argie(e) in this interval.

Recall ) as the type at which tJ ; (0;) = S. By construction, tJ ,(6,7.(0)) > S >t} (f) when
0 < 6o or t}7(0,r,(0)) > S >t2  (§) when 6, < 6.

L t5 (0,rp(0)) > S >t 7 () when 6 < 6.

8TL (0) 8TS (9) ué'vfc uévgc
— >S(1——"—)—-5(1——=)>0.
00 00 — 5 uﬁbc) S Ue?s,c) =

N uNB
The last inequality follows from ZBZ <> :Bi ke,
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2. t37(0,7.(0)) > S >th [ (6) when 6, < 6.

NB NB
org(6)  Ors(6) S B _4NB tNB(ue,L,c U5

_NB >0
= "w,L w,L w,L B B ) Z Y.
00 00 Ug.r,c Ug s,

N uNB B
The last inequality follows from BS ¢ > Gk 4 (1 tN—B)

0 S,c 9 L,c
Case 3: 0 < 0 <min(6},6,), when shift workers are overemployed, whether buy or not buy. If we
can prove 6%79(9) < arase(e) in this case, we then have proved r,(6) > rgs(f) on 0 < 6 < min(6;,6,).

L S>NE(6) > 8, (8,r,(9)).

OrL(6)  Ors(f u)p. Uy
89( : B 86( : <50- UE,L,C) - S0- ue,s,c) =0
N NB
The last inequality follows from :zz < uZ i Z
2. §> tw’L(Q,T’L(H)) > tw,L(e)'
orp(0) Org(0 Ué\,{gc uje\fjsg,c
89( ) _ 89( ) Ss_tgiugw —S+S% <0.
NB tNB NB

The last inequality follows from %S ¢ < 2oL
9 S,c Q,L,c

That is, r1(0) increases and approaches r,(6)) at a smaller rate than rg(f) approaches r5(6;).

Therefore, 1, (6) > rs(0) when 0 < 6 < 6. We have thus shown r1,(0) > rs(0) for all §. This completes

the proof.

A.4. Proof of Corollary 1
Note first that, msw) _ S SE; b5e) _ =5(1—--% SF) > 0. For gig workers, by the proof shown in
Y9,5,c “e S,c

A.3, when 6 > mln(90,90), i.e., under Case 1, Case 2, given that the conditions in Proposition 2

hold, arL @ > 8TS ) > (0. This completes the proof.

A.5. Uniqueness of solution to the maximization problem solved by the seller
managing a single-server, Markovian, hidden queue

Note that §(8\) =

ment for type § consumers, i.e., r =r(5(8));6). Suppress @ since homogeneous consumer type is
_ —1(_g

considered, we have §(8\) =r;!(r). That is, B, (r) := -= Gy

Asrrl(r)
Omit the subscript 7, on 3,, and write down the FOC of the maximization problem, we have

— ﬁ +;- There is an indifference price r that induces this expected time commit-

Blr)+rp(r)=
~1 "(r7l1 —(rZ ) =) (rZ () r=1(r)!
Furthermore, /(1) = (rrg () (rry () =(rrg (2) e, () 77 (1) ;
As (r;cl(r)) )\(r;cl(r))

Lemma 5. r.(0;0) and rs(0;0) strictly decrease in 6. Furthermore, Ory(d;0)/00 = —0 and
Ors(0;0)/00 =1/0'(c8 s)-
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We prove Lemma 5 in A.6.

Let r'(r) = 6. Lemma 5 shows that, given 6, r () is an invertible function. Therefore,

(r () = W. Note further, from Equation (8), we know that, 8“87((?;0) =—x% =-0, and
org(6;0
Sa(a L= —X§ = 1/0/(00 s)

We next show that the revenue function have a unique maximizer. For gig workers, optimal r

-1 “Lr)—s . . . . .
solves 5,((:)) =—r= M = s6. It is easy to see that there is a unique 7} since the right
hand side is a constant, while the left hand side is strictly decreasing following from Lemma 5.

rs(6)

For shlft workers, under the condition of & 55

(r)
55(7“)

decreases in r, subsequently a unique r%. The sufficient condition can be seen as follows. Denote

> —1/§, we can show that Sg(r) is log-concave

(1.e., decreases in 7). Hence, left hand side of the FOC increases in r while right hand side

