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Appendix A: Proofs

A.1. Proof of Proposition 1

Proof. By strong duality, the dual second-stage problem (2) satisfies

fld,x)= r‘rlnél Z ad; + Z Bizi ¢,
’ i€n]

i€[n]

st. o —r;>max{—p; —s;},
j€li]

aiaﬁi 2 07

Vi € [n]
Vi € [n].

Let I, = — mz[uf{—ﬁj —8;}. We can see that —I; = max{—1I;,_1,—0; — s;}. Then Problem (A.1) is equivalent
NS

to

Z o, d; + Z Bz ¢,

i€[n] i€[n]

f(d,x) = min

s.t. o — T 2 _Ii7

— I, > —3; — s,
—I; < -1,
a;, 3; >0,

I; eR,

Vi € [n]
Vi € [n]
Vi€ [n—1]
Vi € [n]

Vi € [n].

We observe an optimal solution must satisfy that «; = (r; — I,)* and 8, = (I; — s;)*, which implies that

= mi — I\t (I — )T
f(d,x) = min Z di(ri — L) + Z zi(I; —s)" ¢,
i€[n] i€[n]
S.t. Iz > Ii+17
I, eR,

(A.2)

Vie[n—1]

Vi € [n].

By the facts that ry >--->r,, s >--->s, and r; > s;, the optimal solution of problem (A.2) must

satisfy I; € [s;,r] for all i € [n], so that (r;, — I,)* =r; — I; and (I; — s;)* = I; — s;. Therefore, problem (A.2)

is equivalent to the following problem:

f(d,x):mlin Zdi(ri—li)—&—z;vi(li—si) ,
i€n

] i€[n]
s.t. Iz 2‘[7;4_17

I € [s5,73),

Vie[n—1]

Vi € [n].

Using the variable transformations z; =r; — I; for all i € [n] and adding slack variables wy,..., w,, to remove

the inequality constraints, we obtain Proposition 1. [
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A.2. Proof of Corollary 1

Proof. Using the variable transformation w; = a; — z; and eliminating the slack variable w, we observe

problem (5) is equivalent to the following problem:

fld,x)= zrerR?w Z (di— i)z )+ Z a;T;, (A.3)
ie[n] i€[n]
where
wit+zi=a;, Vi€|n)
A, ={z,w|w+2i411>b;, Vie[n—1]
w; >0,2; >0, Vi€ [n

It follows from strong duality that the dual problem (A.3) admits the relaxed one-level upgrading prob-
lem (6). O
A.3. Proof of Proposition 2

Proof. For the ambiguity set F, let 6, 7, and f3; be the dual variables associated with the constraints in
F. That is,

inf  Ep[f(d,x)]
st Es(d)= (---dual variable 7 € R")
Ep(d?) < p?+02, Vi€ [n] (- -dual variable 3; € R)
P(deWw)= (+--dual variable 0 € R)

Then, for a given x, the dual of (4) is

2 2
Shax 0+ iez[n] (Tipi + Bi(pii +07)) (A.4)
st 0+ Y (rdi+Bid?) < f(d,x),vd e W.
i€[n]

Note that the constraint in problem (A.4) is equivalent to

0 <min} f(d,x)— > (rdi+8,d2) ¢,

dew
'Le[n]
which can be further written as
< mi . ) d?
Oy, ) 2 Gmm)a 3 e ) (ndit )
i€n ZE n 1€[n

= min min E d; —x)z + E a;r; — g (7:d; + B:d?)
z,weNAgdeEW

i€[n] i€[n] i€[n]
= mi (d; — d; + Bid?
i, 2 i, {(dh =)z o = (nd £ A0}
1€|n
=, min > hi(mm B + ) e
i€[n] i€[n]

In the optimal solution, it must hold that 6 = mln Z hi(zi, 73, By i) + Zie[n] a;x;. Substituting 0

i€[n]

back into the objective of (A.4), we obtain the result of the proposition. [
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A.4. Proof of Lemma 1

Proof. On the one hand, it is sufficient to show that under the condition a;,1 =b;, for i € [n — 1], any
(z,w) € E(Ao) satisfies w;z; =0 and w; + z; > 0, for i € [n]. To see this, under this condition, the network
(see Figure 3) representing A is uncapacitated. By Theorem 1 in ?, at most one of the two inflows of each
node, i.e., z; and w;, is positive in an extreme flow. Hence, for any (z,w) € £(Ag), we must have w;z; = 0.
Then, by d; > 0, the constraint w; + z; = §; + z;41 implies w; + z; > 0.

