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EC.1. Lemma 1
Part 1: 87”(’9) < am(xtl) is equivalent to showing m;(x; + de;) < m(x; + de;11), where 6 >0

— Oxy

is infinitesimal and e; is an n — 1 dimensional vector whose i*" element is 1 and all other
elements are 0.

Consider two systems. Let m(x; + de;) be the profit for system 1, which follows the
optimal policy, and let 7 (x; + de;,1) be the profit for system 2, which follows policy P.
Policy P mimics the replenishment and issuing policy of system 1 with one change. For
any sample demand path, whenever the extra ¢ unit in system 1 is used to satisfy demand,
the extra ¢ unit in system 2 is also used to satisfy the same demand. Moreover, in case the
extra 0 unit in system 1 perishes, the extra ¢ unit in system 2 also perishes. Clearly, the
goodwill and outdating costs of system 2 are not more than that of system 1. Furthermore,

all the other units incur the same goodwill or outdating cost in both systems. Therefore,

87rt(xt) < aﬂ't(xt)
8x 1 - 81’,5 Jit1 :

7 (x; + e )" > m(x; + de;), and so

t()

Next, proving 3 < cis equivalent to proving m(x; +de,_1) — m(x;) < ¢d. Let my(x;)

mantzo{—CQt—f—Ut(Xt, Qt) }; where ’Ut(Xt, Qt) = —elUt 1+Ep, {maX0<zt<xt,Z ' 2i<Dy Ut(Zt, Xt)

The above argument to prove Ome(Xe) < Omi(x)
azt,z amt,'ﬂ»l

I/\Hf—’

can also be used to prove %ﬁ‘“) <

Ouelxear) < d“tg’;t’Qt) Let g/ be the optimal order quantity for x; + de,_1. Then, m(x; +

8$tn 1 -
den_1) — m(xe) < —cqf +v(x¢ +0en_1,q7) +c(gf +9) —vi(xs, ¢ +0) = v (X, + 6,1, ;) +

cd — v (x4, qf +9) < ¢, where the first inequality follows since ¢ 4+ ¢ may not be the optimal

Que(xt,qt)  Ove(Xt.qt)
0Tt n—1 — dqt

Lastly, to show that —6 < (?g;—(txf), define m;(x;) and 77’ (x; + de; ) as before, where policy P

order quantity for x;, and the second inequality follows from

is such that system 2, which follows policy P, mimics the replenishment and issuing policy
of system 1, which follows the optimal policy, and the extra ¢ unit in system 2 is not used to

fulfill any demand and perishes. Clearly, m(x; +de;) — m(x;) > wF (x; +de;) — mi(x;) = —69.

Ome(x¢) N
0x¢,1 Z 9

Part 2: We first show that v, (x;+deq, q;) < vi(x¢, ¢ +0(1—&;)), where § > 0 is infinitesimal.

Hence,

Define v;(x; + deq,q;) as the profit for system 1, which follows the optimal policy, and

ecl
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vl (x4,q+0(1—&;)) as the profit for system 2, which follows policy P. Policy P is such that
system 2 mimics the replenishment and issuing policy of system 1 with one change. For any
sample demand path, if the extra J unit in system 1 is used to satisfy demand, the extra
(1 —¢&;)0 unit in system 2 is used to fulfill (1 —&;)d portion of the same demand. The rest of
the corresponding demand (£;0) is left unfulfilled in system 2. Thus, the revenue generated
in the two systems net of the goodwill cost is the same. Additionally, if the extra ¢ unit in
system 1 perishes, the extra unit in system 2 also perishes, so the outdating cost of system
2 is at most the outdating cost of system 1. Furthermore, every unit apart from the extra ¢
unit in system 1 and (1 —&;)d unit in system 2 incurs the same goodwill or outdating cost in
both systems. Therefore, vi(x, q: + (1 —&1)) > vi(x: + e, ¢1). Let gf be the optimal order
quantity for m(x; + dey). Thus, m(x; +der) — m(xy) < —cqf +vi(x + e, qf) +c(qf +5(1 —
&) —ve(xe, g7 +0(1 = &) =ve(xe +0e1,q7) + (1 = &)0 —vi(xp, 47 +6(1 = &)) S (1= &)
The first inequality follows since ¢; +d(1 — &;) may not be the optimal order quantity for
x;. The second inequality follows since vy(x; 4 de1, q) < vi(Xy, g +0(1 —&)).

EC.2. Theorem 1
We use z; instead of x;, and let z; = 2z, ;. When d; < x4+ ¢, w(2¢,X:) = (—r& +0) 2 +rd +

8Ut (Zt 7)~(t) —

P —d) . i
am1(q + 2 — dy) and so S —r& +0+ a%ﬁztt). Since 741 is concave (using

Theorem 2), uy(z;,X;) is concave in z;. Three cases arise: aaﬁ%‘;(@ —r&+60<0 V>0

(Case 1), ozaﬂ%;(x) —r&+60>0 Vz>0 (Case?2),and ozaﬂ%;(x) —r&+60=0 for some x =
At >0 (Case 3). We define M; as 0,00, and \; in Cases 1, 2, and 3, respectively.

In Case 1, z; should be as small as possible, so z; = min((d; — ¢;)",x;). In Case 2, z;
should be as large as possible, so z; = min(z;,d;). In Case 3, whenever ¢; < A, 2 should
again be maximized and so z; = min(xy,d;). Conversely, whenever ¢ > A, z; should be
chosen so that ¢; + z; — d; is as close as possible to A\, so z; =min((d; — (g — M) ", x).

Thus, in general, we can express z; = min((D; — (¢ — M;)") ", 2;) = min((D; + M, —
)", Dy, ). Using the last expression, m(2;) = maxg,>oE{—cg + r(1 — &)min((D; +
M, —q,)", Dy, ) + 7 min (qt, [D; —min((D; + M, — q;) ™, Dy, xt)]+) — 9(3:,5 —min((D; + M; —
q)", Dy, :L't))+ + amiyq (qt — min (qt, [Dy —min((Dy + My — q;) ", Dy, xt)]+)) } Let g¢(q:,x¢) be
the maximand in the above formulation. Also, let K =min((D; + M; — q;)*, Dy, ). Using
the definition of K, g;(g:, z¢) = E{—cq; +7(1 —&)K +rmin(g, (D; — K)*) — 0(x, — K)" +

amy1(g: — min(gs, (Dy — K)+))}
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We next show that %{;f’}) is decreasing in z;. We will drop subscript ¢ in the rest of the
proof. Fix D =d. First, let > d. Suppose that ¢ < M. Then, K =d and so g;(¢q,x) = —cq+
r(1—¢&)d—0(x—d)+ amyi(q) and %Z’x) —c+ 04‘97”;1 Thus, %Z’x) is independent
of x. Suppose next that M <q< M +d. Then, K =M +d — q and so ¢,(q,x) = —cq +
r(l—&)(M+d—q)+r(qg—M)—0(x— M —d+q) + am1 (M) and agt—gl’) =—c+ré —
f. Once again, %Z’x) is independent of z. Finally, let ¢ > M + d. Then, K =0 and so

9:(q,x) = —cq+rd — 0z + am1(q — d), and ('9gt—37) —c+ a% Once again, %g’x)
is independent of x. Hence, we can conclude that MZ’) is independent of x when x > d.