6-.(r)=r-"(r), and omit 7. to simplify notations.

log(3(r)) =10g(2(r) — 5) Iog(As) — log(4(r)
S0 8w, )
(o8B = (5035~ 501 = G5 =)
_ s(0=5)(0"5 = (5) = 5(8')?0
(30—

Note that, § — s > 0, otherwise there is no consumer joining the system. Therefore, §”§ — (§")% <0

)" suppress (r) hereafter

is sufficient to ensure the log-concavity of 3(r) in r. That is, 6”5 — (§")? = SO I " (5) >

(v@)

—1/6. This completes the proof. Back to page(s) 14,38.

A.6. Proof of Lemma 5 and Lemma 6
Lemma 6. Given consumer type 8, suppose that cg ¢(9)/06 > 0; we have r1(0;60) > r5(5;0).

Taking derivative w.r.t. § on both sides of (7), we have

8“8(?9) — P (1B OB ), 1) 08 B, = 8“5?9) = —xf =0, and
0
r(6: 0 , ,  9rs(0:0
S0 B (OBl ) e = T p o)

Note that O'(c§ ¢) <0, which follows from the assumption that overhead decreases in overhead
spending. We have thus proved Lemma 5. That is, indifference prices strictly monotonically decrease
in 0 for both compensation structures.

Let f(6;0) =71.(0;0) —1rs(d;0). If we can show that f(4;6) is convex and has a minimum greater
or equal to 0 for any 8, Lemma 6 then follows. For simplicity of notation, we omit # in the bracket
hereafter.

First, f'(6) =0 when 6 = —1/0’(cg 5(0)). Denote 6 as the service time that solves this FOC.
Suppose all conditions in Proposition 2 are satisfied at this 6; by Proposition 2, we know rp, (5) >

rs(d), i.e., f(8)>0. We now have only left to prove the convexity, that is, f”(8) > 0.

f"(9) =(0'(cg 5(9))) 7%+ 0"(cg,5(0)) - €5 5 (9)
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We have assumed the overhead expenditure function to be convex in co; that is, O”(-) > 0. We
apply the condition ¢g ¢'(6) > 0. This completes the proof. Back to page(s) 15,35,37.
A.7. Uniqueness of solution to the maximization problem solved by the seller
managing a single-server, Markovian, visible queue
We omit the subscript 7.. Denote g(n) = 1:77@11, g(n) > 0. We can write the second-order derivative

of R(n) as follows:
R"(n) =X(r"(sn)sg(n) +2r'(sn)sg'(n) + r(sn)g”(n)).

First, following from the analysis on f(8) in A.6, 77 (sn) =0, ré(sn) = —f"(sn)/s* < 0. Therefore,
the first term in R”(n) is smaller than or equal to zero. From Lemma 5, we know that r'(sn) < 0.

Further, notice that ¢’'(n) = % > 0. Lastly, we obtain

LIGPN 2 n—1y/_ " 16 (1 nt1N\2_ " oo - (— . _n+1._n+110
g"(n)= ((p" (log p)"+p™ ") (=1+p)+p" logp)-(1 (f_pnzrl)f gp(=1+p)2(1=p""")-(=p g0) ().

That is, the objective function is strictly concave, which ensures the unique optimum. This

completes the proof. Back to page(s) 16.

A.8. Proof of Proposition 5 and Proposition 3

1—phre

max R,, = maxr,, (sn.;0) -\ Vn,, €77,

)
Nre Nre 1 - pnTc+1

First, we fix 8 and apply FOC. We have the following. To simplify the notations, we omit the

compensation structure notation 7. in the following expression:

oy P logp(l—p"th) — (1= p")(=p"tlogp) |, L—p"
r(sn;0)- A A= 1) +r (sn,@)-s-)\l_ipnﬂzo,
r(snif) _ —s(1—p")(1—p"")
Pnf) - p(i-pp

First-order Taylor expansion approximation, logp = (p — 1), is used to get the second equation
above. The optimal threshold n} satisfies the above expression. We omit the integer constraint
on n,, for now. Note that the right-hand side of the above expression is independent of consumer

type 6 and compensation structure type 7.. Denote the right-hand side as f(n). Furthermore,

