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In this electronic companion, we provide the technical proofs (Section §1), additional details on the approximation
algorithm (Section §1.1), additional remarks (Section §2), additional numerical results on real data applications

(Section §3), and additional examples (Section §4) for this paper.

§1. Technical Proofs

Proof of Proposition 1. Under the piecewise MNL model, we take the derivatives of the choice probabilities d;
defined in (2) and d; with respect to 7; for any i,5 € S. It is straightforward to have dd;/07; = dd;/d1; =0 for 7; > p;
due to (p; — 7:)+ = 0. For 75 < p;, we have 9d;/01; = —(B1: — B2i)di(1 — d;) <0 and 9d;/07; = (B1i — B2i)did; >0
under Type I piecewise MNL model due to B1; > B2; for all ¢ € S. By contrast, we immediately have dd;/97; > 0 and
0d;/07; < 0 under Type II piecewise MNL model. In addition, at 7; = p;, d; and d; are non-differentiable with respect
or| A G|, and T #3E O
i p; i ars i
Proof of Proposition 2. Consider the derivatives of the choice probabilities d; defined in (2) and d; with respect
to B and Bo; for any 4,5 € S. It is easy to show that dd; /081 = di(1 — d;)[(ps — 7))+ — pi] <0 and 0d; /0B =
—d;id;[(pi — Ti)+ — pi] > 0 for any 7; >0 and p; € (0,00). Moreover, we have 9d; /0f2; = —(p; — 73)+di(1 — d;) <0 and
9d;/0B2; = didj(p; — Ti)+ > 0. In particular, the equalities hold for p; < ;. O

to 7; because

P P

Proof of Corollary 1. Let R=3_,_s(p: — ci)di denote the total expected profit. For any product i € S, if 7; > p;,
it is straightforward to have OR/d1; = 0. While if 7; < p;, we take the derivative of R with respect to 7; and have
OR/07; = (P1i — P2i)di[R — (pi — ¢i)]. It is clear that OR/J7; <0 for p; —¢; > R, and OR/07; > 0 for p; — ¢; < R under
Type I piecewise MNL. The opposite holds for Type II piecewise MNL. O

Proof of Corollary 2. For any product i € S, we consider the derivatives of the total expected profit (R=73_, s(pi —
c¢i)d;) with respect to the price sensitivities. In particular, in terms of 81;, we have OR/901:; = di[(pi — 73)+ — pi][(ps —
¢i) — R]. It is clear that OR/0B1: <0 for p; —¢; > R and OR/91; > 0 for p; — ¢; < R with any 7, > 0 and p; € (0, 00).
Moreover, for 32;, we have OR/9B2; = —di(p; —7:)+[(pi — ;) — R]. Clearly, 9R/9B2; < 0 for p; —¢; > R and OR/9B2; >0
for p; — ¢i < R. Note that when 7; > p;, the change in (2; does not affect the total profit. O

Proof of Corollary 3. For any product ¢ € S, if $1; = 1, B2s = B2 and 7, = 7, the choice probability for product

1€ S is expressed as

(S, p; ) = exp(a; — Bipi + (B1 — B2)(pi — 7)+)
o 1+ cgexpa; — Bips + (81— B2)(pj — 7)+)
If 7> pmax = max,cs pj, it is straightforward to have dd;/dr =0 for any product ¢ € S with price p; € (0,7). If

T < p;, we have
_ exp(ai — Papi)/ exp((f1 — B2)T)
1+ s, exp(ai — Bipi) + 2 s, exp(as — B2pi)/ exp((Br — B2)7)’

where S; ={i € S|p; <7} and S2 = {i € S|p; > 7}. Then, it is easy to derive that dd; /0T < 0 for any product i € S

d;

with price p; € (1,00) under Type I piecewise MNL model. The opposite holds for Type II piecewise MNL. Note that
d; is non-differentiable at p (not only p;) for any i € S. If p; < T < Pmax, wWe have

exp(a; — B1pi)

“=17 Y ies, expai — Bipi) + 375, exp(ai — Bapi) [ exp((B1 — B2)7)
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Obviously, dd; /97 > 0 holds for any product 7 € S with price p; < 7 < pmax under Type I piecewise MNL model. The
opposite holds for Type II piecewise MNL. We also notice that both the left and right derivatives exist but not the

same where 7 is equal to any p;,i € S. O

Proof of Corollary 4. Under the piecewise MNL model with homogeneous price sensitivities 81 and B2, we consider

the derivatives of d;(S, p;7) with respect to 81 and Sz respectively. In particular,

ad;
B di- [=pi+ (i —T)+ =) _(=ps+ (s —7) )] =di- [—pi+ (i =)+ + Y pids + Y 7dy).
! jes JE€ST jESs
Thus, we have ggi >0, if pi <3 0jcq, Pidi + T2 s, d; < T, otherwise g;i <O0ifpi >3 g Pidi + 730 cs, iy
and ggi =0if pi=>",cq pidj + 73,5, dj. Moreover, g—g; =—di-[(pi —T)+ — 2 cs,(p; — 7)d;]. In particular, if

T > maxjes pj, we have gg; =0 for each i, that is, the choice probability of each product is independent of Ba. If

T <maxjecs pj, we have gg; >0 for pi <7437, 5, (pj —7)d;; otherwise, we have gg; <O0forpi >7+3 s (P —7)dj,
od; _ _
and gzt =0 for pi=7+3 5 (p; —7)d;.

Moreover, we also consider the derivatives of do (S, p;7) with respect to f1 and (2 respectively:

Bd
ddo t=do- Z[p] )+]d; >0, and ﬁ_do > (py—7)+d; > 0.
JjES

In particular, we have ddo /982 =0 if 7 > maxjcs p;. O

Proof of Corollary 5. First, we consider the case with an identical threshold 7 under Type I piecewise MNL. For
T > Dmax, 1t is straightforward to have 9R/97T = 0. Otherwise, we take the derivative of R with respect to 7, and have
OR/0T = (B1—B2)[R > cs,di — > cs, (Pj —¢j)d;]. We can see that OR/0T <0 for 3, o (pj —c;j)d; >R3>, dj,
and OR/OT >0 for 37, g (pj —cj)dj < R-},cg, d;. Then, the opposite holds clearly for Type II piecewise MNL. For
both types of piecewise MNL, since each d; is non-differentiable with respect to 7 at p (by the proof of Corollary 3),
we can infer that R is non-differentiable at p. Although both the left and right derivatives exist when 7 is equal to
any p;, i € S, they are not the same. O

Proof of Proposition 3. For a fixed 7 € ©,, the Hessian matrix of La(n,7) with respect to n takes the form
82 G s .
77 g9, Pg>7ls g,t — Xy g5t —Xg )
—— G 2 D Pl 1) k(1) %o () 57) %o
g i=1
where X4(7) =>;_, P(i|zg, Pg;n, 7)Xq,:(T), which also implicitly depends on 7. To show Lg(n,7) is strictly concave,
we only need to prove that %Lg(nﬂ-) is negative definite.

Note that all P(i|z4, pg; 1, 7) are positive for any (n,7) € ©, making %LG(T],T) a negative semi-definite matrix.
Thus, %LG (n,7) is negative definite as long as it has full rank. D2eﬁne D'(7,n) as the sG x (d+ 1) matrix whose
rows are Xg,;(7) —Xq(7) for g=1,...,G and i =1,...,s. Clearly, #Lc(nﬁ) is of full rank if D’(7,7) is of rank
d+ 1. To conclude, it is easy to see that for any 7, the two matrices D’(7,n) and D(7) share the same rank. O

Proof of Theorem 1. The first claim can be established based on Berge’s maximum theorem. For clarity, we
provide a more concrete proof here. To show 7)(7) is continuous with respect to 7 € O, it is equivalent to show
that for any sequence {7,} — 7, we have 7j(7,,) — 7(7). We prove by contradiction. Suppose 7(7,) /4 7(7), since
N(tn) € O, and O, is compact, by Bolzano-Weierstrass theorem, there is a convergent subsequence {7;,} C {7, } such
that 7(7,) = n* #7(7). By definition, we have L(7(7), ) < L(7(r;,),7,). By continuity of L(n,7), we have that in
the limit, L(7(7),7) < L(n*, 7). However, by Assumption 1, Lg(n,7) has a unique maximizer 7(7), which implies that
n* =7(7). Thus, there is a contradiction and the first claim is proved.

