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A Proofs of Main Results
A.1 Notation

For any policy 7 and profiles v and v/, let P}, ,aux, EJ Laux, and RY, Laux denote the probability, expectation,
and regret when rewards are distributed according to v, and auxiliary observations are distributed

according to v*"*. Notation of counters and empirical means is provided in the following table:

Table 2: Notation for counters and empirical means (extended)

Definition Description

t—1 t
e =3 Hme =k} + Y g—zhk,S Number of pulls (known mappings case)
s=1 s=1

t—1

t
L1 {rs=k} X} o+ bk s Zk s
2 2 PXaot 2 g2 Hes Tl Number of pulls

v known ., yknown o s=1 s=1
Xk t — Xk nknown L t—1 + (k . )
Mkt 1 1 nown mappings case
Z Uﬁl{ﬂs:k}ﬁ‘z &Thk,s pp g
s=1 s=1
t—1
ng.=> ., Hms =k} Number of pulls
YT e YT — t—1 _ T s
X5 = Xk,n;,t = (ZS:I 1{ms = k}kaS) / (max{l,nk.’t}) Empirical mean reward
t 1. .
gy = 2521 hi,s Number of auxiliary observations
% . V. — t hk. aux o ..
Y = Yk,nif‘;‘ = (25:1 Zm:sl Yk,s,m> / (max{l, gy ) Empirical mean of auxiliary obs.
- 2
T,aux |, e o aux H 2 1 3
R L o e RN Weighted number of observations

_ _ _ 2 - = 2 N .
X = X’:«’::Ei’"i“f = (nzth,j,nz t =S niy (@Ye,: + B)) / (max{l, n;r:;ux}) Optimistic empirical mean reward

*Correspondence: ygur@stanford.edu, amomenis@stanford.edu.
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A.2 Proof of Theorem [1I

Step 1 (Preliminaries). The proof adapts ideas of identifying worst-case nature strategy (see, e.g.,
Bubeck et al.|2013)) to our setting in order to identify the precise change in the achievable performance as
a function of the entries of information arrival matrix H. For m,q € {1,..., K} define the distribution
profiles p/(™@):
N(0,0?) ifk=m
I/,im’q) =N (+A,0%) ifk=qg#m .

N(—=A,0?) o.w.
For example, for m = 1, one has
N(0,02?) N(0,02) N(0,0?) N(0,0?)
N(=A,0?) N(+A,0?) N(=A,0?) N(=A,0?)
v = N(*A,Uz) ) v = N(*A’O_Q) ) p(13) = N(+Aa02) PR v = N(*Aaoj)
N(=A,0?) N(=A,0?) N(=A,0?) N(+A, %)

Similarly, assume that the auxiliary information Y}, ; ,,, is distributed according to the reward distribution
’\(m’q) (mzq)

v, 7 =, 7, and hence we use the notation Pj,, E], and R} instead of Pj, jaux, E}, jaux, and RY, jaux.
Step 2 (Lower bound decomposition). We note that
TS
RS(H,T) > R g (H,T) > — RT gy (H,T) b 4
MED) 2| max (R} 2 5 3 e (Rl (D) (4)
Step 3 (A naive lower bound for {r{l&x {RY (g (H, T)}).  We note that
qe
max {Ry<m o (H,T)} > Rym m (H,T)=A- Z E,m.m) [”Z,Tﬂ]- (5)

g€{l,... K} keK\{m}

Step 4 (An information theoretic lower bound). For any profile v, denote by v; the distribution

of the observed rewards up to t under v. By Lemma [0} for any g # m, one has

mam) (. 2A2 2A2 i L o2
KL(v{™™ ™) = —2 "Euonm [ngt] = 7 (E,Am,m) g+ 6_2hq,s> ‘ (6)

s=1

One obtains:
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1
max {Ry<m q) <H7 T)} > 7RZ(W,M) (H7 T) + Z Ru(m q) )
qE{l 7777 K} K qu\{m}
AL A T
> K Z Pymm{m =k} + K Z Zpy<m,q) {m # q}
t=1kek\{m} gel\{m} t=1
AT
= ? Z (Py(yn,m) {7Tt - q} + P’/(yn,q) {7Tt ;é q})
t=1gek\{m}
(a) A T m,m m
Z ﬁ Z Z eXp(—KL(V( ) )7 I/( 7‘1)))
t=1 gek\{m}
T 2 t 2
b A 2A - o
= oK Z Z exp l—2 (Eu(m,m [ngi—1] + Z Athﬁ)]
t=1gK\{m} 7 =0

A-exp (=282 - Ey g [T ¢ ’S
_ Z exp ( 52 2Kl/( )[nq,T"Fl]) Z exp <—QO_A2 Z hq,s) ) (7)
—1 s=1

qel\{m}

where (a) follows from Lemma (7] (b) holds by @ and the fact that nf ., >ng, fort € T.

