Bilateral Rating Display Systems

Online Technical Appendix to “Welfare Impact of Bilateral Rating
Display Systems on Ride-Sharing Platforms”
Appendix A: Proofs of the Main Results

Proof of Lemma 1. By Definition of inactive players, we know that all riders are active in URDS, i.e.,
m, = 1. Therefore, we only need to consider m; =1 and m; < 1 for drivers. It is obvious that a necessary
condition for drivers to be active is h > w.

Case 1: wg = 1. In this case, the driver with type —ty will be active. This happens if and only if v —tg —p > 0.
Case 2: 0 < 7y < 1. In this case, we have P{T, >t,} =7, and C(r,,m;) =~. Hence, we have:

ly—Y—p= ty= - t,+1t to—p—
vty —p=0 & {=p+y-v, = P(Ty >t =1 ktto Vil =Py
tdE(—to,tO) S v—y—te<p<v—7+1o. 2t 2t

The results are, thus, summarized in Table 1. [

Proof of Proposition 2. We solve the revenue maximization problem of the platform analytically.
Then this proposition directly follows from the platform’s optimal solution. Based on the equilibrium in
Lemma 1, we discuss the following cases.

Case 1: (m,,74) = (1,1). The platform’s optimization problem becomes:

max p—h
p>h>w

s.t. v—to—pZO
Let (ﬁl,ﬁl,f[l) be the optimal price, driver’s revenue share and platform’s revenue in Case 1. It is clearly
that p; =v —to, le =w, 1:11 =v —to —w. It is obvious that for the platform to obtain positive revenue, we
need v > w +tg.
Case 2: (7,,7q) = (1, M). The platform’s optimization problem becomes:

2tg
max (p—h) (v+to—p—7)

p>h>w 2to
st. v—y—to<p<v—7+ip.
Let (ﬁg,ilz,ﬁg) be the optimal price, driver’s revenue share and platform’s revenue in Case 2. It is clearly
that hy = w. To ensure the feasibility of this optimization problem, we must have v — v+ ty > w. As the

objective function is a quadratic function, we have:

— w v—w —~)2 .
ooy = J (5758w, B2 ) i wby —to <v < w431,
(v—to—v,w,v—to—w—7), if v>w+y+ 3.
Note that if v —y —tg —p =0, then we must have v —ty —p > 0, which implies 7, = 1. In addition, w4y —tg <
w—+1tyg & v <2ty. Hence, when v > 2t,, we compare v —w — tg and W. Note that we define:
- to—~)?  dL - to —
(v—wtto—y)  dL@) | v-wtto—y
8t0 dv 4t0

It is easy to verify that L(v) is increasing in v for w4y —tg <v <w+vy+ 3ty and L(v) >0 for w4y —tg <

L(v)&v—w—ty—

v < w4+ v+ 3tg. When v < 2ty, we have:

(v—w+ty—7)? 1
o —(v—w—1ty) >0 & g[v—(w+’y+3t0—2 27t0)][v — (w4 + 3tg + 24/27t0)] > 0.
0 0
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Note that:

w4y + 3tg — 2¢/27t > w +tg & (VA —V2t)* >0,

Hence, we have:

(v—w+tg—7)?
8to

>v—w—tg, ifw+y—tg<v<w—+y+ 3ty —2v/27t0-

Therefore, combining Case 1 and Case 2, we have, if 0 <ty <~v/2, (p*,h*,1I*) = (v — to,w,v — tg — w); if
tO > ’7/27

(p* e H*) B {(v+t02"/+w’u}7 (vfw-si-ti)of"/)z) , if w+’y_t0 <wv S w+’y+3t0 — 2\/2’72‘,‘0,

(v—tg,w,v—tyg —w), if v>w+v4 3ty —24/27t,.

Let Oy 2w+ v+ 3ty — 2¢/27%,. Thus, the result follows immediately. [

Proof of Lemma 2. Based on the Definition of active players, it is clearly that 7, > 0 only if A > w —t.
Case 1: w+ty < h. In this case, we have 7, =1, and as h —w > 0, it implies that this is the same situation
as in the proof of Lemma 1.

Case 2: w —ty < h < w+ty. In this case, we have t, =w—h and 7, =1—Fr (t,)=1— %:to Then ¢,
is determined by v +tg — 2toms — Yl (r,>x,1 —P = 0. Note that t, =2t,(1 — m4) —to.

Case 2.1: my <1— %{j‘to In this case, we have v+ty —2tomg —v—p=0 & ;= ”“g%. We require

vtto—p—o _ w—h+tg
0< 2to <1 2t

Case 2.2: 1 — %:‘t‘) < 74 < 1. In this case, we have v+t —2tgmy —p=0 & w3 = ”g%o_p. We require
w—h-+4t v4tg—

1= 2t0 ¢ < 2t00 E<L

Case 2.3: wg = 1. In this case, we require v —tqg —p > 0.

