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Appendix for “Capacity Allocation and Scheduling in
Two-Stage Service Systems with Multi-Class Customers”

EC.1. Proofs of the Results in Section 3

EC.1.1. Proof of Lemma 1

We first prove the “if” part. Suppose
∑

i∈I λc,i

(
1

rcµc,i
+
∑

j∈J
pij

rs,jµs,j

)
≤ 1, then let (z′, q′, n′) be

z′c,i =
λc,i

µc,i
, z′s,j =

1

µs,j

∑
i∈I

λc,ipij , n′
c =

∑
i∈I

z′c,i, n′
s,j = z′s,j ,

q′c,i =
λc,i −µc,iz

′
c,i

θc,i
and q′s,j =

∑
i∈I µc,iz

′
c,ipij −µs,jz

′
s,j

θs,j
.

We can easily verify that q′c,i = 0 for all i and q′s,j = 0 for all j. In addition, one can verify that (z′, q′, n′) ∈ Ξ(λc).

The objective function at (z′, q′, n′) is 0. As a result, L̄∗ = 0.

Next, we prove the “only if” part. Suppose that an optimal solution is (z∗, q∗, n∗). Then, we have q∗c,i = 0 for all

i ∈ I and q∗s,j = 0 for all j ∈ J as L̄∗ = 0. (Recall that we have wc,i > 0 for i ∈ I and ws,j > 0 for j ∈ J .) From

(23)–(24), we have

z∗c,i =
λc,i

µc,i
and z∗s,j =

1

µs,j

∑
i∈I

λc,ipij .

By (25), (26) and (28),
1

rc

∑
i∈I

z∗c,i +
∑
j∈J

z∗s,j
rs,j

≤ 1.

Therefore,
∑

i∈I λc,i(
1

rcµc,i
+
∑

j∈J
pij

rs,jµs,j
)≤ 1. The proof is hence complete. □

EC.1.2. Proof of Theorem 1

Proof of Part (i). We follow the idea in the proof of Proposition 2.1 in Atar et al. (2011). Let

Um := lim inf
t→∞

1

t

∫ t

0

(∑
i∈I

wc,iQ
m
c,i(s)+

∑
j∈J

ws,jQ
m
s,j(s)

)
ds.

By Fatou’s lemma, it suffices to show that

lim inf
m→∞

1

m
Um ≥ L̄∗, almost surely. (EC.1)

Fix one sample point, and let {tk;k ∈N} be a sequence of real values increasing to infinity, such that

Um = lim
k→∞

1

tk

∫ tk

0

(∑
i∈I

wc,iQ
m
c,i(s)+

∑
j∈J

ws,jQ
m
s,j(s)

)
ds.

By (2), (9), and (12), the random vector
∫ tk
0
Zm(s)ds/tk is uniformly bounded. Hence, we can choose a subsequence

of {tk;k ∈ N}, still denoted by {tk;k ∈ N} without loss of generality, along which random vectors
∫ tk
0
Zm(s)ds/tk

converge. Denote the corresponding limiting random vector by Ẑm := limk→∞
∫ tk
0
Zm(s)ds/tk.

We use the following lemma, whose proof is deferred to the end of this section:
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Lemma EC.1. As t→∞, Xm(t)/t→ 0 almost surely.

After dividing both sides of (5) by tk, taking tk →∞, using Lemma EC.1, and following the same argument as in

Atar et al. (2011), we can claim that Q̂m
c := limtk→∞

∫ tk
0
Qm

c (s)ds/tk exists and

0 = λm
c,i −µc,iẐ

m
c,i − θc,iQ̂

m
c,i, for i∈ I. (EC.2)

Similarly, from (10), we can confirm the existence of Q̂m
s := limtk→∞

∫ tk
0
Qm

s (s)ds/tk and

0=
∑
i∈I

pijµc,iẐ
m
c,i −µs,jẐ

m
s,j − θs,jQ̂

m
s,j , for j ∈J . (EC.3)

From (20) to (22), we have

Q̂m ≥ 0, Ẑm ≥ 0,
∑
i∈I

Ẑm
c,i ≤Nm

c , and Ẑ
m
s,j ≤Nm

s,j for j ∈J . (EC.4)

Recalling the definition of feasible region Ξ(λc) defined below (28), we have

(
Ẑm/m, Q̂m/m,Nm/m

)
∈Ξ(λm

c /m)

by (12) and (EC.2)–(EC.4). Therefore, we have

Um

m
=
∑
i∈I

wc,i
Q̂m

c,i

m
+
∑
j∈J

ws,j
Q̂m

s,j

m

≥ min
(z,q,n)∈Ξ(λm

c /m)

∑
i∈I

wc,iqc,i +
∑
j∈J

ws,jqs,j .

From the continuity of the LP problem (29) in its feasible region and (17), we have lim infm→∞Um/m≥ L̄∗, thus

establishing (EC.1). □

Proof of Part (ii). We use a similar idea as in the proof of Theorem 2.2 in Atar et al. (2011). From condition (32),

there exists Tm > 0, such that E[∥m−1Qm,∗(t)−q∗∥]≤ 2δm for t≥ Tm. Recall that L̄∗ =
∑

i∈I wc,iq
∗
c,i+

∑
j∈J ws,jq

∗
s,j .

Then

E
∫ T

0

(∑
i∈I

wc,iQ
m,∗
c,i (t)/m+

∑
j∈J

ws,jQ
m,∗
s,j (t)/m

)
dt−T · L̄∗

≤
(
max
i∈I

wc,i ∨max
j∈J

ws,j

)
E
[∫ T

0

∥Qm,∗(t)/m− q∗∥dt
]

≤
(
max
i∈I

wc,i ∨max
j∈J

ws,j

)[∫ Tm

0

E[∥m−1Qm,∗(t)− q∗∥]dt+2δm(T −Tm)
]
.

Dividing both sides by T and letting T →∞, we obtain

Lm(ψm,∗)

m
≤ L̄∗ +2

(
max
i∈I

wc,i ∨max
j∈J

ws,j

)
δm.

As a result, limsupm→∞Lm(ψm,∗)/m≤ L̄∗. Together with the inequality established in part (i), this result concludes

the desired equality. □
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Proof of Lemma EC.1. The proof adopts the idea presented in Appendix A.2 in Atar et al. (2011). We will

show that for each i∈ I and j ∈J , Xm
c,i(t)/t→ 0 and Xm

s,j(t)/t→ 0 as t→∞ almost surely.

By (5), we have

Xm
c,i(t) =Xm

c,i(0)+Ac,i(λ
m
c,it)−Sc,i

(
µc,i

∫ t

0

Zm
c,i(s)ds

)
−Gc,i

(
θc,i

∫ t

0

Qm
c,i(s)ds

)
.

Note that Xm
c,i(t) = Zm

c,i(t) +Qm
c,i(t). Hence, by the standard coupling argument (see e.g., the proof of Lemma 3 in

Dong et al. (2015)), we can show that the process Xm
c,i is stochastically dominated (upper bounded) by the number-

in-system (i.e., the total number of customers in the system) process of an M/M/∞ system, in which the arrival rate

is λm
c,i, the service rate is µc,i ∧ θc,i, and the initial state is Xm

c,i(0).

Similarly, by (10), we have

Xm
s,j(t) =Xm

s,j(0)+
∑
i∈I

Em
ij (t)−Ss,j

(
µs,j

∫ t

0

Zm
s,j(s)ds

)
−Gs,j

(
θs,j

∫ t

0

Qm
s,j(s)ds

)
.

Note that
∑

i∈I E
m
ij (t)≤

∑
i∈I
(
Xm

c,i(0) +Ac,i(λ
m
c,it)

)
. By using the coupling method, we can show that the process

Xm
s,j is stochastically dominated by the number-in-system process of an M/M/∞ system, in which the arrival rate is∑
i∈I λ

m
c,i, the service rate of each server is µs,j ∧ θs,j , and the initial state is Xm

s,j(0)+
∑

i∈IX
m
c,i(0).

According to the above two upper bound results, the desired result follows if we can show that for any M/M/∞

system, the corresponding number-in-system process, denoted by Y , satisfies Y (t)/t→ 0 almost surely as t→∞. This

claim has been proven in Appendix A.2 in Atar et al. (2011) for a more general G/M/∞ system. Their argument is

based on considering the system’s embedded Markov chain and using a second moment estimate of Y .