On the other hand, if there exists 1 < k; < ks < ... < kar <n for some M € [0,n] such that z;,, =--- =2, =0
and w; =0 for any k; < j < k;41 and 0 <! < M. Then we obtain 2n + 1 equality constraints. One can easily
check that the resulting system of linear equations has the unique solution (z, w) and hence the binding

constraints are linearly independent, which implies that (z,w) € £(Ay). O

A.5. Proof of Proposition 3

Proof. We denote the optimal value of problem (12) by II'. Taking the dual of problem (11), we obtain

the following dual formulation:

max  — Ao+ At

Then, we can rewrite problem (3) with W, =R, as

II"= max — X+ Anp1 + Z (T,-ui + Bi(o? +,ui2)) + Z (a; — ¢;)x; (A.5)
e i€[n] i€[n]
st N—N+ Y d{[é}}{li{(dt—xt)ﬂi’j’t—(Ttdt-i-ﬁtd?)} >0,Vie0,n],j€li+1,n+1].
teli+1,min{j,n}]
On the one hand, for an optimal solution (x,3,7,A) of (A.5), if 8, <0, then the objective is a quadratic

Tiyj,t —Tt

2Bt
, given B, < 0. Therefore, we have dm%l ((dy — z)mi 0 — (Tedy + Bed?) + X — Nj) =
t ER4

convex function of d,. The unconstrained minimizer is obtained at . So the constrained minimizer

min{m; ;j +—7¢,0}
2Bt
2
in(m; j.+—7¢,0 .
W — LT 5t + )\,L - )\] If ﬁt = O, then we have m%l ((dt — mt)ﬂ-i,j,t - (Ttdt +Btdt2) + >\7, - )\j) =
t di€ +
—00, 7T7l,j,t < Tt
—TyT 5+ A — )\j7 Ti,5,t > Ty

dm%l ((dy — )0 — (Tede 4 Bod2) + Xi — Nj) = —xmi 50 + N — A;. We can construct a feasible solution
tER4

(x',8',7',N,v',§') to problem (12), where X' =x, 8'=08, /=7, X' =X, 7/, , = min(7; ;; — 74,0),

in Ry is

, and hence, in the optimal solution it must hold =;;, > 7, and

it =
% for 8, <0, and &; ;, =~;,, =0 for 8, =0, which achieves the same objective value as II”. Thus we
have II' > II”. On the other hand, for an optimal solution (x,3,7,\,~,&) of problem (12), it must hold that
Vi =min(m, 5, — 71,0), &40 = % for 8, <0, and & ;=% ;: =0, m ;. — 7 >0 for 5, =0. Hence, the
solution (x, 3,7, ) is feasible to problem (A.5) with the same objective value II’, so that II” > II'. Combining

with II’ > II”, we conclude that IT' =11". O
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A.6. Proof of Proposition 4

Proof. By the shortest path formulatiounder the assumption that d; € R, we know problem (3) is equiv-
alent to the following problem:

" = max — )\0 + )\n+1 + Z (Tzuz + 51(0'22 +M22)) + Z (al‘ - Ci)xi (AG)
i€[n]

x>0,8<0,7,A
i€[n]

st A=A+ D min{(d—z)m— (nd+ Bd})} > 0.Vi€ 0,n], G € i+ 1+ 1].
tefi+1,min{j,n}]

First, it must hold that 8, < 0 for any ¢ € [n] in an optimal solution to (A.6). Suppose, on the contrary
that, 8; = 0 for some t. We notice that g}éﬁ ((dy — x)mi .0 — (Tedy + Bed?) + Ny — ;) = —c0 if 7, 5, # 7. But by
definition of the m; ; ;, m; ;+ 7 m; ;.1 if t # k, and hence 7, ;, = 7, can hold for at most one ¢. Therefore, if 5, =0
then glé% ((dy — )i 0 — (Tedy + Bed?) + Xi — A;) = —o0o will hold except for at most one ¢ € [i + 1, min{j, n}].

This already implies infeasibility, and cannot be the optimal solution. Then we have

(Wi,j,t - Tt)2

min ((dt — Tt —(Ttdt‘i‘ﬂtd?)"‘)‘i_)‘j) = 48
t

dieR

— T+T 5.t + )\7, — )\J

By the definition of m; ; ¢, we know m; ;; = 7 ;, for k <i. We then define 7;; = m; ;. for t <j. In (A.6),
we observe that there exists one optimal solution satisfying A, = A,41. To explain, consider when i =n
and j =n + 1 so that the constraint A, — A1 > 0 holds. Suppose there exists an optimal solution with
Ay > Ak 1. We can construct a new solution by reducing Ay to A’ ; while keeping all other decision variables
unchanged. We note that all constraints, including those involving \,, remain feasible with the reduced
Ar. Furthermore, the objective value does not change with this adjustment. Hence, the newly constructed
solution with A\¥ = \* . ; is also an optimal solution. Let o; = —(X\;_1 — A;) for i € [n]. Then we can reformulate

(A.6) into the following equivalent problem:

B<0x>01—a Za +Z T“Z"_B(J +“z))+2(ai—0i)xi

i€[n] i€[n] i€[n]
min{j,n} (7T~~ —T-)2

Under the conditions of Proposition 4, we first ignore the constraint x > 0. Then we solve the following

problem:

BOrcx Z] it 2[:] Tipts + Bi(o? + 7)) + 2[:] (a; —ci)w; (A7)
ZE n i€n i€n

min{j,n}

s.t. Z <Wxi7rijai> >0,Vk € [nl],j € [k,n+1].

i=k i
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Let ¢y; > 0 be the dual variable associated to the constraints in (A.7). The Lagrangian dual function is

given by
L(¢ :ﬁ<%l§}f.aza’+z Tifti + Bi(0F + 7))
i€[n] i€[n]
min{j,n} (7‘[‘-- 77_.)2
+Z )i +Z Z P Z <’LJ42xiﬂ-ijai>
ie[n] n] j€[k,n+1] i=k b
.)2 (A.8)
= mox Y (et AT+ Y Y e, otk
T e i€[n] keli] j€[in+1]
+Z 1_2 Z Br; O"’_Z a—c—z Z Gr;mij | T,
i€[n] kel j€lin+1] i€[n] keld] j€lin+1]

where the second equality in (A.8) is obtained by the fact that
n+1 min{j,n T —Ti 2 n+1 T3 —Tq

Zk 1 E + (blcg E {im} (% — L5 — Oéi) El 1 Zk 1 E + (bkg <M LT3 — Oéi>. Note

that o and x are free. Therefore, to ensure L(¢) is bounded, we should let >} _ IZ”H ¢r; =1 and

S, Z;;l GriTi; = a; — ¢, Vi € [n], with which we obtain

2 2 (msy —7:)°
L(¢) = max Tibi + B0 +pi) + Z Z Tl

BT ] keli] jelin+1] 4B

$>0,> Y =1, Vie[n]

keli] jeli,n+1]

Z Z Ty =a; —¢;, Vi€ [n]

keli jelin+1]

where

quEOE

For given 7 and ¢, it is easy to verify that the objective function of (A.8) is concave in 3. By the first-

; 1
1 > k=1 Z;L;rl brj(mij—7i)?
2 o2+pu?

order condition, we can get 8 = — . Substituting ; back into (A.8), we obtain the

following formulation:

Li@)=max Y | mpi— |(@2+p) | D D buylmy —7)°

ieln) keli] jelin+1]

:mgxz Titti — /) (02 + p2) Z Z Gl —2(a; — )T+ 77|,

i€[n] keli] jeli,n+1]

(A.9)

where the second equality is derived based on the equality constraints of ¢ in Zj. Now it is easy
to verify that (A.9) is also concave in 7. By the first-order condition, we can get 77 = a; — ¢; +

\/Zk L Z"H Gr;m3 — (a; — ¢;)2. Substituting 7 back into (A.9), we obtain

L(¢)= Z pi(a; —¢;) — oy Z Z Gy — (a;—c;)? | . (A.10)

i€[n] keli] j€lin+1]

With (A.10), the Lagrangian dual problem can be formulated as:

min L(¢) = im:ré Z wila; —¢;) —o; Z Z Guymd — (a; —c)? | . (A.11)

ieln] keli] jelin+1]
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It is clear that there exists an interior feasible solution to problem (A.7). Thus, according to Slater’s
condition, the strong duality holds, and problem (A.7) can be solved as problem (A.11). To solve problem
(A.11), we first introduce new decision variables v;; = Zkem ¢r;. Problem (A.11) is then equivalent to the

following problem:

félzlt L(g) = {,nglél Z wi(a; —¢;) — oy Z vy — (ai—c)? |, (A.12)
i€[n] j€li+1,n+1]
where v;;m;; = 0 since 7;; =0, and
Zje[i,n+1] Uij = ]., VZ S n]

vA
— veRnX(n+l) % ’
Vij 2 Vi1,5, Vi e

(1]

[

i >0, Vi€ [n],j € [i,n+1]
[
[

We start by optimizing a relaxed problem without the first and third set of constraints, i.e., Z].E[i,nﬂ} Vi =
1, for i € [n], and v;; >v;_1 4, for i € [2,n],j € [i,n+ 1], in the feasible region E and denote its optimal solution
as v;;. We then verify v;; satisfies those constraints. Note that both the objective function and constraints
can be decomposed by index i. We can thus equivalently solve a series of knapsack problems, i.e., for any
i € [n], we solve the following problem:

max E Vij 71-12]

Vij>0
Y20 elit1n41)

s.t. E ’U”ﬂ-z] =a; —C;.
jEli+1,n+1]
As m;; is nondecreasing in j, the optimal solution is to allocate all the capacity to v; ,41, ie., v}, ;=

Mt = St = v =0, for j € [i+1,n]. To satisfy the first set of constraints Zje[i 1) Vig =1, for i € [n],

