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OA.1. Notations and Auxiliary Functions

The notations are defined as follows:
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The auxiliary functions are defined as follows:
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For any ¢ >0 , we define an auxiliary problem P' as follows.
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where S = {( A1, 713 Aa, n2) |2 > N, my +no = Nymax{ A, (n), A, (n:)} <X < A (3), A + Ay = A}
Denote P, be the optimal objective value to Problem P°.

OA.2. Auxiliary Results in Section 4.2

To identify Pareto-efficient strategy profiles, we construct the auxiliary problem P/ |(p;,w]*_):

F)i/|(l7j7w]‘) ©omax  m=(p; —wi)\;

s.it. (pi,w;) € Si|(pj,wj)’

where S1|(py,wy) = {(p, w)|(p, w; pa, wo) € S} and Sa|(py wy) = {(p,w)|(p1, w1;p,w) € S}. We first give
a necessary condition of Pareto-efficient strategy profile in the following lemma.



LEMMA OA.1. (i) Fori,j=1,2 and i # j, if a feasible strategy profile (p;,wi;ps,ws) is Pareto
efficient, then (pf,w} w5 w?)- (ii) If (pr,w?) is the

*) must be the optimal solution to problem P!
optimal solution of problem Pi’\(p;’w;), then (1) and (2) hold.

By substituting (1) and (2) into problem P, ), it can be rewritten as problem Pi|(; n;):
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Then, we can identify Pareto-efficient strategy profiles from the jointly optimal solution to problems
P 3.3 and P Atat)- Lemma OA.2 first establishes a key property, while Lemma OA.3 provides
the sufficient and necessary conditions for the optimal solution.

LEMMA OA.2. Fori,j=1,2 and i #j, if (\;,n}) is the optimal solution to problem PZ-|(,\;,n]*,),
then ny +n3 =N, or A\ + X5 =A, or both hold.
LEMMA OA.3. Fori,j=1,2 andi# j, the sufficient and necessary conditions of (Af,n?) is the

PREE

optimal solution to pmblezn R\(A;,n;) are given as follows: )
(i) If N>2N and A >A(N), nf >N, nj+n5=N and \; = A,,(n}).
(i) If (1) 2N < N <2N and A(N) <A <A'(N) or (2) N>2N and A(N)<A<A(N), n;>N,
ni+ni =N, max{A,(n}),A, (n})} <X <A, (n?) and X+ X =A.

(i) If N >2N and 20 <A< A'(N), ni =N, (A5), X > Ay and \i+ M5 =A.

OA.3. Auxiliary Results in Section 5.2
LEMMA OA.4. The optimal solution to problem P) satisfies
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LEMMA OA.5. The optimal solution to problem P,, satisfies nl, =N or X! = A, where problem
P,. is defined as follows:

P, : max I <v—h> A — T,

Am>0,7m >0 N b — A
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st. N—n,>0, A—X,>0, v-— >0.

OA.4. Auxiliary Results in Section 5.3

We fine some notations and auxiliary functions.
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LEMMA OA.6. If the potential arrival rate A < A°, the strategy profile (p$;p3) is Pareto efficient
if and only if p? =v — L5 N <p— hv—“, and \¢+ X3 = A, i =1,2. Otherwise, when A > A°, the

°
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strategy profile (pS;p3) with p¢ =v — —Lo and \¢ = pu — %, 1=1,2, is Pareto efficient.

H=AY
To facilitate the comparison between our farsightedly stable outcomes and the myopically stable
outcomes in Chen and Wan (2003), below we list both our results and the results of Chen and Wan
(2003) in Table OA.1, where we use ~ to denote the myopically stable outcomes.

Table OA.1 Mpyopically versus Farsightedly Stable Outcome for One-sided Competition

Myopic service platforms (i =1, 2) Farsighted service platforms (i =1,2)
. Customer . Customer
Myopically Stable Outcome Utility Farsightedly Stable Outcome Utility
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A +Ag=A A+ =A
Ample Demand | . 5
NS Pr=v— ot A= 0 pP=v— e A= 0

OA.5. Main Proofs
Proof of Proposition 1. We first show {s} is a singleton vNM FSS if and only if s is Pareto
effcient.

“Necessity”: We prove this by contradiction. Suppose {s} forms a singleton vNM FSS but s is
not Pareto effcient. Then there exists a feasible strategy profile s’ that satisfying m;(s) < my(s’)
and my(s) < my(s’). However, by external stability in Definition 1, s’ is indirectly dominated by s,
which implies 7 (s) > m;(s") or ma(s) > m(s’). This is a contradiction.

“Sufficiency”: Let (p1,w;p2,we) be a Pareto efficient outcome. It is sufficiently to show
any feasible strategy profile (pi,w;;ps,ws) # (P1,W1;P2,Ws) can be indirectly dominated by
(P1,W1; Pa,w2) due to theorem 4.8 in Bloch and van den Nouweland (2021). The strategy pro-
file (py,w;; P2, ws) is Pareto efficient implies that at lest one of the following two inequalities
holds: 7y (p1, W1 ; Pa, Wa) > w1 (p1, W1; Pa, wa) and mo(Py, Wy; Pa, We) > Ta(P1, W1; P2, we). Without of loss
generality, we suppose 71 (p1,Ws;Pa, We) > 1 (P, wr; P2, wz). Consider the path (py,w;;pa, wy) —1
(P1,W1; pa, wa) —>2 (D1, W1; P2, Ws). Given that platform 1’s strategy (pi,w:), (p2,ws) is a feasible
solution to problem Pj|(, ,), and that (ps,w,) is the optimal solution by Lemma OA.1(i), we have
o (P1, W13 Pa, wo) < o (P1, W1; Pa, Wo) (With strict inequality when (py,ws) # (P2, w2)). Therefore, we
show that (p;,ws;pe, ws) is indirectly dominated by (py,w:; pa, Ws).

We next verify that any vNM FSS is a singleton by contradiction. Suppose there exists a
vNM FSS, denoted by A, which contains more than one element. We first show there is no
Pareto efficient outcome in A. Recall that we have proved any feasible strategy profile can be
indirectly dominated by a Pareto-efficient strategy profile in last paragraph. We know there is
no Pareto efficient outcome in A. Otherwise, other elements in A can be indirectly dominated
by this Pareto efficient outcome, which violates the internal stability in Definition 1. For s =



{p1,w1;pa, ws} € A, there exists a Pareto-efficient strategy profile S = {py,w;;ps,ws} dominate
s, i.e., m;i(s) < m(8) and strict inequality holds for some i = 1,2. Then, s can’t indirectly domi-
nate §. By external stability in Definition 1, there exists s’ = {p}, w/;ph, ws} € A indirectly domi-
nates 5. We next show s’ indirectly dominates s, which violates internal stability in Definition 1.
Because s indirectly dominates 5, without loss of generality, we assume 7 (5) < m(s"). Then there
is an indirectly dominate path (pi,w:; P2, W2) —1 (P}, Wh; P2, Wa) —>2 (Ph, wh; ph, wh), which implies
o (P, W; P2, Wa) < mo(ph, wi; ph, w)). Hence, there exists an indirectly dominate path from s to s':
§= (p17w1;”]92,}/1)2) —1 (pll/»w;ISPQ,wz) —>2 (p/{;w/{;ﬁmwﬁ —1 (P, W P2, Wa) —r2 (P, W Ph,wh) = 8,
where 7 (p; , w; ; P2, we) = 0. We will check the path is indeed an indirectly dominate path. That is,

mi(s) <mi(5) <mi(s’), 7T2(P,1/7w/1l§p27w2) =0 < m(s), 771(17/1/;10/1,;]727@2) < 1 (Pr, Wy P2, Wa) = m1(5) <

m1(s') (given that platform 2s strategy (pa,ws), (py,w; ) is a feasible solution to problem P\ (5y,@)5

and that (p;,w;) is the optimal solution by Lemma OA.1(i)), ma(p}, w}; P2, Wa) < ma(py, wh; ph, wh).
Proof of Lemma 1. Lemma 1 comes from Lemmas OA.1 and OA.2 directly. O

Proof of Proposition 2. By the analysis in Online Appendix OA.2, any Pareto-efficient strategy
profile should satisfy the conditions in Lemma OA.3. We show Proposition 2(i) by considering the
three cases in Table 1. Thus, we get Proposition 2(ii) by applying Proposition 1.