2n
fl(n)= % < 0 indicates that f(n) decreases in n for all p < 1, i.e., a stable queue.

rr,(sn;0)
7 (sn;6)
simplify the two ratios as follows. We omit the superscript B, and obtain
ri(sn;0)  rr(sn;0)  rp(sn;0)0 (co.r(sn;0))
= S , and

(sn;0)
(sn;0)

rs(sn;0) _ rs(sn;0)0'(co,s(sn;6))
(sn;0) '

rs(sn;0)
r%(sn;@) )

and varying 6. Recall from Equations (8) that we can

Next we want to compare

S
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Consider the curves r,(sn;0)0'(co,1(sn;0)) and rs(sn;0)0'(co,s(sn;0)). We suppress 6 in the

bracket of price and expenditure expressions, ., (sn;6) and co -, (sn;60) in the rest of the proof.
(rre(sn;0)0(co v (s150))) =17, (sn)sO'(co,r.(s1)) + 7. (sn)O" (co,r. (1)) Cp 7, (s0)$

Given 0, Lemma 5 shows 1/ (0) < 0; by the monotone decreasing assumption O’(co - (sn))) <0,
therefore the first term is positive. The second term is also positive following from the convexity

of function O(:) and also dc§ 4(0)/d0 > 0 stated as an assumption in Lemma 6. Hence, function

7. (sM)
o (sm)

right hand side of the FOC decreases in n.

increases in n. This also shows that the optimal solutions n; are unique, recall that the

As stated in the condition, when 6 is small, § < 0., ¢ s(sn) > co,r(sn). Intuitively, this condition
suggests that consumers with a shift pay compensation structure who are indifferent to joining
the queue are overemployed. They are time constrained but have cash from the their longer-than-
they’re-willing-to-work shift. They therefore want to spend more on buying their overhead time
back, i.e., ¢§ 4(sn) > co,r(sn). Given the convexity of the overhead function, O(cp), we then have

0> O0'(cg g(sn)) > O'(co,L(sn)). Recall also from Lemma 6 that, we have ry(sn) > rg(sn). That is,
r1(sn)O0 (co.r(sn)) <rs(sn)O'(cor(sn)) <rs(sn)O'(co s(sn)).

Consequently, rr,/r} crosses function f(n) at a larger n than rg/rg; that is nj >n¥, when 6 <4..

Next, consider when 6 is large, i.e., § > 6,. As stated in the condition, ¢§ g(sn) < co,L(sn). Intu-
itively, this condition suggests that consumers with shift pay compensation structure who are indif-
ferent to joining the queue are underemployed. The shift pay consumers are earnings constrained
compared to the gig workers. They will choose to invest less in overhead expenditure; that is,
cg.s(sn) < co,(sn). Again, due to convexity of O(co), we then have O’(c§ s(sn)) < O'(co,L(sn)) <

0. We therefore have,
r1(sn)O'(co.(sn)) > rs(sn)O'(cg,S(sn)).

Consequently, 7, /7, now crosses function f(n) at a smaller n than rg/r%; that is n§ > n}, when
f > 0,. This completes the proof of Proposition 5.

We now modify the proof above to prove Proposition 3. Note first we have proved in A.5 that
r — [(r) is a bijection. Therefore, we can rewrite the maximization problem (4) as solving for an

optimal (3, that is,

m[;iX RTC = mélX TTC(%/BAS))\ﬁ'
Let 0 = ;=%5;- We further transform the revenue function to r(6)A(5; — 35) =7(0)(; — 5)- If we can

As
show 07 > 0% (07 < 0%), then it easily follows that 5} > % (85 < 8%).
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We again start by writing down the FOC and omit the subscript 7,

N S Wy T S IO 50 — 8

s 0 02 (6 s

~—

Denote the right hand side as ¢g(§). We have ¢'(9) = S:—@. Note that, § is the total expected sojourn
time in the system, while s is the average time commitment of each consumer in the system. It
is natural to assume s < §, otherwise, there is never any consumers joining the system. Therefore,

s < 2d. Hence, ¢’(6) < 0. Again, we arrive at the conclusion that the right hand side of the FOC

decreases in the decision variable, in this case, §. The next step is to compare :/Lg; and :Z Eg;,
L
Similarly,
T’L(&) T’L((5> , TS(é) /
o) -0 r1.(6)0'(co,(d)), an o0 r5(8)0' (co.s(5))