For the sake of completeness, we provide an alternative proof below. Suppose the M/M/∞ system has an arrival

rate λ, service rate µ, and an initial state Y (0). Given that we deal with almost sure convergence, we can assume

that the value of Y (0) is fixed. Note that Y (t) has two independent sources, of which one is from the newly arriving

customers and the other is from those initially present in the system. Then, for all t≥ 0, Y (t)−Y (0) is bounded by

Ỹ (t), which represents the number of new arrivals who are still in the system and is a Poisson distributed random

variable with parameter λ(1− e−µt)/µ (Eick et al. 1993). For any given ∆ > 0, let Γk := maxt∈[k∆,(k+1)∆) Y (t)/t,

k ∈ Z+. To establish that Y (t)/t→ 0 almost surely as t→∞, it suffices to show that limk→∞ Γk = 0 almost surely.

Note that for any given ϵ > 0, we have

ℓ∑
k=1

P(Γk > ϵ)≤
ℓ∑

k=1

P
(

max
t∈[k∆,(k+1)∆)

Y (t)−Y (0)> ϵ · k∆−Y (0)
)

≤
ℓ∑

k=1

P
(
Ỹ (k∆)+Zk > (ϵ · k∆−Y (0))+

)
,

(EC.5)

for any positive ℓ, where Zk denotes the number of arrivals during time interval [k∆, (k+1)∆) (alternatively referred

to as period k), which is Poisson distributed with parameter λ∆. Moreover, because Ỹ (k∆) relies on the system

evolution before period k while Zk encodes information about customer arrivals in period k, they are independent
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from each other. Hence, Ỹ (k∆)+Zk is also Poisson distributed with parameter λ(1−e−µk∆)/µ+λ∆. By Chebyshev’s

inequality, for any ϵ > 0 and sufficiently small ∆,

∞∑
k=0

P
(
Ỹ (k∆)+Zk > (ϵ · k∆−Y (0))+

)

=

⌊Y (0)/(ϵ·∆)⌋∑
k=1

P
(
Ỹ (k∆)+Zk > 0

)
+

∞∑
k=⌈Y (0)/(ϵ·∆)⌉

P
(
Ỹ (k∆)+Zk > ϵ · k∆−Y (0)

)
≤
⌊
Y (0)

ϵ ·∆

⌋
+

∞∑
k=⌈Y (0)/(ϵ·∆)⌉

(λ(1− e−µk∆)/µ+λ∆)(λ(1− e−µk∆)/µ+λ∆+1)

(ϵ · k∆−Y (0))2

≤
⌊
Y (0)

ϵ ·∆

⌋
+

(
λ

µ
+λ∆

)(
λ

µ
+λ∆+1

) ∞∑
k=1

C

k2
<∞,

for an appropriate constant C > 0. Hence, by the Borel–Cantelli lemma, we have Y (t)/t→ 0 (a.s.) as t→∞. This

completes the proof. □

EC.2. Proofs of the Results in Section 5

EC.2.1. Proof of Lemma 2

(i) If ϕ< J − 1, from the expressions of ξi,ϕ and ξi,ϕ+1, one can verify that

ξi,ϕ − ξi,ϕ+1 =−
(
ws,ϕ+1rs,ϕ+1µs,ϕ+1

θs,ϕ+1
− ws,ϕ+2rs,ϕ+2µs,ϕ+2

θs,ϕ+2

)
χi,ϕ+1 ≤ 0, (EC.6)

where the equality uses χi,ϕ+1 − χi,ϕ =
pi,ϕ+1

rs,ϕ+1µs,ϕ+1
, and the inequality is due to

ws,ϕ+1rs,ϕ+1µs,ϕ+1

θs,ϕ+1
≥

ws,ϕ+2rs,ϕ+2µs,ϕ+2

θs,ϕ+2
according to the ordering in (40). If ϕ= J − 1, from (41), one has ξi,J−1 ≤ ξi,J .

(ii) If i∈ I+(ϕ), then from part (i), ξi,ϕ+1 ≥ ξi,ϕ ≥ 0, hence i∈ I+(ϕ+1). □

EC.2.2. Proof of Theorem 2

We solve (38) rigorously. For φc ∈Πc, denote by φ∗
s(φc) the optimal solution to the inner optimization of (39), and

define

j(φc) =max

{
j′ ∈J :

∑
i∈I

χi,j′φc,i ≤ 1

}
. (EC.7)

If the above set is empty, then let j(φc) = 0. The following lemma, whose proof is omitted, characterizes φ∗
s(φc) using

the standard solution to the bin packing problem.

Lemma EC.2. For any φc ∈Πc, we have

(i) if j(φc) = J , then φ∗
s,j(φc) =

∑
i∈I φc,ipij for all j ∈J ;

(ii) otherwise,

φ∗
s,j(φc) =


∑

i∈I φc,ipij , j < j(φc)+ 1,(
1−

∑
i∈I χi,j(φc)φc,i

)
rs,jµs,j , j = j(φc)+ 1,

0, j > j(φc)+ 1.

From Lemma EC.2, it is optimal to fully accommodate the service requirements of the first j(φc) stations in stage 2

given the stage-1 capacity assignment φc. If j(φc) = J , then for all j ≤ J , φs,j =
∑

i∈I φc,ipij at optimum. If j(φc)<J ,

then the first j(φc) stations will receive capacity
∑

i∈I φc,ipij , while station j(φc)+1 utilizes the remaining resources.
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In the second step, we solve the following optimization problem:

max
φc∈Πc

∑
i∈I

(
wc,i

θc,i
−
∑
j∈J

ws,j

θs,j
pij

)
φc,i +

∑
j∈J

ws,j

θs,j
φ∗

s,j(φc). (EC.8)

Denote by φ∗
c the optimal solution to (EC.8). By comparing the objective functions of (39) and (EC.8) with that of

(38), one can verify that (φ∗
c ,φ

∗
s(φ

∗
c)) is an optimal solution to problem (38).

In the following, we solve problem (EC.8). Noting that the expression of φ∗
s(φc) in problem (EC.8) depends on

j(φc) ∈ [J ], we separate the feasible region Πc into J + 1 disjoint sub-regions: Πc = ∪J
ϕ=0Πϕ with Πϕ := {φc ∈ Πc :

j(φc) = ϕ}. Then, we get J +1 sub-problems

max
φc∈Πϕ

∑
i∈I

(
wc,i

θc,i
−
∑
j∈J

ws,j

θs,j
pij

)
φc,i +

∑
j∈J

ws,j

θs,j
φ∗

s,j(φc), (EC.9)

for ϕ∈ [J ]. The optimal solution will be the one that attains the maximum of these J+1 sub-problems. By substituting

the expression of φ∗
s,j(φc) in Lemma EC.2 and noticing that j(φc) = ϕ for φc ∈Πϕ, problem (EC.9) becomes

max
φc∈Πϕ

∑
i∈I

ξi,ϕφc,i +1{ϕ< J} ·
(
ws,ϕ+1rs,ϕ+1µs,ϕ+1

θs,ϕ+1

)
. (EC.10)

Note that for ϕ< J , j(φc) = ϕ is equivalent to∑
i∈I

χi,ϕφc,i ≤ 1, and
∑
i∈I

χi,ϕ+1φc,i > 1.

In addition, Πc is a closed set. Hence the closure of Πϕ, denoted by Π̄ϕ, is still a subset of Πc and can be represented

as

Π̄ϕ =

{
φc ∈RI :

∑
i∈I

χi,ϕφc,i ≤ 1,
∑
i∈I

χi,ϕ+1φc,i ≥ 1, 0≤φc,i ≤ λc,i, i∈ I

}
,

where the second constraint in the definition of Πc is suppressed because it can be derived from the constraint∑
i∈I χi,ϕφc,i ≤ 1 and the relation χi,ϕ ≥ 1/(rcµc,i). For ϕ= J , by using χi,J ≥ 1/(rcµc,i) for each i, we have

Π̄J =ΠJ =

{
φc ∈RI :

∑
i∈I

χi,Jφc,i ≤ 1, 0≤φc,i ≤ λc,i, i∈ I

}
.