Step 5 (Unifying the lower bounds in steps 3 and 4). Using , and , we establish

max {Ru(mq (H,T)}

qe{l,...K}
2A2 T
A - exp (=5 Epenm [nf rq]) 2A? <
> 5 Z (Ey(m,m) [nk,T-s—l] + ( 1o ) exp | — &2 th,s
kek\{m} =1 s=1
2A
A exp 2 ¢
25 Z mirol (:r—i-()zexp( 52 th,s>)
kek\{m} = s=1
(a) 02 A2 T 2A2
> 1A Z log (JQKZeXp (— — ths>>, (8)
kek\{m} t=1

where (a) follows from = + ye "% > log% for v, k,z > 0. (Note that the function x + ve™"7 is a convex
function and we can find its minimum by finding the root of its derivative) The result is then established

by putting together , and . [ |

A.3 Proof of Theorem [2I

Fix a problem instance (v, v*"*) € S with the mean rewards p and the mean y for auxiliary observations.

Consider a suboptimal arm k # k*. If arm k is pulled at epoch ¢, then X ,‘;j}"W“ 4 [eologt > X faown

pknown
k t

2 .
fkn}fﬁt. Therefore, at least one of the following three events must occur:
k*,t
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_ co?logt co?logt co?logt
51713 = Xl];:ltown Z Mk + T nown y 52’15 = anown < M — T mown s 83’13 = Ak S 2 e — .
N ¢ Ny N ¢

To see why this is true, assume that all the above events fail. Then, we have

2 2 2
- co?logt co?logt co*logt
Xll;ntown + g < ,U/k; + 2 g < ,uk; _|_ Ak; — ,uk;* < anown g ’
’ known known known
nk},t nk‘7t nk*’t

which is in contradiction with the assumption that arm k is pulled at epoch ¢. For any sequence {lj ¢ }+cT,

and {lAm}teT, such that lAk’t >l for all t € T, one has

rr
EZ o [ng,w] = El o | > 1{m = k}]

Lt=1
rT
= [0 = b ) 1 = b > )
Lt=1
[T
S E:;J/aux Z :H_ {ﬂ't = k’ llznown < lkjt} + ]]_ {ﬂ_t — k nknown > lkt}‘|
Li=1
rr R t 0_2 T
<ED e |1 {m =k, <l =Y Qhk} + P {m = ko > Uy
[t=1 s=17 t=1
(a) R t 02 T .
< 120%)% lk,t—;ﬁhk,s +;P{7rt—k: ny, >lkt}
where (a) follows from the following lemma:
Lemma 1 Let {f,})_; and {gn})_; be two sequences such that for allm € {1,...,N}, fo=S""1z;

with 0 < z; < M for all j € {1,...,N} and some M > 0. Then, anlxn‘l{fnggn} <

max {0, maxi<p<n gn + M} .

Proof. If I<nax gn + M < 0 then, the result is immediate. Assume 13130( gn + M > 0. We prove the
result through contradiction. Suppose that >, 2, - 1 {f, < gn} > I<nax gn + M. Let