Case I: Ample demand and limited supply. We show the strategy profile (A},n}; A5, n3) that
satisfying n} > N, ni +n3 = N and \; = A,,(n}) is Pareto efficient by contradiction. In other
words, any strategy profile that satisfying the conditions in Lemma OA.3(i) is Pareto efficient. Let
(pi,wy) be the optimal solution of problem P, ) for i,j =1,2 and i # j, and (77;7;) is the
platforms’ profit with the strategy profile (p},w7; p5, ws). Suppose that there exists a strategy profile
(py, wh; ph,wh) with profit (7;75), and 7] < ) and 75 < 7). Let (A}, ni; A5, ny) and (N}, nl; Ay, nb)
be the corresponding equilibrium choices for the customers and workers. Without loss of generality,
we consider the strategy profiles (p,w/;ph,wh) and (A}, n]; N, n}) satisfying Lemma 1. Otherwise,
we can easily construct a new strategy profile with better utilized workers or customers, and
thus induce a higher profit. From any strategy profile (p;,ws;ps,ws) such that (1) and (2) are

*

satisfied, including both (pi,w7;ph,ws) and (p},w;ph, wh), it is easy to check that mF = w(A\F,n})
and 7, =m(\;,n};), where i =1, 2.

We consider the strategy profile (A}, n}; Ay, n5). The relation nj +nj = N together with n} 4+ nl, <
N implies that either nj >n} or nj > n}. Without of loss generality, we let nj > n}. Recall that

we restrict our attention to the strategy profile (\},n}; A}, n,) satisfying Lemma 1. Thus, from

(OA.1), platform 1’s profit satisfies 7] = m (N[, n}) =7(\,n})) <7 (A, (n}),n}) =71 (A, (n),n}) =

7}, where the first inequality holds because given n, (A, n) is maximized at A = A,,,(n) from Lemma
08S.6, and the second inequality holds because 7(A,,(n),n) increases in n from Lemma 0S.6, and
we assume nj >nj. This contradicts to 7] > 7.

Case II: Balanced demand and supply. We show a strategy profile (\j,n}; A5, n;) that satisfying
the conditions in Lemma OA.3(ii) is Pareto efficient if and only if (A}, ni; A5, n3) € Up<i<p F(t)
with F(t) = {(A1,n1; A2, n2)|m1 (A1, n1) =t and (Ag,n2) optimizes problem P*}.

First, we show the “necessity” by contradiction. Suppose there is a strategy profile (A}, n}; A5, n3)
that satisfying the conditions in Lemma OA.3(ii) is Pareto efficient, but (A},ni;A\5,nl) ¢
Uo<i<p, F(t). We assume m,(\5,n}) = t. For a strategy profile (\j,2};\5,n5) € F(t), we have
(A5, nt) =t and mo (A5, 73) > ma(A5,n3). This contradicts to (A},ni; A5, n3) is Pareto efficient.



Second, we show the “sufficiency”, i.e., if (A},n};A5,n3) € Up<i<p, F(t), it is Pareto efficient.
Note any Pareto-efficient strategy profile should satisfy the conditions in Lemma OA.3. By Lemma
0S.8, to show (A7,ni;A5,ns) is Pareto efficient is equivalent to show: for any strategy profile
(X5, %3 N5, n%) that satisfying the conditions in Lemma OA.3, we have m (A5, nt) > 7 (A5, At) or
o (A5, n5) > mo (A5, 75), or T (A5, nt) = m (A5, A%) and mo (A5, n3) = (A5, 75). Assume 71 (A, nt) =t,
then mo (A3, n5) = P;. We consider the following three subcases.

Subcase I1.1: N > 2N and A(N) < A < A'(N). By Lemma 0S.9(i), (A5, n};\5,75) satisfies the
conditions in Lemma OA.3(i) or (ii). We assume n} < N/2, and let 7, (A, (n),7) =1.

If (A\*,n%; 5, n5) satisfies the conditions in Lemma OA.3(i), then \* = A,,(n}). We will show
ma(A5,n3) = P, > ma(A\5,n3). Thus, t = m (A, nd) < m (A, (n),n}) < m(A,(7),7) = ¢, where the
first inequality is due to 7 (A, n) = m(A\,n) is maximized at A = A,,(n) from Lemma OS.6, the
second inequality is due to m(A,,(n),n) = 7(A,,(n),n) is increasing in n (Lemma OS.6) and n} <n
(Lemma 0S.9(i)). We thus have my(A,, (N — ), N —n) < P; < P,, where the second inequality is
due to t <t and P, is decreasing in ¢ from Lemma OS.10. If nf > N/2, i} > N/2>n, if n} < N/2,
nt >n by Lemma OS.9(i). This implies 75 < N — 7 because 7 + 7} = N. We thus have (A, (N —
n), N —n) > 1y (A (03),n5) = T2 (N5, 25) due to my(A,,(n),n) =m(A,,(n),n) is increasing in n from
Lemma OS.6. Together with 7o (A,,(N — ), N —n) < P,, we get mo(\5,n5) = P, > ma (N5, 7)),

If (\;,7};\5,n3) satisfies the conditions in Lemma OA.3(ii), then it is the optimal solution to
problem P?! by the “necessity”. This implies m3(A(N —7),N —n) = P If my(Xi,nt) =t <t =
71 (A, (R),n), then mo(\5,n%) = P, > ma(A,, (N —7), N —n) = P; due to P, is decreasing in ¢ from
Lemma OS.10.

Subcase I1.2: N > 2N and A'(N) < A < A(N). In this case, (A}, n}; \;,7}) satisfies the conditions
in Lemma OA.3(ii). With the similar analysis in Subcase II.1, we get the desired results.

Subcase I1.3: N > 2N and A(N) <A < A’(N). In this case, (A7, n%; \5,n}) satisfies the conditions
in Lemma OA.3(ii) or (iii). Without of loss generality, we assume A\ < A/2.

If (A\f,n%;\5,n3) satisfies the conditions in Lemma OA.3(ii), we can verify it with the similar
analysis in last paragraph of Subcase II.1.

If (X5, n%; N5, n%) satisfies the conditions in Lemma OA.3(iii), then 7 = A" (A\¥). We will show
Ta(A5,m5) = Py > mo( N5, 75). IEAS > A/2, A5 > A/2 >\ if A5 < A/2, A5 > A by Lemma OS.9(ii). This
implies A} < A — X because A\t + A5 = A. We let m (A — X\, A, (A — X)) =% Thus, t =1 (\,n?) <
1 (AL AL A)) < (A =X AN (A — X)) =1, where the first inequality is due to 71 (\,n) = 7(\,n)
is maximized at n = A, '(\) from Lemma OS.6, the second inequality is due to m (XA, (\)) =
(A A, (N)) is increasing in A (Lemma 0S.6) and A < A — X (Lemma 0S.9(ii)). We thus have
7o(A\, A (V) < Pr < Py, where the second inequality is due to ¢ < £ and P, is decreasing from Lemma
08S.10. Without of loss generality, we assume A\ < A/2. By Lemma OS.9(ii), A5 < . We thus have
o (AN AT (N) > (A5, AL NS)) = ma( N5, 75) due to (N AL () =7(N,ALN(N)) is increasing in A
from Lemma OS.6. Together with my(X\,A"(N)) < Py, we get mo(\5,n5) = P > my (N5, 73).

