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Nurse Staffing under Absenteeism: A Distributionally Robust Optimization
Approach

Minseok Ryu and Ruiwer Jiang

Appendix A: Proof of Lemma
Proof: We rewrite formulation f as

J
V@gd = mn 290
zEZ+ z ,zeZi j=1

i€[I]:jEP; JEP;
We note that the constraint matrix of the above formulation is totally unimodular (TU), and so the conclusion

follows. To see the TU property, we consider the following constraint matrix:
(zj + 2 iciien; zi]-)
- Z jeP; Zij)
It follows that (a) each entry of this matrix is —1, 0, or 1, (b) this matrix has at most two nonzero entries in
each column, and (c) the entries sum up to be zero for any column containing two nonzero entries. Hence,

the constraint matrix is TU based on Proposition 2.6 in Nemhauser and Wolsey (1999). The conclusion

follows because d; — w, and —¢; are integers for all j € [J] and for all i € [I], respectively. O
Appendix B: Verifying Assumption [1
We present necessary and sufficient conditions for Assumption [1]in the following proposition.

PROPOSITION 7. For any given w and y, D(w,y) is non-empty if and only if the following three conditions
are satisfied:

1. f;i(w;) €[0,w;] for all j €[J];
2. gz(yz) € [ani] for allie [I};

3. The following polyhedron defined for every j € [J] is nonempty:

al aV
aV_abq1 ! d
{Pj erRy 7 Z k'pjx = 1154, Vg €[Q, Z Djk = 1}~ (19)
k:dj[/ k:d][/

Proof: (Necessity) Suppose that D(w,y) # (). Then, there exists a P € P(=Z) such that ]EP[d?] = 1, for all
j €[J] and q € [Q], Ep[w;] = f;(w;) for all j € [J], and Ep[g;] = g:(y;) for all i € [I]. It follows that, for
all j € [J], we have f;(w;) < esssupz{w;} <w; and f;(w;) > essinf={w;} > 0, leading to f;(w,) € [0, w,].
Likewise, it holds that g¢;(y;) € [0,y;] for all i € [I]. In additign, for all j € [J] and k € [d},d}]z, we let

- U _ -
Pir =P{d; = k}. It follows that, for all g € [Q], ZZJ:dL Dik = ZdJ P{d; =k} =1. Moreover,
i

k=dl
J
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Hence, p;). constitutes a feasible solution to the polyhedron This holds for all j € [J] and proves the
necessity of the three conditions.

(Sufficiency) Suppose that the three conditions are satisfied. For all j € [J], as f;(w;) € [0,w,] =
conv([0,w;]z) by condition 1, there exists a Py, € P([0,w,]z) such that f;(w;) = Ep,, [@;]. Likewise, for all
i € [I], there eX1sts a P; € P([0,y:]z) such that g¢,(y;) = IE]p [9:]. In addition, for all j € [J], there exist
pjx such that Ek de Dix = Wi, Tor all ¢ € [Q] and Zk L Pis = L. Defining Pz, € P([d},d}]z) such that
P; {d =k} =p for all k € [d},d}]z, we have Ep_ [d | = tjq-

Therefore, the probability distribution
P = IIJ_, Py, x II/_, Py, x II/_, P,
satisfies (2a))—(2b) and hence P € D(w,y). It follows that D(w,y) # 0 and the proof is completed. O

Appendix C: Proof of Proposition

Proof: First, denoting £ := (1, 7, d), we present MaXpep(w,y) Ep[V (W, 7, d)] as the following optimization prob-

lem:

st D ope = fw,), Vi€l (200)

z:pgyZ 9:(y:), Vielll], (20b)

écE

> pedi =y, Vi€[J], Vo< (@), (20c)

écE

> pe=1, (20d)

£eE
where decision variables p; represent the probability of the random variables being realized as 5 , and con-

straints (20a)—(20d) describe the ambiguity set D(w,y) defined in (2a))—(2b). The dual of this formulation is

I
7{?}29 ZZ#JQPM+ZJCJ i) Jngi(yi))\iJrG (21a)

j= 1q 1 i=1
I
5. 9+Zzqudg+zvjwj+2wiZV(S), VE€E, (21b)
j=1q=1 j=1 i=1

where dual variables v;, A;, p;,, and 6 are associated with primal constraints 7, respectively,
and dual constraints are associated with primal variables p;. By Assumption 1} strong duality holds
between the primal and dual formulations because they are both linear programs. As the objective function
aims to minimize the value of 6, we observe by constraints that 8 = maerE{V(é) - ZJ ) Zq L qu
ijl Y0y — ST N} Hence, maxpep(w ) Ep[V (€)] equals the optimal value of the following min-max
optimization problem:

J Q
min ma_x{ Z [Z P]qdj +yw

VAP E€E
Jj=1

Q
Z IiqPiq + [3(w

q=1

+Zgl yi) i  (22a)

| S5

— j=1
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Second, in view of the dual formulation f of V(€), we rewrite the maximum term in (22a)) as

I

max  max {Z(d —W;)ay +Zy’ﬁ Z Zp]qdq—&—% —Z)\igi}
(@,5,d)eE (a,B) €A i =1 Lg=1 i=1
7 T

= (g};}&(ﬁgﬁ{;(% )y +Zyzﬁ ;l;pqu”% —;Ay}

— (ﬂ?}ECA{.J _,maX,]Z{( ) }+ ! max {(ﬁi—)\z) }+ J max { ijq }}

—7 @i€l0w; 7:i€[0,y5]z 7 djelal.aV]y

Finally, as (—a; —y;)®@; is linear in w;, we have

_ max {(—%‘ —%')“7;‘} = max{O, (—a —vj)wj} = [(—%‘ —%')wj} -
w;€[0,w;lz +

Similarly, we have maxg,efo,y,1,{(6: — Ai)¥i} = [(B; — A\i)y:]+. This completes the proof. O

Appendix D: Proof of Lemma [2

Proof: As max(, gyen F(a, 8) is to maximize a convex function over a polyhedron, we only need to analyze
the extreme directions and extreme points of A.