T—mln{1<n<N Zx] ]l{f]<gj}> max gn—f—M}
7j=1

Note that one must have f, < g-. Since all z;’s are non-negative, one has

T—1
ij 1{fj <gi} <Y wj+a- < fr+M<g-+M< max gn+ M
j=1 j=1

which is a contradiction. This concludes the proof. m
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A 4co?1
Set the values of I}, ; := ZLCUTIQE() and [ ; = %}T“) where 7 ; = Z exp (4602 Z hp. T> . To have

n};“"w“ > li ¢, it must be the case that £3; does not occur. Therefore,

t 2 T
T ™ 7 g _ c
E, Laux [nk’TH} < 11£ta§XT {lk,t — Z (}2hk75} + ; P {7Tt =k, 53725}

s=1
. t g2 T
< — i
= 1I£ta§XT {lk,t ; 6’2 hk,s} + ; P {(‘:17t @) 52’?5}
A t g2 T4
< L, — ~_h 4 9
- gtagXT{ it ; &2 ’“’5} - ; /-1 (9)

where the last inequality follows from Lemma |8 and the union bound. Plugging the value of ZAM into @,

one obtains:

deo? ! Ai : Ai . ‘ 2
™ s
E paux [nk,TJrl} < IEI&XT{ A2 log <Z exp <4c&2 >t — dc52 > h’fﬁ)) } +> /21
St 1 T=5 =1 t=1
dcor 2 —A% t—1 T 9
< A2 log (2 exp (40&2 1 s + 2; #c/2-17
t 5= t=

which concludes the proof. =

A.4 Proof of Theorem [3

We adapt the proof of the upper bound for Thompson sampling with Gaussian priors in [Agrawal and

Goyal (2013a) to accomodate auxiliary observations.

Stepl (Notations and definitions). Fix a problem instance (v,v*") € S with the mean rewards
p and the mean y for auxiliary observations. For every suboptimal arm k, we consider three parameters
Tk, Yk, and ug such that ur < zp < yp < urp < pugpx. We will specify these three parameters at the
end of the proof. Also, define the events E,’: and Slfi to be the events on which X’k,nmown < xp, and
Or+ < yi, respectively. In words, the events Sk ¢» and Sgi happen when the estimated mean reward,

and the sample mean reward do not deviate from the true mean, respectively. Define the history H; =

({Xﬂs’s}s 17{ s}s LAZ Y, {hs}ézl) for all t = 1,.... Finally define py; = P} jauwc{0k ¢ > yx | Hi}

Step2 (Preliminaries). We use the following lemmas from Agrawal and Goyal (2013a)) throughout
this proof. The proofs are (mostly) skipped since they are simple adaptation of their analysis to our

setting.

Lemma 2 For any suboptimal arm k, Z PP paux {m = k,E,’:t,Egt} < Z;F:_Ol
t_ b b
and for j >0, t; is the epoch at which the optimal arm k* is pulled for the jth time.

[1pk,tj+1

Py 1 ] , where tg =0
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Proof. The proof can be found in the analysis of Theorem 1 in Agrawal and Goyal| (2013a). However,

we bring the proof for completeness.

ET: PT o {0 = b, €L ER = Z ES s [P {m = b, Ef €L, | M }]
t=1

@) d ™ 1- pk,t m 0
= =1 S Dkt P {ﬂt = L&y En ‘ Ht}
1—
- ; ED o [E [p:t’”]l {m=1.e6l,| Ht}H
:§T:E7T - 1_pk7t:ﬂ.{ﬂ't:17gu)ggt}
t=1 vy Pkt kit ’

= L =P L= pri+1
S Euyyaux Z 1 {ﬂ't = ].} Z E N

Pktj+1
where (a) follows from Lemma 1 in |Agrawal and Goyal (2013a)). m

T _
Lemma 3 (Agrawal and Goyal 2013a, Lemma 2) For any suboptimal arm k, >_ P, ,aux {77,5 =k, Efjt} <
t=1 ’
0.2

L+ a5

Step 3 (Regret decomposition). Fix a profile v. For each suboptimal arm k, we will decompose

the number of times it is pulled by the policy as follows and upper bound each term separately:

T T T
s T _ T _ o 0 s _ w0 T _ ol
EV’Vaux |:nk7T+1:| = E Pu,uaux {ﬂ't = k, gk’,ﬁ gk,t} + E PV’Vaux {ﬂ't = k, gk‘,t’ gk,t} + g Py7uaux {ﬂ't = k, gk,t} .
t=1 t=1 t=1

Jk,l Jk,g Jk,3
(10)
1—prs.
Step 4 (Analysis of J1). Given Lemma Jy,1 can be upper bounded by analyzing pfji’tf:l:
it

Pkt;+1 =P {N (Xk;*,nk*,tjﬂ,CUQ(Hk*,t]-H + 1)_1) > yk}

2
= co
> P {N <Xk*7nk*,tj+1> ]+1> > Yk

First, we analyze Q1:

2 X B 9
QL= P{N (chil) > yk} >1—exp (—(]Jrl);:; i) ) ,

where the last inequality follows from Chernoff-Hoeffding bound in Lemma [§| The term ()2 can also be

X1 2 Uk:} P {Xk*,nk*’t]._,_l > Uk} = Q1 Q2.

bounded from below using Chernoff-Hoeffding in Lemma [§ bound as follows:
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202

Qs> 1— exp ( 3k Ulc)2> '

Define dy := min{ (1 — ug), (ux — yx)}. The last three displays along with Lemma [3| yield

i1 < P{N(o,cla2) ol jé 12—e iiﬁ[fi’f%éiiiif vl )1)))
= P{N(O,CIUQ) oy T /100 = 22;()( nggi(c@v v1 )1)))
< BV, 6(172) TS 4(’2(;];1) log (1 — exp(~3}/20%(c V 1))
< s 402%? o (202%? D) | "

Step 5 (Analysis of J;2). First, we upper bound the following conditional probability
_0 nown nown
Pg,uaux {ﬂ-t = kaglg,t’ gk,t ’ nll::,t } < PZ paux {gk t glgt ’ K }
< PV paux {gk,t ’ 8k’t7 n};n;wu}

_ 1
— P {N (X};:‘towng CO_2 (n?:town + 1) ) > yk

anown < xk l];nown}
)

1
S P {N (fL'k, 00_2 ( known + 1) ) > yk nl];ntown}
(@) e (Y — k)’
< 12
< exp ( Seg? : (12)

where (a) follows from Chernoff-Hoeffding’s bound in Lemma |8 Define
t

2 t—1

[% . g &6 known

nk.’t = Z ﬁhk,s + Z 1 {7'('5 = k,g’is, Ek,s} < nk.
s=1 s=1

By , and the definition above, one obtains:

Py au {m—k Ebe R ‘n’”} <eXp< 2c0?

for every t € T. Note that by definition,

2
0 6 o =0
Mkt = Mht1 + sghee +1 {WH = kfﬁtmgk,m} '

By the above two displays, we can conclude that
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2
7r 0 0 _ .0 g m _ © 0 0
EJ panx [nk,t ‘ ”k,tq} =Nt Tghk,t + P paux {Wt—l =k Ep, 1, Epi ‘ nk,tfl}

o e —ep)?
<nkt 1+ hkt+€ 2co2

The following lemma will be deployed to analyze n%T e

Lemma 4 Fiz an integer T > 1. For every t € {1,...,T}, let A e {O 1} be random variables, and
wy > 0 be deterministic constants with wp = 0. Define Ny := Wy + Z Ay, where Wy == Z —1 W, and
assume E [A; | N;] < p™M*1 for some p < 1. Then, for everyt € {1,.. T +1}:

t—1
E[Ny] < logs (1 + prs> + Wi
s=1

Proof. Consider the sequence {p~™™¢: t =1,... T}. Forevery 1 <t <T,

E [p_Nt

p_N’H] =P{A 1 =1| N} p Nt L pLA, =0 Ny} - pm (et

< pNt71+1 'p—(Ntfl"!‘wt‘i‘l) +p—(Nt71+wt) — p—wt . (1 +p_Nt71) )

"X

¢
Using this inequality and applying a simple induction, one obtains E [p } E s, for every

t € {1,...,T}. Finally, by Jensen’s inequality, one has pEIN < E Nt} Wthh 1mphes

zt:wT ; wWr
E [V¢] <log1 Zp T=s log1 1—1—pr=1 —i—Zws
s=1

This concludes the proof of the lemma. m

Now, we can apply Lemma 4| to the sequence {ni t}0<t<T’ and obtain

2

T T
g
D s [1L741] < 108012 200% (1 +_exp ( 20A2 Z i, )) t2 Gt

t=1 t=1
2co 2 2

<)log<1—|—Zexp< 2cA2 th3>> Z —5 it

(yk — Tk

By this inequality and the definition of ”z,w we have

T B 2co 2
Jio = Z Py anx {m = k,Sﬁvt, Sg’t} < 67) log (1 + Zexp < 2602 Z hi 5>> . (13)

=1 (yx — i, =1

Step 6 (Analysis of J;3). The term Ji 3 can be upper bounded using Lemma .
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Step 7 (Determining the constants) Finally, let xp = g + %, Yk = pg+ %, and ur = pg + %.