We relax the constraint in (EC.10) from Πϕ to Π̄ϕ, that is, for ϕ∈ [J ], we consider

max
φc∈Π̄ϕ

∑
i∈I

ξi,ϕφc,i +1{ϕ< J} ·
(
ws,ϕ+1rs,ϕ+1µs,ϕ+1

θs,ϕ+1

)
. (EC.11)

We call (EC.11) the sub-problem ϕ, and denote by φ∗
c(ϕ) and π∗(ϕ) the optimal solution and optimal value to sub-

problem ϕ, respectively. Proposition EC.2 in Appendix EC.2.2.1 summarizes the solutions to (EC.11), which depend

on whether ϕ is in one of the following sets:

S0 =

{
ϕ∈ [J ] :

∑
i∈I

λc,iχi,ϕ+1 < 1

}
, S1 = Sc

0 ∩

ϕ∈ [J ] :
∑

i∈I+(ϕ)

λc,iχi,ϕ+1 < 1

 ,

S2 = Sc
0 ∩

ϕ∈ [J ] :
∑

i∈I+(ϕ)

λc,iχi,ϕ ≤ 1≤
∑

i∈I+(ϕ)

λc,iχi,ϕ+1

 , S3 = Sc
0 ∩

ϕ∈ [J ] :
∑

i∈I+(ϕ)

λc,iχi,ϕ > 1

 ,

(EC.12)

where Sc
0 = [J ]\S0 is the complement of S0. Specifically, if ϕ∈ S0, then sub-problem ϕ contains no feasible solutions;

if ϕ∈ S1 (resp., ϕ∈ S3), then the second (resp., first) constraint of sub-problem ϕ is binding at optimum; if ϕ∈ S2, the

first and second constraints of sub-problem ϕ can be non-binding at optimum. Moreover, J ∈ S3 because I+(J) = I
and condition (30) is imposed.

We have the following observation, whose proof is omitted:
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Lemma EC.3. Denote by V ∗ the optimal value of problem (EC.8). Then, there exists ϕ∗ such that φ∗
c ∈ Π̄ϕ∗ , and

V ∗ = π∗(ϕ∗); that is, V ∗ is the optimal value of the sub-problem ϕ∗.

We show that ϕ∗ defined in (44) can be ϕ∗. Note that ϕ∗ can also be represented as

ϕ∗ =min{ϕ : ϕ∈ S2 ∪S3} .

From the intuitive argument, the optimal utilization of resources depends on whether ϕ∗ ∈ S2 or S3: (i) if ϕ∗ ∈ S2,

then station ϕ∗ + 1 in stage 2 exhausts the resources; or (ii) if ϕ∗ ∈ S3 (when S2 = ∅), then one of the classes in

I+(ϕ
∗)\I+(ϕ

∗ − 1) in stage 1 exhausts the resources.

Using Lemma 2, we can prove the following monotonicity properties of π∗(ϕ).

Proposition EC.1. (i) We have ϕ0 <ϕ1 <ϕ2 <ϕ3 for ϕℓ ∈ Sℓ, with ℓ= 0,1,2,3.

(ii) If ϕ1 ∈ S1, then π
∗(ϕ1)≤ π∗(ϕ1 +1).

(iii) For ϕ2, ϕ
′
2 ∈ S2, π

∗(ϕ2) = π∗(ϕ′
2).

(iv) If ϕ3 ∈ S3, then π
∗(ϕ3)≤ π∗(ϕ3 − 1).

The proof of Proposition EC.1 can be found in Appendix EC.2.2.2. Note that Proposition EC.1(i) provides an ordering

for the sets in (EC.12). By using Proposition EC.1(ii)–(iv), we show that π(ϕ∗)≥ π(ϕ) for any ϕ ∈ [J ], that is, ϕ∗

can be ϕ∗:

1. If S2 ̸= ∅, then ϕ∗ = ϕ∗
2, which is the smallest index in S2. From Proposition EC.1(ii)–(iii), π∗(ϕ∗) = π∗(ϕ2)≥

π∗(ϕ1) for any ϕ2 ∈ S2 and ϕ1 ∈ S1, and from Proposition EC.1(iii)–(iv), π∗(ϕ∗) = π∗(ϕ2) ≥ π∗(ϕ3) for any

ϕ2 ∈ S2 and ϕ3 ∈ S3. This is demonstrated in Figure EC.1(a).

2. If S2 = ∅, then ϕ∗ = ϕ∗
3, which is the smallest index in S3 (recall that J ∈ S3 so S3 ̸= ∅). Then, from Proposi-

tion EC.1(ii), π∗(ϕ∗
3)≥ π∗(ϕ1) for any ϕ1 ∈ S1, and from Proposition EC.1(iv), π∗(ϕ∗

3)≥ π∗(ϕ3) for any ϕ3 ∈ S3.

This is demonstrated in Figure EC.1(b).

As a result, we use the solution to the sub-problem ϕ∗ to finish the proof of Theorem 2. Recall that ϕ∗ is the

smallest index in S2 ∪S3. We rearrange the indices in I such that (refer to (EC.14) and Proposition EC.2)

ξ1,ϕ∗

χ1,ϕ∗
≥ · · · ≥

ξi+(ϕ∗),ϕ∗

χi+(ϕ∗),ϕ∗
≥ 0>

ξi+(ϕ∗)+1,ϕ∗

χi+(ϕ∗)+1,ϕ∗+1

≥ · · · ≥ ξI,ϕ∗

χI,ϕ∗+1
. (EC.13)

We have the following two cases:

(i) If S2 ̸= ∅, then ϕ∗ ∈ S2, φ
∗
c is derived by Proposition EC.2(ii), and φ∗

s =φ∗
s(φ

∗
c) by Lemma EC.2.

(ii) If S2 = ∅, then ϕ∗ ∈ S3, φ
∗
c is derived by Proposition EC.2(iii), and φ∗

s = φ∗
s(φ

∗
c) by Lemma EC.2. Note that

i > i+(ϕ
∗) in (EC.13) is equivalent to i ∈ I−(ϕ

∗). Because φ∗
c,i(ϕ

∗) = 0 for i > i+(ϕ
∗), the orders in I−(ϕ

∗) do

not matter in this case. We can rearrange the indices in I−(ϕ
∗) as in Assumption 3. We now consider the orders

in I+(ϕ
∗), that is, i≤ i+(ϕ

∗) in (EC.13). From the expressions of ξi,ϕ and ξi,ϕ+1, we have

ξi,ϕ∗

χi,ϕ∗
=
ξi,ϕ∗−1

χi,ϕ∗
+

(
ws,ϕ∗rs,ϕ∗µs,ϕ∗

θs,ϕ∗
− ws,ϕ∗+1rs,ϕ∗+1µs,ϕ∗+1

θs,ϕ∗+1

)
.

For i1 ∈ I+(ϕ
∗ − 1) and i2 ∈ I+(ϕ

∗)\I+(ϕ
∗ − 1), note that ξi1,ϕ∗−1 ≥ 0> ξi2,ϕ∗−1, hence

ξi1,ϕ∗

χi1,ϕ∗ ≥ ξi2,ϕ∗

χi2,ϕ∗ . Recall

that i+(ϕ
∗−1) = |I+(ϕ

∗−1)|. Therefore, the first i+(ϕ∗−1) indices in (EC.13) are those in I+(ϕ
∗−1). Note that

because I+(ϕ
∗ − 1)⊆I+(ϕ

∗) by Lemma 2(i), i+(ϕ
∗)> i+(ϕ

∗ − 1). Because S2 = ∅, one has i+(ϕ
∗ − 1)< i2(ϕ

∗).

Then, φ∗
c,i(ϕ) = λc,i for i≤ i+(ϕ

∗ − 1), and the orders in I+(ϕ
∗ − 1) do not matter. We rearrange the indices

in I+(ϕ
∗ − 1) as in Assumption 3. Finally, note that the indices from i+(ϕ

∗ − 1) + 1 to i+(ϕ
∗) in (EC.13) are

those in I+(ϕ
∗)\I+(ϕ

∗ − 1), and the orders in (EC.13) are the same as those in Assumption 3. Hence, we have

the solutions, with iϕ∗ = i2(ϕ
∗), in Theorem 2 (ii).



e-companion to Author: Article Short Title ec7

Figure EC.1 Properties of π∗(ϕ)
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Note. The parameters are as follows: I = J = 10; µc,i = µs,j = θc,i = θs,j = rc = rs,j = 1, and pij = 1/10 for all i and j;

wH
c =wA

c = (0.5,0.75,1,1.25,1.5,1.75,2,2.25,2.5,5), wH
s =wA

s = 0.5×wH
c ; the total arrival rate is 1.05 for panel (a)

and 1.00 for panel (b), with λc,i being identical across all i.