Suppose now that x < d. Let ¢ <d — z. Then, K =z and so ¢(q,z) = —cq+r(1 —

&)z +rq+ amq1(0) and agt—g’) —c+r. Thus, 85“—2’) is independent of x. Suppose now
that d —x <qg< M +d— 2. Then, K =z and so g:(¢,z) = —cq+7r(1 = &)x+r(d—x)+
ami1(q+x —d) and %Z’m) =—c+ %{;ﬂ_d). Thus, a‘”a—g’ decreases with x since m;
is concave. Next, let M +d—x<qg< M +d. Then, K =M +d— q and so ¢g;(q,z) = —cq+
r(1=&)(M+d—q)+r(g— M) —0(z — M —d+q) + amy1 (M) and 2428 = —c 4 gy —

Thus, %Z’x) is independent of x. Finally, let ¢ > M +d. Here, K =0 and so ¢(q,z) =
—cq+rd—0zx+ amq1(qg—d) and 8gt q’ = —c—l—a%;q*d). Thus, %g’x) is independent of

9gt(g,x)

x. Hence, e ) decreases with When T <d.

9gt(g,x)

agt q,T
dq 0

It can be seen that is continuous at all the break points, so ) decreases with

x. Since 7(z) = max,>o g:(q, ), ¢* decreases with x (using implicit function theorem).

EC.3. Example 1

As & < 9+a5 , in period T, it is optimal to issue the oldest inventory first, then fresh inven-

tory, and ﬁnally inventory of remaining lifetime of two periods. Therefore, mr(zr1,272) =
max,, >0 E{—cqr + (1 — & )rmin(Dr,x71) + rmin((Dr — x71,) ", qr) + (1 — &)r min((Dr —
xr1 — qr) T, xro) — 0(xry — Dr)t}. Substituting the parameter values and computing
the expectations, we get mr (21,1, 27,2) = maxg,>0{—0.04¢7 — 0.04427, — 0.03627, 4 3qr +
6.8x71 + 7.2275 — 0.08¢rxr1 — 0.072¢7272 — 0.07227 1272} Solving for g5, we get ¢f =
(37.5 —xzp; —0.9z7)".

Recall that wr_i(zr—1,Xr—1) = 7(1 — &)2r—11 + (1 — &)2zr_12 + rzr_13 + (30 —
2r-12,20 — zp_13). Using the above expression for mr, ur_i(zr—1,Xr—1) = 250.8 —
0.04427._, 5 — 0.03627_, 5 + 4.482p_15 + 4427013 — 0.07227 152713 when 27y + (1 —
&)y > 37.5, which leads to 2=l = 4.48 — 00882715 — 00722713 and =L = 4.4 —
0.07227_ 15 — 0.07227_1.5.
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The above expressions imply that it is optimal to issue inventory of remaining lifetime of
two periods till zp_; 2 =5 due to greater marginal value. At this point, the marginal values
of the two inventories become equal. Subsequently, it is optimal to issue fresh inventory,
though marginal values of both inventories remain equal, till 7 + (1 — &)z = 37.5 or
2r-13= % =6.1.

When z7; + (1 —&)are <37.5, ur—1(zr—1,Xr—1) =255.21 — 0.0042’%_172 — 0.00362%_1,3 +
3.642r 15 + 3.64427 15 Thus, FZ=L = 3.64 — 0.00827 1, and =L = 3.644 —

0.0072z7_; 3. Thus, it is optimal to issue zy_; 2 and zp_; 3 in the ratio of 0.9:1 till 74 3 is

completely exhausted, which will require demand of 26.4 units. When the fresh inventory

is exhausted, 12.5 units of xp_; o are left, which are issued in the end.

EC.4. Proposition 1
Consider the following constrained optimization problem: max u;(z:,X;) = 0z 1+ . (1—
&)zt + amp1 (Beo — 262,y Tem — 2en) St 0 <zp <Xy, >0 2 < dy. Since uy(zy,%Xy) is
concave (using Theorem 2) and constraints are affine, the KKT conditions are necessary
and sufficient. The corresponding Lagrangian function is u;(z¢,X;) = 0zi1 + 1Yy 1 (1 —
fi)zt,z' + Oz7rt+1(=’z't,2 — 225+ Tep — Zt,n) - )\O(Z?:l Zti— dt) - Z?zl )\i(zt,i - fi’t,i) + Z?:l A%Zt,i-
For the optimum z;, the complementary slackness conditions are as follows: Ao(3 ", 2/ —
d) =0 and \j(2f; — %) and Ajz/; =0 for j € {1...,n}. Suppose z;, € (0, ;) for i = j, k, then

1 % 1 %
Aj = A=A} = \; =0. Now, using the stationarity conditions, at z;, 8“’5(22’(” = au’ggif;xt) =0

3ut(zt,>~<t) _ )\0 — aut(zt,it 8Ut(zt7it) _ aut(ztyit)

) _
th,j 8zt,k AO or -

or th,j azt,k

EC.5. Theorem 2

Suppose, by the way of induction, that 71 (x;41) is concave. It is easy to see that u;(z, X;)
is jointly concave in (z;,X;) since the first two terms in the expression for u; are linear and
the last term is jointly concave by induction.

Consider the function 9 (Xy,d;) = maXo<z, <z, 57 | 2 ,<d, Ut(Z,X;¢). Since each constraint
is a half space, the feasible set for each constraint is a convex set. Furthermore,
since an intersection of half spaces is a convex set, the feasible space for the above
maximization problem is a convex set. This implies that (%X;,d;) is concave in
X; for any demand realization d;. Since concavity is preserved under expectation,
Ep,1(Xs, Dy) = Ep, maXo<z, <z, 57 | z.,<d, Ut(Z,X¢) is also concave in X;. Define g;(X;) =
—CZyn +Ep, (X, Dy). Clearly, g is concave in X;. Since concavity is preserved under max-

imization, m(x;) = max,,>o g:(Xt, ), is also concave.
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EC.6. Theorem 3
LEMMA EC.1. 1. Suppose that the optimal issuance sequence is fixed to (iy,...,i,),
where i; € {1,..,n} such that iy =1 and i, =n. If T 1(Tes1i9—1, - Tei1in—1) 15 anti-
multimodular, then m(xy;,, ..., Tei, ) is anti-multimodular.