The results are summarized in Table 2. O

Proof of Proposition 3. Part (i). We show that the optimal pricing policy must induce 7 = 7.
Show by contradiction. Assume 7* < 7. In this case, the platform’s revenue is (p* — h*)7*. The boundary
driver is the one with £} = max{—tg,p* — v}. The platform could keep h* fix and increase p* to p’ =p* +e€

such that 7 reduces to 7, > . Then the platform’s revenue becomes (p’ — h*)7’

r

which is strictly higher
than (p* — h*)7*. Hence, a contradiction.

Assume 7 > 7. In this case, the platform’s revenue is (p* — h*)7;. The boundary rider is the one with
t* =max{—to,w — h*}. The platform could keep p* fix and decrease h* to h' = h* — € such that 7 reduces to
7! > 7%. Then the platform’s revenue becomes (p* — h')7’, which is strictly higher than (p* — h*)7%. Hence,
a contradiction.

Part (ii) and (iii). Similar as the proof of Proposition 2, we solve the revenue maximization problem of
the platform analytically. Then this proposition directly follows from the optimal solution.

Case 1: wq = 7w, = 1. In this case, the platform’s optimization problem becomes:

max p—h
p>h>0

st. p<v—ty, h>w+to.
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To ensure the feasibility of this optimization problem, one needs v —ty > w+ty < v > w+ 2ty. The optimal
solution is (py, ﬁl,ﬁl) =(v—to,w+tg, v —w—2tg).
Case 2: my = 7, < 1. In this case, the platform’s optimization problem becomes:

p>h>0

2tq
st. w—to<h<w+4ty, w+v=p+h.

max (p—h) (1

As we have p=w+v—h>h & h< “JFT” So the optimization problem becomes:

max (w+v—2h) (1 T

v+ w
s.t. wto<h§min{—;7w+to}.

To ensure feasibility, we require ”T’” >w—1t9 & v>w— 2.

When £ < w +t, (which is equivalent to v < w + 2ty), we have:

s - 2o+ 3v+w Jw+v—2ty (2tg+v—w)?
(pz,hz’Hz):< ° ° ( ° ))

4 ’ 4 ’ 16t

When “£% > +t, (which is equivalent to v > w + 2t), we have:

1 16¢,
(v—to,w+tg,v —w — 2ty), if v > w + 6tp.

2
Gmwwwgwﬁﬂmf%www>% if w2ty <v <w+6tp,

(ZN)27B271:[2) = {

Note that Ztote—w)® _ (v—w—2ty) = 2 (6to — v +w)? > 0. Hence, combining Case 1 and Case 2 together,

16tq T 16t
we have:
2t0+3vtw Swtv—2tg 2wgtv—w 2wgtv—w (2t0+v7w)2) .
if w— 2ty < v <w+ 6ty
(o 1y { (5, S, B, Sugce, Bufpndl) ’
(v—to,w+to,1,1,0—w—2ty), if v > w+ 6ty.

We define o5 £ w + 6to. Thus, the result follows immediately. [

Proof of Theorem 1. Given the results in Proposition 2 and 3:
Part (i). The comparison between BRDS and URDS in terms of the drivers’ revenue share is straightforward.
We define 9, £ w + 2t,. It is obvious that @, is increasing in w and t,, and BRDS generates higher drivers’
revenue share than URDS if and only if v > 9.
Part (ii). The comparison between BRDS and URDS in terms of the platform’s revenue share is straight-
forward. We define @y £ w + 4t,. It is obvious that 95 is increasing in w and ¢, and BRDS generates higher
platform’s revenue share than URDS if and only if v < 0s.
Part (iii). The comparison between URDS and BRDS in terms of the average quality of drivers (and riders)
are equivalent to the comparison in terms of the fraction of active drivers (and riders). It is obvious that the
riders’ average quality in BRDS is no less than that in URDS, since in URDS, all riders are active (77 =1).
For average quality of drivers, let 7% and 7§ be the fraction of active drivers in BRDS and URDS. When
v > 2tg, then 75 =1, in which case 77 < 7. Hence, the average drivers’ quality in BRDS is always greater (at
least weakly) than that in URDS. When « < 2tg, we have w+v+ 3tg — 21/27ty < w+ 6tp, since it is equivalent
to v — 3to — 2y/27to < 0. It is easy to verify that v — 3tg — 24/27{, is decreasing in v for «y € [0, 2to] and hence,
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v —3to—24/27ty < 0 for v € [0, 2t]. Therefore, when w++ 3tg — 2+/27fy < v < w+ 6ty, we have 77 < 7Y =1,
i.e., the average drivers’ quality in BRDS is always greater than that in URDS. Note that when 7% <1 and