EC.2.2.1. Solutions to Sub-problems (EC.11) Here we establish Proposition EC.2, which solves

the sub-problems (EC.11). Recall that for each ϕ∈ [J ], we separate I into two disjoint subsets, namely, I+(ϕ) = {i∈

I : ξi,ϕ ≥ 0} and I−(ϕ) = {i∈ I : ξi,ϕ < 0}, and denote by i+(ϕ) = |I+(ϕ)|. To facilitate the presentation, we rearrange

the indices in I such that

ξ1,ϕ
χ1,ϕ

≥ · · · ≥
ξi+(ϕ),ϕ

χi+(ϕ),ϕ

≥ 0>
ξi+(ϕ)+1,ϕ

χi+(ϕ)+1,ϕ+1

≥ · · · ≥ ξI,ϕ
χI,ϕ+1

. (EC.14)

In particular, for the case when ϕ= J , because ξi,J ≥ 0 for all i, we have I+(J) = I and thus arrange the indices in

I such that ξ1,J/χ1,J ≥ · · · ≥ ξI,J/χI,J .

Proposition EC.2. Recall the sets Si with i= 0,1,2,3 defined in (EC.12), and fix ϕ∈ [J ]. If ϕ∈ S0, then there is

no feasible solution to problem (EC.11). Otherwise, the optimal solution to problem (EC.11) exists and is characterized

as follows:

(i) If ϕ ∈ S1, then there exists i1(ϕ) := min{i′ ∈ I :
∑

i≤i′ λc,iχi,ϕ+1 ≥ 1} > i+(ϕ), such that φ∗
c,i(ϕ) = λc,i for i <

i1(ϕ) and φ∗
c,i(ϕ) = 0 for i > i1(ϕ), with φ

∗
c,i1(ϕ)

(ϕ) being set so that the second constraint in set Π̄ϕ is binding,

that is,
∑

i∈I χi,ϕ+1φ
∗
c,i(ϕ) = 1, or equivalently, φ∗

c,i1(ϕ)
(ϕ) = (1−

∑
i<i1(ϕ)

λc,iχi,ϕ+1)/χi1(ϕ),ϕ+1.

(ii) If ϕ∈ S2, then φ
∗
c,i(ϕ) = λc,i for i∈ I+(ϕ) and φ∗

c,i(ϕ) = 0 for i∈ I−(ϕ).

(iii) If ϕ ∈ S3, then there exists i2(ϕ) := min{i′ ∈ I+(ϕ) :
∑

i≤i′ λc,iχi,ϕ ≥ 1} ≤ i+(ϕ), such that φ∗
c,i(ϕ) = λc,i for

i < i2(ϕ), φ
∗
c,i(ϕ) = 0 for i > i2(ϕ), and with φ∗

c,i2(ϕ)
(ϕ) being set so that the first constraint in set Π̄ϕ is binding,

that is,
∑

i∈I χi,ϕφ
∗
c,i(ϕ) = 1, or equivalently, φ∗

c,i2(ϕ)
(ϕ) = (1−

∑
i<i2(ϕ)

λc,iχi,ϕ)/χi2(ϕ),ϕ.

Proof of Proposition EC.2. First, if ϕ∈ S0, then ϕ< J and the second constraint in Π̄ϕ cannot hold, and thus

problem (EC.11) has no feasible solution. Hence, in the following, we consider ϕ ∈ Sc
0 , that is,

∑
i∈I λc,iχi,ϕ+1 ≥ 1.

We first consider the case of ϕ< J .
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1. When ϕ ∈ S1, that is,
∑

i∈I+(ϕ) λc,iχi,ϕ+1 < 1, one must have φ∗
c,i(ϕ) > 0 for some i ∈ I−(ϕ) to ensure that

the second constraint in Π̄ϕ holds. Moreover, the second constraint in Π̄ϕ must be binding; otherwise, one can

always decrease φ∗
c,i(ϕ)> 0 for i ∈ I−(ϕ) to obtain a larger objective value. Also note that χi,ϕ ≤ χi,ϕ+1 and

recall that J ∈ S3, which means ϕ< J . Hence, problem (EC.11) is reduced to

max
φc

∑
i∈I

ξi,ϕφc,i +
ws,ϕ+1rs,ϕ+1µs,ϕ+1

θs,ϕ+1
,

s.t.
∑
i∈I

χi,ϕ+1φc,i = 1, and 0≤φc,i ≤ λc,i, for i∈ I.

Therefore, we arrange the indices in I such that ξ1,ϕ/χ1,ϕ+1 ≥ · · · ≥ ξI,ϕ/χI,ϕ+1. Then, with i1(ϕ) := min{i′ ∈

I :
∑

i≤i′ λc,iχi,ϕ+1 ≥ 1}> i+(ϕ), the optimal solution is given by φ∗
c,i(ϕ) = λc,i for i≤ i1(ϕ)− 1, φ∗

c,i(ϕ) = 0 for

i > i1(ϕ), with φ
∗
c,i1(ϕ)

(ϕ) being set so that the constraint of the above problem is binding. This gives Case (i)

of Proposition EC.2.

2. When ϕ /∈ S1, that is,
∑

i∈I+(ϕ) λc,iχi,ϕ+1 ≥ 1, we have the following two cases:

(i) If ϕ ∈ S2, that is,
∑

i∈I+(ϕ) λc,iχi,ϕ ≤ 1, then the proposed solution is a feasible solution because∑
i∈I χi,ϕφ

∗
c,i(ϕ) =

∑
i∈I+(ϕ) χi,ϕλc,i ≤ 1 and

∑
i∈I χi,ϕ+1φ

∗
c,i(ϕ) =

∑
i∈I+(ϕ) χi,ϕ+1λc,i ≥ 1. By the defi-

nitions of I+(ϕ) and I−(ϕ), one can also verify that the value of any other feasible solution cannot be

larger than that of the proposed solution. This gives Case (ii) of Proposition EC.2.

(ii) If ϕ ∈ S3, that is,
∑

i∈I+(ϕ) λc,iχi,ϕ > 1, then when ϕ < J , one must have φ∗
c,i(ϕ) = 0 for i ∈ I−(ϕ). This

is because, if φ∗
c,i(ϕ)> 0 for some i∈ I−(ϕ), then one can always decrease such φ∗

c,i(ϕ) to obtain a larger

objective value (if the second constraint is violated, then one can increase φ∗
c,i(ϕ) for some i ∈ I+(ϕ)).

Moreover, the first constraint in Π̄ϕ must be binding; otherwise, if
∑

i∈I+(ϕ) χi,ϕφ
∗
c,i(ϕ)< 1, then there

must be φ∗
c,i(ϕ) < λc,i for some i ∈ I+(ϕ). Increasing such φ∗

c,i(ϕ) will lead to a larger objective value.

Then, the second constraint in Π̄ϕ holds because χi,ϕ+1 ≥ χi,ϕ. Therefore, problem (EC.11) is equivalent

to

max
φc

∑
i∈I+(ϕ)

ξi,ϕφc,i +
ws,ϕ+1rs,ϕ+1µs,ϕ+1

θs,ϕ+1
,

s.t.
∑

i∈I+(ϕ)

χi,ϕφc,i = 1, and 0≤φc,i ≤ λc,i, for i∈ I+(ϕ).

Therefore, we arrange the indices in I+(ϕ) such that ξ1,ϕ/χ1,ϕ ≥ · · · ≥ ξi+(ϕ),ϕ/χi+(ϕ),ϕ. Then, with i2(ϕ) :=

min{i′ ∈ I+(ϕ) :
∑

i≤i′ λc,iχi,ϕ ≥ 1} ≤ i+(ϕ), the optimal solution is given as φ∗
c,i(ϕ) = λc,i for i≤ i2(ϕ)−1,

φ∗
c,i(ϕ) = 0 for i > i2(ϕ), with φ

∗
c,i2(ϕ)

(ϕ) being set so that the constraint of the above problem is binding.

This gives Case (iii) of Proposition EC.2.

Finally, when ϕ= J ∈ S3, I+(J) = I and I−(J) = ∅. Then, problem (EC.11) becomes

max
φc∈Π̄J

∑
i∈I

φc,iξi,J . (EC.15)

This is a bin packing problem. Therefore, with i2(ϕ) :=min{i′ ∈ I :
∑

i≤i′ λc,iχi,J ≥ 1}, the optimal solution is

given by

φ∗
c(ϕ) =

λc,1, . . . , λc,i2(ϕ)−1,
1

χi2(ϕ),J

1−
∑

i<i2(ϕ)

λc,iχi,J

 ,0, . . . ,0

 .

This solution is consistent with Case (iii) of Proposition EC.2. This completes the proof. □
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EC.2.2.2. Proof of Proposition EC.1

(i) This can be proved by noting that χi,ϕ is nondecreasing in ϕ. We prove ϕ0 <ϕ1 for illustration, and the other

inequalities can be proved similarly. Suppose to the contrary that ϕ0 ≥ ϕ1, we have χi,ϕ1+1 ≤ χi,ϕ0+1, hence∑
i∈I λc,iχi,ϕ1+1 ≤

∑
i∈I λc,iχi,ϕ0+1 < 1. This contradicts

∑
i∈I λc,iχi,ϕ1+1 ≥ 1 as ϕ1 ∈ Sc

0 .