Case III: Limited demand and ample supply. We show the strategy profile (\i,ni; A5, n3) that
satisfying n: = A_"(\}), A\f > Ay and \i + A} = A is Pareto efficient. In other words, any strat-
egy profile in Lemma OA.3(iii) is Pareto efficient. Similar to Case I, we establish the proof by
contradiction. Note that A} + A, < A, then we have either A} > A} or A5 > A,. Without loss of gener-
ality, we assume \: > \,. We have 7} = 7, (\,n}) = 7(N;,n}) < 7N, AN (M) S 7t(ALALT(AD)) =
71 (A5, AL (AY)) = mf, where the first inequality holds because 7(\,n) is maximized at n = A" (\)



from Lemma OS.6, the second inequality holds because m(\,A,'()\)) increases in A from Lemma
0S.6 and A| < ;. This contradicts to m; > 7. O

Proof of Proposition 3. We establish the proof by contradiction. Suppose that there exists a
splitting Nash equilibrium, where both platforms can win some customers and workers. Denote the
splitting Nash equilibrium as (p},@5; p;,w;), and the customers and workers’ joining equilibrium
as (\;, 7% A5, 73). Then, the splitting Nash equilibrium implies that (A7, 7) should be the best
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response to (5\;‘,73 ), for i, =1,2 and i # j. Thus, for i = 1,2, we have the first order condition

OX; > 0. This

~ {pi=p} wi=w}} Ow; H{p;=p} ,w;=w}}
implies that A} increases in w; given that p;, pj, and wj are fixed, where i,j =1,2, i #j. We

J ~
regarding w; satisfy —\* + (pF — ) 2

©/ Qw;

=0, which implies

then establish the contradiction by using this monotonicity and the conditions (c1)-(c3), and we
consider the four cases regarding (A}, n5; A5, n3).
Case I A\ + A5 <A and 7 + 75 < N. From (c2), for i =1,2, we have
h h

— = — :’U—A'T, OA4
Atp— A (04-4)

Recall that 5\;* increases in w;. Thus, if @; increases, then 7 increases (from the first equality
in (OA.4)), and \;/n} also increases (from the second equality in (OA.4)). This contradicts to

WA Wy

Siti =17 as required by (cl).

Tk~ A
)

cp s - T e s Tw /o . X i
Thus, if w; increases, then 7] and A; /7 increases. Hence, A5 /7% also increases due to =

n

Consequently, 72} increases due to the second equality in (OA.4), which contradicts to 7} Z+ n;=N.
Case III: A; + A5 = A and n; +nj < N. From (cl), for 4,5 =1,2, we have
Ajwr Ny

- —r (OA.5)

~ % ~ %
n; n;

Recall that \* increases in wF. Thus, if @} increases, then 7} increase and A/ decreases (from
the second equality in (OA.5)), and /7 is fixed by (OA.5). Consequently, 7} increases due to

~ h h ~ h ~x h
’U—p?{—~ < T 3= — U — D, — = 5 = UV =D, — =73+ =r-

2 ~ ATp—AT Ay (p—A7 /1Y) ~] ZL;;L—A; J n;(u—)\;/n;)
due to \j/n} is fixed, which contradicts to A} + Aj = A.

Case IV: A7+ A; = A and 1] +n; = N. Recall that A} increases in w;. If 7] decreases in @}, then
Nk . . Tw Jow s . MNar Aok
Lt increases in W}, and A} /7 increases in w; due to ~it = “id

=k
2 7 7

=v—p; — Hence, A} increases

by (¢2). However, 5\;“ decreases
and 7} increases in w; due to 5\;" + 5\;‘ = A and nj +nj = N, which implies 5\;‘ /7 decreases in
wr. Now we consider 71 increases in wF. If \¥/f} decreases in W}, then ifp — X =7l (u— A7 /i)
increases in w;. Consequently, 7}y — 5\;‘ increases in w; due to v —p; — ﬁ =v—p;— F
from (c2), which contradicts to 7y — A* +Riu— 5\;‘ = Np—A. If X} /i} increases in @, then ‘)Z\;‘/ﬁ;‘

. . Negr Awd - N - Tk .
* g * & )k *
increases in w; due to ;L—ll =~ from (cl). Consequently, 75— Af =75 (u— A} /77) decreases in

n
J

w?, which implies 77— A decreases in @} due to v — pF — ﬁ*u%f\* =v—pj— ,*Hh 5 from (c1). This
- _ i i NiH=A;
contradicts to njp — Af + 75— A= Np—A.
For now we have shown that all the joining customers and workers will choose the same platform.
Without loss of generality, we assume they choose platform 1. Suppose that p; —w; > 0, and we

then consider any e > 0 such that p; — @} > 2e > 0. Platform 2 can set pj = p} — € and w; = W] +e,



with which p5 — w3 > 0 and all the joining customers and workers will switch to platform 2. So on
so forth, platform 1 has to set p; = w; to win the customers and workers. [J

Proof of Corollary 1. For the farsightedly stable outcomes, the results are valid from Lemma
1(i). We next establish the proof for Nash equilibrium outcomes by contradiction. Suppose that all
the Nash equilibrium can fully extract both customers and workers’ surplus. Consider any Nash
equilibrium, say (p%,wF; 5, w3) with (\f, 727 A5, 75) as customers and worker’s joining equilibrium.
Note the platforms will set the wage be same as the price, and all the customers and workers will
join the same platform. Without loss of generality, we assume p; = w; and all the customers and
workers choose platform 1. Then, the full extraction of customers and workers’ utility implies that

X* ~ %
L (OA.6)

nip—Af

Since all the customers and workers join platform 1, we have either 7t = N or \Xf = A. If if = N,
then from (OA.6)-(OA.7), & /\—* =W =p;=v— 7/\*, from which we obtain \f = +(rN+vNp—
h+ \/ rN +vNp—h)?—4rvN?p). Recall that A7 < A. Thus, for those demand size A such that
A< (rN+vNp—h—+/(rN+uvNp—h)?—4rvN?p), at least one of (OA.6) and (OA.7) cannot
be Vahd. This is a contradlctlon If X = A, then from (OA.6)-(OA.7), M =w;=p;=v— WL—A’
from which we obtain nj = 5 L (rA + vAp + \/ (rA +vAp)? —4vA? — 4hA). Recall that n} < N.
Thus, for those supply size N such that N < ﬂ (T'A+UAM V(P A+ vAp)? — 4vA2 — 4hA)7 at least

one of (OA.6) and (OA.7) cannot hold. This is also a contradiction. To summarize, Nash equilibria

may leave customers or workers positive surplus. [

Proof of Corollary 2. We first consider the farsightedly stable outcomes in this special case.
From Proposition 2, it suffices to show that the farsightedly stable outcomes in Table 2 can be
obtained by applying » — 0*. By letting » — 0%, we have AO = 4hrp/(vp —1)? = 0+, A'(N) =