The second claim follows from an application of the implicit function theorem. Specifically, at any 7* € O, \ p, the
log-likelihood function L(n,7) is continuously differentiable with respect to (n,7). By the first order condition, we
have that

0 * d+1
%L(W7T )n=n(r) =0 R
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Furthermore, the Jacobian of B%L(’U,T) with respect to n evaluated at n = 7(7") is in fact the Hessian matrix
%L(nﬁ*)\n:ﬁ(ﬁ), which is invertible by Assumption 1. Thus, by the implicit function theorem, there exists an
open neighborhood U containing 7" such that there exists a unique continuously differentiable function g(7): U —
R4 such that g(7*) =7(r*) and (%L(mr)hzg(ﬂ =0 for all 7 € U. By Assumption 1, for any 7, due to the strict
concavity, 7j(7) is the unique value such that %L(T],Tﬂn:g(,-) = 0. This implies that g(7) =7(7) for all 7 € ©, \ p.
Therefore, 7(7), and thus L(7(7),7) is a differentiable function with respect to 7. We finish the proof by the chain
rule

9 ) 9 ) 0
a7 L), 7) = 5o L T ln=sir) 5 0(T) + G2 L0 T ln=ar) = o L0 T) ln=sir) - -

Proof of Proposition 4. Suppose the true parameter is 6° = (n°,7°). We first show that, given observations
{2g,pg}521, for any 0 = (n,7) # 0°, if D(7,7°) is of rank d + 2, there exists at least one consumer g and one
item ¢ such that P(i|zg, pg;n°,7°) # P(i|24, Pg;n, 7). We prove by contradiction. It is straightforward to show that
P(i|zg, pg;n°,7°) =P(i|2g, pg;n, 7) for all consumers g=1,...,G, and all items i =1, ..., s is equivalent to D(7°)n° =
D(7)n, where D(7) is defined in Proposition 3. Suppose 7° = 7, we then have D(7)(n° —n) =0, which by assumption
implies that 7 = n°. Thus, we must have 7° # 7. Rearranging the equation, we have D(7°,7)[(n% yo —1-2) T, A°, =A] | =
0, where n—» := (o, 81). By assumption, this holds only if 7% o =n—x and \> =X =0, i.e., there is no segmentation
effect in price sensitivities, which is a contradiction. Assumption 2(b) follows by noting that P(i|zg,pg;n,7) is a

continuous function of the feature vector x, = (vec(zy) ', P, )" - O

Proof of Theorem 2. We first establish a uniform convergence result for the log-likelihood function Lg(0) =
L (n, ), which serves as the basis for proving the consistency result. Denote the population log-likelihood as L(6) =
E(log(P(cg|zg, pg;0))). Specifically, we show

sup |La(0) — L(8)| =5 0, as G — oo, (EC.1)
0ce

by verifying the high-level assumptions of Lemma 2.4 in Newey and McFadden (1994), which gives a generic uniform
law of large number (ULLN). First, it is easy to see that P(cq|zg,pg;0) and thus log(P(cg|zg, pg;0)) is a continuous
function of #. Second, by the compactness of ® and the boundedness of the feature space, there is a lower bound
on P(cy|zy4,pg;0) and thus there exists a sufficiently large constant C' > 0 such that supycg |log(P(cy|z4, pg;8))| < C
for any (cg,zg,pg). Hence, by Lemma 2.4 in Newey and McFadden (1994), the population log-likelihood L(0) is a
continuous function of 6 and the uniform convergence result (EC.1) holds. Furthermore, by Assumption 2 and the
information inequality, we have that L(0) is uniquely maximized at 0° = (n°,7°).

The rest of the proof follows from standard arguments. To conserve space, we directly invoke Theorem 2.1 in Newey
and McFadden (1994), which provides a consistency result for a generic MLE under high-level regularity conditions.
Specifically, based on our arguments above, it can be easily seen that all conditions (i)-(iv) of Theorem 2.1 in Newey

and McFadden (1994) are verified for 6. Thus, we have that the MLE is consistent where (/9\—>p 0° as G — oo. O

Proof of Theorem 3.
[Step I]: We first show that the approximate first order condition holds, i.e. ma( é\ 0,(1//G). Denote

. _l G exp(xg,q( ) )
mG(Q)—Gzl Xg,cq sz L exp(xg,; (T

g=

s 15 (L explse an) .
mg =a Pg,cqg >T +Z Z (pg,l >7) |-

=1 exp(xg,; (1) 1)

~

We have ma(0) = [mg&(0), mé(0)]. By the differentiability of L () with respect to 7, we have that m&(9) = 0. Thus,
we only need to prove that m%(8) = 0,(1/v/G). Define

1i —AI( +Z exp(Xy.i( )T”) M(pg.: > T)
g=1 Pg,cq_ Z —y exp(xg,;(7) ) Port = .




Note that m%(6) is the left derivative and m (0) is the right derivative of Lg(#) with respect to 7. By the fact

that Lc(g) is maximized at 0, we have that m&(0) >0 and m‘z’;(é\) < 0. Moreover, we have that

-~ ~ i< exp(x T
ma<e>=mz<e>+gz(wpg,%:T ZZ D0 (7) 1) An(pg,z-:f)>sx-s/a,

j=1€XP (xg,5(T) ™)

where the inequality follows from Assumption 2 (i.e. continuity of the price distribution) and that m2 (6) < 0. Thus,
we have that 0 <m%(0) < As/G and mq () = 0,(1/VG).

[Step II]: Next, we follow the basic steps in Andrews (1994) (Section 3.2) to establish the asymptotic normality
of 0. Define m*(0) =E(mag(0)) =E(m(0|cg,24,Ppg)). Importantly, though me(6) is not a continuous function, due to
the smoothing from the expectation operator, it is easy to verify that m*(6) is a continuously differentiable function
with respect to 6. In addition, we can further verify that m*(6°) =0

Thus, taking a Taylor expansion of m*(0°) around 8, we have that 0 =+/Gm* (0°)= \@m*(g) - Zm* (5)\/6(9\7
0°), where 6 = cf + (1 — ¢)0° for some c € (0,1). Rearranging the above equation, we further have

%m*@@(@—e% =VG(m* (0) = ma(0)) + VG (ma(0) - ma(0°) + VG (ma(0°) —m* (6%))

=06 (0°) —va(0) + 0p(1) + VGma (60°). (EC.2)

By Lemma 1, the process vg () is stochastically equicontinuous. Since é\—>p 0°, we have that ’UG(é\) —va(0°) =o0p(1).
By the classical CLT, we have that vGmg(0°) —4 N(0,%), where ¥ = E(m(6°|cg, 24, Pg)m(0°|cg, Zg, Pg) | )-

To finish the proof, we only need to show that %m*(g) —p —3. Note that by the continuity of Zm*(f) with
respect to 6, we have that %m* (0) = %m* (6°). Thus, we need to show %m* (6°) = —X, which is essentially the
information matrix equality and can be directly verified by elementary algebra. We omit it to conserve space.

Finally, by the compactness of the parameter space © and the boundedness of (z4,pg), there exists a constant
C > 0 such that for any (z,4,py), we have supyeg [|m(6|cy, 2y, Pg)|| < C. Thus, similar to the proof of Theorem 2, by

uniform law of large number, we have Se —p 2. O

LEMMA 1 (Stochastic equicontinuity). Denote wy = (cq,24,pg) and m(0|wy) = m(0|cg,24,Pq). The class of
function M = {m(0|-) : 0 € ©} satisfies Pollard’s entropy condition with a constant C > 0. Thus, the sequence of
empirical processes {va(-) : G > 1} is stochastically equicontinuous.

Proof of Lemma 1. First, note that stochastic equicontinuity of a vector-valued empirical process follows from the
stochastic equicontinuity of each element of the empirical process. Thus, to establish the stochastic equicontinuity of
{va(:) : G > 1}, we only need to establish it for each scalar component of {vg(-) : G > 1}.

To do so, we invoke Theorem 1 in Andrews (1994), which requires the verification of Assumptions A, B and C in
Section 4 of Andrews (1994). Then, we verify Assumption A, by showing that the class of function M ={m(0|-): 0 € ©}
satisfies Pollard’s entropy condition with a constant C' > 0. Assumptions B and C can then be verified trivially.

To verify Assumption A, we further invoke Theorem 2 and Theorem 3 of Andrews (1994). By Theorem 3, if two
classes of functions M; and My satisfy Pollard’s entropy condition with constants C; and Cs, respectively, the class
of functions resulting from addition M1 ® Mz ={m+m’:m € Mi,m’ € M2} and multiplication MMz ={m -m’:
meMi,m € M} also satisfies Pollard’s entropy condition with constants C1 + Co2 and C1Cs, respectively.

Thus, we only need to verify that each individual component of m(6|-) satisfies Pollard’s entropy condition. Recall

o<t~ ] 5 ]

]T c ]RdJrl

where x.:(T) = (2, ;, —Pg.i,Pg,i(T) fori=1,...,s with pg,;(7) = max(0,pg; — 7). In the following, we verify

AW T . oy .

that xg ¢, (7), I(pg,c, > 7), and % satisfy Pollard’s entropy condition with some constant C > 0.
) ) j=1%PXg, (T

Specifically, we show that these functions are either Type I or Type II class of functions as defined in Section 4 of

Andrews (1994). To start, we have xg.,(7) =>_7_, I(¢g =1)Xg,:(7). The indicator function I(c, =1) is a Type I(b)
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class function. The component [z, ;, —py.q] is a Type I(a) class function. In addition, we can verify that the component
Dg,i(T) = max(0,p,,; — 7) is 1-Lipschitz in 7 where |pg,;(7) — pg,:(7")| < |7 — 7’| for any pg,; and any 7,7’ € ©,. Thus,
Dg,i(T) is a Type 1I class function. Furthermore, by the boundedness of the feature space, we know that there exists
a constant C' such that ||x4(7)|| < C foralli=1,...,s and 7 € ©,. Thus, by Theorem 2 of Andrews (1994), X4.c, ()
satisfies Pollard’s entropy condition with a constant envelope function sC.