2. Suppose that the optimal issuance sequence is fived to (i1,...,4,), where i; € {1,..,n}
such that iy =n and i, = 1. If 71 (o141, - Tet14,_1—1) 1S anti-multimodular, then

T Tty s eees Tein_y) 15 anti-multimodular.

Proof: We prove the result here for Part 1; the proof is similar (and hence omitted)
for Part 2. Let x; = (244, ..., %¢4, , ), where (i1, ...,1,) is the optimal issuance sequence such
that i; = 1 and i, =n, and let x, = (Xtiyy -y Teap 15 q). Also, let z, = (Zt.iys s 2ty ). We will
use z;,, and z:, interchangeably as i,, = n by assumption. Similarly, we will use ¢, z;,
and z;;, interchangeably.

Let ¢,(x,) = mangeo(x;dt)ut(x;,z;), where u;(X;,2;) = —0(zrs, — 200,) + 7> (1 —

! !
i) 2, + Qi1 (Teiy — Zigs oos Tugy, — 214,) and O(x;,dy) = {Zt : 2?21 Zei; < d, 0 <z, <

xy, for 1 <5 < n} Therefore, 7:(x;) = max,,>o{—cq; + Eg:(x,)}. Note that the order of
arguments for w1, (ia,...,4,), may represent a different order than the argument of 7,
(41,...,in—1), because inventories have aged by one period.

!/

Define a new constraint set, 7 (x;,d;) = {zt D2, < xm‘k,Z?:th,ij <d; for 1 <k<

n . Now, it is optimal to satisfy the demand as much as possible; that is, Z?Zl 2ti; =
min(Z?zl Ty, dy). Further, the optimal issuance sequence being fixed to (i1, ...,,) implies
that given the constraints, 0 < z;;, <z, Vk € {1,...,n} and 2?21 214, < dy, the optimal
issued quantities are equal to z; =min(z,;,d; — S z{;.)- The optimal sequence being
fixed to (iy,...,9,—1,n) also implies that it is preferable to issue z;;, over z;;,, 21, OVer 2,
and so on. Thus, it is optimal to issue inventory from a bucket in the order sequence only
when all the preceding buckets have been completely issued.

However, without the non-negativity constraints, it is possible that a set of preceding
buckets are filled at the expense of a subsequent bucket while maintaining z;;, <x;,; Vk €
{1,...,n} and Z?Zl 21i; < di. In this scenario, the optimal solution could be Z?Zl Zei; > dy
for some k and z;;, <0 for some m > k. However, the constraint set Z?:lzt,ij <d, for

1 < k < n ensures that such scenarios do not occur. Hence, the solution to 7(x,,d;) is same
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as the solution to O(x;,d;) and is equal to zf;, = min(zy;;, dp — S zf,; ). Therefore, it
does not matter whether the maximization is subjected to O(x;,d;) or T (x,,d;).
Let Zt,z'j = Zt,z'j — mt,i]- for 1 S j S n. AISO, let Zt = (Em»l, ceey Em»n) and X; = (It,in e 71‘15,2‘1).

Using these definitions, g,(x;) can be written as g,(x;) = Max, o7 4 Ut(X¢,Z¢) where
’U,t()_(t,it) = maX{GZuh + 7“23;1(1 — fij)(,gmj + lem']) + Oé7Tt+1(—5t,i1,...,—zt,in)} and

T(x;,d;) = Zyi; <0 for 1<j5 < n,Zle(Ztvij +x4,,) <di for 1<k <n,.

The above constraint set is clearly a polyhedron satisfying anti-multimodularity con-
ditions (Li and Yu 2014). Furthermore, in the above expression, the first two terms are
linear and the third term is anti-multimodular since 741 (2¢41,iy—1, .-, Te+1,4,—1) 18 assumed
to be anti-multimodular and inventories of remaining lifetimes (i, ...,4,) after aging by
one period have remaining lifetimes of (iy — 1,...,4,, — 1), respectively. Hence, u;(X;,Z;) is
anti-multimodular, which implies that g,(x;) is anti-multimodular, using Theorem 1 (i)
and Lemma 2 (vi) of Li and Yu (2014).

Furthermore, Eg,(x;) is anti-multimodular from Lemma 2 (iv) of Li and Yu (2014). Since
(%) = maxy,>o{—cq: + Egt(X;)}, m¢(x¢) is anti-multimodular directly using Theorem 1
(ii) in Li and Yu (2014). O

Using Lemma EC.1, if the optimal issuance sequence is FIFO (or (1,...,n)) and mq is
anti-multimodular in (24411, ..., Tt410—1), then m is anti-multimodular in (x41,..., T¢p—1)-
Similarly, if the optimal issuance sequence is LIFO (or (n,...,1)) and mq is anti-
multimodular in (¢41,-1,...,%441,1), then m is anti-multimodular (2,1, ...,2¢1), which
also implies that m; is anti-multimodular in (21, ..., 2 ,,—1) (from Lemma 2 (ii) of Li and Yu
(2014)). Hence, for both these cases, anti-multimodular can easily be established through
induction. The second result is a direct consequence of the anti-multimodularity (Li and

Yu 2014).

EC.7. Proposition 2
Part 1: We prove the result by contradiction. Consider any sample path of demands,
{di,...,dr}. Suppose that the optimal policy, P°, is such that it is optimal to sell a unit
with remaining lifetime of j periods (unit u;) instead of a unit with remaining lifetime of
i periods (unit u;), where i > j, in some period ¢.