(ii) If ϕ1 ∈ S1, then from Proposition EC.2(i), the second constraint in Π̄ϕ1 must be binding, that is,∑
i∈I χi,ϕ1+1φ

∗
c,i(ϕ1) = 1. Then, because χi,ϕ is nondecreasing in ϕ, we have χi,ϕ1+1 ≤ χi,ϕ1+2 and∑

i∈I χi,ϕ1+2φ
∗
c,i(ϕ1)≥ 1. Hence, φ∗

c(ϕ1) ∈ Π̄ϕ1+1, that is, φ∗
c(ϕ1) is a feasible solution to sub-problem ϕ1 +1.

Moreover, we have

π∗(ϕ1) =
∑
i∈I

ξi,ϕ1φ
∗
c,i(ϕ1)+

ws,ϕ1+1rs,ϕ1+1µs,ϕ1+1

θs,ϕ1+1

=
∑
i∈I

ξi,ϕ1+1φ
∗
c,i(ϕ1)+

ws,ϕ1+1rs,ϕ1+1µs,ϕ1+1

θs,ϕ1+1

−
(
ws,ϕ1+1rs,ϕ1+1µs,ϕ1+1

θs,ϕ1+1
− ws,ϕ1+2rs,ϕ1+2µs,ϕ1+2

θs,ϕ1+2

)∑
i∈I

χi,ϕ1+1φ
∗
c,i(ϕ1)

=
∑
i∈I

ξi,ϕ1+1φ
∗
c,i(ϕ1)+

ws,ϕ1+1rs,ϕ1+1µs,ϕ1+1

θs,ϕ1+1

−
(
ws,ϕ1+1rs,ϕ1+1µs,ϕ1+1

θs,ϕ1+1
− ws,ϕ1+2rs,ϕ1+2µs,ϕ1+2

θs,ϕ1+2

)
=
∑
i∈I

ξi,ϕ1+1φ
∗
c,i(ϕ1)+

ws,ϕ1+2rs,ϕ1+2µs,ϕ1+2

θs,ϕ1+2
≤ π∗(ϕ1 +1),

where the second equality follows from (EC.6), and the third equality follows from
∑

i∈I χi,ϕ1+1φ
∗
c,i(ϕ1) = 1.

(iii) First, we show that if S2 ̸= ∅, then all elements in S2 have the same I+(ϕ). Without loss of generality, assume

that ϕ2 <ϕ
′
2 are in S2 and I+(ϕ2) ̸= I+(ϕ

′
2). Then,

1≤
∑

i∈I+(ϕ2)

λc,iχi,ϕ2+1 ≤
∑

i∈I+(ϕ2)

λc,iχi,ϕ′
2
<

∑
i∈I+(ϕ′

2)

λc,iχi,ϕ′
2
.

The last strict inequality follows from Part (ii) of Lemma 2. Hence, ϕ′
2 /∈ S2, which is a contradiction. By

Proposition EC.2(ii), the solutions to sub-problems ϕ2 and ϕ′
2 are the same. As a result, π∗(ϕ2) = π∗(ϕ′

2), for

ϕ2, ϕ
′
2 ∈ S2.

(iv) If ϕ3 ∈ S3, then from Proposition EC.2(iii), the first constraint in Π̄ϕ3 must be binding, that

is,
∑

i∈I χi,ϕ3φ
∗
c,i(ϕ3) = 1. Then, because χi,ϕ is nondecreasing in ϕ, we have χi,ϕ3−1 ≤ χi,ϕ3 , and∑

i∈I χi,ϕ3−1φ
∗
c,i(ϕ3)≤ 1. Hence, φ∗

c(ϕ3) ∈ Π̄ϕ3−1, that is, φ∗
c(ϕ3) is a feasible solution to sub-problem ϕ3 − 1.

Moreover, by (EC.6), it holds that ξi,ϕ3−1 = ξi,ϕ3 −
(

ws,ϕ3
rs,ϕ3

µs,ϕ3
θs,ϕ3

− ws,ϕ3+1rs,ϕ3+1µs,ϕ3+1

θs,ϕ3+1

)
χi,ϕ3 . Hence, we

have

ξi,ϕ3 <

(
ws,ϕ3rs,ϕ3µs,ϕ3

θs,ϕ3

− ws,ϕ3+1rs,ϕ3+1µs,ϕ3+1

θs,ϕ3+1

)
χi,ϕ3 , (EC.16)

for i /∈ I+(ϕ3 − 1). Then, we have

π∗(ϕ3) =
∑
i∈I

ξi,ϕ3φ
∗
c,i(ϕ3)+

ws,ϕ3+1rs,ϕ3+1µs,ϕ3+1

θs,ϕ3+1

≤
∑

i∈I+(ϕ3−1)

ξi,ϕ3φ
∗
c,i(ϕ3)+

ws,ϕ3+1rs,ϕ3+1µs,ϕ3+1

θs,ϕ3+1

+

(
ws,ϕ3rs,ϕ3µs,ϕ3

θs,ϕ3

− ws,ϕ3+1rs,ϕ3+1µs,ϕ3+1

θs,ϕ3+1

)1−
∑

i∈I+(ϕ3−1)

χi,ϕ3φ
∗
c,i(ϕ3)


=

∑
i∈I+(ϕ3−1)

ξi,ϕ3−1φ
∗
c,i(ϕ3)+

ws,ϕ3rs,ϕ3µs,ϕ3

θs,ϕ3

≤ π∗(ϕ3 − 1),

where the inequality follows from
∑

i∈I χi,ϕ3φ
∗
c,i(ϕ3) = 1 and (EC.16), and the second equality is due to (EC.6).

This completes the proof. □
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EC.2.3. Proof of Theorem 3

Recall that the indices in J and I are ordered as in Assumptions 2 and 3, respectively. Introduce Zc(·) := (Zc,i(·); i∈ I)
and Qc(·) := (Qc,i(·); i∈ I), which are mappings from RI

+ to RI
+ and defined as

Zc,i(x) = xi ∧

(
Nm,∗

c −
i−1∑
k=1

xk

)+

, Qc,i(x) = xi −Zc,i(x), for x= (xi; i∈ I).

We also introduce Zs(·) := (Zs,j(·); j ∈ J ) and Qs(·) := (Qs,j(·); j ∈ J ), which are mappings from RJ
+ to RJ

+ and

defined as

Zs,j(y) = yj ∧Nm,∗
s,j , Qc,i(y) = yj −Zs,j(y), for y= (yj ; j ∈J ).

Let x∗c = (x∗c,i; i∈ I) and x∗s = (x∗s,j ; j ∈J ), in which x∗c,i = z∗c,i+q
∗
c,i and x

∗
s,j = z∗s,j+q

∗
s,j . Here, (z∗c,i, z

∗
s,j) = (

φ∗
c,i

µc,i
,
φ∗
s,j

µs,j
)

according to the definition of φ, and (q∗c,i, q
∗
s,j) = (

λc,i−φ∗
c,i

θc,i
,
∑

i∈I φ∗
c,ipij−φ∗

s,j

θs,j
) by (23) and (24). The following lemma

can be verified directly, hence its proof is omitted.

Lemma EC.4. (i) For any x∈RI
+, we have Zc(x)+Qc(x) = x. Moreover, Zc(mx

∗
c) =mz∗c , Qc(mx

∗
c) =mq∗c .

(ii) For any x,x′ ∈RI
+ and i∈ I, there exists a value ϱi(x,x

′)∈ [0,1] such that Qc,i(x)−Qc,i(x
′) = ϱi(x,x

′) ·(xi−x′i).
As a result, Zc,i(x)−Zc,i(x

′) = (1− ϱi(x,x
′)) · (xi −x′i).

(iii) For any y ∈RJ
+, we have Zs(y)+Qs(y) = y. Moreover, Zs(mx

∗
s) =mz∗s , Qs(mx

∗
s) =mq∗s .

(iv) For any y, y′ ∈RJ
+ and j ∈J , there exists a value ϱj(y, y

′)∈ [0,1] such that Qs,j(y)−Qs,j(y
′) = ϱj(y, y

′) ·(yi−y′i).
As a result, Zs,j(y)−Zs,j(y

′) = (1− ϱj(y, y
′)) · (yi − y′i).