First, the extreme directions of A are («,8) = (0, —e;) for all i € [I], where e, represents the i** standard
basis vector. As g; > 0, moving along any of these extreme directions (i.e., decreasing the value of any
B;) does not increase the value of F(a, ). Hence, we can omit these extreme directions in the attempt of
maximizing F (o, ) and accordingly 3; = min{—a;:j € P;} = —max{a, : j € P;} without loss of optimality.
This proves property (b) in the claim. In addition, there exists an extreme point of A that is optimal to
max(q, gea Fla, 3).

Second, we prove, by contradiction, that each extreme point of A satisfies property (a) in the claim.
Suppose that there exists an extreme point (&, 3) such that property (a) fails, i.e., a;- & {0,c%,.. ., ¢} for
some j* € [J]. Consider the set Z(j*) := {i € [I]: —3; = ;- }. We discuss the following two cases. In each case,
we shall construct two points in A such that their midpoint is (@, B), which provides a desired contradiction.
1. Tf Z(j*) = 0, then —B, > &, for all i such that j* € P,. Defining ¢ := (1/2)min{ — B, —a,. Vel

€ P, aj-, min{|o7j* —cl:le [j*]}} > 0, we construct two points (at,3) and (a~, ) such that

ozf* =ay» + €, Q. = a;- —¢€, and @;f =a; =a; for all j # j*. Then, it is clear that (a*,B),(a",B) € A.

But (&, ) = (1/2)(a™,8) + (1/2)(a",3), which contradicts the fact that (&, ) is an extreme point of A.
2. If Z(j*) # 0, then we define J(j*) := U,z {i € P oy = —B:}. Tt follows that a; = a;- for all j €

J(j*). Hence, for each i € Z(j*), a; = a;« for all j € PN J(j*) and a; < a;« for all j € P\ J(5%).

We define € := (1/2)min{min{o_¢j* —a;:i€Z(5*),j € B\ J(*)}, min{ - B, — a;- 1 ¢ Z(j*), —f; >

&y}, @y, min{|ag. —cf|: L€ []*]}} Then € > 0 because it is the minimum of a finite number of positive

reals. Here we adopt the convention that min{a:a € A} = co if A =1{). For example, if there does not

exist an i ¢ Z(j*) such that —f; > a;«, then min{—3; — a,- : i ¢ Z(j*), —B; > a;- } = 0o. We construct two
points (a*,3%) and (a—,3~) such that

+:{aj*+e iegG) - {dj*e ¥j € J (")

Q; . =9 - .
J Q otherwise a; otherwise
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B%:{(aﬁﬂ) VieT(j") 5'__{ (@ —¢) VieI(j")

‘ B; otherwise ¢ B; otherwise

It is clear that (@,p) = (1/2)(a*,B%) + (1/2)(a~,37). To finish the proof, it remains to show that
(at,B%),(a=,B7) € A. To see this, we check constraints and ([{c). For constraints (4c), we have
af,a; €(0,¢5) for all j € J(j*) by the definition of e. Additionally, for all j ¢ J(j*), we have a; =
a; = a; € [0,c;]. Hence, constraints are indeed satisfied and it remains to check constraints .
For each i € Z(j*), =B = a;« +e=a] for all j € P,NJ(j*) and —B;" = &; + e > a;. > a; =a; for
all j € P\ J(j*), where the first inequality is because ¢ > 0, and the second inequality follows from the
definition of 7 (j*). Meanwhile, —3; =a;. —e=a; for all j € ,NJ(j*), and —f; =a;« —e>a; =a;
for all j € P\ J(j*), where the inequality follows from the definition of € and the last equality is because
j¢ J(5%). It follows that constraints are indeed satisfied for all i € Z(j*). For each i ¢ Z(j*), ;" =

B; =f; and —p; # a;-. We discuss the following two sub-cases to complete the proof.

(a) If —j3; > Oj«, then — Br=—-p> O +€> df, where the first inequality follows from the definition of

e. In addition, by construction —f; = —f; > a;- > ay for all j € P.
(b) If —B; < @;«, then j ¢ J(j*) for all j € P, because otherwise —3; > &; = a;-. It follows that
af =a; =a; andso -3 =—B,>a,=a and —p; =—3,>a,=a;. O

Appendix E: Proof of Theorem [1

Proof: First, pick any (a, ) € A that satisfies the optimality conditions (a)—(b) stated in Lemma We shall
show that there exists a feasible solution (¢, s,r,p) to formulation that attains the same objective function
value as F(a, ).

To this end, for all j € [J] and k € [j], we let t;, =1 if a; = ¢, and t;, = 0 otherwise. In addition, for all
i€[l],if a; =0 for all j € P;, then we let s;, =0 for all k € [J(i)]; and otherwise, i.e. there exists a k* € [J(i)]
such that max{a;:j € P,} =c}., we let sy« =1 and all other s;;, = 0. Also, we define r and p as in . By
construction, (t,s,r,p) satisfies . It follows that the objective function value of (¢,s,r,p) equals

J(4)
Z (c T +chkt]k> +Z (c Di +Zcmszk)

= ;[1{0}(a1){[_7J ]++der£ll§>§U]Z{ ijq }}+
J Q
;hc’;}(%){ Swule+ max { Zpgq }}
iHﬂm(max{aj})[ Al }+§{R{CX}(max{a]})[< Ay uH