7y <1, we have Qtogtz’“’ > ”"’Z;O’” & v <w+27. Hence, we define 05 £ min{w -+ 27, w +7 -+ 3to — 2+/27%0 }-

Then we have 77 > 77 if and only if v < ¥3. Note that 3ty — 2/271, is increasing in ¢, for tg > 2v/9. As we

require to > /2 in this case, thus, 03 is increasing in to. O

Proof of Theorem 2. Given the results in Proposition 2 and 3:
Part (i). Driver’s welfare in URDS is zero and in BRDS is positive.
Part (ii). Let W” and WY be riders’ welfare under BRDS and URDS. Let v; £ w + v/2to + (24 v/2)y and
Vg 2w+ 7y + 3tg — 2/27t,. First, note that

01 < vy S w+ V2 + (24 V2)y <wH+3tg+v—2v/27t0 = (14+V2)y+2¢/27t0 — (3—V2)to <0. (A.1)

This is because it is easy to verify that (14 v/2)y + 2/2vto — (3 — v/2)t, is increasing in « for 4> 0. It is
also easy to verify that when vy =t,(v/2 — 1)2, we have (1 +/2)y +2y/27vt, — (3 — v/2)to = 0. This property
will be used later in the proof.

In URDS, we have:

1 to
It T———"
2t0 22 r d
_ Jto if v > 2ty or v < 2ty but v > w + v+ 3ty — 2/271,,
- % if v <2tp and w+v —to <v <w 4+ 3to — 2v/27k.
In BRDS, we have:
1 [t Qtoto—w)? 16 op <
we— 2 [Tt pyar=d o o Hw=2eSv<w,
2to Jyy to, if v > w + 6t.

Note that we have W <ty & v<w+ 6ty. Hence, the case of v > 2t is proved. When v < 2tg, it

is obvious that if v > w + 6tg, then WY = W2 and if v € [w + v + 3ty — 2+/27¢o, w + 6tp), then WY > W2E.

Now if v € (w + v — to,w + v + 3to — 24/27t), we have (Qto&zw)g > (”7‘”12127”)2 < v < w + 2v. Hence,

04 = (w +t0)Liso<qy21 + 03115523 - It is clear that 0, is increasing in to and w as in the proof of Theorem 1.
Part (iii). Given the optimal solution of the platform’s revenue maximization problem in URDS and BRDS,

we have

w43t —24/27t0 <w+ 2ty & YHto—2v/27 <0 & (V2 —7)? —to <0 & v>1t(vV2-1)2. (A.2)

This property will be used later in the proof. It is easy to verify that v; > w + v — to. Note that when
w+tg <v<w+6ty:

(2to +v —w)? 1
——>Sv—w—1t & —(v—w-—2t —w —10¢ty) > 0.
16t, vow=to & qae(v—w=2t)(v—w = 10t)
(2t0+’v7w)2

Hence, when w — 2ty < v < w + 2tg, we have > v —w—to and the case of 0 < tg < /2 is proved.

16to
Now we consider the case when to > ~/2. Note that when w+ v —ty <v < w4+ 6t:
(2to + v —w)? - (v—w+to—7)?
16t4 8to
= v<w+ V2 +(2+V2)y 2.

& (2t +v—w)>V2v—w+ty—7)
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5
By (A.1), we know that when 2ty >~ > t,(v/2 —1)? (or equivalently v/2 < to <v(v/2 —1)~2), we have:
w42t + (24 V2)y > w + 3ty +v — 2v/270,
w45+ 3tg — 24/27tg < w+ 2tg, by (A.2).
As a result, when v < w + v + 3ty — 2¢/27tg, II” = (ztofgt;w)z > (“_“’;’;0_7)2 =TIY. When w + v + 3ty —
24/27to < v < w + 2ty, we have IV =v —w —ty and I1Z = Ctotv—w)® o still have 15 > I1V. Consequently,

1660
only when v > w + 2tg, we have IT% < IIV.

When 7 < to(v/2 — 1)? (or equivalently to > (/2 — 1)~2), we have:

w42t + (24 V2)y <w + 3t + v — 2271,
’LU+’Y+3t0 — 2\/2’}/150 > w + 2, by (A2)

As a result, when v < w + v/2tg + (2 +v/2)y, TIZ = Qtotv—w)? - (vzwito=1)® _ [[U When w + /2t + (2 +

16t 8t

V2)y < v < w4 6ty, we still have TP = W. In this case, no matter if IIV = W or IIV =
v—w —tgy, we all have IIV > I15, as w + v + 3ty — 2¢/27tg > w + 2to. To sum up, we define

s w2t if to <y(V2-1)72,

Vs =

ST w2+ (24+V2)y,  iftg>(V2—1)"2

Then, BRDS generates higher platform’s revenue per unit of time than URDS if and only if v < 5 and 05 is
clearly increasing in o and w.