Next, we again apply the conditions given in the statement to compare r(6)O’(co .(d)) and
r5(0)O0'(co,s(9)). Rest of the proof follows the same arguments as above in the proof of Proposition

5. This completes the proof of Proposition 3.

A.9. Proof of Proposition 6 and Proposition 4

Consider the revenue function when the seller serves a group of shift workers. Suppose the optimal
decision of the service provider is to admit n} consumers. Given 6, n? is a feasible solution to the
problem of serving a community of gig workers, max,, R.(6). We thus have the following:

1—prt . 1—pns . 1—pns
m 2 TL(STLS,H) . )\m Z TS(STLS,H) . AW’

rr(sny;0)- A V.

The first inequality follows from the optimality of n}. The second inequality follows from Lemma
6, rr(sng;0) >rs(sng;0). We therefore conclude that R; > R%. This completes the proof of Propo-
sition 6.

We follow the same arguments to prove Proposition 4. That is,

. 1 1 . 1 1 . 1 1
rp(07:0) - (= — =) >7r.(05:0) (- — =) =>7rs(dg;0) - (- — =), Vb.
s 07 s s
This completes the proof of Proposition 4.
A.10. Threshold policy of admitting heterogeneous consumers to a service with
fixed time commitment

The following proof applies to both compensation structures. We therefore omit the subscript 7.
Following from Corollary 1, we know that, r(é; 0) is the unique indifference price for the type 6

consumer. We want to show that consumer buys the service at r(é; 9) when 0 > 0 and otherwise,

does not buy.
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We start with # > 6. We have shown in Corollary 1 that the indifference price increases in
consumer types; i.e., r(0;0) > r(0; J). Suppose the consumer buys at price r(6;9); it’s easy to see

that they definitely buy at a lower price as follows. Denote (¢,,,co) as the solutions of the type 60

indifferent consumers at optimality when they buy the service. We have
U(T —t, — O(co) = 8,0t — co = (8;6)) + V > ug (r(6;),6) + V =y .

That is, consumers of type 6 > 6 are better off buying the service at the price r(é; J).
Next, we want to show by contradiction that, type 6 < 6 would not purchase at price r(é; J), the
contrapositive of the “only if” part. Note that r(6;0) < r(é; J). Suppose for type 6 consumers there

exists a pair (f,,co) that makes them want to buy the service priced at r(6;d). Then
uf (r(6),0) +V > U(T —t, — O(co) — 8,0t, — co —r(0;6)) + V > ug”.

The above inequality indicates that uf(r(),0) +V > u)'?, which violates the definition of an
indifference price. This is a contradiction. That is, there is no feasible allocation of time and money
that would make a type 6 < 0 better off buying the service. This completes the proof. Back to
page(s) 17.

A.11. Proof of Lemma 3

We start with the proof of Part (i). We omit the subscript 7. for ease of notation in the fol-
lowing proof. Since § is fixed in the analysis, we also omit ¢ in 7(6;6). Therefore, the service
provider’s revenue function is given by R() :=r(0)F(6). Taking derivative w.r.t. 6, we have R'(0) =
" (0)F(0) — r(0) f(0). From FOC, 6* solves T:((g)) = %. Given the log-concavity of r(6), we have

r'(0)/r(0) decreases in . Additionally, % increases in @ since F' has an increasing failure rate.

Therefore, FOC has a unique solution. That is, revenue maximization problem (6) has a unique

optimum 6*.

Now we move on to Part (ii). Let R(6,S):=rs(0;5)F (). If we can show that R(6,S) satisfies
single crossing, then 0%, > 0% if S’ > S by the Milgrom-Shannon theorem. The statement is then
proved.

By definition, R(6,S) satisfies single crossing if and only if ¥V " > 6 and S’ > S, the state-
ment R(§',5) > R(0,5) = R(#',S") > R(,S"), holds. Rewrite R(¢',5) > R(0,S5) to get F(0') >
F(0)r(0,5)/r(0',S) and substitute the inequality to R(¢,5") — R(6,S"). We obtain

0,5)r(,S")

R(©,8") ~ R(6,5") > F(6) (" s eS)).