— i{[(aj'Yj)ijer _ max {Oéjﬂzjijng}}+2|:(ﬂi)\i)yi:|+—F(Oé,IB),

L U
= dj€ldf.dj ]z

where the first equality follows from the definition of (¢,s,r,p) and the second equality follows from the
optimality conditions stated in Lemma
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Second, pick any feasible solution (¢, s,r,p) to formulation (7). We construct an (a, 8) € A that satisfies the
optimality conditions (a)—(b) in Lemma [2] and F(c, 3) equals the objective function value of (t,s,r,p).
Specifically, for all j € [J], we let a; = Y30 ¢¥t;y, and, for all i € [I], ;= — 37 ¢isy. Then, for all i €[]
and j € P,

J (%) J(3)

J
Bita;=— ch Zk+2cktﬂ€< ch ST otw)+ > cit
k=1

LEP;>K
0
:—chkt2k+zck k= Z Zcztlk <0,
LeP; k=1 teP i) b1

where the first inequality is due to constraints , and the last inequality is due to ¢, t,. > 0. Next, we have
a; €{0,¢f,..., ¢} for all j € [J] due to constraints (7b), and 3; € {0, —c7,. ..y =yt for all i € [I]. Hence,
(o, 8) € A and satisfies optimality condition (a). It remains to show that the constructed (o, ) satisfies
optimality condition (b).

For all i € [I], if Z‘]( D sap = 0, i.e., 8; =0, then t;;, =0 for all j € P, and k € [j] due to constraints .
It follows that a; =0 for all j € P, and so f5; = —max{a; : j € P;} =0. On the other hand, if ZJ(l Sk =1,
there exists a k* € [J(i)] with s;- =1, i.e., 5; = —c;.. By constraints and (6d), > tige > 1
and t;, =0 for all j€ P,:j>k*+1 and ¢ € [k* + 1,j]z. It follows that max{aj :j € P} =c¢. and so

JEP;j 2 k>

Bi=—max{a;:j € P} =—c;.. Hence, (a, B) satisfies the optimality conditions (b). Finally,

J j
Z{ {(—;Czt]‘k —vj)w]}+ +d Er[gﬁ’;U { Zcﬁgk Zp]qdq}}

J(i)

Pl
- Z (c r +chktjk> +Z (c pl+§fclkslk>

j=1

by the definition of («, ) and constraints . This completes the proof. a

Appendix F: Proof of Proposition

Proof: Let G(7, A, p) be the objective function of problem (5a)—(5b)), (¥, A, p) be any feasible solution, and S*
be the set of optimal solution to problem max(, gyen F(a, B) for the given (¥, A, p). Suppose that there exists
a j € [J] such that 4; < —c*. Then, —a} >0 and [(—9; — af)w;|+ = (—%; — af)w; for all (o, B*) € S*
because o < ¢} by . Addltlonally, due to Lemmal we can replace polyhedron A by the (compact) set of
its extreme points ex(A) without loss of optimality, i.e., max, gyea F (@, ) = max 4, gycex(a) F'(, 3). It then
follows from Theorem 2.87 in [Ruszczynski| (2006) that, for all subgradient w € GG(’?,X,pA), the entry in @
with regard to variable v; at (§,A,p) equals f;(w;) — w;, i.e., @ ()l (5.5, = fi(w;) —w; < 0. Noting that
@(75)l(5.3, < 0 holds valid whenever 4; < —cj, we can increase 7; to —c; without any loss of optimality.
Now suppose that 4; > 0. Then, we have —¥; —aj <0 and [(—5; —a})w;]; =0 for all (a*, 3*) € S* because
aj >0 by . It follows from a similar implication as in the previous paragraph that, for all subgradient
@ € IG(Y, A, p), we have @(v;)|(5 5 5 = fi(w;) > 0. Noting that this holds valid whenever 4; >0, we can
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decrease 9; to 0 without any loss of optimality. Therefore, there exists an optimal solution (v*,A*,p*) to
problem (5a))~(5b) such that 7 € [—c%,0] for all j € [J].
Following a similar proof, we can show that there exists an optimal solution (y*,A*,p*) to problem

(5a)—(5b) such that A} € [—C5y- 0] for all i € [I]. We omit the details for the sake of saving space. O

Appendix G: Proof of Theorem [3
Proof: In each iteration of Algorithm [I] we solve a relaxation of the (DRNS) reformulation (9a)—(9d). It

follows that, if the algorithm stops in an iteration and returns a solution (u*,v*) then (u*,v*) satisfies all the
constraints because of Step 5. Then, (u*,v*) is feasible to formulation f and meanwhile optimal
to its relaxation. Hence, (u*,v*) is optimal to formulation 7, i.e., optimal to (DRNS).

It remains to show that Algorithm [I]stops in a finite number of iterations. To see this, we notice that the
set H contains a finite number of elements. Indeed, binary variables ¢ and s only have a finite number of
possible values. Although r and p are continuous variables, they also only have a finite number of possible

values due to constraints ([7b). o

Appendix H: Proof of Lemma [3

Proof: Pick any i € [I]. We note that Z‘]( " s;0€{0,1} due to constraints and discuss the following three
cases. First, if ZJ( Vs =0, ic., s;, =0 for all £ € [J(i)], then t;x =0 for all j € P, and k € [j] by constraints
. In this case, inequalities are valid because both left-hand and right-hand sides of are 0. Second,
it 7% s, =1 and Y27% s, =1, then inequalities (T0) reduce to Y>7_, t;, <1 for all j € P, with j > k, which
are valid due to constraints . Third, if Z‘]( 2 s;e =1 and ZZSIS s;¢ = 0, then there exists a k* < k such
that s;« = 1. By constraints (6d), ¢;, =0 for all j € P; with j > k*+ 1 and for all ¢ € [k* 4 1, j]z. It follows
that both left-hand and right-hand sides of are 0, and so inequalities are valid.
Finally, inequalities imply constraints because
J () J(4)

tin <thZ <st <st, Vi e [I],Vj € P,,Vk € [j].