Consider an alternate policy (P®) that is same as P° with one exception: The period

of sale of unit u; is interchanged with that of unit u,;. Suppose that u; is sold in period
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t1 >t in policy P°. If t; —t > j, then u; would expire before sale in policy P“. In that case,
we let a unit of demand go unsatisfied in P® in period t;. Let m =t; —t. The following
possibilities arise.

e 0 <ty —t<j. In this case, u; is sold in P* and wu; is sold in P°. Then, 7f — 7} =
(& —&)r —a™(Ejmm — &imm)r > (& — &)1 — (§jom — &i—m)7T > 0, where the last inequality
follows since §; — & > &;—m — &—m by assumption.

e j <t; —t<i. In this case, u; expires before sale in P?, but w; is sold in P°. Then,
m—my = (& —&)r — a1 = Gm)r — /T 2 (& —&)r — o™ (1= &y)r — a7 = (& —
&)r—(1—¢&—_;)r—6>0. The first inequality holds since m > j and hence &;_,, > &;_;. The
last inequality follows since (§; — &) — (1 —&—;) — g >0 by assumption.

e {; —t >14. In this case, u; expires in P°, and u; expires in P®. Therefore, 7} — 7y =
(& —&)r+ (a1 —ai )0 > 0,

e ¢, =T+1 and t; —t < j. In this case, u; is salvaged in P* and w; is salvaged in P, so
7o — 70 = (& — &)r 2 0.

e t;=T+1 and j <t; —t <. In this case, u; is salvaged in P° but u; has expired by
then, so ¢ — ¢ = (& —&)r—a™s—ad 10 = (& — &)r — s — 0 > 0, where the last inequality
follows since (&; — &;) > £¢ by assumption.

Hence, by contradiction, P° cannot be optimal. Since this is true for any demand path,
under given assumptions, LIFO is optimal.

Part 2: We prove subpart (a) by proving a more general result: if & = ¢, for any i €
{1,...,m — 1}, issuing inventory with remaining lifetime ¢ periods before inventory with
remaining lifetime ¢ 4+ 1 periods is optimal. Using Lemma 1, the marginal value of a unit
with remaining lifetime ¢ periods is more than the marginal value of a unit with remaining
lifetime ¢ — 1 periods. Therefore, when 7 > 2, issuing a unit with remaining lifetime ¢ periods
instead of a unit with remaining lifetime ¢ + 1 periods does not impact the profit in the
current period while it increases the future profit. When ¢ = 1, issuing a unit with remaining
lifetime one period instead of a unit with remaining lifetime two periods increases the

current period profit by € while the maximum possible decrease in the future profit is 6 as

agt—(xt) > —0. Therefore, it is optimal to issue inventory with remaining lifetime ¢ periods
i1
before inventory with remaining lifetime ¢ 4+ 1 periods. Thus, if §&; = ... =&, =0, issuing

inventory in the FIFO order is optimal. Subpart (b) follows directly from Lemma 1.
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EC.8. Theorem 4

Given X;, ((di) = maXo<z, <z, 57 | z..<d, Ut(Zt,X;) is concave in d;. Suppose that an infinites-
imal increase in demand, §, is satisfied with the oldest inventory. Then, ((d;+ ) = ((d;) +
((1 —&)r + 6)d. This rate is the same regardless of the quantity of the oldest inventory
xy1. Since ((d;) is concave in d;, once its marginal rate of increase with respect to d; equals
(1 —&)r + 0, the best one can do is maintain that rate; continuously issuing the oldest

inventory till it is depleted ensures this.

EC.9. Proposition 3

Clearly, 1, is a linear function of z; such that gz—fi =0+r(l—¢&)=:a; and gz—ﬁ =r(l-—
&) —aye(l—¢_1)=:a; for i € {2,..,n}. Since the derivatives are independent of the state
(X;) and the period index (t¢), the issuance policy is a bucket policy that remains the
same throughout the planning horizon. Suppose a;; > .... > a;, and iy = n, that is, the

Tty Teyiy,_, are issued before ¢; and the rest are issued after. Let Dy; = D; and Dy, =

—xy,_,)" for j€{2,...,n}. Then,

w0 (x,) = max{ - cqt+EDt{Z = &) min(zi, Dug )+ 3, ave(l =& 1) (@, — Dug,)*

j=1,i;#1
— 0(1}71 — Dt,1)+}}.
Let Ui(xy,q) = —cq + Ep {3 j_,r(1 — &;)min(z;;, Dy;;) + Z?:%,ij#ayf(l —
. OF min(x¢ ;. ,D¢,; ;
Sij_l)(xt7ij - Dt,ij)+ - e(xt,l - Dt,1)+}. Since a;tj b =
(
0, je{l,...k—1}
. 8E(-73tz th ) o
- <I>(Z§;1 T, ), 1=k and T —
(Zz 1xt”)—<I>( Zzlxt,u), j>k
0, je{l,....k—1}
. U (x4,
B(ts Tar), j=k ;O = e 4 (1 - &) -

(I)(ZZ=1 Ttiy) — (I)(Zé_i Tii,), J>k

(3 y, wei,) — D i1 @iy (P () wq,) — @091 w44,)). Furthermore, %jg;:) =
=@ = @i, )OO ) — a6y i) G E{L, k=13
= Yo (@i = a0, OO we) — i, 6 (T we) G2k

% <0 as a;, >.... > a;,. Therefore, the order quantity monotonically decreases with
i

\§ e

Hence,

inventory of any remaining lifetime.
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EC.10. Theorem 5

LEMMA EC.2. Suppose that &, =&pi1=... =&, =0 for L <m <n and &,,_1 >0 when
m>1. Ifr> M the AIOP issues units with remaining lifetime m periods before
older units. Additionally, inventory with remaining lifetime of m + 1 or more periods in
1ssued in the FIFO order. Moreover, inventory with remaining lifetime of m periods is
either issued before inventory with remaining lifetime m + 1 periods (policy Z,) or after
inventory with remaining lifetime n periods (policy I, ). Specifically, if m > 1 or 0+ avyc >0,

I, is chosen. Otherwise, Iy is chosen.

Proof: Recall from the proof of Proposition 3, 882; =0+r(l1—¢&)=:a; and 83;? =r(1-
&) —avye(l—¢& 1) =:q; for i €{2,..,n}. Clearly, if m > 1, a,,_1 <r(1—&,_1) +max{0,0}
and a,, > r — acy. Therefore, if m > 1, a,, > ap—1 if 7 —aye>r(1 —&,—1) + max{0,0} or
p > eyctmax{6,0y Thus, if r > oyetmax{6.0} , the ATOP issues units with remaining lifetime m

£n 1 m—1
periods before any older units.