We need to show that %g’),s’) —r(0,5") > 0; that is, :((g,’?) > :((g/lss’/))‘ That is,

strictly decreases in S.

)
r(6',S)
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Equivalently, we are left to show, 8:((5/)55)) /0S < 0. That is,

r(6,S5) or(6,5)/0S-r(@,S)—r(0,S)-0r(0,S)/0S
0 /0S = .
r(¢,S) (r(0,95))?
To simplify the notations, we denote rj := % and ry, == %A;’S).

Note first that it follows from the proof of Corollary 1 in A.4 that r(¢’',5) > r(6,S) > 0. Addi-
tionally, from the condition (ii)(1), we have dr(6,S)/0S < 0r(0',S)/0S. Therefore, as S increases,

we might encounter the following three cases: (i) rj, >y >0, (ii) 75, > 0>y, (iii) 0> ), > rp. It

r(0,S)
r(6’,S)

is easy to show 0 /0S5 <0 for the last two cases, while for the first case, when both types are
underemployed, it follows directly from condition (ii)(2). This completes the proof.

Remark 4. The intuition of why condition (ii)(1) can hold is as follows. For any S, when both
type 0 and €' consumers are underemployed, given the increasing work time assumption we made
in Proposition 2, the type 6 consumer would be richer in time; further, they earn more extra
cash with the increase of shift length. Therefore, a higher type would have a larger increase in
willingness to pay for the discrete service. If the higher-type consumer is underemployed but the
lower type is overemployed at shift length S, the increase of shift length will benefit the higher
type but make the shortage of time even worse for the lower type. Type 6 consumer’s indifference
price might reduce, but the type 8’ consumer might be willing to pay a higher price. Lastly, if both
types are overemployed, an increase of shift length pushes both types farther away from optimal

work time under linear pay structure, but the time shortage is worse for the lower type. The lower

type would incur a larger decrease in the indifference price.

A.12. Proof of Proposition 8

Consider the shift-pay consumers’ problem maxg, 75(0s;8)F(fs). Denote the optimal solution
to this problem to be 5. Following directly from Corollary 1, we know, given S, when condi-
tions of Proposition 2 are satisfied, r1(6;0) > r5(6;9) V0. Therefore, given S, the function value
r(0%;0)F(0%) is always larger than the function value of problem rg(6%;6)F(6%). Denote the

optimal solution to the problem involving the linearly paid consumer as 67. We therefore have

Ry = ru(03:0)F(0;) > ri(03:0)F(03) > rs(03:0)F(05) = Ry

B. Mixed compensation structures analysis

In this section, we denote the proportion of gig workers among the arrival consumers to be « € (0, 1),
therefore 1 — « are shift workers. In all numerical studies conducted in this section, we assume that
there are 20% gig workers among the arrival consumers, i.e., « = 0.2. The results for the numerical

studies in this section are compiled in Figure 5.
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B.1. Fixed time commitment seller, heterogeneous consumer types

To start with, we look at a seller offering service with a fixed time commitment to a heterogeneous
group of consumers. Given a fixed time commitment §, for any price r, there is a unique type
0,.(r) that makes consumers indifferent in purchasing the service. The consumers whose types are
0 >0, (r) will also purchase the service. We assume the consumer type distributions, denoted as

F', to be the same for gig and shift workers. Therefore, the revenue function can be written as

max Roiz = max r(aF(0.(r) + (1 —a)F(0s(r))).

*
mix

Note that, using Proposition 8, R’ . € (R%, R;) easily follows for any S. We conduct a numerical
analysis to investigate the congestion level the seller observes. We adopt the same notation as in
the main text, p* = aF (0, (r*)) + (1 — a)F(0s(r*)).

Figure 5 (right) shows that our key result in congestion level is robust to a mixed population
setting—when there are some underemployed shift workers in the population mix, a larger pro-
portion of consumers are admitted to the service (i.e., resulting in a more-congested system) than
it is in the case when there are only gig workers, and vice versa. Furthermore, it is easy to see

that r*

mix

# 1} in general since 0g(r) and 01 (r) are different in general. In fact, in this numerical

analysis, we see r* . € (min{r%,r;}, max{rs,7;}). Therefore, a seller who fails to see that there
are shift workers in the population and prices their service as if all consumers are gig workers will

experience revenue loss.