Part (iv). Let W? and WV be the social welfare under BRDS and URDS. Note that social welfare is the
sum of riders’ welfare, drivers’ welfare and the platform’s revenue. It is clearly that in URDS, the drivers’
welfare is zero. Thus, we denote drivers’ welfare in BRDS by W 7.

to * to
Wf :Ad/ min{ﬂ-i’l} </ (h*+t_w)fT,.(t|tZt:)dt> de(td)dtd
7T t

* *
tg d

13 1.

. 1/(2t0) /t°

T F ()

(h* 4+t —w)dt, note in BRDS 7; = and we assume A, =A,;=1

L

1 [P 3w +v — 2t (2t +v —w)?
— T 0w ) dt =0T i — 2t < v < w + 6l
_ 2t0 2t01'v+w ( 4 + w 64t0 Hw 0= w+ 0
= P
— (w+to+t—w)dt =to, if v > w + 6t.
2tO —to
In URDS, we have:
WU =WV 4TIV =ty +v—w—ty=v—w, if v > 2tg,
v —w, if v>w+ v+ 3ty — 24/27to, .
WU =Wy =y, T 7o if 7y < 2to.
BT ifw4+~vy—tog<v<w+vy+3tg—2/271o-

In BRDS, we have:
vV—w 2 .
WB:WB+WB+HB: %’ 1fw72t0§'l}<w+6t07
) ’ v—w, if v >w + 6to.

Note that when w4ty < v <w + 6ty, we have:
3(2tg —|—’U—w)2 < o

—————— <v—w
32t0 32t0

(v—w—2ty/3)(v—w —6ty) <O0.

Hence, the case of 0 <ty <~/2 is proved.
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Note that when v > w + v —ty, we have:

32tg+v—w)®  3(v—w+to—7)?

& 2t —w<V2v— to — & v>v.
3%, Tt oF+v—w \f(v w+tg—"y) v >

Note that when vy < w + v+ 3ty — 2¢/27tg, if w+v —to <v < vy, then we have W2 > WV, if v; <v <
w + v + 3tg — 2¢/279%g, then WY > WE; if w + v + 3ty — 2¢/27to < v < w + 6tg, although WV =v — w, we
still have WU > WP, If vy > w4+ v+ 3tg — 2¢/27%o, if w47 —to <v <w + v+ 3ty — 24/27%y, then we have
WE > WU if w+y+ 3ty — 24/270 < v < w + 6Ly, we have WY > W?E,

To sum up, we know that when ¢y < /2, social welfare in URDS is no less than that in BRDS; when
to > /2, we define ¥ £ min{vy,v,}, then BRDS generates higher social welfare if and only if v < .
Note that @5 > @4. This is equivalent to @5 — w > min{2y,v + 3ty — 2/27fo}. When t, > v(v/2 — 1)2
U5 — w = tov/2 + v(2 + V2) > 27. Hence, 05 — w > min{2y,v + 3ty — 2¢/27%0}. When t5 < y(v/2 — 1)2
U5 —w = 2tg >y + 3ty — 2/27L0 & 7 + to < 2¢/27t0 < (1 +y)? < 8y, where y = v/to. Note that (1 + y)?
Sy ye ((vV2-1)2%(vV2+1)%). Note that v/2 <ty <y(v2—-1)"2& (v2-1)2 <y <2< (1++/2)2. Hence,
05 —w > min{27y,v + 3tg — 24/27to }. Therefore, when v is less than 94, BRDS generates higher surplus for
all stakeholders (drivers, riders and the platform) than URDS. O

Appendix B: Value of Carpooling Service

ProrosiTioN B.1. In URDS, h* =w.
(i) When A, > Mgk, the optimal p* and I1* are

unprofitable, if v<w+y—to,
(p*,117) = (”““2”” S ”2), if w7y —to < v <w++3to,

8to

(v—to—7,Adk(v—to—w—7)), ifv>w+vy+ 3.

(i) When A, < Ak,
(1) if Agky > 2toA,,

( ) unprofitable, ifv<w—ty+ 2;\0/?; ’
p*,II") =
(1)—|—t0 - 2;\0;};7 <U+t0 - 2/t\od]>cT —U)) AT) ’ va>w_t + 2t0A .