Appendix I: Proof of Proposition

We first show that H, C conv(H;). To prove this, we pick any fractional solution (3,%) that satisfies constraints
(T1b)—(11d), (12a)), and in H,, and find a finite number of points {(s*,t'),...,(s",t")} such that: (i)
each (s*,t') is binary-valued and satisfies constraints (I1b)-(11g) in 7, and (ii) their convex combination
produces (3,%), i.e., we find nonnegative weights {7 :i € [n]} with >_"_, 7' =1 such that 8, =" 7'si for
all ke [J] and t;, =" w't’, for all j € [J] and k € [j].

To this end, we develop Algorithm [2| which iteratively constructs binary points {(s%,t?) : i € [n]} and
weights {7 : 4 € [n]}. This algorithm initializes by setting an incumbent (§',7') := (3,#) and, in each iteration

i € [n], update the incumbent (§+1 #+1) := (3" — 7's’, £ — 7't) as it constructs a new binary point (s’,#')
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with weight 7%, till the incumbent becomes (0,0). For ease of exposition, we assume in Algorithm [2| that
optimizing over an empty set yields zero, i.e., max{f(z): 2 €@} =0. In addition, we provide an example of
implementing Algorithm [2| at the end of this section. We show the correctness of Algorithm [2| by proving
its properties in Theorem @ Specifically, Theorem |§| shows that each point (s*,t") found by Algorithm [2|lies
in H; and has a weight 7* € [0,1]. In addition, after finding all n points and their weights, the incumbent
reduces to zero, that is, (3,£) — > 1, 7 (s%,#') = (0,0).

THEOREM 6. For each binary point (s*,t') produced in Algorithm @, the following properties hold:

1. (s',t") satisfies constraints (11b)—(11g) in H,.

2. In line 6, the weight = € (0,1].

3. In line 7, the updated fractional solution (81,111 satisfies constraints (T1b)-(11d), (12a]), and (12D)

m ﬂI .

In a finite number of iterations, Algorithm[2 terminates with the following properties:

4. After we execute line 7 for the last time, 8¢ =0 for all k € [J] and t%, =0 for all j € [J] and k € [j].

5. me|0,1).
Therefore, (3,1

,t) is a conver combination of {(s',tY),..., (s, t")} with weights w', ... &, respectively.

Proof: See Appendix [J. O

It follows from Theorem |§| that H; C conv(#,). On the other hand, conv(#,) C H, because H, C H, by

construction. Therefore, H, = conv(H,) and this completes the proof. O

Appendix J: Proof of Theorem [6

Proof: We first prove Property 3 and then use it to prove all other properties.

(Property 3) We prove by mathematical induction. It is clear that (5',%') = (5,1) satisfies Property 3. It
remains to show that (§'1,#%1) satisfies constraints (IIb)-(11d), (I2a)), and under the assumption
that they are satisfied by (§,#"). Before getting into details, we rewrite the construction of (51, #+1) based

on line 5 as follows:

G if k€ [m—1],j€[k,J)z:k <Index(j)
i ke [m—1] t,—7 ifke[m—1],j€[k,J]z: k=Index(j)
S 1 m —
RITEES IV g1 ) 0 if k€ [m—1],7€ [k, J]z: k> Index(j)
N s -7t ifk=m , ton g - A . (24)
" . 'm — T 1L k=m, m
g if ke[m+1,J); : ifk:mi'eB
am ) m
&, if kem+1,J)z,75 €[k J)z

First, we consider constraints (I2b). We notice that ;" > 0 for all k € [.J] because m' < & by construction.
Likewise, £/f' >0 for all j € [J] and k € [j].

Second, we consider constraint (L1c). By (24)), we have S s =3 s -t <3 5L <1 because
w* >0 by construction.

Third, we consider constraints (I1b). By (24), for all j € [J], we have S5 _ #ii' =31 t%, — 1(Index(j) #
O)rt < 21:1 f;k <1 because 7¢ > 0 by construction.
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Algorithm 2 Finding binary points {(s',t'),...,(s",t")} and their weights {7',... 7"}
1: Initialization: i =1, and § = 8, Vk € [J], £}, =i, Vj € [J],Vk € [j].
2: form=1:J do
3. while §' >0 do

4: Find:
j*=min{j € [m,J]z: i, >0}
{J}U{JemJ Ztﬂ—z } = [m. J]z\ A,
)= 7 im0y
max {k € [min{j,m —1}]: %, >0} Vje B, U[m—1].
5: Construct a binary point (s',¢'):

)1 ifk=m : 1 if k=Index(j) #0 . ,
b= vk d tj.= v vk € [4].
h { 0 otherwise ’ €Ll and £, { 0 otherwise » Vi€ [Jl,vk ]

6: Construct a weight ':
J

i { 308~ Mo S s Y5 € ) e £0),
{=m

j
where M, :max{ Zf;z :jEBm}.

l=m

7: Update the fractional solution (§+!,#+1):
st =38, —n's;, Vke[J] and {f' =t —7't,, Vi€ [J],Vk € [j].
8: Update: i =i+ 1.

9: end while
10: end for

11: Set: n=1i, 7" =1— (7' +---+7"7"), s =0, Vk € [J], and t}, =0, Vj € [J],Vk € [4].