For I(pg,c, > 7), we have I(pg,c, > 7) =>_;_; I(pg,: > 7). The class of indicator functions {I(- > 7)} is a Type I(b)
class of function, by Theorem 2 of Andrews (1994), we have that I(pg,, > 7) satisfies Pollard’s entropy condition
with a constant envelope function s.

Finally, for ¢;(0;wy) := exp(xg,i(T)Tn)/X:j:1 exp(xy;(t)™n), we show it is C-Lipschitz continuous with
respect to 6 and thus a Type II class of functions. Define fi(y1,y2,...,¥s) as the first order deriva-
tive of the function exp(yi)/> . _;exp(y;). By Taylor expansion, we have [gi(0;w,y) — qi(0';w,)| =
F 088 T (%0 () X (1)) = (g1 ()T %y (7)), where g7 is between x.:(r) Ty and
xgyi(T’)Tn'. By compactness of the parameter space © and the boundedness of the feature space, there exists a
constant C' > 0 such that || fi(y7,...,y5)|| < C for all wy and 6 € ©. The result follows by elementary algebra and the
fact that pg,:(7) is a 1-Lipschitz function of 7. Thus, by Theorem 2 of Andrews (1994), ¢;(0;w,) satisfies Pollard’s
entropy condition with a constant envelope function C.

By Theorem 1 of Andrews (1994), we have {vg(-) : G > 1} is stochastically equicontinuous. O

Proof of Theorem 4. The proof of Theorem 4 focuses on the analysis of the log-likelihood L (), for both the
scenarios of under-estimation and over-estimation of the order K°.

We first define notations used in the proof. Denote ©F = {r1,...,7x|ri —7i—1 > d,i=1,..., K +1} as the parameter
space for the K thresholds, where we define 79 = pmin, Tk+1 = Pmax and d > 0 is an arbitrarily small positive constant.

Given K thresholds of price sensitivities, 71 < T2 < --- < Tk, the nominal utility of item ¢ for consumer g is given by

K K
Ugi =0 2gi— Pipg.i + Z Me(pgi —Th) 4 = 240 — Bipg.i + Z AkPg,i(Tk), for i=1,2,...,s. (EC.3)

k=1 k=1
Collect the model parameters as AX = (A1,..., k) and 7% = (71,...,7K) and denote o5 = (a, B, M 7K. We further

denote the implied choice probability as P(c,|zg, pg; 0%) = P(cg|zq, Pg; o, B1, A%, 75) and denote 8% as the MLE,
which is the maximizer of the log-likelihood function L& (%) =1/G 25:1 log(P(cq|2g, Pg; 07)). In addition, we collect
the true parameters for the true model with K° thresholds as A° = (\7,...,A\%.) and 7° = (77,...,7%o). Denote
0° = (a°, 87,2\, 7°) and 0 as its MLE.

We first show that probability of under-estimation of the order K° goes to 0 as G — oco. For K =0,1,..., K° —1,
denote 0% as the pseudo true parameter, which minimizes the Kullback-Leibler distance between the true model
and the piecewise MNL model with K thresholds. Based on the same arguments as that in the proof of Theorem 2,
we can show that for any fixed K =0,1,..., K° — 1, the MLE oK converges to the pseudo true parameter 6% . By
uniform law of large number, we have that the log-likelihood function LE (6%) —, E(log(P(ce|24, Pg; 0% ). In addition,
we have at K = K°, La(0) —p E(log(P(cy|24, pg;0°)). By Assumption 2 and information inequality, we have that
E(log(P(cg|zg, Pg; 0%)) < E(log(P(cq|Zg, Pg;0°))- Since the penalty of BIC is of order logG/G — 0, it is clear that
under-estimation of order K approaches probability 0 as G — cc.

The proof of over-estimation error is more involved. The reason is that, for K = K°+1,..., Kmnaz, the true model
with K = K° is nested as a special case. To see this, consider the concrete example of K = K°+1. Set A<+ = (A\°,0)

and T§U+1 = (7°,TKo41) for any Tio41 > Tio, it is easy to see that

K°+1 _K°+1\ _
P(CQ|Z97pg;a07/8faA* y T ) :P(CQ|Z97PQ;00)7 fOI‘ any Cg,Zg, Pg-

More generally, for a subset S C {1,2,...,K}, denote S°={1,2,...,K}\ S and denote 7& = {7/|i € S} and

MY = {\K|i € S}. The above nesting phenomenon holds for any 0% = (a°, 37, \*,7%) where there exists a set S
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of cardinality K° such that 7& =7°, AX = A°, and M5 = 0. In particular, the threshold parameter 74 becomes
irrelevant as A% =0, which is an important property that will be used later. Given the MLE 0% = (a,,§17XK,?K).
— 77|} and define A5 as the parameter vector with )\g" =)\° and ng’ =0. Based

=~ o . ~
Define S = U/<, {argminj—1, .k [T/

on the same arguments (i.e. stochastic continuity) as that in the proof of Theorem 3, we can readily show that
@ —a°| = 0,(1/VG), |B1— B7| = 0,(1/VG), N =X =0,(1/VG), and [7X —7°| = 0,(1/VG).  (EC.4)

In other words, the convergence rate of MLE is still O,(1/vG).

We now analyze the behavior of the log-likelihood function L& (8%). Note that the log-likelihood function L& (8%)
is not differentiable with respect to 7%, which prevents the use of Taylor expansion. To bypass this difficulty, we
employ the “deletion” strategy in Feder (1975). Specifically, it is easy to see that L& (6%) is twice continuously
differentiable in a neighborhood covering both ?é( and 7°, if there is no observation (cg4,z4,pg) such that pg; lives
between ?é(ﬂ. and 77 for some i=1,2,...,s.

To achieve so, following the strategy in Feder (1975), we artificially remove all observations (cg,zg, pg) such that
Dg,i lives in [T{’ —loglog G/VG,7f +loglogG/\/é] for some i =1,2,...,s. Note that since |7”§ —7° = 0,(1/VG),
this ensures that with probability going to 1, all observations with pg,; living between ?gi and 77 will be removed.

Denote Rg as the set of indices for all observations such that pg,; lives in [Ti" —loglog G/v/G, ¢ 4 loglog G/\/@]
for some i =1,2,...,s. Denote L&, (0%) as the log-likelihood function with all observations in Rg removed and define
LE,(6%) = LE(0F) — LE,(6%). To summarize, LE; (%) now is a twice continuously differentiable function with
respect to (a,Bl,XK, ?g) thanks to the deletion strategy.

We show that this deletion strategy has minimal impact on the log-likelihood function by establishing an upper
bound on the number of observations removed, i.e. the cardinality of R¢a. Specifically, for each observation (cg,2g,Pg),
the probability of py ; falling into [Tf —loglog G/VG, ¢ +loglog G/\/a} for some i =1,...,s is upper bounded by
Cloglog G/+/G for some constant C' > 0. Thus, by Chernoff’s inequality on sum of independent Bernoulli random
variables (Vershynin 2018), we have that P(|Rg| > 2Cv/Gloglog G) < 2exp(—cvGloglog G) — 0 for some constant
¢ > 0. Thus, with probability approaching 1, the deletion strategy at most removes 2C/GloglogG observations
among all G observations. We are now ready to bound the over-estimation error. Specifically, we show that

LEO") = Lo () < LEO") — Lo (0°) < Op(loglog G/G),
where the first inequality follows from the definition of MLE 9. In other words, the gain in log-likelihood brought by
a larger K > K° is of smaller order than the added BIC penalty log G/G, which then concludes the proof.

Denote 7* = (@, Bl,XK) and 77° = (a°, 5?,3\7(0). By the above discussion, we have
LEO") - La(0°)
=L& M5 78 7)) - LEGR, 70,78
L (7" 7,75 — L0777 7 + L (0, K 7 - LS00 70, 7K,

»Tg »Tge » ! Ge »Tg > Tge s 1 Ge

where the first equality follows from the nesting phenomenon. In the following, we further bound terms in the last

equation. First, by a Taylor expansion of L&, (7%°, 1 ,Tgr) around (ﬁK,?g,?gCL we have that
K (5K 2K = K (~Ko _o ~K
LGI(n »TG Sr) LGI(T] , T ’TS()
:LLK 7 7K 7K ﬁK—ﬁKO _l[AK_/\KD 7K _ 79 0 LE (75 75 7K 7 ke
87]87'§ ai\n , S »'Se ?é( 70 2 n sy 1S 87]287':92\ ai\n , CRECE ?é(_T

=0,(VGloglog G/G)0,(1/VG) + 0, (1/VG)0,(1/VG) = Op(loglog G/G),

where 7% and ?g are between 7™ and 7%, and ?g and 7°, respectively.
To establish the second equality, first, by the same argument as that in the proof of Theorem 3 (Step I), we can
show that the approximate first order condition holds for L& (é\K), i.e. we have m& (gK) =0,(1/v/G), where mg(é\K)
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denotes the left derivative of LE (§K ) with respect to (7% ,?5 ). By definition of L, (6") and the compactness of

parameter space and boundedness of feature space, we have

01K 5% 7K 7K) — m& (65) = 0,(VCloglog G) /G,

ondTg
where the difference stems from the removal of up to O(\/@ loglog G) observations in Rg. Thus, we have
anap LE, (AK,A?,?5 )= 0,(VGloglog G/G). Similarly, by the compactness of parameter space and boundedness of
feature space, we have that WLCH (~K,?§,?§C) = Op(1). Together with (EC.4), the equality follows.