(Q) Zf Adk’y < 2t0AT,

unprofitable, if v<w+y—to,
(p7,IT7) = { [ oHtogate, Aaklomuttos ”2), if wty —to <v<yHw—to+ 2T

8to

U+t0—2f\°d/;"7(v+t0— A‘ﬁ"—w)Ar)’ ZfU>’Y+U1—t0+1 QW

Agk
StolA,

A
where a =

Proof of Proposition B.1 In URDS, the drivers cannot observe riders’ ratings. So a driver with K
service capacity will accept all riders. Thus, a driver will take the match if and only if h > w. All riders are

active and a rider will accept a match if and only if v +¢ — 1A, >A,x,x} —P > 0. The platform solves

max (p—h)min{A,, Aymsk}.

p=>h>0
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Case 1: A, > Agzk. To support the equilibrium 74 =1, we need v —tq —~y > p. To support the equilibrium

my < 1, we must have

ty—y—p= ta=p+v— tt+t to—p—
{erd 1mp=0 SL=pty Uiﬂd:P{TdZEd}Zl—f‘i—i_O:U—i—O P ’y<1.

ty > —to Sp>v—79—to. 2t 2to

Thus, in Case 1, each p will induce one unique equilibrium, i.e., 74 = min{%, 1}.
Case 2: A, < Ajk. To support the equilibrium 7z = 1, we just need v —ty > p. To support 74 < 1, we need

to consider the following situations. First, note that as long as A, > Adk““g% Sp>v+ty— % -,

we have wd—ﬂ% Also note that ”'Hg%<1<:)p>v—'y—to. And v+to—%—7>v—7—to is
2t0A

ensured by the condition in Case 2. And v+t — — v <v—y+ty holds obviously. Second,

Case 2.1: A, < Ay k:”+t° Peosp<ovtty— Zt"A . In this case, we have 1, <1< v —ty <p<v+ty and

t, =p—v. The condition in Case 2 ensures v —tg S v+tg— % It is obvious that if the optimal p* is in
in Case 2.1, then we must have p* =v +1tg — %

Case 2.2: A, > A, k”“" P p>v+tty— 2t°dA" In this case, we have m; = Htg% <1 and ¢,
)

p+~v—wv. This is because, er'50#<1«&>p>v v —to. And’qutO—M

is implied by the condition in Case 2.

As a summary, in Case 2, i.e., A, < A4k, we have 2 classes of equilbria:

(ﬂ_d’td):{(w,pﬁ-v—v), ifv+to—%—7<p<v—’y+to, and
(0,t), ifp>v—vy+to.
(ﬂdt){(l ,—to), if p<wv—tg,

1=d (”J;fo ’ﬂp—v) ifv—t0<p§v+t0—2f€d’;’“,

Now we solve the platform’s optimization problem. It is obvious that A* = w.

In a market with A, > Agk, we have m; = min {M, 1}, the platform solves

2to

max (p— h)min{A,, Agmak}.

p>h>0

So the objective function of the platform becomes

ta—n—~)"
max (p—w)min{A,, Agmak} = Agk(p— w)mln{w, 1}.
p>w 0
It is obvious that we only need to solve
vtto—p—1

2ty
st.v—y—to<p<v—7+tp.

max Agqk(p—w)
p2w

To ensure the feasibility, we need v — v 4ty > w; otherwise the platform will just set p* =w* to get a 0

revenue, or simply just quit. So we have

(7" 1" ) = (”*togww,w, Adk(”_;:to_”)z), if w+vy—to<v<w-+v+ 3to,
(v—to—v,w, Agk(v—to —w—7)), if v>w+y+ 3.

In a market with A, < Ajk, we have: either p=v 4ty — 22";};, which leads to

2t A,
II; = (v +tg— AO w) A,.
ak
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Note that v +tg — —’ > w ensures a positive revenue; or we can have

th—p—
H2:m>ax Adk(p_w)w
p-w

2ty
od,
Ak ¥+ to.
To ensure the feasibility, we require v — vy +tg > w. We also know that
70—”0;7—“0 >0 +tg— Qj;)djlir —ysv<wty—ty+ 420:]\;.
So we have
(5 ) = vhto—ytw Adk(“;:to*”)z ; * ifwd+y—to<v<w+y—to+ 4;\0;};’
v4+ty — Zf\od/,:",Adk(p* —w)”“”{%) , ifo>wdy—to+ 4t°
So we need to compare II; and II5. Note that when v > w—+~v—1to+ 4}&\0’;’“, it is obvious that II; > II5. This
is because, IT5 = Ayk(p — w)w where p=v+1tg— M And TI; = Agk(p — w) 2Eo=2,

2tg

e When w—t0+%<w—to+7<:>'y> 2Z°d1,\;,we have

2toA, w) A Agk(v—w+tg — )2 N L(v)

Agk(v—w+tg—7)
Ak x A, .