Ti,n+1 i )

we further let v}, =1—p; = 2. With the conditions that p; is nondecreasing in 4, the third set of constraints

Vij > Vi1, for i € [2,n],j € [i,n+ 1] are satisfied with the obtained v};, which implies that v}; is the optimal
solution to problem (A.12). Bring v}; back into the objective function of (A.12), we get the optimal objective

value as Zie[n] (ui(a,‘ —¢)—oi/ci(a; — c¢)>, which is the same as the summation of the optimal objective

values of the n decomposed robust newsvendor problems, i.e., Zie[n] .
Note that under the condition o; < 2ninfeilei—ci) M, for i € [n], we have x™ > 0. Therefore, x™V is a feasible

(2¢;—a;)*

solution to problem (A.6). Let II(x™¥) be the optimal objective value with the decision x™ and IT*V(x™) =

> icfn IV be the profit when upgrading is not allowed and the firm chooses the decision x". We have
H* 2 H(Xnv) Z an (Xnv).

Since IT* =TI"V (x™V), we obtain IT* =TI(x"¥), which shows that x" is the optimal capacity decision and the
optimal profits are the total profits of the n decomposed robust newsvendor problem.

By the definition of P*(d), one can observe that it is indeed comonotonic. It is also easy to verify that

E(d;) = w;, E(d?) = u? + o2. From Proposition 3, we know x* =x™ and II* =5 _ . I

i€n] Tt
Next, we prove that with x™ and P*(d), the optimal objective value, denoted by IT*(x"V), is equal to

> I, Note that éz <av< &,. Therefore, by the definition of P*, we know no upgrading occurs no matter
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what scenarios are realized. Let &;;, for i € [n+ 1], € [n] be the j** element of scenario i. We have :§j

Ck _ Skl

, for
Ak+1

for j € [n]. For i € [2,n+1], &; :éj for i <j, and &; =§; for i > j. Let x1 = -

k€ [2,n], and x,41 = <. Then we obtain

n+1 n

n
vy : nv nv
xW) = E Xi E ajmm(xj i) — E T}
i=1 i=1 j=1
- a ¢
_ 3“5 . nv nv
— E aj< (xj ,7j)+—m1n ] ,fj ) E
— 4 a; e
J
n
_ nv
= E Hj .
i=1

Hence, we conclude that P*(d) is the worst-case distribution. O

A.7. Proof of Proposition 5

Proof. Let usdefine my; =0, 10 =0, T3 =a; — by, T4 = aq, M5 = a1; M1 =0, Moo = ag, a3 =0, moy = by,
a5 = ag. First, we obtain the extreme points of Ag as follows: (m11,721), (712,7T22), (713,7T23), (714, T24),
(m15,725). Then, based on Proposition 2, we aim to solve the following problem to obtain the optimal 3

and x5, where we first ignore the constraint x > 0:

max 9+Z (Tipi + Bip? +07) —|—Z (A.13)

B<O0,7,x
i€[2]

s.t. 9§h1(7r11,71,ﬁ1,x1 +h2 7T21,7'2,B2,1'2 - dual variable ¢1

0 < hq(m12,71, 01, %1) + ha(Ta2, T2, B2, T2 - dual variable ¢,

0 < hq(m14, 71,51, %1) + ha(T24, T2, B2, T2 - dual variable ¢4

) + ha ) ( )
) + ha( ) ( )
0 < hy (13,71, B1, @1) + ho(mas, T2, B2, T2) (- dual variable ¢3)
)+ ha( ) ( )
) + ha ) ( )

(
(
(
(

thl 7T15,7'1,B1,ZC1 +h2 7T25,7’2,B271‘2 . - dual variable ¢5

Let ¢;, for i € [5], be the dual variables associated to the constraints in problem (A.13). The Lagrangian

dual function is given by

L(¢)= max 0+ » (Tips+ Bi(07 +p))

B<0,x,7,0
i€[2]
_ _ 2
+Z( x_,_Z(Wlk ) —$17T1k+(7r2k47—2)_x27r2k_6)¢k
i€[2] IBQ
_ 2, 2 (e —711)* | (m2s —72)° (A.14)
- IB<D&2§_’9 .6[2] (Tzlu‘z + ﬁl(o—i + Iu’l )) + ke%] < 461 + 462 d)k

1_Z¢k 9+Z ai_ci_zﬂ.z‘k(bk Z;.
ke[5]

ke[5] i€[2]
Note that § and x are free in (A.14). Therefore, to ensure L(¢) is bounded, we should let 1—3", _ ) ¢x =
and a; —¢; — Zkem midr =0, for ¢ € [2], with which we obtain

B<O0,T 4&1 4

i€[2] ke[5

L(¢) = max (Tipi + Bio? + p2)) + Z ((Wlk—ﬁ) + (7T2k;7-2) > P
| 2
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where
1+ P2+ P3+ P+ os=1