For the second term, by the compactness of parameter space and boundedness of feature space, it is clear that

log(P(cg|zg, Pg; 8F)) is C-Lipschitz continuous with respect to 6% for any (cg,z,, pg) Wwith some constant C' > 0. Thus,
K ~K A~ Ko _o ~ 1 ~K =Ko
L§2(nK, é{, sc) LGQ( T ,T?C)SEC\/éloglong (\an K |+| \):Op(loglogG/G).

We conclude the proof by noting that there is a finite number of K > K° and thus all probability bounds above
continue to hold uniformly for all K = K°+1,..., Kmaxz- O

Proof of Proposition 5. Under the piecewise MNL model, given x,7;, for each i € S, we have
hii(z,pi), pi < Ti,
hi(z,pi) =< hii(x,pi) = hoi(x,pi), Di =Ti,
h2i($,pi), Di > Ti.
Recall that hii(z, pi) = (pi — ¢i — ) exp (s — Bripi) and hai(z, pi) = (pi — ci — ) exp (s — Bripi + (B1i — B2: ) (pi — 74))
are two unimodal functions with maximizers at mi;(z) =z + ¢; +1/61; and mo;(z) =z + ¢; + 1/B2; respectively.
Under Type I piecewise MNL model, we have m1;(z) < mz;(x). Then, we will show the different structures of
hi(z,p;) depending on the relative position between 7; and the above two maximizers. (a) If 7; < mi;(x), hi(z,p;)
(i-e., h1i(x,p;)) first increases in p; for p; < 7;, and then h;(x,p;) (i.e., hai(x,p;)) increases in p; for 7; < p; < mai(x),

and decreases in p; thereafter. (b) If 7; > mai(x), hi(z,p;) (i.e., hii(x,p;)) first increases in p; for p; < ma;(x), and
then it decreases in p; for m1;(z) < p; < 74, and thereafter h;(x,p;) (i.e., hoi(x,p;)) decreases in p;. (¢) If my;(x) <
7; < ma;i(x), we have that h;(z,p;) (i-e., h1i(x,p;)) first increases in p; for p; < mai;(x), and then it decreases in p; for
mai(z) < pi < 7i, and thereafter h;(z,p;) (i-e., hai(x,p;)) increases again in p; for 7 < p; < ma;(z), and decreases in
p; for p; > mai(x). Thus, h;(z,p;) is unimodal for 7, < may;(x) or 7; > ma;(x), while bimodal for mq;(z) < 73 < ma;(x).

Now, we complete the proof of Proposition 5. (]
Proof of Theorem 5. Following the analysis in the proof of Proposition 5, under Type I piecewise MNL, h;(z) =
max,, hi(z, pi) = maxy, (pi — ¢i — x) exp (i — Bripi + (B1i — B2i) (pi — 7i)+) can be explicitly given by

hai(z), 7 <mai(x),

hi(xz) = ¢ max{hii(z),h2i(z)}, mii(x) <75 <mai(x),

hii(z), 75 > moi(x),

where hi;(z) =1/81:exp ( —Bi(z+ci)— 1) and ho;(z) = 1/B2i exp (oai — (Bri — B2i)Ti — Bai(x + i) — 1).
Regarding the case of 7; € (ma;(x), m2;(z)), there exists a unique threshold for any given x, denoted by 7;(x) €
(mai(x),m1i(z)). At 5 = 75 (x) = (log(B1i) —log(B2:))/(B1i — B2i) + ¢i +x, we have h1;(x) = hai(x). More specifically, if
mai(z) <7 < 75 (), we have ha; (z) > h1i(z); otherwise, we have ho; (z) < h1i(z) if 7% (z) <7 < ma;i(z). As a result, for
7 < 7i(x), hi(z,p;) achieves its maximum ho;(x) at p; = ma;i(x); for 7 > 7(x), hi(z,p;) achieves its maximum hi;(z)
at p; = ma;(x); otherwise, we have h;(x) = h1;(z) = ha;(z), which implies that both p; = mi;(x) and p; = moi(x) are
optimal for product ¢ with 7; = 7;(x). Immediately, we specify h;(z) as follows:
hai(z), 7 < Ti(x),

hl(x): hli(m):hgi(m), Ti:Ti(ZE),
hli(m), 7'i>7'i(55)-



Next, we focus on finding the optimal z*. We observe that there exists a one-to-one positive relationship between

7;(x) and x by the expression 7;(z) = (log(B1:) — log(B2i))/(B1: — B2i) + ¢ + x. Then, for each product i, we have

hi;i(z), x <7 —¢; — (log(B1:) —log(B2:))/ (Bri — B2i),
hz(w) = hu(m) = hzi(l’), T=T; —Ci — (log(ﬁli) - 10g(52i))/(51i - ,322')7
hai(z), x> 7 — ¢; — (log(B1i) —log(B2:))/ (Bri — Bai)-

We observe that each h;(x) is a continuous decreasing function with respect to . Then, the optimal total expected

profit can be found by solving the following single variable function regarding z: z =3 ._. hi(z). Notice that the left

ies
hand-side(LHS) of the above equation is strictly increasing in z, while the right hand-side(RHS) is decreasing in z.
Therefore, we can find the unique solution, denoted by z*, which is the optimal expected profit of the firm, by such

as binary search. Immediately, we can obtain the optimal price(s) for each product under Type I piecewise MNL. O

Proof of Proposition 6. Similar to the reasoning process in the proof of Proposition 5, we will characterize the
structure of h;(z,p;) under Type II piecewise MNL model in three cases, based on the relative position between 7;
and maximizers mi;(x) and ma;(z). Note that we have mi;(x) > mo;(z) under Type II piecewise MNL model. (a) If
7 <mai(x), hi(x,p;) (i.e., hii(z,p;)) first increases in p; for p; < 73, and then h;(z,p;) (i-e., hoi(x,p;)) increases in p;
for 7; < p; <ma;(x), and decreases in p; thereafter. (b) If 7; > mai;(x), hi(x,p;) (i.e., h1i(z,ps)) first increases in p; for
pi <ma;(x), and then it decreases in p; for mi;(z) < p; < 74, and thereafter h;(x,p;) (i-e., ha:(x,p;)) decreases in p;.
(c) If moi(z) < 13 < mai(x), we have that h;(x,p;) (i-e., h1:(z,p;)) first increases in p; for p; < 7;, and then h;(z,p;)
(i-e., hoi(x,p;)) decreases in p; for p; > 7;. Thus, hi(z,p;) is unimodal in all three cases under the Type II piecewise

MNL model, but with different maximizers. Now, we complete the proof of Proposition 6. O

Proof of Theorem 6. Following the analysis in the proof of Proposition 6, and based on the comparison between

7; and two maximizers m;(z) =z 4+ ¢; + 1/B1: and mo;(x) =z + ¢; + 1/B2i, hi(z) can be explicitly given by

hai(z), i <mai(),
hl(x) = (Tifcifx) exp(a,' 7511’7’1‘), mgl(x) <Ti <m1i(x),
hii(x), 7 > maui(x),

under Type II piecewise MNL, where hi;(z) = 1/81; exp (ai — Pz +¢) — 1), and ho;(z) = 1/B2i exp (oei — (Bri —
B2i)Ti — Bai(x+¢i) — 1). Then, we find each h;(x) is a continuous and decreasing function in x under Type II piecewise
MNL, so by the similar arguments, we can obtain the optimal total profit x* and immediately the optimal price p;

for each product 7 € S, as shown in Theorem 6. O

Proof of Proposition 7. (1) Under Type I piecewise MNL, the optimal total expected profit can be expressed as
= Z 1/pBriexp (Oéi — Bri(z" +¢) — 1) + Z 1/p2i exp (Oéi — (B1i — B2i)Ti — Bai(x™ + ;) — 1),
= i€Ss
where S; includes the products charging optimal price p; = m1;(z*) =z* 4+ ¢; + 1/61; and Sz includes the products
charging optimal price p; = ma;(z*) =" + ¢; + 1/B2;, with a little bit of notation abuse. Note that for the products
with two optimal price solutions, they are grouped in S2.
For any 7; > 7;(z*) = (log(B1:) —log(B2:))/(B1s — B2:) + ¢i +x™, the corresponding product 7 is included in S1, so we
immediately obtain that dz* /d7; = 0. Therefore, the optimal price for each product is unchanged, i.e., dp; /07; =0 and
0pj /07 =0, for i,j € S. For ; < 7;(x") = (log(B1:) — log(B2:))/(B1i — Bai) + ci +x, we have the following derivative:

dx* _ (Bri—fai) exp (i = (Bri — Boi)Ti — Pai(x™ + i) — 1) <0

or; Bai Ar '
where A; = 1+ Zz‘esl exp (ai — Bri(z™ +¢) — 1) + Ziesz exp (ai — (B1i — B2i)Ti — P2z +¢;) — 1). Thus, as the
price threshold 7; decreases, the total profit z* increases, and the optimal price increases for each product, i.e.,