8to dv 4to

L(v) 2 (v+t0 -

It can be verified that L(v) is increasing in v € [w 4y —tg,w+y—to + 4t°A =] and L(v) >0, YV w4y —tg <

v<w+y—1to+ 4t°A . Hence, when v > QtoA , we always have the global optimal is p* =v 4+ tg — Qf\Odir,
ty=p —v, = ”+§§Op , and IT* = (v+t0 2t°A )A for v>w—tg+ 2201; ; otherwise, the platform
chooses not to do the business and get zero revenue.
e When ~ < 2t°A" , we have
Agk(v—w+tg—7)? 2to A,
—|v+to— —w | >0
StoA, O ALk
1-2/a 1-2/a
®U<7+w—t0+77 or v>’y+w—t0—|—77,
2a 2a
A Agk
where a = ¢ to‘lAT.
Hence, in this case
(p*,11%) U+t027+w Aghle ;;‘rto 7)2)» 1fw+’y—to<v<’y+w—to+1 2\/H7 O
p, =
v+to— (v—l—t %—w)AT), if v2> 5 +w—to+ 2T,

ProrosiTIiON B.2. In BRDS, the transaction volume under the platform’s optimal pricing strategy is

(2to+v—w) A Agk
. Ato(Ar+Agk)

min{A,,Agk}, if v>4i,

if v < 4t ﬁdk + A% min{A,, Agk} +w — 2t,

ﬁ + Air min{AmAdk} +w — 2t0

The optimal price (h*,p*) are given by
__ to—w+h*

_ vtto—p*
Ak 2tg

/—/H
>l
2 2%
N
<
(=}
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Proof of Proposition B.2 In BRDS, drivers can reject riders based on riders’ ratings. Because drivers
and riders are homogenous in their v and w, then, a rider with rating ¢, is accepted by a driver if and only
if h —w+t,. > 0. Hence, it is clear that 7w, >0 if and only if h —w 4ty >0 h > w —tg.

Case 1: w+ty < h. In this case, we have m,. =1, i.e., all riders will be accepted and since this case implies
h > w, so this is the same situation as URDS.

Case 2: w—to < h < w+to. In this case, we have t, =w—h and 7, =1— F.(t,) = % Then t, is

determined by

:>’U+t0(1 —27Td) _7]]‘{Ar7w>/\d7fd,k} —pZO

v+t = YLam > Agmgky — P =0,
ma=1—40 ot =1o(1—2m,)
Case 2.1: Agmgqk < AT(“’%O“’“” In this case, we have v+ to(1 —2my) —y—p=0& 7, = ”“g% We

require

Ar(to—’w—f—h) <:)>’U+t0—’)/—Ar(t0_w+h)

0< Aymyk
< AaTak < 2o Ak

<p<v+itg—1.

Note that 7y <1< p>v—7v—1ty and we have

Ar(to—w-f—h,) {:}Adk< Ar(to—w+h)

vyl vttt my ey 2
d 0

oIfAdk<A’(t°+:’+h)7then we require v —y —tog <p<v-+tityp—1.

oIfAdk:ZA’(tO%:""h%then we require v+t0—7—/\r(tj’\;ﬁ<p<v+to—’y.

Case 2.2: Agmgk > Mt"%{:‘”‘h) In this case, we have v+ to(1—2m;) —p=0& 7, = ”Jr;foo’p. We require

Ar(to —’LU+h)

<m <1
oA ¢

o If M“’%O“’Jrh) > Aik, then it means that even if all drivers are active, still cannot meet the demand.

So in this case, there will be inconvenience cost. Then this means, Case 2.2. is not applicable.

o If Arlto—wih) < A k. then

2tg
A, (to — h A, (tg — h
Adﬂ'deM@pgv—l—to—T(o—w—’—).andwd<1<:>p>v—t0.
2to Agk
Ar(to—w+h) AT(to—’w—'—h)
—tp < to — & < Agk.
voto=vitto Agk 2to =

Note that here, p < v —tg just means m; = 1. The platform’s optimization problem is:

max (p—h)min{A,x,, Agm.k}.

p>h>0

Now we show that under the optimal pricing strategy (p*,h*), we have A,m, = Agmqk.

If A, < Agmgk, then the platform’s revenue is (p — h)A,m,.. The boundary driver is the one with ¢, =
max{—tg,p — v}. Then the platform could keep h fix while increasing p by € such that A,m, < Agn)k still
hold, where 7/, is under p+ €. The resulting platform’s revenue is (p+e€— h)A, 7, > (p — h)A, 7.

If A7, > Agmgk, then the platform’s revenue is (p — h)Aymqk. The boundary rider is the one with ¢ =
max{—tg,w — h}. The platform could keep p fix and decrease h by € such that A, x’. > A m.k still hold, where
7! is under h — e. The resulting platform’s revenue is (p — h + €)Aymsk > (p — h)Agmak.
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The maximum transaction volume is ¢ = min{A,,Ask}. Note that V ¢ € [0,g], we have ¢ =
min{A, 7., Agkmy}. The platform solves for the revenue maximizing [p(q) — h(q)]q, where p(q) and h(q) are
induced by ¢:

h() 2 inf{h: A,m, > g},
{p(q) £ sup{p: Agmak > q}.