¢ EE)=( 101 + T1202 + T13P3 + T1ads + 1505 = a1 — €1

To1(1 + TaaPa + Ta3P3 + T2aPy + Ta25P5 = az — Co
For given T and ¢, it is easy to verify that the objective function is concave in 3. By the first-order

>ney Pr(min—Ti)?
o tui

. Substituting 8; back into L(¢), we obtain the following

condition, we can get 8 = —%

formulation:

L(¢):m7_axz Tilbs — U ‘H% <Z¢k Tik — Ti) )

i€[2]

:mgxz Tipt; — £/ (02 + p?) Z%M 27i(a;i —¢;) + 77

i€[2]

(A.15)

Now it is easy to verify that problem (A.15) is also concave in 7. By the first-order condition, we can get

Tr=a;— ¢+ %\/22:1 drm3, — (a; — ¢;)2. Substituting 77 back, we obtain

L((]—") = Z ;U'i(ai - Ci) —0; Z (bkﬂ—?k - (ai - Ci)Q

i€[n]

The Lagrangian dual problem can then be formulated as:

5
min L(¢) = min Z wi(a; —c;) — oy Zgbkﬂ'fk —(a; —)? ] . (A.16)
k=1

PEE) PEEy -
i€[2]

Under the condition that “=< > % and ¢; > cp, we obtain the optimal solution of

ay

(A.16) as ¢5 = =2, @3 = P2RA G = 1 — ¢5 — ¢3, ¢ = ¢4 = 0. Then we obtain

2 (a1—bi)as’
* _ JI5% 2a2—co _ aicz—agzcy _ 2 o _ K2 — =
T = &+ o \/al prani (a1 —b1) - (a1 —c1)?, 75 = az C2 + SV (ag —c2)ca, By =
1 2a3-c - __ 1 .
— 5o/ AT + (a1 — b1) 22 — (4 — 1), B3 = —5,-+/ (a2 — c2)ca. By complementary slackness in the

201 ag

optimality conditions, the constraints in (A.13) associated to ¢, ¢3 and ¢s must bind. Then we obtain

0% — (WIZ@?) + (ﬂ21ﬂz2) _ (Zlﬁ)* + (Zzﬁl , and
1 _ ~*)\2 *\2
I’{ - (71-13 *Tl) 4 (TQ)* _ 0*)
13 451 452
_ L (ms—m)? (7'1*)2)
13 4% 43¢

=p1+ oy = =
2\/a§ LQ;Q + (a1 — bl)i‘“cza;zcl — (a1 - 01)2
"'CEW Clola

a1—2c1+by 2c1—ay

- 1
where (; = 3 = =
2 \/af S22 4 (ag —by ) HAEE2 (a1 —cp)? \/(al —c1)er

L ((ms—17)? (a5 — 73)°
* - _ * _9*
To — (4/31‘ TiT15 + 7455
_Iu2+ 02(02—202) a1b101

2 02(a2—02) 2a2\/a2a2 02+(a1_b1)a1C27a261 —(a1—01)2

az

=ry" — (o071,
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by > 0.
To see él > 0, we first observe that when b; =0, él =0 holds. It is also easy to observe that @1 is increasing

where (, = — —
2a \/af 222 (a1 by ) R —(ag — 1)

By the expression of xj and 3, there must exist ; > 0 such that 27 > 0 and x5 > 0 when
a2(a2*262)\/ﬂf%+(a1*b1)alczaﬂwcl*(a1*01)2 o
5 <4 =

in b;. Hence, we have él > 0.
a1b1y/c2(az—c2)

01 S (3'1, 02 S (}2 and 01 S 630'2 + 64/12, where <A3 =

+(a1-b1) 202 —(ag —c1)?

2ag \/a% aza;cz

a1by
To prove P*(d) is comonotonic, it is sufficient to show &13 < &15 < &11, 23 < €2z < €1 The equalities indeed
ajcz2—azcy _ a2 —c2

(a1—b1)az

)

a2

hold since 71y <3 <5, Mo = Moz < Mas.
Next, we show that the distribution P*(d) is the worst-case distribution. Let x; =1 —
We first prove E(dy) = p1, E(d?) < p2 + 02, E(dy) = pe and E(d2) < p2 + 02,

— aicg—azc¢q — a2—c2
X2 = (a1—b1)az”’ X3 = az
which are verified as follows,
Ti3X2+TisX3 77 a1—C1 a1 —C — 287
— = —_ —_— 1.
267 267 261
2
1

E(dl) =&ux1 t&2x2 +813xs = ”
23}
E(dy — 1) = (&1 — p1) X1 + (G2 — )Xo + (€13 — 1) *Xa =& xa + €l Xo + €8xz — i =0