O0z™ /07 <0, and 9p; /07 <0, Opj /0T: <O.
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Note that the total expected profit is non-differentiable at 7, = 73 (z*) = (log(81:) — log(B2:))/(B1i — B2i) + ¢i + =™
because its left derivative is not equal to its right derivative although both exist.
(2) Under Type II piecewise MNL model, the optimal total expected profit can be expressed as
zt = Z 1/pB1: exp (Oéi — Bz +c) — 1) + Z 1/B2: exp (Oéi — (B1i — Boi)Ti — Boi(z™ +¢i) — 1)
i€S] i€S2

+ Z (1i —ci —x") exp (o — BriTi)

i€S3
where S7 includes the products charging optimal price p; = m1;(z*) = 2™ + ¢; + 1/B1i, Sz includes the products
charging optimal price p; =mo,(z*) =2* 4+ ¢; + 1/B2i, and Ss includes the products charging optimal price p; = 7.
For any 7; > mai;(x"), the corresponding product i is included in Si, so we immediately obtain that dz*/dm; = 0.
Therefore, the optimal price for each product is unchanged, i.e., dp; /07 =0 and dp; /07; =0, for i,j € S.

For 7; < ma;(x™) and ma; (™) <7 <m1;(z*) we have the following derivatives, respectively:

9z" _ (Bri—Pai) €xp (ovi — (Bri — B2i)Ti — Bai(x* + i) — 1)

ox* _ .
o - (s = (B = B — B >>’ )

81’*_ o exp (o — (Bri — B2i)mi — Bai(x™ +¢i) — 1 ]
or, = L= Pulri—ei—a”)] P >0;

where Arr =143, exp (@i = fri(z™ +¢i) = 1) + 2, cg, exp (i — (Bri = B2i) i — Bai(a™ +¢i) = 1) + 3, g, exp (i — friTi).
Thus, for 7; < m1;(z”), as the price threshold 7; increases, the optimal total profit * increases, and the optimal price
increases for each product, i.e., 9z*/d7; > 0, and Op; /07 > 0, Op;/0ti > 0. Note that the optimal total expected
profit is differentiable at 7, = m;(z*) and 7; = ma, (z™). O
Proof of Proposition 8. (1) Following the analysis in the proof of Proposition 7, under Type I piecewise MNL, for

any 7; > 7;(z"), we take the derivatives of the optimal total profit with respect to 81; and B2; respectively, and have

dx* 14 P +ci) exp (o = Bra(a™ +¢:) — 1) <0 dz* 0
9B B2, Ar " 0B
Then, for 7; < 7;(z*), we have
Ox* 7 exp (i — (Bri — Bai)Ti — Pai(z™ +¢i) — 1)
=-_t. <o,

0B Bai Ar
9" 1/Bai— (mi— (& + i) _exp (i — (Bri — Bai)Ti — Bai(z* +¢i) — 1)
0B B2i Ar '

Since 7; < 73 (2") = (log(B1:) —log(B2:))/(Bri — P2i) +ci + =™, that is, 7 — (¢i + ™) < (log(Bri) — log(B2:))/(Bri — Bai)-
By comparing 1/521’ and (log(ﬂu) — log(ﬁzi))/(ﬁu — 521‘), we have

B1i — B2i — B2i(log(B1:) — log(B2:))
B2i(Bri — Ba2i)

We find the numerator S1; — B2; — B2i(log(B1:) — log(B2i)) decreases in B2;, and it achieves its minimum 0 when

1/B2i — (log(B1:) —log(B2:))/(Bri — B2:i) =

B2 = B1i- Then, we can show g%; < 0 in this case. According to the structure of the optimal prices for all products,

the effects of price sensitivities on the optimal prices can be straightforwardly obtained.

(2) Under Type II piecewise MNL, for any 7; > ma;(x*), it is straightforward to have g;; =0. Then, we take the

derivatives of the optimal total profit with respect to S1; for ma; () <73 <mais(z*) and 75 > ma;(z*), and have

oz* o xp (o — BuiTi) dz* 14 Bii(z* + ) exp (@i —Pui(z" +c) —1)
=—7i(1i—c; — — 7 <0, =— . <0.
0P mi(ri—ei—at) Arr 0B B Arr
Then, for 7; < ma;(z*), we have
oz* _ Ti exp (Oli_(ﬁli_ﬁZi)Ti_ﬁQi($*+Ci)_1) <0
0B Bai Arr ’
oz 1/B2i — (i — (" + 1)) _exp (i = (Bri — Bai)Ti — Bai(z* +¢i) — 1) “0

0B2: B2i Arr
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Immediately, according to the structure of the optimal prices for all products, the effects of price sensitivities on

the optimal prices can be straightforwardly obtained. O

Proof of Proposition 9. The proof can be derived directly from Theorem 6 and is therefore omitted to avoid

repetition. O

Proof of Theorem 7. Suppose p; < p; < 7. The proof for the other direction is analogous. Define f(p) =exp(a; —
p) + exp(a; — p). Note that f(p) is monotonic and f(p;) > exp(a; —pi) +exp(a; — p;) > f(p;). Therefore there exists
a p* € (ps,pj) such that f(p*) =exp(a; —p*) + exp(a; — p*) = exp(a; — pi) + exp(; — p;). Importantly, this implies
that p* <7 as well. Define g(p) = exp(p), which is convex. We have that

exp(ai — pi) )+ exp(ay; — p;) o(py)
exp(a; — plg + expEaJ exp(a ) — i) Jr( eX§>(aJ pj)
expla;) +expl(a ex +exp(a « *
= plas ploy) . P = exp(p’) = g(p").
exp(ai — pi) +exp(a —p;)  explai —p*) +exp(ay — p*)
By the convexity of g(p), we know that
. exp(ai — pi) _ exp(a; —pj)

p >

pi + Pi;
exp(ai —p;) +exp(a; —p;)" " exp(ai —pi) +exp(a; —p;)
which implies that p* - (exp(a; — p*) + exp(a; — p*)) > exp(a; — pi)pi + exp(e; — p;)p;. Then, we can immediately

derive the results in Theorem 7. O

§1.1. Additional Details of the Approximation Algorithm

In this section, we provide details of the block dynamic programming (DP) component for the approximation algorithm
proposed in Section 4.5 of the main text, which is used to solve the assortment optimization problem (18). Our block
DP algorithm is adapted from Désir et al. (2022), which solves capacitated assortment optimization under mixture
of MNL. However, important modifications are made to accommodate the block cardinality constraints in (18).

[BLoCcK DyNaMIC PROGRAMMING] For notational simplicity, in the following, we assume the cost ¢; =0 for all
1€ S5 in (18). We remark that this can be done without loss of generality, as our block DP can readily handle the case
of general c;’s. We denote wim,o =), g am,i(bg)) and W0 =2 ,cq am,i(bl(i)). Denote 7m0 = ;g bl(i)am,i(bsf)) and
Rimo=3 b am.i(b").

For each m, we define the geometric grids I e = {rm,o(1 + €)l7l =0,1,...,Lim1} and Ay e = {wm,o(1 + e)l7l =
0,1,...,Lma}, where L1 = [log(Rm,0/Tm,0)/1og(1 + €)] and L2 = [log(Wi, o/wm 0)/log(1 + €)]. Note that Ty, .
and Am ¢ are used to discretize/approximate the ranges of ZzES Zn 1 p,(f)am Z(pn )xn and Zzes Z . Gm 1(p,(f)) 5?
for segment m in (18), respectively. Denote I'e =T'1 e X I'2e X -+ X I'pre and Ac=Aqe X -+ X Apye. Given a guess

(h,g) € Tc x A, we discretize the coefficients as

@) @) )
Fonim = VM“’“(’?”)J and By in = [“m(p”)w , for all m,i,n.