Now, ift m > 1, a,, =r —acy(1 = &n-1) > @pe1 = ... = a, =7 — ey, so the AIOP follows
policy Z;. Ift m =1, ay =r + 6. Clearly, when 60 + ayc >0, ay > ay = ... = a,, and, once
gain, the AIOP follows policy Z;. Otherwise, if 6 + ayc <0, a; <as=...=a,, the AIOP

follows policy Z,. [
Let D = sup{z : ®(x) < 1} < oo, and consider the ATOP policy. From Proposition

3, %};7%) =—c+r(l-&) - aikq)(zz::l Ttiy) = D jmperr Qi (B % | Ttig) — (Ze 1 Tti,))s

where i, = n. We next show that as r — oo, %’;’“%) > 0. Suppose, without loss of general-
ity, Epn=&ni1=...=&,=0, where 1 <m <n,and &, 1 >0 whenm>1.If r > %ﬁ{e,o}’

AIOP either chooses Z; or Z, as the issuing policy (Lemma EC.2). We show that as r — oo,
M >0 if (30" x;) <1 under policy Z; and m > 1. The proofs for policy Z, or
when m =1 are similar and hence omitted.

Under Z;, let the inventory with remaining lifetime of m — 1 or fewer periods be issued in

the order (i1, ...,4m,_1). Thus, aﬁ%’q‘f’%) =—c+r—a, > " m)— 27_11 ai, (PO, v+
S it ) = PO T+ 2000y @) =~ —r®(, w) — a3 (RO, v +

oy @) = O, ) = —c =@, ) — ai (RO ) — (T, w)) >
—c+r—r®( i, w) — (r(1 = &mar) + max{6,0}) (P (XL, =rs) — POiL,, Tei)) = —c —
max{0,0}+r—r®(> " x)—r(1=§n1) (@ 0 x) — PO, x1)) = —c—max{0,0} +
r =@ i) — Em1 (PO xrs) — @O0, xii))], where the first inequality follows

since a;, > .... > a;,,, the second inequality follows since a;, < (1 — &,,—1) + max{6,0},
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and the last inequality follows since ®(>""  z¢;) — ®(> ., ;) > 0. Therefore, O(xe.qr)

i=m g+ -

—c—max{0,0} +r —rS where S =03 " x1;) — Em1 (PO i) — PO, w1i)). We

now show that as r — oo, %’;’qt) >0if (32" ;) <1, which is equivalent to proving

S<1if o>, i) <1

i=m

To see this, observe that either ®() 7" x;) < ©(O; x;) or @O 1 x;) =

Q3" xp;). In the first case, S = @O0 i) — &1 (PO 2i) — PO my)) <
Q3" xp;) <1, where the first inequality follows since &,,_; > 0. In the second case,

S=0( L ) =P, mei) <1
Therefore, as r — oo, the order quantity under ATOP should be such that &> ;) =

Lor Y ' my;= D. Consequently, the expected profit in any period ¢ must be at least 7 —
cD —0D if >0 and at least riu— cD if < 0. On the other hand, the expected profit under

TAIOP

the optimal policy in any period ¢ cannot be more than ru. Therefore, lim,._,, () 1,

m (xt)

We now prove a stronger result: lim, o, m(x;) — 7797 (x;) = 0 when 6 > 0. From Propo-
sition 2, FIFO is optimal if m = 1. Further, from the proof of Proposition 2, if £, =&, for
any ¢ € {1,...,n—1}, it is optimal to issue inventory with remaining lifetime ¢ periods before
inventory with remaining lifetime ¢ 4+ 1 periods. Therefore, it is optimal to issue inventory
with m or more periods remaining lifetime in the FIFO order. Moreover, if m > 1, from
Lemma 1, part 1, it is suboptimal to issue the oldest inventory before completely issuing the
inventory with remaining lifetime m or more periods if r§; —0 > acor r > %ﬁ“e. Similarly, it
is suboptimal to issue inventory with remaining lifetime ¢ periods, where 1 <17 < m, before
completely issuing inventory with remaining lifetime m or more periods if r&; > ac+ af

or r > acge

. Therefore, when r is large enough, it is optimal to issue inventory with

remaining lifetime m or more periods in the FIFO order and then the rest of the inventory.

Define wy(xi,q) = —cqr — Oxpq + EDt{maXOSZtSit,ZLlzt,iSDt ut(zt,f&t)}, so m(xy) =
maxg,>0{ wi(X¢,q)}. From Lemma 1, the marginal value of any inventory lies in [—6, .
Therefore, w;(x;,q;) < w(x;,q;), where w?(x,,q) the profit obtained if all the inventory
A(

remaining after fulfilling demand in period t is salvaged at unit price ¢; that is, w*(x¢, ¢;) =

—cq — 0x1 + Ep, maXogztgsat,zy:lzt,igpt{gzt,l +ry (L =&)a +acd i o (& — 215) +
B(

oz7rt+1(0)}. Similarly, wy(xs,q:) > w? (x4, q;), where w?(x;,¢q;) is the profit obtained if all

the inventory remaining after fulfilling demand in period ¢ is outdated at unit cost of
0; that is, w?(x;,q;) = —cq; — 0z 1 + Ep, maXOSZtgit,Z?:lzz,isDt{Hzt,l +ry o (I—=&)z —
af > " (T — 2t;) + amy1(0) }. The optimal issuing policy in both scenarios A and B is a
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threshold policy, where inventory with remaining lifetime m or more periods is issued in
the FIFO order and the remaining inventory is issued in LIFO order. Therefore, w;(x;, ¢; +
§) — wi(xs, 1) > wP(x4,q; + 0) — w(x4,q) where 6 > 0 is infinitesimal. This implies
that 22405000 > —c 4 (1= (L7, 200)) — 375 (01 = &mg) + ¢ + O)(@(XL,,;w0s) —
BT ) 2 et (LB 21) — S (ML~ 6y + e+ OO, 1)
(i @) = —c+r(l — @, @) — (r(1 = &uo1) + ¢+ O) (R 2ei) —
(Y, i) = —c+r —r[@(T0, ) = (Enr — EP@(TIL, i) — B, 4,4))]- Similar
to the AIOP, it can be seen that as r — oo, M >0if ®(>°, x:;) < 1. Therefore,
as r — 0o, the optimal order quantity is such that ®(3  z;)=1or >.;' x,;,=D.
Therefore, as r — oo, both the AIOP and optimal policy order inventory such that
S = D. Additionally, if # > 0, using Lemma EC.2, the AIOP and optimal policies
prescrlbe similar issuing policy, where inventory with remaining lifetime m or more periods
is issued in the FIFO order and then the rest of the inventory is issued. Together, these
imply that inventory with remaining lifetime more than m periods remains unsold in both
policies. As a consequence, as r — 0o, the inventory dynamics in the optimal policy and
the AIOP are same such that inventory with more than m period lifetime is never sold

and ends up outdating. Hence, lim,_,., 7,(x;) — 7197 (x;) = 0.