With the above mappings, for the mth system under policy ψm,∗, the vectors Zm(t) = (Zm
c (t),Zm

s (t)) and Qm(t) =

(Qm
c (t),Qm

s (t)) can be represented as functions of Xm(t) = (Xm
c (t),Xm

s (t)) as follows:

Zm
c (t) =Zc(X

m
c (t)), Qm

c (t) =Qc(X
m
c (t)), Zm

s (t) =Zs(X
m
s (t)), Qm

s (t) =Qs(X
m
s (t)).

We first assume that there exists δm (satisfying limm→∞ δm = 0) such that

limsup
t→∞

E
[
∥m−1Xm(t)−x∗∥

]
≤ δm. (EC.17)

Let Q(·) := (Qc(·),Qs(·)). From Lemma EC.4 (ii) and (iv), we have ∥Q(x)−Q(x′)∥ ≤ ∥x−x′∥ for x,x′ ∈RI+J
+ . This

implies

∥m−1Qm(t)− q∗∥=m−1∥Q(Xm(t))−Q(mx∗)∥ ≤m−1∥Xm(t)−mx∗∥= ∥m−1Xm(t)−x∗∥.

From (EC.17), we have (32).

The rest of this section is devoted to proving (EC.17). Note that Xm = (Xm
c ,X

m
s ) is a continuous-time Markov

chain with generator

(Lf)(x, y) =
∑
i∈I

λm
c,i

(
f(x+ ei,I , y)− f(x, y)

)
+
∑
i∈I

µc,iZc,i(x)
[∑
j∈J

pij
(
f(x− ei,I , y+ ej,J)− f(x, y)

)
+
(
1−

∑
j∈J

pij
)(
f(x− ei,I , y)− f(x, y)

)]
+
∑
i∈I

θc,iQc,i(x)
(
f(x− ei,I , y)− f(x, y)

)
+

J∑
j∈J

(
µs,jZs,j(y)+ θs,jQs,j(y)

)
·
(
f(x, y− ej,J)− f(x, y)

)
, (x, y)∈NI ×NJ ,

(EC.18)

for any function f defined on NI ×NJ . Here, we use ea,n to denote an n-dimensional column vector with all entries

being 0 but its ath entry being 1. The generator L is well defined because for some (x, y) ∈NI ×NJ , if x− ei,I /∈NI

(resp., y− ej,J /∈NJ), then Zc,i(x) =Qc,i(x) = 0 (resp., Zs,j(y) =Qs,j(y) = 0).
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To proceed, we will use the following Lyapunov function defined on NI ×NJ :

fm(x, y) =
∑
i∈I

βc,i(xi −mx∗c,i)
2 +

∑
j∈J

βs,j(yj −mx∗s,j)
2,

where βc,i and βs,j are strictly positive constants whose values are to be determined. The following proposition

establishes the Foster–Lyapunov drift condition for Markovian process Xm = (Xm
c ,X

m
s ) regarding the function fm.

Proposition EC.3. There exist constants βc,i > 0, i∈ I and βs,j > 0, j ∈J such that

(Lfm)(x, y)≤−a1fm(x, y)+ a2∥(x, y)∥+ ϵmm
2, (x, y)∈NI ×NJ , m≥m0, (EC.19)

where a1 > 0, a2 ≥ 0, and m0 are constants not depending on (x, y) or m, and {ϵm;m∈R+} is a sequence of positive

numbers that is independent of (x, y) and converges to zero.

We will also use the following growth property for E[∥Xm(t)∥].

Lemma EC.5. There exist constants ci > 0, i= 1,2,3, such that

E[∥Xm(t)∥]≤ c1e
−c2tE[∥Xm(0)∥] + c3m

for all t≥ 0 and sufficiently large m.

The proofs of Proposition EC.3 and Lemma EC.5 will be deferred to the end of this section.

Noting that from E[∥Xm(0)∥2]<∞ and E[∥Em
c (t)∥2]<∞ for all t≥ 0, and ∥Xm(t)∥ ≤ ∥Xm

c (0)∥+ ∥Em
c (t)∥, one

can obtain E[∥Xm(t)∥2]≤E[(∥Xm
c (0)∥+ ∥Em

c (t)∥)2]<∞, and

E[fm(Xm
c (t),Xm

s (t))] =
∑
i∈I

βc,iE[(Xm
c,i(t)−mx∗c,i)

2] +
∑
j∈J

βs,jE[(Xm
s,j(t)−mx∗s,j)

2)]

=
∑
i∈I

βc,iE[(Xm
c,i(t))

2] +
∑
j∈J

βs,jE[(Xm
s,j(t))

2]− 2m
∑
i∈I

βc,ix
∗
c,iE[Xm

c,i(t)]

− 2m
∑
j∈J

βs,jx
∗
s,jE[Xm

s,j(t)]+m2

(∑
i∈I

βc,i(x
∗
c,i)

2 +
∑
j∈J

βs,j(x
∗
s,j)

2

)
≤βmaxE[∥Xm(t)∥2] + (I + J)m2βmax(x

∗
max)

2 <∞,

for all t ≥ 0, where βmax = (maxi∈I βc,i) ∨ (maxj∈J βs,j) and x∗max = (maxi∈I x
∗
c,i) ∨ (maxj∈J x

∗
s,j), and the last

inequality follows from∑
i∈I

E[(Xm
c,i(t))

2] +
∑
j∈J

E[(Xm
s,j(t))

2]≤E
[(∑

i∈I

∣∣Xm
c,i(t)

∣∣+∑
j∈J

∣∣Xm
s,j(t)

∣∣ )2]=E[∥Xm(t)∥2].

As a result, the process

M(·) := fm(Xm
c (·),Xm

s (·))−
∫ ·

0

(Lfm)(Xm
c (s),Xm

s (s))ds

is a martingale (see, e.g., Theorem 8.3.1. of Øksendal 1998), and we have that for m≥m0,

E[fm(Xm
c (t),Xm

s (t))] = E[fm(Xm
c (0),Xm

s (0))]+E
[∫ t

0

(Lfm)(Xm
c (s),Xm

s (s))ds

]
≤ E[fm(Xm

c (0),Xm
s (0))]

+E
[∫ t

0

(−a1fm(Xm
c (s),Xm

s (s))+ a2∥(Xm
c (s),Xm

s (s))∥+ ϵmm
2)ds

]
,
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where the inequality follows from Proposition EC.3. Combined with Lemma EC.5, the above inequality yields that

for any sufficiently large m,

E[fm(Xm
c (t),Xm

s (t))]

≤ E[fm(Xm
c (0),Xm

s (0))]+

∫ t

0

(
a2
(
c1e

−c2sE[∥Xm(0)∥] + c3m
)
+ ϵmm

2)ds
− a1

∫ t

0

E[fm(Xm
c (s),Xm

s (s))]ds

≤ E[fm(Xm
c (0),Xm

s (0))]+
a2c1
c2

E[∥Xm(0)∥] + (a2c3m+ ϵmm
2)t− a1

∫ t

0

E[fm(Xm
c (s),Xm

s (s))]ds.

Then, using the generalized Gronwall’s inequality (see, e.g., Viorel 1974), we have

E[fm(Xm
c (t),Xm

s (t))]≤e−a1t

(
E[fm(Xm

c (0),Xm
s (0))]+

a2c1
c2

E[∥Xm(0)∥]
)

+
1

a1
(a2c3m+ ϵmm

2)(1− e−a1t).

Note that there exists a positive constant ϑ that is sufficiently small such that

fm(x, y) =
∑
i∈I

βc,ix
2
i +

∑
j∈J

βs,jy
2
j ≥ ϑ

(∑
i∈I

xi +
∑
j∈J

yj

)2

= ϑ∥(x, y)∥2,

for any (x, y)∈NI ×NJ . Let δm :=
√

1
a1m2ϑ

(a2c3 + ϵmm). Then we have

limsup
t→∞

E
[
∥m−1Xm(t)−x∗∥2

]
≤ limsup

t→∞

1

m2ϑ
E[fm(Xm

c (t),Xm
s (t))]≤ δ2m.

This implies (EC.17). □

Proof of Proposition EC.3. The proof follows a similar argument as that for Lemma 3.1 in Atar et al. (2011).

Fix (x, y) ∈ NI × NJ . For notational simplicity, we write ζi := xi −mx∗c,i, ηj := yj −mx∗s,j , δc,i := θc,i ∧ µc,i, and

δs,j := θs,j ∧µs,j .