(/v 2) — )"+ 0% a0 = (B ) o
A(N) = +(rN 4+ vNp —2h — \/(TN+7)N,u—2h)2—47’vN2 ) — 0%, and N = h/(\/vp—/1)* —
h/(vw). Based on Proposition 2, if A < A(N) and N > 2h/(vp) (“balanced demand and sup-
ply”), then the farsightedly stable outcomes satisfy w} =52 — 0%, pf =v — % =v— NihA,
(AT, 113 A5,n3) € Up<i<py F (t) with F(t) = { (A1, ;5 )\g,ng)|7r1()\1,n1) =t and (A, n,) optimizes prob-
lem P'}; if A > A(N) and N > 2h/(vpu) (“ample demand and limited supply”), then we have
w; = rm ,Di=v— Zuhf)\‘ =v— \/W n: > h/(vp) and n +ns =N, X' = A, (n}).
We then consider the myopically stable outcomes in this special case, which are the Nash equi-
libria discussed in Wu et al. (2020). Specifically, if we let So = N, S; =n;, and T(\,n) = %, it
is easy to see that our model reduces to the simultaneous case in section 5 of Wu et al. (2020).
Applying the definitions of D(n;,p;) and p in Wu et al. (2020) to our model, we have D(N,p) :=
max{A >0:v — >0} = Ufp, and p := argmax,{pD(N,p)} = argmax,{p(Np —

L)} =0 — 4 /;‘,—1. Thus, D(N,p) = (1 — )N,u A,,(N), where the last equality holds due

v—p vNp
to N> 2N =2h/(\ /o —+/r)> = 2h/(vu) as r — 0F. Then, the myopically stable outcomes are
obtained directly from Theorem 2 of Wu et al. (2020). We next consider customers and workers’



utilities. From Table 2, if A <A,,(N), then @} = pf =v — N: <, M7 =N, and Ar=A. In this case,
we have customers and workers’ utilities given by v —pj — N“L_/\ =v— (v — Nuh_ A) Nu + =0, and
1
ok Alv— P PN P — Alv—,/ e Av—\/ﬁv
MWl =) > ( N“‘Am(N)) = (o=y%) > ( NT) > 0, where the first inequality is due

T TN = N N 1€
to A < A,,(N), and the second inequality is due to N > 2h/(vpu). If A > A,,(N), then wj =pj =

v—y/xn i =N, and A\t = A, (N) = N,u(l — 4 /L). In this case, we have customers and workers’

N, vNp
* ok A v— hv.
utilities given by v — pj — N#’i;\f =v—(v— 1%) - m =0, and A;flfl = Am(N)(N \/NT‘) =
_ h v— hv _L v— V2v
(o “NJ‘Q) ( \/7) > vi(s 22]\),( ) > 0, where the first inequality is due to N > 2h/(vp). O

Proof of Lemma 2. We show the total profit of any merged system is dominated by a monopoly
: m wWMINT m WM\ h m h m
system. That is (p* — w)A?"" + (p} M < (v — W) —rn + (v — W) —rny <

h h m h m
(v = Gpmn—oprg) — 0+ (0~ Grmpearam) e = (0 Grmpe e ) T+
ni) = (v - Wh_ A) rn, where A = AT+ AJ', n =n!"+nl", and the first inequality is due to AT Z“",Ll =

A wy® h m h h __ Aw
=252 >r and v — pi" ~ o =V DY T oS > 0. Let v—p—w_/\—O and <% =7, then

2
(p—w)A= (v — W}LA) —rn is the profit of a monopoly with price p and wage w. [

Proof of Proposition 4. By Lemma OA .4, we can transform problem “P/ ” with price and wage

as decision variables into an equivalent problem “P,,” with the effective arrival rate \,, and the

effective participating number of workers n,,. By Lemma OA.5, the optimal solution satisfies either
=N or X!, = A. We consider the following cases to establish the proof.

Case I: n, = N and A\, < A. In this case, we have 75 =0 from (OS.30). Besides, by using n}, = N
and 7, =0, we can rewrite the necessary conditions (0S.27), (0S.28), and (0S.31) as follows:

oL,, hX* 1 r hu
O Inm=Nam=r5, (N —A:)? rTns [)\;:1 (Np— )\;kn)?} ’ ( )
oL,, hNpu rN h

—y " — =0 OA.9
O =N Am=2z, v (Np—Ax)? s {)\;‘RQ (Np— )\;‘n)?} ’ ( )

h riN
- =0. Al

ng(v Np— X, A;;L) 0 (0A.10)

We then discuss two subcases as follows.
h

Subcase (a): v — (OA.10) we have 13 =0. By applying 173 =0

Npu—Xy,
o (OA.9), we get v= %, ie, Nu—X: = h];”‘ which implies
* h A
X = (1 - UNM)Nu:Am(N). (OA.11)
Next, we verify the condition v — ﬁ (OA.11). Let v — Nuh/\* — f\iv =

) h T
(1- U]}\lfﬂ)viu_\}%: (1 W\’;’%] ] > 0. Note that A%, > 0. Thus, from (OA.11), in this case

we have 1 — 4 /L > 0, with which the above inequality implies 1 —, /- ]@# >, /i, or equivalently,
N>

i F T = = N. Next, we show that the Lagrangian multiplier 7; > 0. Substituting 13 =0 and

. "k 2
A% given in (OA.11) into (OA.8), we get 1 = —2mb = m —r=(1— /-2 opu—

(Np—Xx )2 2 vNp
" ( vNuN“)




>(1— |——)ovp—r=(1- W)vu—r:(l—%ﬁ)vu—r:\/m—r:(ﬁ—
(Vor—vn)?

\/g)1 /rin > 0, where the first inequality holds frf)m N > (\/W%ﬁ)”
from v > r/u. Hence, if N > N and A > A\, = A,,,(NV), the optimal solution of problem P,, is the
unique KKT solution: n* = N, \*, = A,,(N).

. h rN __ .
Subcase (b): v — e~ 5 =0, e,

and the second inequality holds

riN h
As Np—Xx,
. o, . . . h
Consider the necessary condition (OA.9). If the coefficient of 73 is non-zero, i.e., 52 i v %+
v hNp N h_____hNp @_%
0, then by using (OA.12), we have 13 = (Mo A’”)N = 2m NWhA’” (N’}v An)” — Aik’”;\z =
(Np— x* 2 a2 (Nu=X7) a2 Nu—X25)2 X5

—A;, <0, which is a contradiction to the requlrement “ng > 0”7 of the KKT solutlon Thus, the
coefficient of 73 in (OA.9) must be zero, i.e.,

h rIN

Solving (OA.13), we obtain

o VrNNpu vh

N (1—m)1\7u (OA.14)

Plugging it in (OA.12), we obtain v = £ + Nuf/\* = m(ﬁ;m) + \/Ehw = \/W(\{VE:\/W) +
- " G
f(‘/;,:r) = (‘FJ“ﬁ)Q, le., u= ‘/EJLJTV, which is equivalent to /vulN = Vh 4+ v/rN. Thus,
N = (F T = =N. Note also that we assume v > r/u, which implies \/vp — /1 > 0. Thus,
h
SN Yh (OA.15)
VO =T
s « _ (1_ vh — (1 YR h
Substituting (OA.15) to (OA.14), we get A;, = (1 T JNp=(1 N )Nu (1—4/2

Vo=
\/i—u)ﬂ,u = (1 - ’/UNM)NM A, (N). We also need to verify the Lagrangian multiplier 7, > 0.