€hm/s €gm/s
Denote f'i,n = (7:1 R fz,iyn, e ,FM,i,n) and V~Vim = (’LZJL,"n, 'LBQJ,TH ey 'Lblw,i,n)-
Recall x; = (:c<1 ... ,xg\z,)L) € {0,1}"¢ is the decision variable for item 4 and x = (x1,Xa2,...,Xs). Recall the offer set
S=1{1,2,...,s}. In the following, we give a block dynamic program that can find a feasible assortment x (given its

existence) such that for all m € [M], we have that

N;
ZZp am,i (D)2 > by and ZZa PNz < gm; and ng)zlforallieS. (EC.5)

i€S n=1 i€S n=1 n=1
Set I =|s/e] —s and J = [s/e] +s. For a positive integer z, denote [z] = {1, ..., z}. Denote [I]+ = {0} U[I]. For each
(i,j, k) € (A x [J]M x [s], define F(i,], k) as the feasibility indicator of the existence of an assortment {x1,xX2,...,Xx}
for items {1,2,...,k} such that for all m € [M],

k N; k N;
SN Fminal) Zim and YN b inay) < jim,

i=1n=1 i=1n=1
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where we denote i = (i1,42,...,im) and j= (j1,J2,--.,JMm)-
To preserve the block cardinality constraint for each s € S ={1,2,...,s}, we compute F(i,j, k) for (i,j, k) € [[]} x

[J]™ x [s] using the following recursion
F@i,j,k+1)=min{F{—Trt1,n,J — Wkt1,n,k), n=1,..., Npq1}. (EC.6)

The initial condition is set as

L. {0 ifi<ti,, and j> Wy, for some n=1,..., Ny,

F@,j,1) = :
oo otherwise.

For boundary conditions, by the definition of F, for any i with negative entries, we set F(i,j, k) = F(iV 0,j,k).

Moreover, for any j with non-positive entries, we set F'(i,j, k) = oo.

The dynamic program with recursion (EC.6) moves forward in a block-wise fashion where each block consists of
different prices for the same item i (collected in P;). It thus naturally imposes the block cardinality constraint that for
each item one and only one price can be picked. Note that this can be easily extended to the scenario of joint pricing
and assortment optimization by further including F(i,j, k) itself in the minimization set of the recursion in (EC.6).
Assuming F'(i,j,k + 1) =0, denote ny41 = argmin

n=1,...Npsy F A= Fhtin,J = Wit1,n, k) (when there is a tie, choose

ngk+1 arbitrarily). Based on the recursion (EC.6), the associated assortment (i.e. price decisions) of F'(i,j, k+1) is the

55;11) (i.e. m;’jcfl) = 1) and the associated assortment of F/(i — Fx+1,n.1,d = We+1,n441,K)-

Denote I=(I,...,I) and J=(J,...,J). Proposition EC.1 states that the proposed block DP algorithm can find

union of p

an assortment x that satisfies (EC.5) with a controllable approximation error.
ProprosITION EC.1. For any guess h, g, if there exists a feasible X such that (EC.5) is satisfied, then F(I1,J,s) =0.
Moreover, if F(1,J,s) =0, then the DP finds an x such that for all m € [M], we have that

ZZI) am,i(p (Z)>h (1—2¢) andZZaml )<gm(1+2e and Zx )—lforallzes

i€S n=1 i€Sn=1 n=1
Denote x(h,g) as the assortment returned by the block DP for (h,g) in I'c x A¢ (given that F(I,J,s) =0) and

denote R(x(h,g)) as its revenue. The optimal assortment (and thus the optimal price vector) given by our algorithm

is therefore defined as the x* that achieves max gyer.xa. R(x(h,g)). As shown in Theorem 8 of the main text,

R(x*) > (1 —10¢)R*, where the proof is built on Proposition 11 and Proposition EC.1.

§1.1.1. Technical proofs of our approximation algorithm

Proof of Proposition 11. By definition of Wi, ;, for each am,i(p;), there is an I, ; € {0,1,..., Ly,,; — 1} such that

Wm,i(1+ e)lm‘i < am,i(p7) < Wi (1+ e)l"‘ﬂ'Jrl AW i

Define p;, ; = a;:i (wm’i(l + e)l"“"), we have that p}, ; € Pm,: and p;, ; > p;. Define p7 = ming,—1,... m py, i, we have

that pf > p; and pj € P;. Importantly, note that by the monotone decreasing and left-continuous property of am.i(-),
it holds that Wi (1+ €)' < am,i(P9.:) < @m.i(pY) < am,i(py) for all m € {1,2,..., M}. Therefore, we have that

< @mi(Pi) o ami(pi )l |

Wm,i(P7) ~ wmi(1+€)'mes

<l+e.

This implies that

2ics(pi — ¢i)am.i(p?) Za D ies (i —ci)am,i(p; )/(1"‘5): 1
14> cs am,i(p?) 14> cs @m,i (D)) 1+4e€

This completes the proof. O

R(pY,p3,. ., P0) = Zé)

Proof of Proposition EC.1. Suppose there exists a feasible x such that (EC.5) is satisfied. Define

N;
is _er’ 22 and js ZZZVV@',ni’S)‘

€S n=1 €S n=1
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Note that for all m € [M], at is, we have
i)
ZZ )_ZZ\‘pn amzpn J (z)>zz{pnam1pn)_1}.(i>> /_ >7
Tmznmn = T, = S/€ s~ 1,
i€S n=1 i€S n=1 Eh /S €S n=1 Ehm/S

where the second to last inequality follows from (EC.5) and that ), g Zn 1 i) =s.
Similarly, for all m € [M], at js, we have

N;

D i) — am.i (P 50 am,i (P . (9)

;;wmznx %;;ﬁ]ﬁg /s —‘ S;;{ egm/s +1}
<s/et+s<J

Therefore, we have that i > I and js < J, which implies that F(I,J,s)=0. Moreover, using the same argument, it is
easy to verify that F(ix AL ji,k) =0 for k=1,2,...,s—1, where we define

k N, k. N;
b= Findl and ji =303 Windl.

i=1n=1 i=1n=1

On the other hand, suppose F(I,J,s) =0 and denote x as the associated assortment. For all m € [M], we have

N; i )
T D WSS w L E I s e el

€S n=1 i€S n=1 €S n=1

which, by simple algebra, implies that 3. ¢ Zgilpspam,i(ps))x,(f) > (1 — 2€)hp. Similarly, for all m € [M], we have

5/€+1+5>J>Zzwmznx(l)_zz ’Vamz p'n “ (z)>zz{amz pn }.T,ELU

i€S n=1 1€S n=1 €g /S i€S n=1 €g /S
which implies that ), ¢ SN am Z(pgf)) 0 < (14 2€)gm. This completes the proof. O
Proof of Theorem 8. For the price vector (p?,p3,...,p7) in Proposition 11, denote X as its associated assortment

in P. Clearly, there exist 11 = (I1,1,01,2,...,l1,m) and lo = (lz 1,02,2,...,12,:) such that for all m € [M], we have

Tm,o(1+4€)'tm < Zplam (7 —ZZp(z)a pNED <rpo(14€)'tm T

€S ZGSn 1
Win,o(1+€)'2™ < ama(pf) =Y Z i (P& < win o (14 €)2m
i€S i€S n=1

Denote h = (h1,...,hnr) with Am = 7rmo(1 + e)llv"‘ and g = (g1,...,9Mm) With gm = Wm,0(1 + e)llm“, By Proposi-
tion EC.1, for this pair of h,g, we have that F(I,J s) = 0. Moreover, the associated X satisfies that for all m € [M],

N;
Zan am,pn ()>h (1—2¢) and ZZaml () )ggm(1—|—2e); and Zi‘(ni):lforallies.

€S n=1 i€S n=1 n=1

Therefore, we have that

(2) (4)

P i (p ())CCn — 2)
2} ZZ @) u)*z m1+gm1+2e)

i€S n= 11+Zieszn 1am1pn Tn
5 es Pama(p?) (1 —26)/(1+0)
I TS s s ) (LT (1 1 20)

where the last mequahty follows from Proposition 11.

Mz

> (1=8e)R(%) = (1 —8¢)R(p1,p3;---,p:) = (1 - 10e) R",

Computational Complexity. Recall that w, = min, Wm,, = ming,, Zies am,i(bz(f)) and W, = maxy, Wp,o =
max, Zies am,i(bl(i)), and r, = ming, 7m, o = min, ZiES bl(i)am,i(bq(f)) and R, = max,, Rm,o = maxy, Zies bﬁf)am,i(bl("))
The cardinality of T. is upper bounded by O(L1') with L; = log(Ro/r.)/e¢ and the cardinality of A.
is upper bounded by O(Lé\/[) with Lo = log(Ws/wo)/e. Define wmin = minm ; Wm,; = minmﬂam,i(bq@) and
Winaz = MaXm,; Wi = maxm,; am,i(bl(i)). For a given (h,g), the number of operations of the block DP is
upper bounded by O(s*F!/e*M+1 M log(Winax /Wmin)). Therefore, in total the computational complexity is
O(M1og(Ro/70)™ log(Wo /wo)™ log(Winaz /Wmin ) s> T /M),
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§2. Additional Remarks

Remark EC.1 (Identification Condition) To build more intuition, in the following, we give a concrete example where
Assumption 2(b) holds. We follow the setting and notations in Section 3 and consider a feature-free piecewise MNL
model. In particular, we assume each consumer g is faced with an offer set Sy ={1,...,s}, where the nominal utility
of item 1 is ug,1 =0 (i.e. we designate item 1 as the outside option) and the nominal utility of item i € {2,3,...s}
is ug; = — Bipg,i + Mpg,i — T)+. Denote py = (pg,2,...,Pg,s) . Therefore, the choice probability of consumer g for
item ¢ under the piecewise MNL is

. exp(ug,i) .
P ; = fi 1,2,... . EC.
U RS > S T ek (B

Given G consumers with observations {cg,pg}?zl, collect all price points into Pg := U?Zl{pg,g,pg,g, ...,Dg,s}. Denote
P¢ as the set of unique price points in P and denote n = |Pg| as its cardinality. We re-index the price points in Pg
as P& ={pil,p5,...,pn}, where without loss of generality, we assume pj < p5 < --- < p;,. Proposition EC.2 shows the

piecewise MNL in (EC.7) is identifiable under mild requirements on P& and ©-.