Therefore, we have E(d?) < p? 4 o2. Similarly, we can prove E(dy) = pg, E(d2) < p2 + 2. Next, we prove

the objective value under the worst-case distribution is equal to the following optimal objective value of

problem (A.13):
TP = 0% + 7§ g + B (07 + p3) + 75 pia + B5 (05 + p13) + (a1 — e1) @1 + (az — ¢2) 2
+ (ay — e1)pa — 203 By + Bu(pf + 07)

(a1 —¢1)? —4(ay — c1)pn By + 4873

451
2 2,2
(ag —c2)® —4(az — co) 2Bz + 45515 2 2 2
+ 478 4 (az — c2)pra — 2582 + B2 (03 + p3) + (a1 — 1)1 + (az — c2) 22
2
2 2
(a1 —c1) 2 (a2 —c2) 2
=——"+0if+ + 0502 + (a1 —c1)xy + (a2 — c2) 22
45, 403,
XZW%:; +X37T%5 X37T§5
= 4 + 4 +(a1 *Cl)Z1+(a2 762).172.
B B2
2 * 2
fir rove the following results: x4 — — D15~ M5M3 ma5—2Tp _ T21”Ty __ Ti5 " T15713 ™5 <
We first prove the following results: =5 — &o1 By T Cap, 25 s T am S 0,
2 * 2 2 *
* _ 57715713 To5—2Ty _ M23—Ty __ Ti5 715713 M5 < - _ mis—mismis ma5—2ry _ Tas—Ts _
z3 — &2 Trimas T 45 263 e T oapy =0 73— &2 4Brmas 45, 263
2 ~ ~
{5 —T15713 mos oga a1bioy >0 wh =
— = — — — > 0 when o1 < (302, where (3 =
4B1 725 439 2\/02(a2_c2) 2a2\/a§ a20202 +(alib1)a162a2a2q7(a1761)2 ’
ag\/a% a2a7202 +(a17b1)%7(a1701)2 T — 511 _ Tr13—27—i" o 71'11fo < O T — 12 = 7r13727'1* o 7r137‘rf > O TF —
a1b1y/c2(az—c2) n 467 280 — 1 487 287 = 0l
6 _ m13—27¢ . T5—T] >0
AN 27 =
Furthermore, we have
—Ti3Mos M5 — MisMi3 Moz — 272
. * . 15
o] —min(§12,27) + 23 =27 — {12 + 25 =
4B17a5 4B1725 403,
102 —bi(a1 —az) a5 — 27, < o5 — 272 < T23 — T2 —¢
< < = §22-
453> 455 28,

a 4

oy —min(§yy, 27) + 25 = a7 — 2] + 25 =25 <&
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Let IT¥°™¢ be the optimal objective value under P*(d). Then we have
77 = (§13a1 + Ea3az) X3 + (§12a1 + (2] — &12 +23)b1)x2 + (2101 + 25a2)X1 — 127 — c25
= ((§13 —21)a1 + (§23 — @3)az)xs + (§12 — 27) (a1 — bi)x2 + (a1 — 1)@} + (a2 — c2)73

15 —T1 T3 — 27 13
= — —_— — b
( 25, 15, azxs + (a1 —b1)x2

43,
+ (a1 — 1)z + (as — co)xd
_ X27%3 + ¢37T%5 X37T§5

46 452
— Hopt’

which shows that the distribution P*(d) is indeed the worst-case distribution. O

2
To5 — T2 s — T15T13 Tos — 2T

2032 48315 435

Jaixs + (

+ (a1 — 1)z} + (a2 — c2)x)

A.8. Proof of Lemma 2

Proof. We can follow a similar procedure in proving Lemma 1 and thus omit the details here. [
A.9. Proof of Theorem 1

Proof. We can follow a similar procedure in proving Proposition 3 and thus omit the details here. [
A.10. Proof of Lemma 3

Proof. First, following 7, we introduce the following lifted ambiguity set, which involves the auxiliary

random matrices U, € R2*2, Vi € I;:

EP@):H
Q= PcPy(R" xR"*") EP(NUZ'):ZE“NW €~I1
]P(deW,ddeijth’eIl):

Then the problem (17) is equivalent to the following problem:

Eé%iﬂ( ;]c x; + mf ]Ep[f(d x)] ¢ - (A.17)
JE[n

The inner optimization problem érel(lf; Ep[f(d,x)] in (A.17) is equivalent to the following problem:
inf B [f(d,x) (A18)
st. Ep(d)=p (+--dual variable T € R™)
Ex(U,) =%, Viel (---dual variable T'; € R?*?)
P(&eW,&Z&ijﬁi,ieL) =1 (---dual variable § € R)
With the dual variables defined above, by strong duality, problem (A.18) is equivalent to the following

dual formulation:

max 0+ ZT/JL—I—Z (A.19)

i€[n] i€Zq
st. 0+ mdi+ Y (U, Ty) < f(d,x),VdeW,d]d, 2U,,i €T,
i€[n] i€Ty

Note that the constraint in problem (A.19) is equivalent to

0< min f(d,x) — ZTidi_Z<Ui7 L),

dew : .
dfd;xU;,ieTy i€[n] i€Ty
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which can be further written as