B.2. Single-server Markovian visible queue, homogeneous consumer type

We next check the case when the seller manages a single-server, Markovian, and visible queue
serving a group of homogeneous consumers with type 6. The consumers make a purchase decision
upon arrival to the queue, i.e., after they see the queue.

Suppose the overall arrivals to the system follow a Poisson distribution with rate A. The expected
number of consumers joining the queue in unit time is then A\ — \;, where ), is the balk rate.
Given a price r, a gig worker and a shift worker will be indifferent in joining the service when they
see nr(r;0) and ng(r;0) consumers in the queue respectively. Denote the queue length consumers
see upon arrival to be n. We can specify the balk rate as A\, = (1 — @) AP(n = ng(r;0)) + aAP(n =

nz(r;0)). The revenue function can then be written as
max Ry, = maxr(A— Ap).

Next, we calculate the two probabilities in the balk rate expression. Let b, be the balk prob-
ability, i.e., byi(r;0) = (1 — @)P(n =ng(r;0)) + aP(n = ng(r;0)); b, (r.;0) =P(n=n.(r.;0)),
7. € {L,S}. Denote the optimal balk rate as b: = b, (r;;0), 7. € {L,S,mix}. Let n, =

max{nr(r;0),ns(r;0)}, and n; = min{n(r;6),ns(r;0)}.
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When ¢ =0,1,...,n,, arriving consumers with neither compensation structure will balk. The
probability of seeing a queue length of ¢ should be the same as in a standard visible MM1 queue
with an arrival rate \. Therefore, m; = myp’. When i > n,, all arriving consumers balk. Therefore,
m;=0. When ¢ =ny +1,...,n9, arriving consumers with the pay structure that has a smaller n.,
will balk, the arrival rate of the system is the arrival rate of the remaining compensation type,

ny =N

denoted as Ay, and py = Ags. Therefore, m; = mop pQ
_ 1

n . n i—n 1_ i+l PMp (1_pn27n1) - .
Therefore, m, = (Zizlo [ D D Ly 1) = < o+ = T > . Substitute
into P(n=mn;) = mop™; P(n=mny) = mop™py? . Note that, when n, = ny, i.e., there is only one

type effectively. This expression reduces to my = (3", p’)~*. Consequently, the balk rate and the
revenue function also reduce to the expression for one consumer compensation structure case.
The key insight in congestion level is again preserved (see Figure 5, center). From left to right
on the horizontal axis, consumer type 6 changes from low to high, the shift workers in the popula-
tion therefore change from overemployed to underemployed. The seller then sees a less-congested
system, i.e., 1 — b}, <1—0b} [more-congested system, i.e., 1 —b% . >1—bj] compared to serving
a gig-worker-only population when there are overemployed [underemployed] shift workers in their
consumer population. Note that, in this numerical analysis, the optimal admission thresholds of
serving the mixed, or the gig-worker-only population crosses at a consumer type that is smaller

than .. Also, 7% .. #r; since ng(r;0) #nr(r;0) in general.

B.3. Single-server Markovian hidden queue, homogeneous consumer type

Lastly, we discuss the case when the seller manages a hidden queue serving a group of homogeneous
consumers (workers) with type 6. Suppose all workers have exponentially distributed service time
with mean s. All shift workers have a common shift length of S time units.

For Bs,5; € [0,1] define A(Bs,81) = A((1 — «)Bs + afr). A(Bs,Pr) is the average arrival rate
when shift [gig] workers randomize between purchasing the discrete service with probability 85[0y ]
and not purchasing with probability (1 — 8s)[(1 — 5)]. The expected sojourn time in the system
is then §(8s, B) = s/(1 — M(Bs, BL)s). Note that both types of consumers have the same expected
sojourn times. In this analysis, we suppose the conditions in Proposition 2 hold, hence we have
r(0;8(Bs, BL)) > rs(0;5(Bs, BL)), that is, given the same expected sojourn time, at type 6, the
indifference price of gig workers is higher than the indifference price of shift workers.