Substituting Ay, = (1 — Uﬂu)ﬂ,u and N = W = N into (OA.8), we get 1, = (Nl:\i”/(“ﬁ -
r =[5 — i) = On+ ) lomtee - ] = O+ w); r PERN (e o
vNp
X v r _ Az, r _ A +773 A N3 [,
(An +75) [ (i- vm)w] v (1_\/%),) \/(m V02 } v
(I—VT;U;N‘”)J = ’\:n;m” (v — /%) > (0, where the inequality is due to v>T1/p. Hence, if N=N and

A >\:, = A, (N), the optimal solution to problem P,, is: n¥, = N, A%, = A,,,(N).

Summarize the above two subcases. If N > N and A > A,,(N), n;, = N, X\, = A,,(N) is the
unique solution satisfying the necessary KKT condition, and thus optimal.

Case II: n¥, = N and A\;, = A. In this case, we can rewrite the necessary conditions (OS.27),
(0S.28), and (0S.31) as follows:

oL, hAp T hit

e e S A T Ay =0 (OA.16)
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aLm
0,

N p N h } 0, (OA.17)

nm:N,)\m:A:U_(NM—A) 772+773[A2_(N,u—1\)2 -
h rN
LG ey ity WAl

We first prove A, (N) <A <A,,(N). By (OA.16), we have 1, = (A +n;3) [(]v;LiMA)Q — 2. Since 1, >0
and 73 > 0, then m > 1, e, h”A > Nu— A, which implies (1 +4/ h“)f > N. Consider also

that (1+ \/E)A_ _7(A+M )_*(\FjL\/mﬂﬁ)(\r \/m \ﬁ) Thus

n

(1—|- ) >Nequalstoxf>\/T4N“ Y ie, A>A,, w/h“—i—4Nn w/h“ . Note
rN h v W h v h h v

- s R - AT D WA= Y - m, where the inequality
is d}ne to v — thﬁN— N > 0. Then we re:;r\fite (OA.17) as follows: ’?N: v— (NZLA Mo + 13 [ 5y —
(Np— A)2] <V N, P/Lx 2 +773[ A(N,qu)Q] = (1 + A%) [U - NWK)Z} N2, 1.€., (1 + n;i)[ -

(Np— A)z] >ny > 0. Hence, v> 7 due to n3 > 0. Note v >

\/m ie, AL NM \/7 ( \/7 Nu=A,,

We have v — =m(A,N)/A >0 if and only if A>A,,(N) and N >N from Lemma
0S.7(i). By Lemma os1 we have A _(N) < A, (N) <A, (N) for N< N <N and A, (N) <
A, (N)<A,,(N) for N> N.

In summary, if N < N < N and Am(N) <A<A,(N),or N>N and A, (N) <A<A,,(N), then

=N, \;, = A is the unique solution satisfying the necessary KKT condition, and thus optimal.

Case III: nf, < N and A\, = A. In this case, we have n; =0 from (0S.29). Besides, by using
Af,=A and 7, =0, we can rewrite the necessary conditions (0S.27), (0S.28), and (0S.31) as
follows:

i Nuf,j\)Q is equivalent to Nu—A>

gi: hm=nAm=A m STk [% B m:mlil/i/\)?] =0, (OA.18)
gi: =1 Am=A v M 72 s [T’Xgn - (nj‘nuh— A)Q] =0, (OA.19)
e s W)
Note (OA.18) can be simplified as A[W — ]z — (7127“1\)2] (A+n3)[%’;7*iw _s)=0,
From A >0 and 73 > 0, we have (nfnZi—A)Q =1, le, nf\n/EA = \/X, which implies

nr,=(1+ \/g)ﬁ =AM (A). (OA.20)

Then, n}, < N if and only if (1+ h“) < N. Consider that (1+ ,/2)2 — N = ﬁ(A-i- hhp

m

Nﬂ):;(\ﬂ—i-\/mJW )(\F VhTMrAW“_”%) Thus, (1—|— h—“)A<Nif and only if
\/K<—V}%+4N“_ \’T’ie A<A '/hl“_|_4Nlu ‘/ . We have v — — A:”:

m“A

(A, A (A))/A >0 if and only if A > AO frorn Lemma OS.7(ii) And Ao <A, (N) if and only if
N > N from Lemma OS.7(iii).

We then show that the Lagrangian multiplier 7, > 0. Substituting (OA.20) into (OA.19), we
h,A(1+ rA)

() +s[E (1 + )—WJZ

rA

. o hny 1 h —
obtalnnz—v—(n*#/\2+773[ W]_U_
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_ £(1+ hu) +,73[ A(1 + hu) _ LA] =v— 7(1+ hu) + LLX\/% The first two terms satisfy

hu T hu vpu—r\ __ vpu+r _ vpu—r
(1+ ’) >v—f( (ﬂlrfﬂ) ;(1+’2—T) —v—%— ’zﬂ > 0, where the first
inequality holds because A > 4hru/(vi —r)? and the second inequality holds from v > r/pu.
In summary, if N >N and Ag <A <A, (N), n;, = (14 4/ h“)ﬁ = A, (A), A;, = A s the unique

solution satisfying the necessary KKT condition, and thus optimal.
Summarizing all the above cases, Proposition 4 is thus proved. [

Proof of Corollaries 3 and 4. To establish the proof, we consider the three cases for the
competition case as in Table 1. Then, for each case, we further discuss the three possible equilibria
for the merging case.

Case I: N >2N and A > A(N). From Proposition 2, a symmetric farsightedly stable outcome
satisfies n; = N/2 and A} = A, (n}) = (1—, /v:;‘u)n;k'u’ i=1,2. Based on (1) and (2), the price and

N S S T . R
wage are py =v — ;e = mh*u"?/i = W and w; = = (17 ﬁ)ﬂ Thus, the total
profit from the two platforms is 7} + 75 = (p} — wi)AT + (p5 — wi)As =pr( AT+ A3) —r(nf +n3) =

Pi (Xlk + )‘5) -
Regarding the merged system, three possible cases are all possible. Hence, we derive the optimal
solutions and the profit for the merging case in three subcases, and then conduct the comparison.
Subcase (a): Ample demand and limited supply. By Proposition 4, n, = N =n} +nj and A}, =
Ap(N)=(1- \/%)Nu. Based on (OA.2) and (OA3), pf,=v— 0 =v— ——2—=v—

N =A%, Np

UN;L

nip )\* h

vn;‘u
AT +X3) =X =20 = (1= /on) N — (L= /o) Ni= (/25 — /o) Vi > 0. Thus, ), =
(pr, —wi)AE, =pi As —rN > pi(ANf+Ay) —rN =n7 + 75, where the inequality holds from p¥, > p¥
and A7, > AT + Aj.

Subcase(b): Balanced demand and supply. By Proposition 4, n*, = N =n} +n} and A} + \; <

h“ >v— /2 =pr and wi, = T = < L = w;. Then, we have \; —
(=yam)n (- )

3
3‘
x

v N

>

A h h h
)\:,L =A S AnL(N). Based on (OAQ) and (OA?)) p;kn =v — m =v — Nu—A Z v — m =
h hv hv _ g, rN T r *
V— == =V — ~ > U — p andw =A< /e = =W,
’UN‘LLN'U' Np nip i A5, A (17 v%\?ﬂ)# (17 /ﬁ)“ i

where the inequality holds because A > A(N) = (1 — 4 /%)N 1 from Proposition 2, and the third
equality holds from n} = N/2. Thus, 7}, = (p}, — wi)As, = phAi, — N > piA(N) —rN =2(1
L )2vn’-‘,u —rN =7} + 7, where the inequality is due to p, >p; =v—, /nffu and A > A(N) =

ung p

(1—/3) N

Subcase(c): Limited demand and ample supply. By Proposition 4, n} = (1+ ) <nj+ni=
Nand A;, =A > X;+ ;. Based on (OA.2), pi, =v— —— - =v——A—=v— /2 > ¢ hr

nk, u—Ak, hp.A p,A(N) -

hr hr _ Ul“" hv
v = Q—hQZU— W— Y NM >U = i
v
1—,/7UNH N p H

inequality is due to A > A(N), the second inequality is due to N > 2N = 2h/(,/vfi —+/7)?, the third
inequality is due to v >7/p, and the last inequality is due to n} = N/2. By (OA.3), w}, = 5= <

m

= pf, where the first

T’I’L
7<2>\*_ A* = wy

where the inequality is due to A > A} + A5 =2} in the ample demand and

77
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limited supply case for duopoly case. Thus, 7, = (pi, —wi A5, =pi A, —rnk, > pi(Af+A5) —rN =
m; + 75, where the inequality is due to p;, > pf, n;, <N and Ay, > A7 + A5,