792 Fourth, we consider constraints (12al). For fixed k € [J] and j € [k, J]z, we rewrite each term in (12a]) as

793 follows:

J J ~i i s
Zg?’l — Z‘l;:k ‘ff -7 lf ke [m] , (253.)
— Dy ifkem+1,J]z
St = ifke[m—1],j€[k,m—1]z: k< Index(j)
if ke[m—1],j €k,m—1]z:k>Index(j)
E:fﬂr ;kgz nt ifjeA,, ke[m]
. kt;E ifje A, kelm+1,5]z
S kt;Z 7wt if j € B,k €[j]: k <Index(j)
I Wi if j € B, k € [j] : k> Index(j)

(25b)
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We prove by enumerating all 6 cases of >7_ LE7t in (25b). In cases 1 and 3, (12a) is satisfied because
- t;e — 7t <37, & — ', which follows from the induction assumption that (§°,) satisfies ([2a]). Like-
wise, (12a)) is satisfied in cases 4 and 5. In case 2, (12a) is satisfied because 7 < &' <37 3. In case 6,
we discuss the following two sub-cases: (i) If k >m + 1, then (12a) is satisfied because > 7_, i, < S L&
by the induction assumption. (ii) If Index(j) < k <m, then > 7__ tt,=>"7_ ., by definition of Index(j). It
follows that 7' <>/ & — M, <>, 8 —>9_ it,, where the first inequality is due to the definition of
7t and the second inequality is due to that of M,,. This proves that (3!, #+) satisfies (12al).
Finally, we consider constraints (I1d). By (24), we rewrite the right-hand side of constraints (T1d) as

follows:
Z;] k( — Lindex() (K)7*) if k€ [m —1]

Zﬂ“_ Sy by = o k=mand A, = {7 (26)
Z] mt;m—ZjGAmﬂ'l if k=m and A,, D {j*}
Z] kt;k 1fk€[m+1,J]Z

where Liygex(;) (k) =1 if £ =1Index(j) and Liyaex(;) (k) =0 otherwise. We prove by enumerating all 4 cases of
£ in (26)). In case 1, we notice that (i) §2 =0, Yk € [m — 1] due to line 3, (ii) t%, >0 for all j € [k, J],
ji=k ik k ik

and (iii) 7* < fj.’lndex(j), Vj € [J]: Index(j) # 0 by the definition of n*. Therefore, (11d)) is satisfied:

J

J
§7;€+1 = ,§;€ =0 S Z(%k - ]]-Index(j)(k>7ri) = Zl?;—ltl

=k =k
In case 2, is satisfied because § — 7' < ZJ —m Uim
that (8, tl) satisfies (I1d). In case 3, we notice that > 5_ t, = S & for all j€ A, \ {j*} #0. As

Y1 i < S i1 8 because (§,1%) satisfies (12a)) by the induction assumption, we have &%, > 8! . Vj €
A \{j*}. Then, § —x'< ZjeAm\{j*}(tjm -7 )—|— (tiv,, — ), where {  — ' >0 for all j € A,,\ {j*} and
t?;m — 7% >0 by the definition of 7'. It follows that is satisfied:

J
TP IUNSTE SRS o Y
JEAmM j=m JEAmM

In case 4, is satisfied because §i < Z _u t'x, which follows from the induction assumption that (57, )
satisfies .
(Property 1) By construction, (s’,¢') produced in line 5 satisfies constraints (IIb), (I1c), and (TIg). It

remains to show constraints 7E, which reduce to the following inequalities as we set s! = 1:

— 7', which follows from the induction assumption

1< Z Es (272)
te S 0, Ve [m+1,J]z,Vj € £, J]z. (27h)

To that end, we note from line 4 that for all j € [J], Index(j) € [0,m]z. This implies that, in line 5, ¢}, = 0 for
all £€[m+1,J]; and j € [(,J];. This proves (27b). To see (27a), we notice that the construction of (s',¢")
implies that §° >0 in line 3. Then, Property 3 implies that Z;.I:m f;m >3 > 0. It follows that, in line 5, we
are able to find a non-empty A,, and so there exists a j € [m, J]z such that ¢!  =1. This proves (27a).

(Property 2) To show that weight 7% > 0, it suffices to check that each term in the definition of #* in line
6 is positive. First, by Property 3 and the definition of B,, in line 4, we have Ze ™ Jz < ZL, . 8b, Vj € By,
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which implies that 37 & — M,, =37 & —max;jcp, {dI_, £t,} > 0. Second, 8., >0 due to line 3. It
remains to show that f;’lndex(j) >0, Vj € [J] : Index(j) # 0. By noting that [J] = A,, U B,, U [m — 1], we
consider the following three cases: (i) j € B,, U[m — 1], (ii) j =j*, and (iii) j € 4., \ {j*} # 0. In case (i),
Index(j) # 0 implies that the set {k € [min{j,m — 1}]: ¢, >0} # 0, and thus ¢ S Index(y) > 0. In case (ii), we

have t] Index(s* )zf"- > 0 by the definition of j*. In case (iii), Y°;_, &, =37 § as j€ A, \{j*}. Since
Y1 b < Ee m1 3¢ by Property 3, t;m > 0. This indicates that tj Index(j) = tjm > 0. Finally, 7" <1

because each term in the definition of 7 is less than or equal to 1 by construction.
(Property 4) We claim that, for all m € [J], the while loop in line 3 terminates in a finite number of
iterations, i.e., 8 becomes zero after a finite number of updates in line 7. It follows from this claim that
Algorithm [2| terminates in a finite number of iterations. Accordingly, as §7 = 0,Vk € [J] at termination, we
have {7, = 0,Vj € [J],Vk € [j] because (§",1") satisfies constraints by Property 3.