Then, by putting , , , and Lemma [3| back together, the result is established. m

A.5 Proof of Theorem [4]

In order to prove the theorem, we need to repeat the following argument for each arm k: Consider a new
problem instance (7, 7*"*) € S in Theorem |5, for which arm k is the optimal arm. The only difference

between (, ") and (v, v*™) is the distributions of rewards and auxiliary observations of arm k:
o Ifa-yp+pB < p* then, (7, 72™) = (N(M*+6k702),/\/(%a62)) with €, = 0 = p* — - yp — B

o If /J/* + Ak > Q- Yk + B > :U'>k thenv (ﬂkaﬁzux) = (N(,U* + €k702)7N(yk76—2)) with €k = _6k‘ =
a-yp+ 68— pt

e If&x- Yk + B > /L* + Ak then, (ﬁk,ﬁzux) = (N(M* + ek,a2),./\/(yk,62)) with €L = Ak

This concludes the proof. =

A.6 Regret lower bound with unknown mappings and Bernoulli observations

Before providing the regret lower bound for the case with Bernoulli observations we need the following
lemma which provides bounds on the KL divergence of Bernoulli distributions (see Lemma 4.1 in Rigollet

and Zeevi (2010]) for example).

Lemma 5 For any pair of Bernoulli distributions v, and v, with parameters p and q, respectively, one

has 2 (p—9)°
2(p—q)° < KL(VP7VQ) < m

In particular, if g € (5 £ 1) for some T € (0, 3), then KL(vp, vq) < (5:3)22.
4

Proof. The lower bound follows from Pinsker’s inequality. For the upper bound, one may note that

pq)_(p®2
1-q) q(1—gq)

D 1-p P—q
KL(vy,15) = plog(*) + (1= p)logl1—2) <p ("1} — (1= )

Theorem 7 (Regret lower bound with unknown mappings and Bernoulli observations) As-

sume that both reward and auziliary observations are Bernoulli random variables. Let T € (0, %] and

assume that for all arms k € K, up € (% — ’7’,% + 7) and y € (% — 47',% + 471) and that for any

we (% — 37, % +37), one has “%aﬁ € (% — 4T, % +471). Then, for any T > 1 and k € K and for any policy

m € P9, the followings hold with oy = p* — & -y — B:
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C C16 min{4A%,(Ak—6;)%632 }
> Az log < KlogT 3

1. Ifa-yg + B > u* then, ET aux[nkT_,’_l]
Cio(Ag+51) ¢

2. If a -y + 5 < p* then, EJ, aux{”k T+1] > CA1§ log < 16(Kllﬁogik“ : Zt 1 €Xp (—0175,% : Zl hk,S)) ]
S=

where C1s5, Cig, and Ci7 are positive constants that only depend on 7, o, &, and &.

Proof. In order to prove the theorem, we need to repeat the following argument for each arm k and
apply Lemma [5 E Consider a new problem instance (&, 7*"*) € § in Theorem |5}, for which arm k is the
optimal arm. The only difference between (&, v*"*) and (v, v*") is the distributions of rewards and

auxiliary observations of arm k:

If - yp + B < p* then, (o, 72) = (Ber(u* + 1), Ber(X=55% ) with ¢ = 6 = pi* — a -y, — f;

If i+ Ag > a-yp+B > p* then, (5, 73") = (Ber(u*+ex), Ber(yp)) with e, = =0, = a-yp+5—p*;

If &-yp + B > p* + Ay then, (7, ) = (Ber(p* + €x), Ber(yx)) with e = Ay.

This concludes the proof. m

A.7 Proof of Theorem [5

Step 1 (Preliminaries). The proof adapts ideas of identifying worst-case nature strategy to our
setting in order to identify the precise change in the achievable performance as a function of the entries
of information arrival matrix H. Fix a problem instance (v,v*™) € S with the mean rewards p and
the mean y for auxiliary observations, and recall that Ay = p* — pi. Consider a suboptimal arm
k. We consider a new problem instance (&, 7*"*) € S for which arm £ is the optimal arm such that

EXNDk[X] = ,U,* + €.