We first prove that

(Lfm)(x, y)≤
∑
i∈I

βc,i
(
λm
c,i +(µc,i + θc,i)xi +2ζi

(
λm
c,i −mλc,i

))
+
∑
j∈J

βs,j

(∑
i∈I

µc,ixipij +(µs,j + θs,j)yj

)
− 2

∑
i∈I

βc,iδc,iζ
2
i +2

∑
i∈I

∑
j∈J

µc,iβs,jpijζiηj − 2
∑
j∈J

βs,jδs,jη
2
j .

(EC.20)

Note that

f(x+ ei,I , y)− f(x, y) = βc,i +2βc,iζi,

f(x− ei,I , y+ ej,J)− f(x, y) = βc,i +βs,j − 2βc,iζi +2βs,jηj ,

f(x− ei,I , y)− f(x, y) = βc,i − 2βc,iζi,

f(x, y− ej,J)− f(x, y) = βs,j − 2βs,jηj .

Thus, from (EC.18), we have

(Lfm)(x, y) =
∑
i∈I

βc,i
(
λm
c,i +µc,iZc,i(x)+ θc,iQc,i(x)

)
+2

∑
i∈I

βc,iζi
(
λm
c,i −µc,iZc,i(x)− θc,iQc,i(x)

)
+
∑
j∈J

βs,j
(∑

i∈I

µc,iZc,i(x)pij +µs,jZs,j(y)+ θs,jQs,j(y)
)

+2
∑
j∈J

βs,jηj
(∑

i∈I

µc,iZc,i(x)pij −µs,jZs,j(y)− θs,jQs,j(y)
)
. (EC.21)
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Note that 0≤Zc(x)≤ x and 0≤Qc(x)≤ x for any x∈NI . (Here for any two vectors x, x′ ∈NI , we say that x≤ x′ if

xi ≤ x′i for any i∈ I.) Hence, for the first term on the right-hand side of (EC.21), we have

λm
c,i +µc,iZc,i(x)+ θc,iQc,i(x)≤ λm

c,i +(µc,i + θc,i)xi. (EC.22)

Similarly, because 0 ≤ Zs(y) ≤ y and 0 ≤ Qs(y) ≤ y for any y ∈ NJ , for the third term on the right-hand side of

(EC.21), we have ∑
i∈I

µc,iZc,i(x)pij +µs,jZs,j(y)+ θs,jQs,j(y)≤
∑
i∈I

µc,ixipij +(µs,j + θs,j)yj . (EC.23)

For the second term on the right-hand side of (EC.21), using Lemma EC.4 (i) and (ii), we have

λm
c,i −µc,iZc,i(x)− θc,iQc,i(x)

=λm
c,i −µc,iZc,i(mx

∗
c)− θc,iQc,i(mx

∗
c)− [µc,i(1− ϱi(x,mx

∗
c))+ θc,iϱi(x,mx

∗
c)] ζi

=λm
c,i −mλc,i − [µc,i(1− ϱi(x,mx

∗
c))+ θc,iϱi(x,mx

∗
c)] ζi

≤λm
c,i −mλc,i − δc,iζi, (EC.24)

where the second equality holds because (q∗c , z
∗
c ) satisfies (23), and the inequality holds because ϱi(x,mx

∗
c)∈ [0,1].

Similarly, for the fourth term on the right-hand side of (EC.21), we use Lemma EC.4 to obtain∑
i∈I

µc,iZc,i(x)pij −µs,jZs,j(y)− θs,jQs,j(y)

=
∑
i∈I

µc,iZc,i(mx
∗
c)pij −µs,jZs,j(mx

∗
s)− θs,jQs,j(mx

∗
s)+

∑
i∈I

µc,iϱi(x,mx
∗
c)ζipij

−
[
µs,j(1− ϱj(y,mx

∗
s))+ θs,jϱj(y,mx

∗
s)
]
ηj

≤
∑
i∈I

µc,iζipij − δs,jηj , (EC.25)

where the inequality is from (24) and the fact that both ϱi(x,mx
∗
c) and ϱj(y,mx

∗
s) are in [0,1].

By combining the upper bound results in (EC.22)–(EC.25) and substituting them back to (EC.21), we have

(EC.20).

Next, we bound the terms on the right-hand side of (EC.20) to obtain (EC.19). Fix a0 > 0 such that a0 <

2
(
mini∈I δc,i ∧minj∈J δs,j

)
. Then, there exist βc,i, i∈ I, that are appropriately chosen such that

2βc,iδc,i −
∑
j∈J

pijµ
2
c,i − a0βc,i ≥ 0, for i∈ I.

There also exist βs,j , j ∈J , that are appropriately chosen such that

2βs,jδs,j −
∑
i∈I

pijβ
2
s,j − a0βs,j ≥ 0, for j ∈J .

These imply that∑
i∈I

(
2βc,iδc,i −

∑
j∈J

pijµ
2
c,i − a0βc,i

)
ζ2i +

∑
j∈J

(
2βs,jδs,j −

∑
i∈I

pijβ
2
s,j − a0βs,j

)
η2j ≥ 0.

Together with 2µc,iβs,jζiηj ≤ µ2
c,iζ

2
i +β2

s,jη
2
j , the above inequality gives

2
∑
i∈I

βc,iδc,iζ
2
i − 2

∑
i∈I

∑
j∈J

pijµc,iβs,jζiηj +2
∑
j∈J

βs,jδs,jη
2
j

≥ a0
(∑

i∈I

βc,iζ
2
i +

∑
j∈J

βs,jη
2
j

)
= a0f

m(x, y).
(EC.26)
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Note that by (17), for any m0 > 1, there exists a constant a2 > 0, and a sequence {ϵm;m∈R+} with limm→∞ ϵm = 0

such that∑
i∈I

βc,i
(
λm
c,i +(µc,i + θc,i)xi +2ζi

(
λm
c,i −mλc,i

) )
+
∑
j∈J

βs,j
(∑

i∈I

µc,ixipij +(µs,j + θs,j)yj
)

=
∑
i∈I

βc,i
(
µc,i

(
1+

∑
j∈J

βs,jpij
)
+ θc,i

)
xi +

∑
j∈J

βs,j (µs,j + θs,j)yj +m2
∑
i∈I

βc,i

[
λm
c,i

m2
+2

(xi
m

−x∗c,i

)(λm
c,i

m
−λc,i

)]
≤ a2∥(x, y)∥+ ϵmm

2 + ϵmf
m(x, y), (EC.27)

for any (x, y)∈NI ×NJ and m≥m0. In the last inequality we use 2|xi
m

−x∗c,i| ≤ 1+ (xi
m

−x∗c,i)
2.

By combining (EC.20), (EC.26) and (EC.27), we have (EC.19) with a1 ∈ (0, a0 − ϵm). The proof is complete. □

Proof of Lemma EC.5. We first establish a bound for E
[
Xm

c,i(t)
]
, i ∈ I. For any i ∈ I, from (1), (3)–(5), we

have (recall that δc,i := θc,i ∧µc,i)

E
[
Xm

c,i(t)
]
= E

[
Xm

c,i(0)
]
+λm

c,it− θc,i

∫ t

0

E
[
Qm

c,i(s)
]
dt−µc,i

∫ t

0

E
[
Zm

c,i(s)
]
ds

≤ E
[
Xm

c,i(0)
]
+λm

c,it− δc,i

∫ t

0

E
[
Xm

c,i(s)
]
ds, i∈ I

for any t≥ 0, where the inequality is from Xm
c,i(·) =Qm

c,i(·)+Zm
c,i(·). Hence, from the generalized Gronwall’s inequality

(see, e.g., Viorel 1974), for i∈ I and t≥ 0,

E
[
Xm

c,i(t)
]
≤E

[
Xm

c,i(0)
]
+λm

c,it− δc,i

∫ t

0

(
E
[
Xm

c,i(0)
]
+λm

c,is
)
e−δc,i(t−s)ds

= e−δc,itE[Xm
c,i(0)]+

λm
c,i

δc,i

(
1− e−δc,it

)
. (EC.28)

Next we establish a bound for
∑

j∈J E
[
Xm

s,j(t)
]
, j ∈J . Fix j ∈J . From (7) and (8) to (10), we have (recall that

δs,j := θs,j ∧µs,j)