Case IL (1) 2N < N <2N and A(N) <A < A(N), or (2) N >2N and A(N) <A <A(N). The
duopoly system reaches balanced demand and supply. From Proposition 2, a symmetric solution
satisfies ny = N/2 and Ay = A/2,i=1,2. Based on (1) and (2), p} =v — L =v — w220, w} =

nip—As
= TN . Consequently, 77 + 75 = (p; — wi)A] + (5 —w3)A; =p; (AT + A3) —r(ni +n3) =p;A—rN.
Regardlng the merged system, three possible cases are all possible. Hence, we derive the optimal

rn;
A*

solutions and the profit for the merging case in three subcases, and then conduct the comparison.
Subcase (a): Ample demand and limited supply under merging case. By Proposition 4, n*, = N
and \*, = A,,(IV) < A. Note that in this case we have A < A(N) from Proposition 2, and A,,(N) =
(1= /587) N> A(N) = (1 -
Subcase (b): Balanced demand and supply. By Proposition 4, n;, = N =nj +n; and A\, =

U?\};H)N . This is a contradiction.

A =X+ \;. Based on (OA.2) and (OA.3), pi, =v — nrﬂ;ﬂ/\:ﬂ =v— Nu 1> v — Nz'iA = p;, and
wy, = T =" =w}. Thus, ), = (ph, —w)As, =P A" —7N > piA—rN =7} +7r§.

Subcase (c): Limited demand and ample supply. By Proposition 4, n} = (1+ ) <nj+n;=
N and A\;, = A =X} + \}. Based on (OA.2), pi, =v — m =v— :—KA =v — | /;TA' Consider
that pj, — p = 725 — /2% = (ML() —— [24/"2 — (N — A)]. Thus, pj, —p; > 0 if and only if

2 @ +A—Np>0.By Proposmon 2, balanced demand and supply under duopoly case implies
either (1)2N < N <2N, A(N) <A <A(N), or (2) N >2N, A(N) <A <A(N). Note A(N) > A(N)
for N < 2N due to Lemma OS.1(iii) (A(N) and A(N) follow the expressions for A, (N) and
A, (N) by replacing “h” with “2h”). Hence, we have A > A( ). Therefore, \/@ +A—Np>

9 /h,uAT(N) +A<N) /hp, /2h,u, +4N,LL /2hu 4h/14 +4N,LL ) / 2hp /2hp, +4N,u

Nﬂ:(l—%ﬁm (V2-1)k > (1- )ff (V- 1)E ~0. By (0A3)

* *
x _ TNy, _ Tng,
m T\

limited supply case for merging case. Thus, 7}, = (pf, —wi A5, =pi, A—rn, > piA—rN =n7 + 75,

w

<L T = w}, where the inequality is due to N > n* in the ample demand and

where the inequality is due to p;, > p; and n;, < N.
Case III. N > 2N and 2A, < A < A’(N). In this case, the duopoly setting reaches limited demand

and ample supply. From Proposition 2, a symmetric solution shall satisfy n} = (1+ hut )ﬁ and

A*
Af =A/2. Based on (1) and (2), pi =v — m—v— ﬁx* 1/#/\’;, and w; = 5+ = (1+

rh;i) Consequently, 77 + 75 = (p] — wi)AT + (p3 — w3)A; = p; (A} + A3) — r(n] +n3) =p; A —
r(ny + nz)-
Regarding the merging setting, we first show that in this case the merging platform

will reach limited demand and ample supply by showing that A, (N) — A'(N) > 0 for
N > 2N. From the definition of A, (N) and A'(N), we have A (N) — A'(N) = 3(22 4+

T

N[

- o/ fErang) - A anu - e o fle iy gy, S
4hru _ 2hp(vp+r) 4hrp hp hp _ hu _ 8hu(vp+tr) _ 2hp
(on=r)? (o= srf)b( ) (vn—r)? V or (V r +4Np T +4Np (vp—r)? ) T wper
m(optr

(vpu—r)2 _ 2hp [1 - 9 hp V4T

1 [ ]
2 T am hup _ 8hu(vu+r) vp—r T - ( am hp 78hu(1:u+r))
r +4N#+\/ w T AN (vp—r)2 (on=r) AN S AN (vp—r)2
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4h/J,(’UH+’I“) V h'u [ VU= _ 1 :|
(vu—r)? 2(vp+r)y/ hu (UH—T')(\/M‘F\/}W-FMVH Shu(vu+r)) )

(vpu—r)

bracket, we have \/%+4Nﬂ+ \/h# +4ANpu— Shﬁuvur-)i-zr) ) thL ZZ—&-: > /hu_’_ShfiEvuT-i-r) + \/>

) hp vptr \/hp(vu—T)2+8hTu(vu—r) hp vpt3r / (vp+3r)2 [ hp opt3r — 0. where the 1nequal—
r ovu—r r(vp—r)2 r o oopu—r ’ur(vu,fr)2 roopu—r )
ity is due to N > 2] Thys N> 2N > N, Ag < 2A, <A < A'(N)<A,,(N). By Proposition

(vp—r)?

4, the merging platform reaches limited demand and ample supply. Then, by Proposition 4, we
have n!, = (14 4/ h“)f and A*, = A=A} + \;. Based on (OA.2) and (OA.3), pi, =v— ﬁ =

Consider the terms in the

v — ;{A =v— fo>v_ uh)\* =, and w*, = )\* (1_|_ hu)r (1_|_ T/\*)f_uﬂ‘, Then,
we have nf, — (nj +nl)=n’ —2n; = (1 + h”) o (1 + 2’”‘ \/g QT}XL < 0. Thus,
= (pk, —wi )N, =pi, A —rnl > pifA —r(ny +nb) =7 —|— 7r2, Where the mequahty is due to

pro>p;and n), <ni+ni U

Proof of Proposition 5. By theorem 4.8 in Bloch and van den Nouweland (2021), we consider
the three cases of Nash equilibria in Chen and Wan (2003), and identify the farsightedly stable
outcomes by selecting the Pareto efficient outcomes, given in Lemma OA.6, indirectly dominate
any other feasible strategy profile.

Case I: A < A°. In this case, the Nash equilibrium is p? = with the effective arrival

4hA
-~ (2p—A)?
rate A\? = A/2. Consider any Pareto efficient outcome (p§ =v — = X,,pQ =v— L) that satisfies

g1(A?,A) >0, where (A%;A\3) is the corresponding effective arrival rate. Since ¢+ g = A, without

of loss generality, we can assume A\ < A/2 < \3. We first show p¢ < max{p?,p3} = p. We have

pi=v—1 h/\O >v— '/‘\ 75> p¢, where the first inequality is due to v — m —hX'; is decreasing in A? and
X< A/2, and the second inequality is due to v —py — 7"5\? =v— %A/z —pg>0.