To see the claim, we consider the value of w* returned by the minimum comparison in line 6. In particular,
for a j € [J] with Index(j) #0, and (B) 7" =
S & — M, and in addition, 7' < § and 7' < t] Index(y) for all j € [J] with Index(j) # 0. We notice that

we distinguish between two cases: (A) 7' =8¢ or n* = 75J Index(j)
§t will be updated to zero in line 7 after case (A) takes place for a finite number of times. This is because we
only have a finite number of positive values among {3} : k € [m]} and {{%, : k € [m], j € [k, J]z}. Now suppose
that case (B) takes place. In this case, as 7' = 37§ — M,, < &, we know that M,, >0 and so there exists
a j € B, such that M, ZL, i, Then, after the update in line 7, we have Syt =37 Wby =M,
and Y07 st =" &= . Tt follows that 3°7_ #4" = =37 4™ increasing the cardinality of
A, by 1. Since |A,,| <J —m+ 1, this indicates that case (B) can take place for at most (J —m+1) times
before case (A) takes place. Therefore, the claim holds valid.

(Property 5) By construction of the binary point in line 5, vectors §7! and § are only different in the
m™ entry, i.e., 81 =35 — 7' and 57! = 5% for all k # m. It follows that in line 10, i.e., when the for

loop terminates, 0 < >~} Lri= Zizl 3,, <1, where the first inequality is due to Property 2 and the last
inequality is due to Property 3. It follows that 77 =1— """ 7" €[0,1). O

Appendix K: Proof of Theorem (4

Proof: Under Structure |1}, max, g)ea F'(cv, 5) can be reformulated as the following linear program:

J J J
(S}gz;)e(AF(a,ﬂ): max__ Z(c;rijZc;ktjk) +C‘1’p+zcik5k

(tsmp) €y 52y k=1 k=1
J
_01+Z S>%1ax [;(cik skJr{maXz;; i Jk}} (28)
= J

s+, (IT5). (Id). ().

An optimal solution (s*,t*) to is integral as H; = conv(H,) is an integral polyhedron. Specifically, by
constraints (11c), we have s* € {0} U{e, : k € [J]}, where e, is the k** standard basis vector, and for given
s*, the inner maximization problem in finds an optimal t*, which is also integral. We rewrite by
discussing two cases of s*: (i) s* =0 and (ii) s* € {ex : k € [J]}.
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In case (i), we have t¥, =0 for all j € [J] and k € [j] by constraints (12a)). Then, (28)) reduces to cf —i—Z] 1 G-
In case (ii), sy~ =1 for some k* € [J] and s, =0 for all k € [J]\ {k*}. By constraints (12al), we have t;, =0
if j,k > k*+ 1. Then, we can rewrite as follows:

J min{j,k*}

J
clf—l—Zc;—i—(cik*— +max Z Z )tk
=1

min{j,k*} J
st Yt <L Ve[, 1<) e
k=1 Jj=k*

By constraint (IIB)), ¢« =1 for some j* € [k*, J]z and t;., =0 for all k € [j*]\ {k*}. Then, we recast (28]

as

[J]\{J} k=1 k=1
T t T
C C * % w« — C.x max C.,. —C. ¢.
Z +i, RS ke[mm{j,k*}]{]k )
j=1 JelJIN{7*}

Therefore, we have

max F(a,fB)=
(a,8)€A (2,5)
J J
ax < cf - a C e — Coa a {t.—r.} .
" {+Z RO R L SR DR
P A = JelG*)
This completes the proof. O

Appendix L: Proof of Proposition 4
Proof: By Theorem || constraints are equivalent to
J
T T t T
oz s {Sevdorn - 5 (L, (-9))}
j=1 k e[ # JEIIN{*}

where ¢, ¢, ¢}, and ¢, are computed by (9¢)—(Oh). Let X+ := maxye mingj+}) {(czk - c;)} for all j € [J]
and k* € [J]. Then, constraints can be rewritten as follows:

J
0>ch+> ¢, (29a)
=1
J
0> i tcipet (o =)+ D Xgres V4T €[] VET €[5, (29D)
j JEIIN{F*}
Xik= 2> (€5 — ¢5), Vi € [J],Vk* € [J],VEk € [min{j, k" }]. (29¢)

Moreover, we define the following auxiliary variables:

wV —wh
Cf = [—%‘w?_ZzQ ! ‘P]é]

e . Q
U maxd—je[d?’d};}z{—zq 1d§p]q}

5= [(—e— = S (e wie+¢se)]

X R - x 7 —
Mk = maxdje[d?,dy]z{ckdj Zq 1 Jqu}

vje[J], (30a)

Vi e [J], Yk € [4], (30b)



Author: Article Short Title

12 Article submitted to Manufacturing € Service Operations Management; manuscript no. (MSOM-2023-0398.R2)
i —ut’
I L
o5 = [~y — E Vie) s (30¢)
=1

yU_yL

gt
1k = Vke|J 30d
e = |(=c (cxv1e+v1e) K € [J], (30d)

g6 Since ¢ = (5 + 15, ¢, = Cy + 1y, ¢ = @5, and ¢, = ¢}, constraints (29) can be rewritten as follows:

J
0> 5+ > (¢ +n5), (31a)
j=1
J
02> (CH) + e+ (Cope ) — (G5 + > Xgaes Vi €[LVE €[57), (31b)
Jj=1 JE[TIN{5*}
Xowe 2 (G +15) — (¢ +n5), Vi €[],V €[], Vk € [min{j, k" }]. (31c)

87 Replacing constraints (9c) with . in the formulation . ) leads to the claimed reformulation
g8 of (DRNS). This completes the proof. O
869

s0  Appendix M: Proof of Proposition

sn1 We start by proving the following technical lemma.
872 LEMMA 4. Consider sets A; CR¥ for all i € [I] and let A:=1I._; A;. Then, conv(A) =1I1_, conv(A;).