E
[
Xm

s,j(t)
]
=E
[
Xm

s,j(0)
]
+
∑
i∈I

pij

∫ t

0

µc,iE
[
Zm

c,i(s)
]
ds− θs,j

∫ t

0

E
[
Qm

s,j(s)
]
ds−µs,j

∫ t

0

E
[
Zm

s,j(s)
]
ds

≤E
[
Xm

s,j(0)
]
+
∑
i∈I

pijµc,i

∫ t

0

E
[
Xm

c,i(s)
]
ds− δs,j

∫ t

0

E
[
Xm

s,j(s)
]
ds

≤E
[
Xm

s,j(0)
]
+
∑
i∈I

pijµc,i

δc,i

[(
E[Xm

c,i(0)]−
λm
c,i

δc,i

)
· (1− e−δc,it)+λm

c,it
]
− δs,j

∫ t

0

E
[
Xm

s,j(s)
]
ds

≤E
[
Xm

s,j(0)
]
+
∑
i∈I

pijµc,i

δc,i

(
E[Xm

c,i(0)]+λm
c,it
)
− δs,j

∫ t

0

E
[
Xm

s,j(s)
]
ds,

where the second inequality follows from (EC.28). Hence, by invoking the generalized Gronwall’s inequality for

E[Xs,j(t)], we have

E
[
Xm

s,j(t)
]
≤ e−δs,jt

(
E[Xm

s,j(0)]+
∑
i∈I

pijµc,i

δc,i
E[Xm

c,i(0)]
)
+
∑
i∈I

pijµc,iλ
m
c,i

δc,iδs,j
(1− e−δs,jt), (EC.29)

for all j ∈J and t≥ 0. Finally, by combining (EC.28) and (EC.29), we have

E [∥Xm(t)∥] =
∑
i∈I

E
[
Xm

c,i(t)
]
+
∑
j∈J

E
[
Xm

s,j(t)
]

≤
∑
i∈I

(
e−δc,it +

∑
j∈J

e−δs,jt pijµc,i

δc,i

)
E[Xm

c,i(0)]+
∑
j∈J

e−δs,jtE[Xm
s,j(0)]

+
∑
i∈I

λm
c,i

δc,i

(
1− e−δc,it

)
+
∑
j∈J

∑
i∈I

pijµc,iλ
m
c,i

δc,iδs,j

(
1− e−δs,jt

)
≤

(
I + J +

∑
i∈I

∑
j∈J

pijµc,i

δc,i

)
e−δmintE[∥Xm(0)∥] +

∑
i∈I

λm
c,i

δc,i

(
1+

∑
j∈J

pijµc,i

δs,j

)
,
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where δmin := (mini∈I δc,i)∧ (minj∈J δs,j). This, together with (17), yields the desired result. □

EC.3. Grouping and Pooling

The discussion after Theorem 3 inspires us to consider the following strategy to streamline the operations of the MM

system. First, merge multiple customer classes in stage 1 to form (at most) three service groups: I1 := {i∈ I :φ∗
c,i =

λc,i}, I3 := {i ∈ I : φ∗
c,i = 0}, and I2 := I \ (I1 ∪ I3). Here, group I2 may be empty and contain at most one class

only if ϕ∗ ∈ S3. Second, pool the stations in the second stage to form at most three clusters: J1 := {j ∈ J : φ∗
s,j =∑

i∈I φ
∗
c,ipij}, J3 := {j ∈ J : φ∗

s,j = 0}, and J2 := J \ (J1 ∪J3). Cluster J2 may be empty and contain at most one

station only if ϕ∗ ∈ S2. Therefore, at least one of I2 or J2 is empty.

With this grouping and pooling, we propose the following policy, denoted by ψm,GP = (Nm,GP, ωm,GP), for the

resulting mth grouped-pooled (GP) system.

(GP1) The capacity allocation is given by Nm,GP = (Nm,GP
c ,Nm,GP

s,J1
,Nm,GP

s,J2
,Nm,GP

s,J3
), in which Nm,GP

c =Nm,∗
c and

Nm,GP
s,Jk

=
∑

j∈Jk
Nm,∗

j for k= 1,2,3. (Here, Nm,GP
s,J3

= 0.)

(GP2) The scheduling rule ωm,GP assigns the highest (resp., lowest) priority to classes in group I1 (resp., I3) while

adopting FCFS for customers of the classes in the same group.

We use numerical experiments to illustrate that the GP system under ψm,GP performs similarly to the original

system under ψm,∗. We first consider an MM system with five classes in stage 1 and five stations in stage 2, that

is, I = J = {1, . . . ,5}. The parameters for the original system are as follows: the total arrival rate is λ= 400, with

equal arrival rate to each class, that is, λc,i = λ/5 for i ∈ I, the service rates are µc,i = 2 for i ∈ I and µs,j = 1 for

j ∈ J , the abandonment rates are θc,i = θs,j = 0.5 for i ∈ I and j ∈ J , the routing probabilities are pij = 1/5 for

all i ∈ I and j ∈ J , the total amount of resource is m= 400, the conversion rates are rc = 1 and rs,j = 2 for j ∈ J ,

and the holding and abandonment costs are wH
s =wA

s = (5,2.5,1.5,1,0.5) and wH
c =wA

c = γwH
s , respectively, with γ

ranging from 0.5 to 2.5 in increments of 0.1. For the GP system, stage-1 classes form at most three service groups

and are subsequently attended by at most two stations in stage 2. We also construct a one-to-one system by further

combining all stage-1 classes into a single queue and pooling all stage-2 servers into one station. Customers within

the same queue are served following the FCFS discipline. From the comparisons in Figure EC.2(a), the average cost

incurred under the GP system (blue line) is almost indistinguishable from that incurred under the original system

(black line), that is, a well-designed scheme of grouping and pooling can achieve a simulated cost comparable to

that of the original system. Moreover, the GP system significantly outperforms the corresponding one-to-one system

(magenta line), suggesting that simply grouping all customer classes in stage 1 and pooling all stations in stage 2 to

construct a one-to-one system compromises system performance.

The cost efficiency in the GP system is attributed to the combined effect of grouping and pooling. In what follows,

we investigate their effects separately by using MO and OM systems, respectively. For the MO system, we keep its

stage-1 parameters the same as those in the general system while setting the transition probability as pis = 1 and the

stage-2 parameters as follows: µs = 1, θs = 0.5, rs = 2, and wH
s =wA

s = 2.5. For the OM system, we keep the stage-2

parameters the same as those in the preceding general system while setting the transition probability as pcj = 1/5

and the stage-1 parameters as follows: λ= 400, µc = 2, θc = 0.5, rc = 1, and wH
c =wA

c = γ, with γ ranging from 0.5

to 2.5. For these two systems, we repeat the grouping and pooling process to construct the corresponding grouped

system and pooled system, respectively.
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Figure EC.2 Value of Optimal Grouping and Pooling

0.5 1 1.5 2 2.5
Cost Ratio ( )

1000

2000

3000

4000

5000

6000

7000

A
C

(a) General System

Original System
Grouped-pooled System
One-to-one System
Approximated Cost

0.5 1 1.5 2 2.5
Cost Ratio ( )

1000

2000

3000

4000

5000

6000

A
C

(a) Many-to-one System

Original System
Grouped System
One-to-one System
Approximated Cost

0.5 1 1.5 2 2.5
Stage-1 Holding Cost (wH

c
)

1000

1500

2000

2500

3000

3500

A
C

(a)  One-to-many System

Original System
Pooled System
One-to-one System
Approximated Cost

GP System

Original System

Grouped System

Original System

One-to-one SystemOne-to-one System One-to-one System

Approximated Cost

Original System

Pooled System

Approximated Cost

Approximated Cost

The results are plotted in Figures EC.2(b) and (c). As shown in panel (b), the grouped system incurs long-run

average costs (blue line) that are very close to those in the original system (black line). This is because, for the grouped

system, I1 consists of classes whose service requirements can be fully satisfied. Therefore, the practice of making

customers from these particular groups wait in a single line and serving them on a first-come, first-served basis does

not significantly affect their overall service fulfillment in the long run. This prevents the queue dedicated to I1 from

building up, resulting in a zero long-run average cost. By contrast, the classes in I3 receive almost no service capacity

in the grouped system (because the service capacity is mainly used for serving customers from the other groups),

similar to the original system where these classes are given the least priority. Hence, nearly all customers from these

classes eventually abandon the queue, incurring similar abandonment penalties in both systems. For the class (if one

exists) in I2, its steady-state queue length remains unchanged as it receives the same amount of service capacity

after grouping, thus resulting in a similar delay-related cost. Analogously, panel (c) reveals that a pooled system

incurs a simulated cost comparable to that of the original system. This can be explained using similar arguments.

Specifically, the aggregate resources assigned to service types belonging to J1 (resp., J3) remain unchanged after

pooling, with their service requirements being fully (resp., never) accommodated. For the service type (if one exists)

in J2, it receives the same amount of resource, and thus its long-run average cost is not affected after pooling.
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