Note that because we proved that optimal (h*,p*) will induce supply equal demand, i.e., A7, = Agkmy,
so based on the previous analysis, we only need to consider 7, = W and Ty = u+2t+0—p. Also, it suffices to
consider h < w +tg, as when h > w +tg, m, =1, then under supply equal demand, the platform’s revenue is

(p—h)A,.. Thus, we have

h(q) £inf{h: A, 7, > q} = inf {h : 71\"(“’2_1““}1) > q} = % +w — tg,

to —

p(q) £ sup{p: Aymsk > ¢} = max {p: 7Ad(vgfg_p)k > q} =v+1ty— %?g.

Note that this (h(g),p(q)) ensures that they will make supply equal demand, i.e., A, 7, = Ajkmy by con-

struction. Hence, the platform solves
[p(q) — h(q)] [ +2t 2t < ! + 1)}
max — = max |v —w— —+ — .
selog D VTN 0% ’ “I\Ak A )1
The function is quadratic in ¢ with interior solution

*

_ 2tgtv—w
o At (A%ik + A%) '
We only need to compare ¢* with the boundar 0 and § = min{A,, Azk}.
Note that in order to have the platform being profitable, we need ¢* > 0 < v > w — 2¢y3. Then, we have

20 +v—w

q*<q<:>—1 -
4tq (Aidk_FAir)

<min{A,, Ak} & v<dty <Alk + A1> min{A,, Ak} +w—2t;. O
d T

Proof of Theorem 8 We will compare the two systems in URDS: pooling is allowed vs. pooling is not
allowed. Note that in both systems all riders are active, i.e., 7 =1, and h* = w, which implies drivers have
zero surplus.

When pooling is not allowed, the riders’ welfare is

to

WTU = HliIl{A,«T(',n7 Adﬂ'd} (U + t —p* — ’Y]l{Arm,>Adﬂ.:l})f(t|t Z zd)dt

¢
N H’liIl{A,.7 Adﬂ'd} to

t—p"—~v1 x*y)dt
Qtoﬂ_d Ez; ('U+ p 7 {A7'>Ad d})

Based on Proposition B.1, we have:

e When A, > A,.

platform quits, if v<w4+vy—to,
(n, I, W) = (v+t(j1tfo"/7w7 Ad(u—qgt-;to—wn 7 Ad(U*iUG';tO*W)?) , fw+y—tg<v<w+y+ 3y, (B.1)
(LA (v—to —w—7),Agto), if v >w+vy+3tg.

e When A, < A,.
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If v > 2t°A , then
v platform quits, ifv<w-—ty+ M
L, I W) = B.2
(3 ) (%:7(,0—’_&)_2?{37‘_w)AT7A/§;O)7 lfv>w_t0+2t0A (B.2)
‘When pooling is allowed, the riders’ welfare is
to
WY =min{A,m,, Agkmy} (V+t=p" =LA, mesagminy) (E[E > L,)dE
tg
min{A,, Azkr fo .
= % / (v+t—p"— VH{AOAM:,IC})dt
0/td 4
e When A, > A4k,
platform quits, ifo<w+y—tg
(ﬂ;,H*,W,V) = (v-‘rt(jltfo’yfw7 Adk(vfgij-to*’v) Agk(v 112:1'0750 ’Y)?> , fw+y—tg<v<w+y+ 3y, (B.3)
(1, Agk(v—to —w —7), Agkto), if v>w+ v+ 3to.
e When A, < A4k
If v > Qf\o’}cr, then
platform quits, if o<w—1tg+ ztoAf“ ,
(3 1) =4/ (B4)
(AdT‘kv(U{»t()*Tdk*w)AT,m), lf’l}>w7t + ==,

The theorem directly follows from the comparison between (B.1) and (B.3), (B.2) and (

B.4). 0

Proof of Theorem 4 By the proof of Proposition B.2, we know that the platform’s optimal pricing

strategy induces A, 7w, = Agmzk. Hence, the riders’ welfare is

to
W — min{A,,, Aukms)} / (04t —p*) f(E]t > t,)dt =
'

The drivers’ welfare is

to
Wf:min{Adkwd,ATWT}/ (hett—w) f(t]t > t,)dt =
t,

to—w+h __
2t -

In BRDS, we have supply equal demand and ,
t, =p —v. Note that if v <w — 2¢y, then the platform quits.