Then we show there is a indirect dominance path to (pg;p3) from any other strat-
egy profile (p;p3) # (pP3). Since (p3:p) is Pareto efficient, #7(55;73) = 75(7%55) <
max{7(p;p3), 73(D7;09) } = 73(p9; P3). Moreover, at least one of the two inequality 7{(p?;p3) <
7 (ps,ps) and 75 (pYips) < 75(pg,ps) holds. Without of loss generality, we suppose 7¢(p?;p3) <
#0(p7,p3). Consider the path (p%:p3) —1 (5% p8) —2 (55:55) —» (3%:5) —1 (5:05). We check all
moves on this path to verify that it is a indirectly dominance path. We have 75(p¢; p3) < 79(p;05) <
75(p3;p5), where the first inequality holds because p§ is the service platform 2’s best response
when service platform 1 sets the price p9. We next prove 72(p%;p3) < #2(p2;73). Let (A?;A3) be
the corresponding effective arrival rate under strategy profile (p¢;p3). We first prove v—p] —

B h;\of =v —p§ — —= > 0 by contradiction. Suppose v — pj — s T =v—Dpg— p X —= = (0. Then,
Y 53 ,
S0 h _ h _ h
Py =v— 57 2 v— g Vs VT e = =79, Where the first 1nequa11ty is due to
v — fx is decreasmg in A and )\0 <A- )\g , the second equality is due to )\ = )\ implied by
v — Py — p h;\o, =v—p§— W =0, and the third equality is due to A+ A$ = A. This contradicts
—3g i}

~0 =0 o o _ _ h .y 4hA h —_h h oy

to p¢ < p¢. Hence, \¢ + A3 = A, and v — ¢ Ty =v (2u—A)2 s Y —Ga) =v
h 4hA  _ _h h _ o :

D5 — peva which is equal to v — %5 = —1: P ot (A Ik Thus gl()\l,A) >0 implies
e Lo)NG. Hence, 7(5% 7) = p7A¢ = (23%2»; < (v— )X = A = 7 (55 73)

(with strict inequality when p{ # p?).
Case II: A° < A < A°. In this case, from the proof of theorem 2 1n Chen and Wan (2003), the

Nash equilibria are those (p$;p3) satisfy (0S.32), (0S.34), and 2 T #h/::,)Q >pf > %,

(1 +>\”
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where i =1,2. From (0S.32), the first inequality requires g»(A%, A) > v, and the second inequality
is equivalent to (OS.33). Thus, all the Nash equilibria are also Pareto efficient. By corollary 4.9 of
Bloch and van den Nouweland (2021), if a Nash equilibrium is Pareto efficient, then it is a singleton
vNM FSS. Consequently, any Nash equilibrium should be a singleton viNM FSS.

Case III: A > A°. In this case, from Chen and Wan (2003), the Nash equilibrium p¢ = v — rhx.”

5\3 =pu— \/@ , ©=1,2, which is also Pareto efficient from Lemma OA.6. Thus, the unique Nash
equilibrium is also Pareto efficient. By Corollary 4.9 of Bloch and van den Nouweland (2021), if
a Nash equilibrium is Pareto efficient, then it is a singleton vINM FSS. Consequently, the unique
Nash equilibrium should be a singleton vNM FSS. O

Proof of Corollary 5. (i) It comes from Table OA.1 directly.
(ii) Table OA.1 shows that under both the “moderate demand” and “ample demand” markets,
all the myopically stable outcomes are also farsightedly stable. We thus focus on “scarce demand”,

that is A < A°. For “scarce demand” market, the Nash equilibrium is p¢ = G AhA NE with the effective

arrival rate )\0 = A/2. Then the profit is 7¢ = p")\o Consider any faraghtedly stable outcome
Py =v— M_L/\(f,p2 =v— m) , where (A$;A3) is the corresponding effective arrival rate. Since
A) + A§ = A, without of loss generality, we can assume A{ < A/2 < A9, which implies 7§ = (v —
= /\D))\O <mg=(v— = /\D)/\O By Proposition 5(i), we have g;(A?,A) > O From the Case I in the

proof of Proposition 5(i ), g1(X,A) > 0 implies 7§ = (v — = /\o))\" > AN = o), where A9

2# A
satisfies v — (23'j’1\\)2 -l h = 7(/&” To show { > 7 —pf)\f, it is sufficiently to show
p=A7  p=(A=AT)H

A >N =A)2.
: Yo Yo _ _ _4hA h h _ h : :
Now we will show A7 > A? = A/2. Note v — /% p—r + ) D implies

h h h 4hA
— — — =v— — . 0OA.21
p—X p—(A=2XY) p—(A=A7)  (2p—A)? ( )

First, we show 5\‘1’/ > A\{ by contradiction. Suppose 5\0/ < A{, then (Ah X0) > [(‘ Xo) which implies

7;\0, >v— (gljf//\\)Q by (OA.21). It is easy to check v — (21““1\\)2 > -7 for A < A°, thus ; g > A/27

i.e., X2 > A/2. It contradicts to A < A9 < A/2. Second, we show h/\o > (Ah 0 , 1.e., )\0 > A/2.

: h h Yo' __ o hA o o o
That 1S (M*S\?, — ,uf(Afj\‘l’,))Al = (U m))\ (2;].: A)2>\ ( W)(}\ )\ ) > 0 Where
the equality is (OA.21) multiplied by )\1 , the first inequality is due to (v — —) 7> 2;””[1 2)\

and the second inequality is due to 561’/ >0, O

Proof of Proposition 6. First, we show p[* =v —

e /\m by contradiction. Suppose p* < v —

= Am’ then we can always increase the total profit p7* AT —|— Py AL by increasing p*. We verify the
proposmon by considering the following two cases.

Case I. A > A°= 2(,u— ,/h—”). Recall it is optimal to let A =y — hT” and p=v — rh)\ under
a monopoly case. Hence, the total profit p7"A7 + pJ’A7* can be maximized by A™ =y — (/2

Pt = . By Table OA.1, we have A = A3 =y — %", pl=ps=v—
PIA] = pIAS. We thus get the desired results.
Case II: A < A° = (u — 1/%"). First, we show A" + AJ' = A by contradiction. In this case,

AT > — %" and AJ' > pu — \/%" cannot hold together. Without of loss generality, we suppose

h o0 _ 0 __
r)\io, and T = Ty =
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AT <pp— /7 bt then 7" = pIP AT = ( ))\’1" is increasing in A}". Thus, we can increase the
total profit «7* 4+ 73" by increasing AT and fixing AJ'. Second, we show A" = \J* = A/2. Note
T+ Ty _P1 /\m+p2 A= (v e Am)/\m (v— = )\M))‘m and A" + A3* = A, we have dmitnd —

N

(u—hkli")2 T - Am)Q, which is no more than Zero 1f A< A/ 2 < AD'. Hence, 7" + 7l is maxnmzed by
2

A= A" = A/2. Consequently, pf =p3 =v— ,kA/z and " =75 = pPP A = plt AL = ( A/2)A/2

By Table OA.1, we have A} = "—A/Z p‘{—p2:v—m, and 70 =75 = piA] = )\O—(

e A/Z)A/Q We thus get the desired results. [

Proof of Proposition 7. By proposition 3 of Chwe (1994), any vNM FSS is a subset of LCS.
Together with Proposition 1, we have P C LCS. Let L = {s|m;(s) > gleigm(s’), i=1,2} and its
complementary set L = {s|m(s) < gleigwl(s’), or ma(s) < gleigﬂg(s’)}. It is easy to see P C L and
LNL=0.