Given any price r, suppose 7 < rg(6;5(1,1)), all consumers of type 6 join the service. As r
increases to r € (rs(0;0(1,1)),75(6;6(0,1))), then B € (0,1) shift workers and all gig workers join
the service, i.e., (8s, 1) = (Bs, 1). Note that, in this price interval, only shift workers would random-
ize their purchase decisions. This can be seen from the following argument. Suppose 3fs, 81, € (0,1),

such that By shift workers, and 3, gig workers join the service at menu r = r(0;5(8s,8.)),0 =
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6(Bs,Br)- Then r =rg(0;6) <r.(0;6). That is, at §, all gig workers will be at least indifferent to join-
ing the service, i.e., 37, = 1. Hence 3, ¢ (0,1). Further increase r to r € [rg(6;6(0,1)),7.(0;(0,1))].
In this price interval, the lowest possible price is too high for any shift workers to join, and the high-
est possible price is lower than what induces all a\ gig workers to join, therefore (8s, 3r) = (0,1).
Further increase r to r > r;(0;5(0,1)), then (Bs,8.) = (0,8), Bz € (0,1). B gig workers purchase
the service at 7 =1(6;0(0,3L)).

Given 6, at any price r, we can then invert the indifference price function r =, (6;0(8s,3L))

to get 8(Bs(r), Br(r)). And therefore, \(Bs(r), Br(r)) =1/s—1/5(Bs(r), B (r)). We write the max-

imization problem for serving consumers with mixed compensation structures as follows.
max R,,ip = maxr)\(ﬁs(r),ﬁL(r)).

Let Bz = AM(1 — )Bs + afr)/\. From Figure 5 (left), the seller sees . > i, i.e., a more-
congested system, if there are underemployed shift workers in the population than in the case when
there are only gig workers. And the seller sees 3% .. <}, i.e., a less-congested system, if there are

overemployed shift workers in the population. In general 7. #r;.

C. DMultiple discrete services

In this section, we want to show that our main insights are robust to the case when there are
multiple discrete services. While we focus on two services in the following analysis, the arguments
can be easily extended to more than two discrete services.

Specifically, we show the following two main findings in Section 3 to continue to hold when there
are multiple discrete services: 1) the gig workers are full-price decision-makers when they consider
buying the second discrete service, while shift workers are not; 2) given both the gig worker and the
shift worker purchased the first service, the indifference price of the second service for gig workers
and shift workers are different, i.e., r # rg still holds for the second discrete service.

We start by writing down the utility-maximizing problem of consumers when there are two
distinct discrete services. Denote the monetary price of discrete service ¢ as r;, time required as 9;,
and utility gain upon completing the service as V;.

(Pc1) max Uti,a) +Viygr + Vays

ty,cpstw,co,Y1,Y2
st. t,+O0(co)+ti+61y1+ 6y, <T
co + 41y +rays <Ip(ty,)

y1€{0,1}, 90 €{0,1},t;, ¢, tw,c0 >0
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Write down the FOC of (Pg;), we have x(t/,c]) = 0 for the gig workers, where j € {NB, By, B,}

denotes the optimal actions of not buying, buying Service 1 only, and buying both services, respec-

tively. For shift workers, we have x(T' — S — O(c5?) — 6, — 05,08 — c52 — 1) — 1r5) = —ﬁ,
‘o
X(T =S8 —0(cg') —6,,08 —co —rl):—ﬁ, X(T =S —0(c5?),08 —c§”) = — g xm;.- Following
co <o

the same argument as in A.2 in the manuscript, we again conclude, that gig workers are full-price
decision-makers when they consider the second discrete service, while the shift workers are not.

Next, we want to show part 2), in which we assume the consumers make purchase decisions for
the two services sequentially and we investigate their purchase decision when they have decided to
purchase the first service. We construct the following utility-maximizing problem.

(Pc2) max U(t;, )+ Vayo

t,cpstw,co,Y2
s.t. tw + O(Co) + tl + 52y2 < T— (51
co+ ¢ +rays <Ip(t,) —r

Y2 S {0) 1}7751;017%,00 Z 0

From the construction of (Pc ), it is not surprising that the inequality between the two indifference
prices, r;, and rg, preserves for the second discrete service. Given both gig and shift workers have
decided to purchase Service 1, (Pc2) is essentially reducing the total time available by §; and

reducing the total budget available by 7; from our base model (Pc).