Step 2 (Distance between problem instances). This step is based on the following lemma that

states how informative the history can be about the true underlying problem instance.

Lemma 6 Let H; = (h1,Z1, 71, Xn 1, i1, Ze—1, -1, Xrr, 1 t—1, e, Zt) be the history up to t. For
any problem instance (v,v*™), denote by ( , ") the law of Hy under the problem instance (v,v*"™).

Then, for any problem instances (v,v*™) and (0, 0*™) and any t € T,

KL (( ’ aux>t’ (N’ ~aUX)t) = Z KL (Vkv ﬂk) E(Vt Va"x)[nk t] + KL aux’ ~aux Z hy, ,8
ke

Proof. This type of statement is well-known in the MAB literature (see, e.g., Auer et al. (2002), Garivier

et al.| (2019)), or \Gerchinovitz and Lattimore (2016)). However, we show how it is derived for the sake
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of completeness. For any random variables X and Y, we denote by ( , #*)(X) the law of X, and by

(, @)X the law of X conditional on Y under the problem instance (v, v*™). By the chain rule of

KL-divergence, one has

KL((, *)e, (7)) = KL(( 5 *)e=1, (7, 7 )e-1)
+ KL (( 7 aux)((7Tt717X7rt_1,t711htyzt)|,Ht71)7 . ~aux)((7rt71,XTrt_1,tfl,ht,Zt)\th)) '

Applying the chain rule to the second quantity on the right hand side of the above equality, one obtains

Y

KL (( ’ aux)((m—hxwt,l,t—17ht,Zt)|Ht—1)’(~ ~aux)((7rt—17X7rt,1,t—1,ht7zt)|7'lz—1)) _

KL (Vk;, ﬁk:) . P(Vt paux) {7Tt = k;} + KL( aux ~aux) hk)t

By reiterating the above two displays, the desired result is derived. This concludes the proof. m

The above lemma yields

KL ((, ), (7, 7)) = KL (U, ) - Eqy, ) 07 4] + KL (0™, 73") ths (14)

Step 3 (A constraint for EL V?ux)[nij +1])- Note that by the assumption that 7 is IAO, one has

C,sKo? T .

’T IOgT 2 ; P(~7l~,aux) {7Tt ?é k/'}

(a) d 1 aux ~ ~aux Yy

23 L esp[KL(( )0, (L 5™))] P oy (e = )
t=1

(b) d 1 ~ ™ auX "’aux s

> Z 5 &xP —KL (v, 7k) - By, pavey [ ] — KL (™, Z Piys | — Py oy {me = k}
t=1

L\’)M—t

T
> exp {—KL (I/k, ﬁk) . E(V paux) ”k T+1 } Z
t=1

[ aux’ ~aux th ;| — aux)[nk T+1]

where (a) follows from Lemma [7|and (b) holds by . The above inequality provides a constraint over

the quantity of interest, El, px) (g 71l

Step 4 (Casting the lower bound of = U?ux)[nij +1] as a convex optimization problem).
Given the above inequality one can see that E?u V?ux)[nij +1] is lower bounded by the solution of the

following convex optimization problem:
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min x
xT

T
1 CrsK
subject to exp [—KL (vg, og) - 2] - Z 5 exXP l KL (vi™, ™) Z hy 31 —x < 870 logT.
t=1 s=1

The solution of the above optimization problem is then, lower bounded by that of the following for any

A>0:

T
1
min x4+ A | exp[—KL (v, 7 — (V™ oy - h
; (00 00132 o KL (802 3

s K
—:1;—70 Shisid logT>
€2

T
1 CrsKo
subject to exp [—KL (v, o) - ] - Z 5 eXP [ KL (v, o) Z hy 81 —x < L logT.
t=1 s=1

Letting A\ = Wc;logi“ and noting that x + ye™"* > log% for v, k,x > 0, one obtains
1 KL (v, vg) -
™ o ™ > 1 ? auxj aux h _
(v, )[nk,TJrl] = KL, (Vkv Dk) 0g (Cﬂ— ,SKO'2 IOgT Z exp [ Z k S])