EC.11. Theorem 6

Scenario 1: Consider a clairvoyant who can see the demand in advance. Clearly, the
expected profit for an inventory system operated by the clairvoyant will be 7¢!(0) =
(r—c)u Zthl a'~!. Consider now a system under policy P. For this system, the expected
profit in any period ¢ is at least E{rmin{u, D;} — cu — Ou} if § > 0 as the revenue
obtained is at least Ermin{u, D;}, purchasing cost is cu, and outdating cost cannot

be more than fu. In contrast, if § <0, the expected profit in any period t is at least

: 7 (0) E{rmin{p,D:}—cpu—0u} L  at=1 rE—cu—0u 1 1—2#
E{rmin{u, D;} — cu}. Therefore, w0 2 = c)uZ e 1: 1 > ot 1 =
. . 7P (0) E{rmin{u,D:}— c,u}z Lot~ s 1-22
if # > 0. However, if 6 <0, 0) > TS = > e =i

Scenario 2: We show this result using a sample demand path analysis. We match units
between the LIFO and optimal policies, where the units ordered in both systems are
numbered as follows. Let the units ordered in period ¢ in the optimal and LIFO policies be
numbered as {(t,1)977 (¢,2)°P7 . (t,q,)°FT} and {(t,1)HFO (¢,2)HFO . (t,q) 1O},

respectively. A unit in one policy corresponds to a unit in another policy if both are used
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to satisfy the same demand unit. Additionally, they are same-numbered if their numbers
are identical: for example, (¢,2)°FT and (¢,2)*F© are same-numbered units.

OPT

A unit u under the optimal policy is either sold, outdated, or remains unsold at

the end of the horizon. If it is sold, four outcomes are possible for the same demand unit

under the LIFO policy: 1) satisfied by a unit with the same remaining lifetime as u®*7,

OFT " 3) satisfied by a unit with

2) satisfied by a unit with lower remaining lifetime than u
greater remaining lifetime than u®"?, and 4) not satisfied. If u“"7 is outdated or remains
unsold at the end of the horizon, two outcomes are possible for the same-numbered unit
under the LIFO policy: 1) used for satisfying a demand unit and 2) outdated or remains
unsold at the end of the horizon. Therefore, we can divide all the units purchased in the
optimal policy into six sets.

e A demand unit is satisfied in the two policies such that the unit used in the LIFO
policy has the same remaining lifetime as the optimal policy. Let A; be the set of such units.

e A demand unit is satisfied in the two policies such that the unit used in the LIFO
policy has lower remaining lifetime than the optimal policy. Let A5 be the set of such units.

e A demand unit is satisfied in the two policies such that the unit used in the LIFO pol-
icy has greater remaining lifetime than the optimal policy. Let A3 be the set of such units.

e A demand unit is satisfied in the OPT policy but not in the LIFO policy. Let A, be
the set of such units under the optimal policy.

e A unit ordered in the optimal policy is either outdated or remains unsold at the end
of the horizon, whereas the same-numbered unit is sold in the LIFO policy. Let A5 be
the set of such units.

e A unit ordered in the optimal policy is either outdated or remains unsold at the end
of the horizon. The same outcome occurs for the same-numbered unit in the LIFO policy.
Let Ag be the set of such units.

Clearly, the sets A;, As, As, A4, As and Ag are mutually exclusive. Furthermore, for any
set A;, we use superscript LIFO to denote the same-numbered units under the LIFO

AHFO represent the same-numbered units as in A, but under

policy. For example, units in
the LIFO policy. We use A; and APFT i€ {1,...,6} interchangeably. Before proceeding
to the main proof, we prove four claims.

Claim 1: Let S(A) represent the revenue net of the goodwill cost obtained from selling

units in set A. Then, S(ALFO) > S(AFFT).
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Proof: Consider a unit (t+k, )77 € Ay, where k> 1, and let the same demand unit be
satisfied by (¢,7)X7F° in the LIFO policy. (,7)XF° being sold in the LIFO policy implies
that (t + k,j)FO is already sold. Moreover, it must be sold with a remaining lifetime
at least the unit (t + k,7)°F7. Hence, for every unit in A$F7? the same-numbered unit
in AXFO has been sold at same or younger age in the LIFO policy, which implies that
S(ALFOY > S(AQPT). O

Claim 2: KOPT — KHFO < KLIFO _ G(ALTFO) "where KT represents the revenue net of
the goodwill cost obtained from selling units in policy P.

Proof: Consider a unit (t,7)9FT € A4. Since, when this unit is sold, inventory is not

available in the LIFO policy, (t,i)*/F© is already sold in or before period t. Moreover,

(t,d)LFO orr

must be sold with a remaining lifetime greater than or equal to the unit (¢,7)
Therefore, for every unit in A¢F7, the same-numbered unit in A9 is sold at the same
or greater remaining lifetime. Thus, S(AHFO) > §(ALFT).

Now, KOPT — KLIFO — G(AQPTY 4 S(A9FT) + S(AQPT) + S(AQPT) — S(ALTFO) —
S(AFIFO) — S(AFTO) — S(AFTO) — S(AFFO) < S(APTT) + S(AFTT) — S(AFT9) —
S(ALEOY — S(ALIFOY < S(APPT) + S(AQFT) — S(ALIFO) < KEIFO — §(ALTFO)  wwhere the
first inequality follows since S(ALFO) > S(AFFT) and S(ALFO) > S(APPT), and the last
inequality follows S(AMFO) + S(ALFO) > S(APFT) + S(APPT) given the definition of A,
and As. O
Claim 3: Let ©F be the total units outdated under policy P, and let A© = Q-0 _@OFT,
Then, AG > —||A5]|.

Proof: Since s = —0, the units leftover at the end of horizon can be considered to be
outdated units. Thus, A® = MO — || A5|| — || As|| > —||A5]| since OO > || Aq||.0
Claim 4: For every outdated unit under the LIFO policy, the same-numbered unit in
the optimal policy is either outdated or sold. Let the set of latter units be denoted by A.
Then, [JA4]| < || A

Proof: For each unit u € A, the corresponding demand unit is satisfied in the LIFO policy.
Since the same-numbered unit of u is outdated under the LIFO policy, the demand
unit must be satisfied by a younger unit in the LIFO policy. Therefore, A C As or
Il < | As]|. Now, A = ©HFO — 9T = || Al + || Ag|| — O < [|As]| + [ Ag|| - ©97T =
|| As][ = || As[| < [|-As]]. O
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Let 6 <0. If A® > 0, the outdating revenue obtained is greater in the LI F'O policy than
the optimal policy and so, ROFT(0) — REFO(0) = KOPT — KEFO L gAG < KLFO L gAG <
KLIFO < REIFO(Q), where the first inequality follows using Claim 2 and since S(As) > 0.
If A® <0, ROFT(0) — RUMFO(0) = KOPT — KEFO L gA© < KLIFO — §(ALTFO) 1 gAB <
KIFO _ §(ALTFOY — || As|| < KHTFO — (1 — &) As|| — 0[] As|| < KXTFO < REFO | where
the first inequality follows from Claim 2, the second inequality follows since A© > —||A4s]|,
and the third inequality follows since per unit revenue from any sold unit is at least
r(1—¢&;). The fourth inequality follows since § > —r(1 —&;). Hence, if 6 <0, IJ?JPF—TO((S)) > 5.