0 < min min Z (di— )z + Z a;r; — Z Td; — Z(UZ , Ty)

- dew z€Ng _
aTd;=U;,ic1y i€[n] i€[n] i€[n] i€Ty
z€N\g dew .
d?diﬁUq,yiell i€[n] i€[n] i€[n] i€y
= E a;T; + min min {(dz - xl)zz + (di+1 - $i+1)zi+1 —7;d; — Ti+1di+1 - <U1 » I‘z>}
- z€A = d;i€W;,dip1€EW; 11
ze[n] 1€l d?diﬁUi
= E aixi—i—min E hi(zi,XhTi,Fi).
EISHN)

i€[n] €1y

In the optimal solution, there must be 6§ = Zie[n] a;T; + m}\n Ziell hi(z;,%;,7;,T;). We thus obtain the
zc€\g
formulation (18). O

A.11. Proof of Proposition 6
Proof.  We first obtain the dual formulation of (20) as follows:

max - — Ao+ a1 (A.20)
st A=Ay Y (T e Tt e, Xe T D) 20,V € [0,n], j € [i+ 1n+ 1], 6 €K,y
teTy;
>\ui - >\lj + Z ht(ﬂ-ui,lj,lq,ta7rui,lj,n,t+laxt77-taFt) Z O7V2 S [n]a] € [l+ 1;n+ 1]7K’ S ICui,lj
=
M= Ay D (T s Ty et 15X, 70, 0) 2 0, € (0,0 = 1], j € [i+ 1,n), K €Ky,
teT,;
>\ui - >\uj + Z ht(ﬂ-u,;,uj,rt,hWui,uj,n,t+1axtart7rt) Z O7v7’ E [n - 1]?] 6 [7’+ 15”]7K’ E ]Cui,uj'
teT,;

U, df

Using Schurs complement, we have d”d, < U, is equivalent to (dt 1 ) = 0. Then h,(z;,x;,7,T;) is

equivalent to the following optimization problem:

min  (dy — 24) 2 + (dep1 — Tet1)Ze41 — Tede — Tep1dierr — (U, Ty)

s.t. d;, >0,
diy1 >0,
3 T
<gtt dlt ) =0, (+--dual variable (3: %) =0 € R33)

where g, = (g:, g:+1)- The dual of the above problem is as follows:
max —— T2 — Tep12e41 — P
s.t. zz—T7—2g; >0,
241 = Teg1 — 2041 = 0,

v, gtT
=0
(Qt ¢ ) =

T,=-0,
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Substituting with the above dual back into (A.20), we obtain the following problem:

m}z\%x —)\0 +)\n+1
t+1
st A=Ay, Z Z—xlﬂ%w,,{’l—d)vi,vj’n,t >0,Vi€[0,n],j€[i+1,n+1),v Vv €Vr €K,
teT;; 1=t

T _2gvi,vj,mt > 0 Vit EI”,Z S [O,n],] S ['L"‘ 1,7’l+ 1]7'01' S Vi,'Uj S Vj,/ie ICU'L’U]'

Trvi,vj,n,t -
ﬂ'vi,vj,n,t+1 — Ti41 — 2gv1;,vj,n,t+1 Z 07Vt 612]77’ S [Oa n]a] S [Z + 15 n—+ 1],’01- € Viavj S Vja K€ Icvi,vj
‘Il'u- Vi K T . . .
( gt g“““?"“t> =0,VteT,,iel0,n],j€i+l,n+1,v; e Vi,v; €V, K €Ky, 0.
g’Ui,’UJ‘,I‘L,t ¢'ui Vj,K t 7
Ty=-Y,, ne, VtE€L i €[0,n],j€li+1,n+1],v, Vv, €V, k€K, -
Substituting mln ZzGI (z:,%;,7;, ;) with the above problem in (18) and combining with the first-stage
decision, we obtaln the formulation (21) in the proposition. O
A.12. Proof of Proposition 7

Proof. Refer to Theorem 1 in ?, we obtain

PeP B>0

inf E2[£(d, )] =maX{Il(Zggng{f(d,X)+ﬁld—CkIi}—GQb’}

= max Zmln min {Z(dz_%)zz}"" ZaixiJrﬁHd—CkHS}—@Qﬁ
i€[n]

B>0 dew “z,wely
i€[n]

——

Refer to our Theorem 1, for given k, we can reformulate mlvr& { min {> (di—m)z}t+ Y ars+ Bl|d—¢F3
de z,weEN\g i€[n] . ]

into the following problem,

max Ve )\ + 24 a;x; A.21
st AL AL+ > gfiywt — BTy 0pm) = 0, Vi€[0,n],j €[i+1,n+1],k €K, ., 0, €V, v; €V,

teTij;