This concludes the proof. m

A.8 Proof of Theorem

Step 1 (Preliminaries). Fix a profile (v, v*"). Note that it is unlikely for the UCB of the optimal
arm to be less than the largest mean reward. We will carry out the analysis based on this observation.
To be more precise, define & := {Uy++ < p*} to be the event on which the UCB of the optimal arm is
less than the largest mean reward at epoch t. Note that by the Chernoff-Hoefding bound in Lemma
one has P}, jaux {&} < for all t > K + 1. Hence, defining £* := JL_; £, one obtains

T
« maxger A
Rgﬂjaux S Z Ak + E:;’Vaux [ Z (,LL — /’Lﬂ-t) + Z #

ke t=K+1 t=K+1 t2
= maxXgeic Ak
S Z Ak + Z Ak . El7:7uaux [nZ’T+1 ‘ g*i| + 97:7 (17)
kek kek 2

where we have used the assumption that ¢ > 2. Consider a suboptimal arm k # k*. We will bound

ED Laux {ngT 11 ’ £ *}, the expected number of times the suboptimal arm k is pulled conditional on the

event £*. Our analysis is based on the fact that if arm % is pulled at ¢, then

Ukt 2 Uk ¢ (18)

We give two separate upper bounds for E7(TV ) {n}gT 41 ’ 5*}_ The first upper bound holds for any

suboptimal arm k, and the second one is specific to the suboptimal arms k € K*. The following lemma
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will be the main tool in our analysis.

Step 2 (Regret upper bound for any suboptimal arms k € £\ {k*}). In this step, we deploy

the UCB constructed based on reward observations. That is, yields that if arm & is pulled at epoch

t then, conditional on the event £*, one has X,?t + /CUZiogt = U[, > p*. Therefore, at least one of the
) k,t )

following events must occur:

- co?logt co?logt
€T, = XF >+ | =200 &g, = A <2 | 2250
N ¢ N ¢

To see why this is true, assume that all the above events fail. Then, we have

co?logt co?logt
Tg Ly + 2 %
Np ¢ Nt

X7+ <+ Ay =7,

which is in contradiction with the assumption that arm k is pulled at epoch ¢ conditional on the event

&*. For any sequence {ljt}1c7, one has

T
ED o [n;;TH ] 5*} = EJ oo | > 1 {m = k} | &

Li=1
rr

= B o | YU {m = knf, <la}+ 1 {m = k.0, > b} ‘ 5*]
Li=1

< Ep paux XT: 1 {7& =k,ng, < Zkt} +1 {’Nt =k,ng, > lk,t} | 5*]

T
<14 max {A } PT  aux {7r =k, ny l ’ 6_’*}
= + 1§tST k,t + ; v, t 9 k:,t > k,t 9

_ 4co? log(t)

where the last inequality follows from Lemma Let Iy = . To have ”g,t > I ¢, it must be the

A
case that £, does not occur. Therefore,
d ™ ™ o * d ™ o o * d ™ ™ ok (a) d 1 ®)
Z PV,IJ‘"‘UX {ﬂ't = k,nki > lk’t } g } S Z Pl,’,jaux {ﬂ't = ]{7752’1«/ ’ g } S Z PV,Va“X {(‘:Lt ‘ g } S Z g S
t=1 t=1 t=1 t=1

where (a) follows from the Chernoff-Hoeffding bound in Lemma [§| and (b) follows from the assumption
that ¢ > 2. The last two displays yield

+ 1.

EJ paux [nsz-‘rl ‘ 5—*] < 4602235 (T) 1

][}
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Step 3 (Regret upper bound for suboptimal arms k € K\ {k*} which satisfy J; > 0)). For
this set of arms, we deploy the UCB that incorporate both reward observations and auxiliary observations.

That is, yields that if arm k is pulled at epoch ¢ then, conditional on the event £*, one has

A similar analysis as in the proof of Theorem [2| except for replacing Ay with d; throughout the analysis,

results in the following upper bound:

= [n” ‘5}<1+4 2lo Zex Zh !
v,waux (10 T41] 62 g P 40—2 k,s c_1°

t=0 5

. . P A
Step 4 (Regret upper bound for suboptimal arms k € K\ {£*} which satisfy ¢, > 5£)). For
this set of arms, we deploy the UCB that incorporate both reward observations and auxiliary observations.