Consider now the case § > 0. If A© <0, ROPT(0) — RHFO(0) = KOPT — KLIFO L AO <
KUFO 4 gA@ = RUFO(Q) + gOMFO 4 gA@ < RMFO(Q) + 9QLIFO — RLIFO(Q) 4
REEO(Q) — KHFO <2 RLIFO(Q), where the first inequality follows from Claim 2 and since
S(As) >0. If A® >0, ROPT(0) — REFO(0) = KOPT — KHFO 1 gAO < KHFO 1 gAB <
KUMFO 4 9| As|] < KMFO 4 p(1 — €)[| 4| < KMFO 4 KLIFO — 9 (LIFO — 9 RLIFO () 4
200L1FO — 9 REIFO(Q) 4 2(REIFO(Q) — KLIFO) < 4RLIFO(0), where the first inequality
follows using Claim 2 and since S(A5) > 0, the second inequality follows since A© < ||.As]|
and the third inequality follows since 0 < r(1 —¢;). The fourth inequality follows since the
LIFO policy earns more revenue net of the goodwill cost from the units in set A3 than

the optimal policy. Therefore, if <0, ROPT(0) — RFFO(0) <4RMFO(0) or % > 1.

EC.12. Lemma 2

The proof is similar to the proof of Lemma 1 and hence omitted.

EC.13. Theorem 7

Part 1: Using Lemma 2, the marginal value of inventory of any remaining lifetime
remains higher than that of older inventory even after clearance. Thus, if it is optimal to
clear inventory of remaining lifetime ¢, then all the older inventory should also be cleared.
Part 2: Suppose, by the way of induction, that 7, 1(x;y1) is concave. Using the same
argument as in Theorem 2, v;(xy,q;) is concave in its arguments. This further implies that
mMax,, >0,0<x;<y: Vt(X¢, ¢:) is concave in y, since the feasible set for maximization is a convex
set, as it is an intersection of half spaces. This implies that m(y;) is concave in y;.

Part 3: Suppose that it is optimal to salvage an infinitesimal increase ¢ in y,;, for
i€{1,..,n—1}. This implies that m,(y; + de;) = s0 + m(y;) or Z2¥) — 5 where e; is an

3%,1’
n — 1 dimensional vector whose i*" element is 1 and all other elements are zero. Since
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Ot (y+)
Mt,i

m(y:) is concave in y;,, is decreasing in y; ;. Therefore, once this rate hits s, the
best one can do is maintain that rate, that is, continue salvaging.

Part 4: Assuming m;,1(y¢) to be anti-multimodular, Lemma EC.1 shows that —cq; +
vi(x¢, ;) is anti-multimodular. Therefore, we only need to show that m;(y;) = s Z;:ll Yri +
MAaX,, >0,0<x;<y; 1 —Cq + Ve(X¢, ¢¢) } is anti-multimodular in y;. The same functional equation
appears in Theorem 3, part (i) in Li and Yu (2014), where the anti-multiomodularity is
established by relaxing the constraints 0 < x; <y, to ZZ;I x) < ZZ;I yr forie{1,..n—1}
without any loss of optimality. The same relaxation can be applied in our model as well since
the clearance variables are ordered. To see this, suppose x; > y; for some ¢ € {1,...n — 2},
then there must exist a j >4 such that z; <y;. However, such a solution cannot be optimal
as v(X¢, q¢) can be increased by decreasing x; and increasing x; (Lemma 2). In other words,
the set 0 < x; <y, can be relaxed to ZZ: T < ZZ: yr without changing the optimal
solution. This leads to anti-multimodularity of m;(y;) where the rest of the proof is similar

to Lemma EC.1 and hence omitted. The proof of the second part is similar to the proofs

of part 2 and part 3 of Theorem 3 of Li and Yu (2014), respectively, and hence omitted.

EC.14. Comparison with Other Heuristics

In this section, we compare the AIOP heuristic with the age threshold and protection
level policies for longer product lifetimes (n =3 — 7). We use a sample path analysis where
we consider 10000 sample demand paths. This is in contrast to the experiments in Section
5, where all the possible states are enumerated and backward recursion is used to obtain
profit for all the policies, including the optimal policy. For both age threshold and protec-
tion level policies, we consider the FOQ and OUL replenishment policies. The parameters
for all the policies are identified in the same manner as described in Subsection 5.2.

We parameterize the age-sensitivity factors as follows. We consider five functions to
generate age-sensitivity factor such that for each function, age-sensitivity factor of the
oldest inventory is 0.6 and of the fresh inventory is 0. We input n uniformly distributed
values ({0, 1, -%5,...,2=2,1}) into the following five functions: A* (cubic), A? (square),
A (linear), A2z (square root), A3 (cube root). We then scale the function such that it lies
between 0 and 0.6. For example, when the function is linear, the age-sensitivity vector is
(0.6,0.3,0) when n is 3 and (0.6,0.4,0.2,0) when n is 4. Furthermore, we consider the fol-
lowing parameters (100 instances): c=5, « =0.98, s =0, D; ~ {Unif[1,3],Unif[0.6,3.4]},
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T =50, and z;, =0 for all : =1,...,n — 1. In addition to the insights listed in Subsection
5.2, a few more observations are as follows.

1. Adding a protection level has no effect when the replenishment policy is OU L.

2. AIOP resulted in the least optimality gap in 56 instances. In the remaining 44
instances, age threshold with OU L policy generated the least optimality gap.

3. Adding a protection level increases the profit for 32 instance when the replenishment
policy is FOQ, however, the increase is only 0.07 % on average.

4. Regardless of the issuance policy, FFOQ policy performs better than OUL only for
six instances. This happens when age-sensitivity is high and old inventory is not valuable.
For all these instances, AIOP performed the best.