13 Proof: First, as A =II_;A; and A; C conv(A4;), we have A C II/_;conv(4;) and hence conv(A) C
g1 [, conv(A;) because []I_, conv(A,) is convex and conv(A) by definition is the smallest convex set that
a5 contains A. Second, to show that IT/_, conv(A;) C conv(A), we pick any a € TI/_, conv(A;) and prove that a €
s76  conv(A). To this end, we denote a := [ay,...,a;]", where a; € conv(A;) for all i € [I]. Then, for all i € [I], there
77 exist {)\2”}271:1 and {a?i}n _, such that each A >0, each a}* € A;, 3.7 A\ =1, and Z L AValt =a;
ars  for all ¢ € [I].

n;=1

g9 Denote set N :={(ny,...,n;) :n; € [N;], Vi € [I]}, vector a™ := [a]?,...,a7"]T forall n:=[ny,...,n;]" €N,
o and scalar A" :=1II]_ A" for all n € N. Then, \* >0 and a™ € A for all n € N. In addition, ) _ A" =
sor > I AT = (A4 AT AL+ 4+ A2) (AL 4+ A7T) = 1. Furthermore, for all i € [I], we have

N;
Z)\“a?" = Z Z Atalt

neN mi=1neN:in;=m;

N;
= Z a;l" Z A"

mi;=1 neN:in;=m;

N;
my mg;
— E ar z/\i i

m;=1

= a,

82 where third equality is because, for fixed i € [I] and m; € [N;], > A=Al AT ()\Tlni,l +
883 ot )\Z;'Ljf N (A )\m'"jﬁl) (AL A7) = A7, and the last inequality follows from the defi-

ses  nitions of {A7""})_; and {a]"*})) _. It follows that a = [ay,...,a;]T =Y A"[a}?,...,af )T =3, Ama”

neN:n;=m;
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and hence a € conv(A). This completes the proof. O

We are now ready to present the main proof of this section.

Proof of Proposition |§ Since Hp, is separable in index i, we have Hp, = [[;_, HP, where each HP is defined

as
7 ()

HY {(t SiyTDi): T —i—Ztk—l Vj € P, pz—&—Zsk—l (32a)
thk <1, Vjep, (32b)
k=1
J (i)

D s <1, (32¢)

k=1

sw< Y.t VEE[J()], (32d)
JEP;:j >k

St <1, VEe[J@OVjEP,  j>k+1,V0€[k+1,J(i)z,
J(3)
tjk S Zsifa v] € Pl7Vk € [J]7

=1
sik €B, Yk e [J(9)], t;x€B, VjeP,Vke [j]}.

Following a similar proof in Section we can show that incorporating inequalities produces the convex

hull of HP, i.e.,

T {tsz,rpl 623 - (B29),
J (i)

Z@KZSM, Vj € P, Vk € [j], (33)

Let Hp = Hfil ﬁ?. Then, it follows from Lemma [4| that Hp, = conv(Hp). Following a similar proof as that
of Theorem [d] we have

J(3)
((%a)x)éAF(a,B) = max_ Z <c T —i—Zcht]k) +Z (c D; +Zczkslk>

(t,s,r,p)E'HD =1

J J(’)
= Z [ max Z (c?rj + Z C;-ktjk> + (Cgpi + chk32k>}
k=1 k=1

(t,s4 rpz)E'H jep;

I J (i)
Y| T > (el ZH(WZZ et | (34)

i=1 JEP; JjEP; k=1
s+. (B25), (32d), (33).
For every i € [I], an optimal solution (s},t*) to is integral as ﬁ? = conv(HP) is an integral polyhedron.
Following a similar proof in Theorem 4] we have

max{c? + E ,

JEP;

I

max F(a,,@)zz

(a,8)eA et
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max E ¢ A Cipe 4 (g — €50 ) + E max {c;,C —c;} .
J*EP;k €[] | ¢ ) . k€[min{j,k*}]
JEP; JEPN\{F*}

g6 We define x,p+ := MaXye min{j i+ }] {(c;k - cg)} for all j € [J] and k* € [J]. Then, we rewrite as follows:

I
min E 0,
i=1

st 0;>c+ Y, Viell],

JEP;

0:>) ¢+ + (Cpe =)+ D Xyees Vi€ 1),V € P VE" €[5,
JEP; JEPN{*}

Xjwe = (€5 —€5), Vg € [J],VE™ € [J],Vk € [min{j, k" }].
87 Moreover, we define the following auxiliary variables:
w¥ —wl
Cge = [_'ij? =2l %‘e] .

€ Ppp— Q
= maxd}e[d%,d?]z{izqzl d?qu}

w¥ —wl
e (G AL B DA C TN

Vi€ [J], (35a)

- ’ vj e ], vk e ) (35D)
M = maxgje[d?,d?]z{c)l;dj _Zqul d;]'qu}
i =l
N vie| , Vie[I], (35¢)
= 30w,
Wt
o= (A=Al = YD (et L Vie VR e [I0), (35d)
=1

g8 Since ¢j = (5 + 15, ¢ =y + 0y, ¢ = 85, and ¢, = ¢, we can rewrite (34) as follows:

K
I
min Z 0,
i=1

s.t. (33),
0> 65+ > (¢ +nS), Vielll,
JEP;
0, > (CH1) + O + (e +pe) = (G Hm5)+ D Xawes Vi€[IV)™ € PLVE €[57],
JEP; JEPN\{7*}

Xike > (G +175%) — (& +n5), Vi€ [J],Vk* € [J],VE € [min{j, k" }].