ProrosiTioN EC.2 (Identification). Suppose n=|P5| >4 (i.e. the dataset has at least 4 unique price points),
for any parameter space O, C [p5,py,_1], the piecewise MNL in (EC.7) is identifiable and Assumption 2(b) holds.

Proof of Proposition EC.2. By Proposition 4, we only need to verify that under the condition of Proposition EC.2,
we have for any pair {7,7’,7 # 7'} C ©,, the matrix D(r,7’) is of full rank. Recall D(7,7’) is the matrix whose rows
are [(zg,i —2g.1) ', Pg,i — Pg.1:Pg,i(T) = Pg.1(7),pgi(1') =pga(r)] " forg=1,....,Gandi=1,....s.

For the feature-free piecewise MNL in (EC.7), we can write z4,1 = 0,pg,1 =0 (recall item 1 is the outside option)
and we further have z,,; =1 for i =2,...,s. Therefore, the rows of D(7,7’) are [1,pg.i,(Pg,i — T)+,(pg;: —7')+] for
g=1,...,Gand i=2,...,s. By the condition in Proposition EC.2, we have that D(7,7’) has a submatrix of the form
1-p7 O 0
1-p5 0 0

sub-D 7',7" = . .
( ) R (pnfl —7')+ (p 71—TI)+
(

1-pn (pn—7)+
By the fact that p < ps <pi_i <p}, it is easy to verify that sub-D(7,7’) is of full rank, which implies that D(r,7’)
is of full rank for any 7 # 7’ € ©,. Thus, by Proposition 4, the piecewise MNL in (EC.7) is identifiable. O
Remark EC.2 (Optimization Set) Note that for any a € (0, A), the only difference between the optimization of
ra(p,q) over {(p,q) :p <7< q} and over {(p,q) : p <7 < ¢} occurs when p* < ¢* =7. In such case, we have that

' esp(patrexp(-)(A=a) _

— pexp(—p)A
= T+exp(—p*)a+exp(—7)(A—a) ~ pelo.r] (p) := max

" pefor] 1+ exp(—p)A’

max ra(p,q) <ra(p”,T
{(p,a):p<7<q} (p.q) @)

where the first inequality follows by assumption, the second inequality follows from the fact that

p*exp(—p*)a < p*exp(—p*)a+Texp(—7)(A—a)
1+exp(—p*)a ~ 1+exp(—p*)a+exp(—7)(A—a)’

since p* < ¢* =7, and the third inequality follows from the same argument as the one used in the proof of Theorem 7
(i.e. the optimal price of an MNL is a single price point). Therefore, if the optimal price ¢* is achieved at 7, we know
this policy is not optimal and will be dominated by another policy with a single price between [0, 7]. Luckily, this
policy has been considered in the sequence of optimizations, i.e. we set S1 =5 (a = A) and optimize over p € [0, 7].

Remark EC.3 (Zero Utility) Take the consideration set model as an example. It is possible that am,i(bgf)) =0
due to the threshold effect. We remark that the proposed approximation algorithm works under such scenarios
pe[bgn’bg)]{am,i(p) tam,i(p) > 0} (note that
Wm,i = Gm,i(Tm,:)) and modify the discretized price set as Pm,; = {a;ﬁi (w) : w € Wi} U{Tm,; + ¢}. With simple

with simple modifications. In particular, in Step I, redefine w., ; = min

modifications of the proof of Proposition 11, it can be shown that the approximation result in Proposition 11 still
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holds for this modified price set P ;. In Step II, redefine wm,o = minies wm,; and rpy,o = min;es bgi)wm,i and con-
duct the block DP. The only scenario where this block DP cannot provide performance guarantee is when some
segments M C {1,2,..., M} are completely priced out (i.e. the attractiveness for all ¢ € S is 0 for segment m € M).
However, this can be solved via a simple fix where we further run a block DP but only on {1,2,...,M}\ M with
the price set P N {p; > 7m; for all i € S;m € M}. Since there are at most oM possibilities for M, this modified
algorithm can provide the same performance guarantee as that in Theorem 8 with a computational complexity of

O(QMMlog(Ro/ro)M log(Wo/wo)M log(Wmaz/wmm)SQM“/64M+1).

§3. Additional Real Data Analysis

Ketchup Data. The Ketchup dataset consists of the choices of 2798 consumers for 4 brands of ketchups. For each
purchase, we have the information of whether each brand is on promotion display, whether each brand is featured on
newspaper advertisement, and the price of each brand. For model flexibility, we include an intercept term for each
brand. Table EC.2 gives the detailed estimation result for the Ketchup data.

Hotel Data. The hotel data in Bodea et al. (2009) collects booking records from five U.S. properties of a major
hotel chain between March 12, 2007 and April 15, 2007. We focus our analysis on the hotel (Hotell) with largest
number of bookings. Following van Ryzin and Vulcano (2015), we preprocess the dataset to remove rooms that
account for less than 4% of all transactions. In total, Hotell consists of complete booking records of 1272 consumers’
choice behavior for 8 different room types (e.g. double beds, king, queen, suite, special type room). For each booking,
the data further records the prices of all rooms offered to the consumer. For model flexibility, we further include an

intercept term for each room to account for room-specific effects. Table EC.3 gives the estimation result.

Table EC.1 Summary of Estimation on Cracker Data

Model a1 Qo Qs Qi as B v bW X2 7 7 Time (s)

MNL 0.662 -0.169 1.793  0.092  0.496  -0.031 1.40
(0.090) (0.117) (0.100) (0.062) (0.095) (0.002)

esMNL ~ -0.663 -0.169 1.792  0.092 0.495 -0.031 1.17
(0.090) (0.117) (0.100) (0.062) (0.095) (0.002)

qMNL -0.602  -0.117 1.839 0.090 0.464 -0.051 1.04x10-4 4.02
(0.095) (0.121) (0.103) (0.062) (0.096) (0.009) (4.63x10?)

rMNL -0.756 -0.238  1.723  0.087  0.494  0.002 0.028 -0.038 1.80
(0.091) (0.108) (0.090) (0.061) (0.095) (0.001) (0.003)  (0.003)

pMNL1 -0.696  -0.253 1.723 0.066 0.138 -0.177 0.154 61.0 60.45
(0.082) (0.105) (0.088) (0.061) (0.096) (0.016) (0.016) (0.77)

pMNL2  -1.225 -0.697 1.270 0.079 -0.035 -0.228 0.259 -0.070 63.0 89.0 377.31
(0.088) (0.111) (0.094) (0.062) (0.096) (0.016) (0.018)  (0.008)  (0.61) (2.11)

pMNL2m -0.883 -0.292 1.679  0.037  0.010 -0.217 0.216 -0.038 61.5 89.0 436.75
(0.087) (0.108) (0.092) (0.062) (0.097) (0.016) (0.018)  (0.008)  (0.69) (3.91)

paMNL -1.232 -0.698 1.216 0.102 0.113 -0.716 4.86x1073 -0.225  -3.96x1073 88.9 474.29

(0.089) (0.114) (0.096) (0.062) (0.096) (0.051) (3.78x10~%) (0.015) (4.16x10~4) (0.81)

Notes. The numbers in parentheses report the estimated standard errors. 89.83% of prices are larger than 61 dollars.
The quartile of price is (79, 99, 109). (@1, 42, a3) are intercept terms. (Qa, as) are for the promotion display and newspaper
featuring effects. The estimated thresholds of csMNL for the four cracker brands are (7i,...,74) = (129,135,169,115).