5. AIOP performs better than the age threshold with QUL policy in all 20 instances
when & is cubic or quadratic, 12 instances when £ is linear, 2 instances when & is square
root, and 2 instances when & is cube root. Therefore, age threshold with OUL policy
performs better than the AIOP heuristic when the age-sensitivity effect is weak.

g 0,23 0,39 =13 @30 EX) €N

r =10 6=05 6=25 6=05 60=25 6#=05 606=25 60=05 6=25 6=05 6=25 6=05 6=25

(0,0) 0 0 1.92 2.44 2.56 3.18 4.6 5.5 6.76 7.83 7.64 8.92
(0.1,0) 0.06 0 2.98 3.35 1.44 2.15 3.08 4.23 6.5 7.65 6.88 8.27
(0.2,0) 0.18 0 3.95 4.05 0.46 1.14 1.76 2.86 6.27 7.38 6.24 7.64
(0.3,0) 0.8 0.06 5.18 4.75 0.04 0.3 0.95 1.77 6.44 7.2 6.12 7.17
(0.4,0) 1.84 0.75 6.73 5.83 0.02 0.01 0.5 1.12 6.79 7.37 6.2 7.09
(0.5,0) 2.88 1.63 8.1 7.09 0.08 0.01 0.08 0.77 7.03 7.75 6.25 7.28
(0.1,0.1) 1.28 0.91 0.51 0.87 3.13 3.36 4.33 4.93 4.06 5.23 5.02 6.39
(0.2,0.1) 0.22 0.09 0.82 1.23 1.15 1.68 1.99 3.01 3.01 4.49 3.4 5.14
(0.3,0.1) 0.24 0.09 1.96 2.24 0.3 0.9 0.82 1.91 2.96 4.49 2.91 4.75
(0.4,0.1) 1.02 0.2 3.62 3.12 0.14 0.19 0.22 0.91 3.3 4.38 2.88 4.3
(0.5,0.1) 2.17 0.93 5.43 4.42 0.45 0.12 0.1 0. 3.94 4.75 3.24 4.42
(0.2,0.2) 3.48 2.65 0.11 0.16 4.76 4.45 5.24 5.4 2.17 3.39 3.19 4.62
(0.3,0.2) 1.89 1.21 0.19 0.17 2.46 2.35 2.66 3.04 0.96 2.3 1.36 3
(0.4,0.2) 1.3 0.26 0.9 0.38 1.08 0.71 0.86 1.1 0.22 1.43 0.1 1.67
(0.5,0.2) 1.89 0.49 2.62 1.61 0.98 0.29 0.38 0.39 0.72 1.67 0.21 1.54
(0.3,0.3) 5.87 4.77 0.18 0.02 6.71 6.06 6.65 6.5 0.71 2.06 1.78 3.35
(0.4,0.3) 4.95 3.32 1.01 0.09 5.18 4.05 4.72 4.19 0.03 0.93 0.4 1.62
(0.5,0.3) 4.88 2.09 2.48 0.26 4.54 2.29 3.73 2.17 0.21 0.05 0.02 0.26
(0.4,0.4) 9.03 6.97 1.32 0.1 9.52 7.84 8.92 7.8 0 0.76 1.03 2.06
(0.5,0.4) 8.6 5.63 2.75 0.48 8.62 6.07 7.6 5.79 0.03 0.01 0.34 0.68
(0.5,0.5) 12.38 9.36 3.14 0.76 12.63 9.91 11.6 9.46 0 0 0.97 1.27
r =15

(0,0) 0 0 1.13 1.5 1.55 2.02 2.91 3.69 4.59 5.68 5.14 6.39
(0.1,0) 0.08 0 2.17 2.4 0.59 1.06 1.55 2.38 4.24 5.35 4.34 5.64
(0.2,0) 0.55 0.07 3.46 3.22 0.06 0.2 0.61 1.2 4.19 5.03 3.91 4.97
(0.3,0) 1.52 0.81 5.05 4.54 0.04 0.01 0.17 0.62 4.49 5.23 3.89 4.88
(0.4,0) 2.74 1.69 6.8 5.94 0.35 0.03 0 0.26 4.97 5.54 4.1 4.93
(0.5,0) 4.21 2.71 8.66 7.32 0.96 0.21 0 0 5.59 5.85 4.49 5.03
(0.1,0.1) 1.35 1.04 0.19 0.33 2.45 2.56 3.05 3.53 2.21 3.31 2.81 4.07
(0.2,0.1) 0.39 0.17 0.41 0.56 0.6 0.87 0.8 1.5 0.93 2.26 1.03 2.56
(0.3,0.1) 1.03 0.31 2.07 1.65 0.4 0.22 0.18 0.51 1.19 2.12 0.85 2.04
(0.4,0.1) 2.33 1.16 4.16 3.26 0.85 0.28 0.17 0.18 1.92 2.54 1.21 2.12
(0.5,0.1) 3.61 2.29 6.14 5.04 1.38 0.68 0.18 0.17 2.58 3.19 1.56 2.49
(0.2,0.2) 3.6 2.94 0.18 0.03 4.31 4.02 4.23 4.37 0.55 1.63 1.18 2.45
(0.3,0.2) 3.29 1.76 1.22 0.12 3.26 2.17 2.76 2.17 0.04 0.41 0.12 0.72
(0.4,0.2) 3.9 1.68 3.02 1.14 3.17 1.4 2.26 1.04 0.4 0.14 0 0.02
(0.5,0.2) 4.77 2.43 4.86 2.82 3.33 1.5 1.92 0.73 0.83 0.6 0 0.1
(0.3,0.3) 6.97 5.19 1.48 0.19 7.35 5.91 6.65 5.68 0 0.27 0.66 1.13
(0.4,0.3) 7.08 4.84 3.09 1.27 6.87 5 5.74 4.46 0.06 0 0.11 0.3
(0.5,0.3) 7.65 5.1 4.96 2.74 6.86 4.69 5.34 3.75 0.51 0.18 0 0
(0.4,0.4) 10.74 8.42 3.47 1.57 10.89 8.84 9.63 8.09 0 0 0.66 0.86
(0.5,0.4) 10.8 8.2 5.14 2.89 10.47 8.18 8.81 7.15 0.09 0 0.07 0.27
(0.5,0.5) 14.38 11.72 5.63 3.3 14.34 11.92 12.67 10.73 0 0 0.63 0.85

Table EC.1  Optimality Gap of Different Bucket Policies for n =3. D, ~Unif[0,2], c=5, h=0.5, «=0.98, s=0
and 7' =10.