¢ When pooling is allowed:
When w — 2ty < v < 4tg (A%k + A%) min{A,, Agk} +w — 2t,

T _ (2totv— w)2 A Agk
8to(Agk+Ar)
= (2tg+v—w)Agk
dto(Agk+Ay) ?
_ (Ctotv—w)A,
T dtg(Agk+An)?
B _ AdATk(2t0+v—w)2
T 16tg(Agk+Ar)2
B _ AZK2A,(2tg+v—w)?
16to (A +Agk)2

+ A%) min{A,, Agk} +w — 2to,

)

[SUE

u

B

When v > 4t, (A%ik

IT* = |v + 2t — w — 2tg min{ A, Ayk} (
= mm{//\\TAdk:}7

= min{/[\\;;cAdk}7

WrB _ to mm{AA kAdk}z 7

WdB _ to mln{A Adk}z

r

a
= and g

A,

Qtoﬂ'd

to
/ (v+t—p*)dt.
L

Adk'ﬂ'd

toﬂ'r

to
/ (h+t —w)dt.
t,

_vtto—p _ _gq oy
=5 —Adk.Sozr—w h and

AA)} min{A,, Ak},
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e When pooling is NOT allowed:
When w — 2ty < v < 4tg (A% + A%) min{A,, A4} +w — 2t,

I = (2tg4+v—w)2A, Ay
T 8to(AgtAr) 7
x _ (2to+v—w)Ay
T Atg(Agt+Ar) O
x _ (2to+v—w)A,
Ta = Tig(AgThr)
WB AgAZ (2tg+v— w)2
L 16t0(Ad+Ar)2 ’
WB A Ar(2tg+v—w)?
16t0(Ad+Ar)2

When v > 4tq (A%, + A%) min{A,, As} +w — 2tp,

IT* = |v+2tg — w — 2to min{A,, Ay} ( Ai)} min{A,, A4},

_ min{A,,Aq}
" niing
« _ min{A,, A4}
Tg = Ag ’
WB = ko min{A;,Aq}>
[ Ag ’

WdB _ tomin{Ar,Ag)?

r

1. When A, is sufficiently large, i.e., first, it has to be A, > Azk at least, then v <
4t <$+i) min{Ar,Adk}—s—w—?tO@‘”UAitdk>v—w—2t0

If v—w—2ty <0, i.e., v is small, then, the above inequality is automatically true. So, we are comparing:

I = (2to+v—w)2A,. Ay I = (2tg+v—w)2A,.Agk
- 8to(Ag+Ar) 7 - 8to(Agk+A,)
x _ (2to+v—w)Ay = (2to+v—w)Ayk
T Atg(Ag+Ar) L 4t0(Adk+Ar) ’
. . x _ (2to+v—w)A, . . x _ (2to+v—w)A,
No Pooling: q= 74t0(Ag+A ) Pooling: ¢ T4 = 4 A A, (B.5)
WB A7 (2tg+v— ’w)2 WB AgAZE(2tg+v— w)2
o 16t0(Ad+A I 16t0(A,ik+A R
WB A Ar(2tg+v—w)? WB A2k Ar(2tg+v—w)?
d 16t0(Ad+A )2 16t0(Adk+A )2

If v —w—2ty >0, i.e., v is small, then, we should be looking at v > 4t (Aidk + %) min{A,, Agk}+w—2t, <

4tgAgk _ 4toA gk .
A <v—w-— 2tg & A, > p——T Then, we are comparing
II* = (v —w — QtOAd) Ag, II* = (v —w — 2t°Adk> Aqk,
v Ny o Mgk
T = T = A
No Pooling: { 7% =1, Pooling: { 7% =1, (B.6)
B _ B _
WPE =toAq, WE =toAik,
B __ toAg B __ tOA?ikQ
Wd - T. Wd -_— T.

2. When A, is sufficiently small, i.e., first, it has to be A, < A; at least, then v >
4t, (Aid—i—i)min{AT,Ad}—l—w—Qto(:)%<v—w—2t0

Ag(v—w—2tp) .
TR and we are comparing

If v—w—2ty >0, i.e., v is large, then that’s it, we are looking at A, <

H*:(v—w—ﬁxii\")AT, H*:(v—w—%)Am
ﬂ': = 1, ﬂ-: = 17

No Pooling: ¢ 7% = 2;’ 2 Pooling: { 7% = /Qk’Q (B.7)
WP =t WP =R,

WdB :toAT. Wf :toAT.
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v—w — 2t i.e., v is sma. en we are comparin
If 2ty <0, , 11, th
I+ = Clotv_w)®AsAy T = Ctotv—w)?ArAgk
8to(Ag+Ar) 8to(Agk+A,) ?
Tt = (2to+v—w)Ay Tt = (2to+v—w)Agqk
r (3t0(Ad+A)7A) ’ r (gto$dk+)/xr) ’
. ) * tot+v—w)A, . . * to+v—w)A,
No Pooling: { ;= ato(Ag+A,) Pooling: { 743 = 4to(AgkFA,) (B.8)
WB — AdAT(2t0+v—w)2 WB _ AdATk(Qt(]«l»v—w)z
r 16t0 (Ag+ A2 7 r 16t0 (AgktAn)2
WB — AiAT(2t0+v—w)2 WE — AgszT(2t0+v—w)2
d T T16to(Agt+A,)2 d T T 16to(Agkt A, )2

The theorem directly follows from the comparison within (B.5), (B.6), (B.7), (B.8). O
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