That is, yields that if arm k is pulled at epoch ¢ then, conditional on the event £*, one has

where we define

~

= 2
y (o}
uk.nql;,t—i_(a'yk"i_ﬂ)' > a2&2hk,s
T,aux ., m,aux _ s=1 . T,aux ., A T,aux _, maux
P = Pl o = i ; kt T Sknp i = =1 =)

To see why this is true, assume that all the above events fail. Then, we have

which is in contradiction with the assumption that arm k is pulled at epoch ¢ conditional on the event

E*. For any sequence {lkt}teT, one has
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rr
Egﬂjaux [nz’T+1 ‘ 5*} = Ez’uaux Z 1 {ﬂ't

g

Li=1
rr
= Ep o |20 1 {m = ko n ™™ <y p 4+ 1 {m = konp ™ > Uiy ) ‘ 5*]
Lt=1
rr
<ED o [ DU = o nf™ <l f+ 1 {m = kg > Uy ) | 5‘*]
Lt=1
rr
< EJ Lo | D1 {7rt =k,ngp™ < lk,t} 5*1
Lt=1

T = kg™ > by | £ (20)

+ Z PT aux

—~

We will upper bound each term on the right hand side of the above inequality separately. Set the values
T _
of lpt as lpy = ‘tszi}fé()) In order to upper bound the term EJ ,aux [Z 1 { e =k, n” L lk,t} ‘ 5*] in
kit =1

5
™ kS naux
Ak'nk ik

note that the equalit Aﬂ e — = EL yields
> q Yy y

au
ng 35y

2
T,aux 2 T 2 2Ak6k02 aux 2 ™ 6k02 n2ux 2 02 paux
gy Sl o A (nkt> + o252 ki —4co”logt | ng, + 252t | T (400 logt) 252 kit <0.

(21)

Since the left-hand side of the above inequality is quadratic in Ng ) with a positive coefficient for the

quadratic term then, the above inequality holds only if

4co? logt — Mni“ﬁ \/(4002 logt)? + 4AL(Ag — ) (4co? log t) (ag22 nzutx)

ny, <
kit = 2A2

Now, in order to upper bound the right hand side of this inequality, note that if 6 = £x Ay, % <& <1,

one obtains

20,6502
a6

= 7262

2 ( ) 80
2 3
Mgy + \/(4602 logt)? + 4AL(Ar — 0;) (4co? log t) <64(2Ia2 n%‘?‘) < —Ol:—nzutx + 4co? logt

That is, the last two displays yield that holds only if

<25k—1)52 2
2 k7
k aux

<25k—1>62 2
2 k7
k aux

4co?logt — =257 Ny 4co? log Tht — —azdz Ny
s 57 - a7
4 <2§k 1) 52 s
co? A
= log Z €Xp | — 40@2 2 Z h‘m k = lk‘,ta
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<2§k1 52

&2 kot—l
where we define 7, : Z exp | ~j5zaz— Z hgm | = ¢, and the equality follows from ni'}* = Z R s
One obtains

g*

E paux lZ]l{wt—k n”aux <lkt} ’ 3
t=1

(@)

< max

T
S E7;7Vaux [Z ]l {ﬂ't = k, n;;t S lA]ﬁt} ‘ g*]
t=1
0,1 A {0 ) }
{ 1+ 1?%}% k,t} < max U, L+l

T 2£k L (52 t
—l—LC 21 E X E h 22
<1
> 2]4;6]@ og : Oe p 4C 2 ) k,s ) ( )

where (a) follows from Lemma (1| and (b) follows from the fact that {/;}+ is an increasing sequence
T,aux
My

571' ,aux

In order to upper bound the term Z PP paux {

=k, n7T P ’ E* } in (20)), we note that to have

> I ¢, it must be the case that 5” A% does not occur. On the other hand, if arm & is pulled and
does not occur, then it must be the case that 8

T, aux

occurs. Therefore
T

Z PV V'lllX {ﬂ't — k nﬂ- aux > lk-t ’ g } Z Pg paux {ﬂ't — k 7raux

t=1 t=1

&}

} | 1
g <> <

1,t — 2 — ¢ _ 1’
t=1 t=1 te/ ;1
Putting back together ([20)), , and the above display, one obtains

™ T ok
Eu7yaux |:nk,7T+1 ‘ E :|

26—1) 52
g )R 1
log Z exp IPEOES) Sz:: N, s + 7% —7
This concludes the proof. m
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