809 This completes the proof. a

900
o1 Appendix N: Proof of Theorem [5

w2 Proof: Each trajectory of states t1}, (t1],t2)), - - -, (1), ty)) in the DP corresponds to an S-T path in the net-
03 work (N, A), where the objective function value of the trajectory Vi(tny ) + > <1y, (¢he — €7 (trn, tpy)
o4 equals the length of the S-T path by definition of the arc lengths ¢, ). Likewise, each S-T path in (N, A)
95 corresponds to a trajectory of states in the DP and the length of the path equals the objective function
o6 value of the trajectory. This proves that the length of the longest path in (N, A) equals max, gea F(a, )
907 and completes the proof. |

908
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Appendix O: Proof of Proposition [6

Proof: Taking the dual of the longest-path formulation yields

I

min g — 7y —|—Z(c§ +cf)

i=1
8.5 g — Ty, > (¢ — )i, Yip) € By,
(Cbil *Cﬁ))tll if /=0
T — Mt e0p) = Vi € B,V =<2,
) = (e — ) (G- ) a0 EETTES
0, ifk=0,=0
T(tppei—nye) — T (ta)-eie) > c?i—l)k - g, if k#0,6=0

(cie—ci)+ (C?i—l)(kYé) —c ), ifL#0,
Vt[l] eB,Vie [3,I]Z,Vk <i—1,Vl <1,

(C?l *C?)tll if k=0

e - > Vi GB ,Vk“<],
Ttpypern) — M1 2 { & —cb if k£0 1] 1 =

where dual variables 7 are associated with the (primal) flow balance constraints and all dual constraints are
associated with the primal variables x. The strong duality holds valid because the longest-path formulation
is finitely optimal. The claimed reformulation of (DRNS) then follows from a similar proof as that of

Proposition O

Appendix P: Formulation for DRO®*°

We formulate DRO®*°, which models constant nurse show-up rates (exogenous of the staffing levels) as

follows:

QeDpexo

J I
(DRO®) : rgl;l Zc}”wj + ;cfy, + Inax Eq [V (ﬂow,ﬁoy,d) }

j=1

st. () (B0

where @ € [0,1]7 and p € [0,1]" are the show-up rates of unit and pool nurses, respectively, o represents the

element-wise product, and Q is the probability distribution of (@,p,d). We formulate the ambiguity set D°*°
for Q as

D= = {QeP(I): Eoldl]=pu, Vi€ ], Ya€[Q)
Eoli,) =7y, Vi€ J], Eglp]=1, Vie [1]},

where T :=[0,1]”7 x [0,1]F x E; represents the support of (@,p,d) and (7%,7Y) are the mean show-up rates.
We note that, unlike D(w,y) in DRNS, D°*° is independent of the staffing levels.

DRO®® can be viewed as a special case of DRNS, wherein we set f;(w;) = 7w; for all j € [J] and
gi(y;) = 7'y; for all ¢ € [I]. As a result, we can solve DRO®*° using the same solution approaches (e.g.,

Algorithm (1) as DRNS.
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Appendix Q: Derivation for (|17))

Using the standard duality techniques as in the proof of Proposition |1} we recast the DRNS(®) model as the

following min-max reformulation:

(w, y)rfg}\}nw Ap (o{rg;)e(AF + Z <C vit Zglq yl Zq) - Z
where W := {(w,y) : (3b)-(3¢c)} and
J Q
F(a,p) = Z[ max { Q;w; — ZVJQ } + _ max {O‘jdj - ijqczg}} +
j a=1

P w;€[0,w;]z d E[dL dU] z
{8~ ZAiqgf}.
q=1

Z max
The computation of E(a,ﬁ) involves a set of integer programs with polynomial objective functions and

C w; +Z/~Lyqpaq+zqu 'VJq‘|7

€[0,y:]z

changing feasible regions pertaining to the staffing levels (w,y), yielding an intractable formulation.
Fortunately, we can relax the decision-dependent support sets [0,w;]z and [0,y:]z to be decision-

independent [0,w7]z and [0,y ]z, respectively, by replacing (w,y) with their upper bounds (w",y"). This

produces an upper bound for F(a, ). In addition, the integer programs in F(a, ) can now be solved by

enumerating a linear number of staffing levels, i.e., @; € [0,w}]z and g; € [0,y]z. This bounds F(a, §) as

E(a, ) < Fe, )

J Q
= max {—a w; — . u?q}—i— max {a,d,-— . J‘I_H+
ot [u';Je[o,wJU]Z 7 ;%q J 3 eldlavl, 7% ;qu j
! Q
max {Bzyz - Ai yf‘}
—1 7:€10,y717 ; e
J Q o i
- Loy (ay max {— j }—i— max {— <d‘¥} +
3 [tnted{ ms, (=S}, o (-3t
j
. — q
kz:; bty (a]){ él[z)an { CR; Z%qw } +d Eﬁfﬁu { med }}
I
1 (max o ) max { )\l yz}
J(i)
TLox (max Qa; ) max {—Cx~¢— s Ng}
; {ei} jePi{ i {gie[o,yP]Z kY 2::1 Y
! ! JG)
= Z []l{o} ¢+ Z 1y (e Z Lo <1;1éa})>_<{aj}) c; + Z Ly (I]Iéapx{aj})cjk
7=l = ‘ k=1 i

where the last equality follows from the definition of (cj, ¢}y, ¢, c;,) in . Finally, we observe that F(«, 3)
is jointly convex in (a,3) and hence the problem max(, gea F(a, 3) resorts to the extreme points of A.

Following Lemma [2] as well as the subsequent construction of binary variables (¢, s,r,p) and set H, we have

J (i)
F = t i i
(l%a)ue(/\ (o, 8) (t’g}%(e;{ ]Z: (c T +ZC;1¢ Jk) +Z (c D +chks k)
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