We conduct the same 5-fold cross-validation to evaluate the out-of-sample prediction and price optimization per-
formance of each model, and report the results averaged over the 5-fold cv in Table EC.4. Note that for price

optimization, since different consumers have different offer sets (i.e. a subset of 8 room types), for each purchase, we
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Table EC.2 Summary of Estimation on Ketchup Data

Model @, Qo s Q as -B v X X2 7 7  Time (s)

MNL 1.354 1.501 2.426 0.876 0.909 -1.402 0.96
(0.123)  (0.069) (0.096) (0.097) (0.114) (0.058)

csMNL 1.346 1.506 2.417 0.877 0.907 -1.396 0.39
(0.123) (0.069) (0.096) (0.097) (0.114) (0.058)

qMNL 1.321 1.564 2.443 0.852 0.938 -4.059 0.351 3.46
(0.127) (0.072) (0.101) (0.098) (0.116) (0.296) (0.037)

rMNL 1.293 1.585 2.504 0.831 1.026  -0.384 1.728 0.004 0.86
(0.133) (0.076) (0.106) (0.093) (0.108) (0.042) (0.095) (0.099)

pMNL1  1.041 1.591 2.221 0.884 0.897 -4.074 3.155 3.03 15.39
(0.134) (0.077) (0.107) (0.095) (0.111) (0.284) (0.286) (0.03)

pMNL2  1.127 1.592 2.280 0.873 0.907 -4.107 3.030 0.655 3.00 4.60 107.63
(0.136) (0.077) (0.109) (0.095) (0.111) (0.285) (0.290) (0.360) (0.04) (0.27)

pgMNL  1.091 1.622 2.272 0.852 0.906 1.804 -1.141 3.873 1.244 2.99 132.06
(0.137) (0.081) (0.110) (0.096) (0.111) (4.780) (1.010) (1.205) (1.007) (0.08)

Notes. 84.81% of prices are larger than 3.03 dollars. The quartile of price is (3.2, 3.7, 4.6). The average price

is 3.86 dollars. (a1, a2, ais) are intercept terms. (@4, @s) are for the promotion display and newspaper featuring

effects. The estimated thresholds of csMNL for the four ketchup brands are (71,72, 73,74) = (5.2,3.7,6.1,4.8).

Table EC.3 Summary of Estimation on Hotel Data
Model @& @ @s as @s as  ar  —B v A A2 G
MNL -15.5 -17.7 -15.1 -124 -16.1 -164 -94 -0.095
(0.64) (0.75) (0.64) (0.52) (0.65) (0.66) (0.42) (0.004)
csMNL  -15.6 -17.7 -151 -124 -16.1 -164 -9.4 -0.096
(0.64) (0.75) (0.65) (0.53) (0.65) (0.66) (0.42) (0.004)
gqMNL -14.8  -17.1 -14.3 -11.5 -153 -155 -8.6 -0.132 4.57x107°
(0.64) (0.78) (0.64) (0.53) (0.65) (0.66) (0.44) (0.007) (7.26x107%)
rMNL -11.1 -134 -106 -79 -11.5 -12.0 -5.6 -0.104 0.004 -0.048
(0.40) (0.46) (0.40) (0.37) (0.42) (0.45) (0.36) (0.001) (0.003)  (0.003)
pMNL1 -15.0 -174 -145 -11.6 -15.5 -158 -85 -0.104 0.023 451.0
(0.39) (0.45) (0.38) (0.34) (0.40) (0.43) (0.32) (0.002) (0.003) (8.78)
pMNL2 -15.1 -174 -14.6 -11.7 -15.6 -159 -8.7 -0.099 -0.014 0.033 399.0 451.0
(0.39) (0.45) (0.39) (0.35) (0.40) (0.44) (0.32) (0.003) (0.008)  (0.008)  (21.0) (7.70)
pqMNL -14.9 -17.2 -144 -11.6 -154 -15.8 -86 -0.080 -3.11x107° 0.036 -1.31x107° 452.5
(0.13) (0.18) (0.11) (0.12) (0.14) (0.19) (0.21) (0.020) (2.68x107%) (0.007) (3.51x107%) (7.22)

Notes. The numbers in parentheses report the estimated standard errors. 30.32% of prices are larger than 451 dollars.

The quartile of price is (351, 419, 471). The average price is 421.28 dollars. (@1, Qz, ..

estimated thresholds of csMNL for the eight room types are (71, ...

.,0i7) are intercept terms. The

,Ts) = (499,449, 549,519, 565.5, 529,579, 709).

randomly select one room type in the offer set as the no-purchase option. Again, all models from the pMNL family

provide a notable improvement over MNL, rMNL and gMNL, while csMNL performs the worst. Overall, pMNL1 and

pMNL2 are the clear winner with pMNL1 giving slightly better performance.

Comparison with TMNL. For each dataset, we further compute Cp = & 2521 I(r(Sg,p) > 7), which measures

the proportion of consumers where rMNL gives a reference price larger than the threshold 7 of pMNLI. Interestingly,
for Cracker and Ketchup, we have C, =0.9997 and Cp = 0.9937, while for Hotel, Cp, = 0.4057. In other words, rMNL
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almost always gives a reference price larger than 7 of pMNLI1 for Cracker and Ketchup, which may explain its notable
performance gap compared with pMNL1. For Hotel, the reference prices of rMNL aligns more closely with 7 of
pMNL1, which results in a smaller performance gap in terms of log-likelihood, although the out-of-sample prediction
performance of rMNL is still notably worse.

Recall we set 7(Sq,p) = Ziesg Dg,i/Sg for tMNL, i.e. the mean price of all items in the offer set Sy, as it provides
the best overall performance among different specifications of 7(Sg, p) such as median or lowest price. However, this
specification is still significantly less effective than pMNL in terms of in-sample goodness of fit and out-of-sample
prediction performance. The above analysis indicates that one reason for this phenomenon can be attributed to the
fact that it is more beneficial to estimate the unknown threshold via a data-driven strategy as is in pMNL, which is

more adaptive to different datasets, than a pre-specified function as in rMNL.

Table EC.4 Summary of Prediction and Price Optimization on Hotel Data

Market Share Prediction Revenue Prediction 0.0.S. Loglik Price Optimization
Model =~ hMAE Imp. hRMSE Imp.|rMAE Imp. rRMSE Imp.| Loglik Imp. | =25 Perc. b=50 Perc.
MNL 11.49 22.05 45.47 91.18 -215.24 120922 98.6 127997 98.0

csMNL 11.60 -0.94 2239 -1.52 | 45.99 -1.13 93.11 -2.07|-252.19 -14.65| 111788 91.2 107155 82.0
qMNL 11.20 2.62 21.83 1.00 | 44.61 1.93 90.18 1.10 | -212.40 1.34 | 121870 99.4 128328 98.2
rMNL 11.34 1.35 22.18 -0.59 | 45.07 0.87 92.02 -0.91]-210.02 2.75 | 118739 96.8 126812 97.1
pMNL1 11.06 3.91 21.58 2.20 | 44.05 3.23 89.05 2.39|-209.45 2.77 | 122622 100 130625 100
pMNL2 11.04 4.11 21.62 197 | 43.83 3.75 89.18 2.24 | -208.73 3.12 | 122523 99.9 130494 99.9
pgMNL  11.17 2.90 21.69 1.68 | 44.43 2.35 89.37 2.03 | -210.14 2.43 | 121853 99.4 128382 98.3

Notes. hMAE and hRMSE are reported in the scale of x1072. “Imp.” shows relative improvement of a given model
compared to MNL (in %). “Perc.” shows the relative revenue of a model compared to pMNL1 (in %). The revenue

from an average consumer is 378.60 dollars. The actual revenue achieved is 96316 dollars.

§4. Additional Examples

ExaMPLE EC.1. Consider S ={i,j} with parameters: a; = 15, S1; = 3.5, 82: = 0.8; o;j =6, B1; = 1.5, B2, =0.5. Set
ci=c; =0 and (73,7;) = (3.90,5.5). We have the optimal profit * = 3.36 and 7;(z*) =3.90 and 7;(z") = 4.46. Thus,
by Theorem 5, the optimal price for product j is pj =2 +¢; +1/61; = 4.02 as 7; > 7;(2"). On the other hand, since
7; =7i(z"), we have that both pj =z* +¢; +1/82; =4.61 and p; = 2" 4+ ¢; +1/61; = 3.64 are optimal for product i. In
particular, when the firm sets the price at 3.64, the total market share of S is 0.92, and the profits of products ¢ and
j are 3.02 and 0.34, respectively. If the firm sets the price at 4.61, the total market share decreases to 0.76, and the
profit contributions from products i and j are 2.42 and 0.94, respectively. Under both pricing strategies for product
i, the firm can obtain its optimal profit z* = 3.36. (]

ExaMPLE EC.2. Consider S ={1,2,3,4} with a1 =2.5,2 =2, = 1.5,04 = 0.5 and 6, = 0.4,0, = 0.6. (a). Set
7 > 2.71. The optimal solution is p} = p53 =p3 =p; =2.71 <7 and R* = 1.71. (b). Set 7 =1.90, p; = p5 =p3 =
p1=190=7, and R* =1.51. (¢). Set 7=1.60, pi =p5 =1.60 =7, p3 =pjs =2.39, and R* =1.34. (d). Set 7 = 1.40,
ps=pi=140=7, pi =p5=2.42 and R* =1.24. (e). Set 7=0.70, p] =p5 =p3 =p1s =2.71>7,and R*=1.03. O

Example EC.2 reveals the optimal profit decreases as T decreases (since consumers in segment I grow more selective)
and the optimal price switches from pricing all products at some p* <7 (i.e. S;1 =S, offer segment I all items) to
pricing all products at some ¢* > 7 (i.e. S1 =&, ignore segment I).
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