\/(ﬂ+§, wget) 2 V)2 S B0 s TEE T 0€[0,n], JE[I+ L n+1], KEK,, o, v, EVi v, €V,

—2B¢FVteT,;,i€0,n],j€ [i+1n+1,k €L, 0, v €Viyv; €V

’Yfi,vg‘ymt < ;05 ,0,t
Introducing the decision variables 7% and combining (A.21) with the out-layer maximization with respect
to 8 and x, we obtain the SOCP formulation in Proposition 7.
Appendix B: Additional Numerical Experiments
B.1. Comparison between Partial Covariance Information and Full Covariance Information
In this section, we investigate the effectiveness of the partial correlation information, by conducting a numer-
ical comparison between the PCM model and the robust model, denoted by FCM, that specifies the full
covariance matrix information. Specifically, the FCM model considers the following ambiguity set F that

specifies the full covariance matrix information X:

F={PePy(R")|E (Td)j
P(deWw)=1
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Then, we aim to solve the following FCM model:

- 2; + inf Ep[f(d : B.1
max D e+ inf Belf(d,x)] (B.1)
J€[n]
Suppose we have obtained the extreme points of Ay, denoted by z', z2,..., z. Then, we can reformulate
problem (B.1) into the following SDP,
lfnTazi - Z c;x;+0+ Znuﬁ-(ﬁ], ) (B.2)
QF g% x>0 €I i€[n]

st. 0<a+(a—z")x—t"+2(g") ',k € [K],

(&’;, ?:) = 0,Vk € [K]

I'=Q" Vke[K]
z" — 129" >0,Vk € [K].

We note that the SDP (B.2) grows exponentially with n, as the number of extreme points in Ay increases
exponentially in n. Given the computational challenge, we compare SDP reformulation (B.2) to our SDP
reformulation (21) for n € {4,6,8,10}, in terms of both the mean of out-of-sample profits and the computa-
tional time. We set the parameters p;, ¢;, and b; to be the same as in Subsection 6.1. We set b; = a; 1, and the
variation of coefficient CV = (0.6. We generate the training and testing data from a truncated multivariate
Normal distribution with a covariance matrix where the correlation coefficient between class-i demand and
class-j demand is set identically as p, and we vary p € {0.5,—0.5}.

Table 1 presents the comparison result. We observe that the profit loss from our SDP formulation, when
considering only partial correlation information, is minimal, with the difference in the mean out-of-sample
earnings being less than 0.3%. In some cases, our PCM may even outperform the FCM, possibly due to the
estimation error of the full covariance matrix. Additionally, we find that our PCM demonstrates significantly

higher computational efficiency than FCM in terms of CPU time, especially when n is large.

Table 1 Percentage (in %) Change in the Mean of Out-of-Sample Profit from FCM over PCM and the

Computational Times

n Percentage Change CPU Time (in seconds)
p=05 p=—-05 PCM FCM

4 -0.05 -0.42 0.48 1.61

6 0.04 0.28 1.94 8.31

8 -0.06 -0.16 6.30 88.27

10 -0.10 0.13 18.47 2606.19

B.2. Computational Comparison between MMM, PCM and WAS
We compare in Table 2 the computational time of MMM, PCM and WAS under various unit upgrading

values and numbers of products. We use the parameters ¢; =1, ¢, =0.8, p; =0.5, p, =0.3, CV=0.4 and
iterate n over {0,1,0.5,0.9}, and n over {2,4,6,8}. We sample 100 in-sample data to solve WAS.
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We observe that MMM exhibits the highest computational efficiency, while WAS requires much more
computational effort, especially when n is large. The efficiency of MMM over PCM is easy to understand.
Although the number of constraints in both models is around the same magnitude, MMM only involves
second-order cone constraints, while PCM involves semi-definite constraints, which are more difficult to
handle. WAS, although only involving the second-order cone constraints, the number of such constraints
also scales linearly with the number of in-sample data. The 100 in-sample data in our experiments then

significantly slows down its computational time.

Table 2 Comparison of the Computational Time in Solving MMM, PCM and WAS

CPU time (in seconds)

Number of products n
MMM PCM WAS
0.1 0.239 0.460 30.574
2 0.5 0.232 0.452 31.006
0.9 0.232 0.445 31.193
0.1 0.485 1.118 62.321
4 0.5 0.421 1.100 68.131
0.9 0.625 1.988 196.418
0.1 0.663 2.079 105.367
6 0.5 0.618 2.069 117.801
0.9 1.492 8.689 599.790
0.1 0.870 3.397 172.073
8 0.5 0.816 3.368 185.611
0.9 2.875 29.899 Hokx

*** denotes that MOSEK fails to solve the case.