First, we show L C LCS, i.e., a € LCS for any a € L. There exists e € P satisfying m;(a) > m;(e)
by the definition of L. Note we have proved any Pareto effcient outcome can indirectly dominate
all other strategy profiles in proof of Proposition 1. Hence, V d, i € {1,2} such that a —; d, d is
indirectly dominated by e and e € LCS. That is a € LCS by Definition 2.

Second, we show HllIl m;(s") =0 for i = 1, 2. In other words, L contains all feasible strategy profiles,
which implies LCS contains all feasible strategy profiles because we have proved L C LCS. It is
equivalent to find a Pareto effcient outcome (A}, ni; A5, n3) satisfies w1 (A7, nj) =0 (if it exists, then
m2(A},n7) =0 by the symmetry). Consider the following three cases.

Case I: N >2N and A > A’(N). Let n = N and ny = N — N, then \ = A,,(N) and \; =
A, (N —N). Recall N'(N) =A,,(N)+ A,,(N — N) by Lemma OS.3(i), which implies A + A} < A.
By Proposition 2(i), (Aj,ni;\5,n3) is a Pareto effcient outcome. Moreover, it is easy to check
71 (AN, N) = (A (N), N) = 0.

Case II: N > 2N and A'(N) < A < A/(N). By Proposition 2(i), (A\i,n%;\5,n3) € F(0) is Pareto
efficient, i.e., m (A, n}) =0.

Case IITI: N > 2N and A < A'(N). Let A* = Ay and A = A — Ao, then n; = A '(Ay) and n} =
AN —Ag). Recall nt +n5=A" (Ag) + A, (A—Ay) < N is equivalent to A > A’(N) in the proof
of Lemma OA.3. By Proposition 2(i), ()\T,nl,)\;,%) is a Pareto effcient outcome. Moreover, it is
easy to check (Ao, A (Ag)) = 7(Ag, A,  (Ag)) = O

Proof of Proposition 8. With the same proof of Lemma OA.1 by replacing v, u with v;, u;,
respectively, we have that: for any feasible strategy profile (p;,w;;p2, we) € Sy, if (p1,wy; P2, we) is
Pareto efficient, then (p;,w;) must be the optimal solution of problem P/ |(p;w;) for 4,5 =1,2 and
i # j. By substituting (0S.3) and (OS.4) into problem P |(,, w;), the problem can be rewritten as
problem P, |(x; ;). Therefore, we get Proposition 8(ii) by Lemmas 0OS.11 and OS.12 immediately.
With the same proof of Proposition 1 by replacing v, u with v;, p;, we get Proposition 8(i). O

Proof of Lemma 3. (i) If y; +y2 < 1, ’\}L—i"l — Iy, = 22%2 _ (1 —y,) = r. Otherwise, ’\;—Z’l —ly, =

n2

%?—Ml—m)ermem+yw=lﬁmﬂoﬂyﬁnﬁ#@:NZh—%*mdl 2=
(i) oy +a2<1, v —p1 nwh ot =v—p— ot —t(1—2) =0. Otherw1se v—p; —

h

oy i =v—py— —t(1—x)>0. Note z; + 2o =1 if and only if A\; + Ao =A, 2, = ’>\—1
and 1—x2:%. O

nop— /\2
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Proof of Proposition 9. First, similarly to Lemma OA.1, we verify that a Pareto-efficient strategy
profile s = (p1,wy; pa, wy) must be the optimal solution to problem P& Pj, where problem P! |(pj7wj)

is given as follows:

Pi/|(Pjij) Pomax = (p - wi)As

Dpi, w4

M I dews ne
ny N_ %) N

h t)\l h t)\Z
_ - It - - >
V=N = A U — P2 A >0,

ni+ne <N, A+ <A,
ni>0, )\z>07 pi>0, U)i>0, pszzZO, 121,2

It suffices to show that if a feasible strategy profile s = (p1,w;;p2, ws) is not the optimal solution of
problem P& P}, then s cannot be Pareto efficient, i.e., dominated by some strategy profile s’ € S.
Suppose that s is not optimal of problem P/&Pj. In other words, there exists a i € {1,2} such
that (p;,w;) is not an optimal solution of problem P/ l(p; w;), Where j #i. We then construct an
alternative strategy profile s’ € S which dominates s for the three cases, respectively.

L Awy  Ing _ dqwy _ Ing ; r_ ’. / : : Arwy
Case I: TN =R F T In this case, we let s’ = (p1, w}; p2,w)) which satisfies

= % — ™2 =y It is easy to check that w| < w; and w) < w,. Then, we have m;(s") = (p; —
wi)N; > (p; —w;)\; = m;(s) for i =1,2. Thus, the strategy profile s is dominated by s'.
Case II: v —p; — nwhﬂ\l - tATl =V —py— nwhﬂb MQ > 0. In this case, we let s’ = (p/, w1;ph, wa)

thr h thg
Ty L =v—py— ey i 2 =0. It is easy to check that p} > p;

and p), > p. Then, we have m;(s") = (pl —w;)A\; > (p; — wi))\l =;(s). Thus, the strategy profile s is

which satisfies v — p| —

dominated by s'.

o Mwy . Ing . dows . Ing _ _ h oty _ _ h _D\J_
Case III: SN =R EL VD~ =D 0, and

there exists a i € {1,2} such that (p;,w;) is not optimal solution of problem P/|¢,. .., Where Jj#i.

Without loss of generality, we assume (p;,w;) is not optimal solution of problem ]51’|(p2’w2). Denote
(p;,w;) as the optimal solution of problem P;|,, .,). In this case, we let s’ = (p},w};p2, ws). Then,
m1(s) = (p; — w)A} > (p1 — wi) Ay = mi(s), and ma(s") = (p2 — wa) A = ma(s). Thus, the strategy
profile s is dominated by s'.

The proof of Proposition 9(i) is as same as that of Proposition 1 (because the proof only requires
that Lemma OA.1(i) holds, and we have verified it). We now prove Proposition 9(ii). It suffices

sz_lﬂ
N

to prove a Pareto-efficient strategy profile s = (p1,ws;pa2,wy) should satisfy =r and

v—p;— ML/\ — tl’:" = 0. If the former one doesn’t hold, from the analysis in Case I s is not Pareto
efficient, if the latter one doesn’t hold, from the analysis in Case II, s is not Pareto efficient. [

(A,n)
(because the proof doesn’t depend on the scheme of the expected waiting tlme) We have that: for

any feasible strategy profile (p1,w;;pa,wae) € Sy, if (p1,w1;p2, we) is Pareto efficient, then (p;,w;)
must be the optimal solution of problem P |(,, w;) for i,j=1,2 and i # j. By substituting (OS.3)
and (OS.4) into problem P; (. w;), the problem can be rewritten as problem P, |(x; ;). Therefore,
we get Proposition 10(ii) by Lemmas 0S.13 and OS 14 immediately

(A\,n) (because the proof doesn’t

depend on the scheme of the expected waiting tlme) We get Proposition 10(i). O
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Online Supplement to “Farsighted Stability in Service Platforms
Competition”

OS.1. Preliminaries for the Auxiliary Functions in Appendix OA.1
In Appendix OA.1, we define the notations and the auxiliary functions, now we present some
preliminaries for the auxiliary functions.

LeEMMA OS.1. (i) A,,(N) and A,,(N) increases in N on the interval [Ny, +o0), Am(N) <A, (N)
if and only if N > Ny; (i) MAn(N) intersects A, (N) at N =N, and A, (N) intersects A,,(N) a
N = N; (iii) A (N) is convez in N with the minima attained at N, and A, (N) <A, (N) if cmd
only if N> N.

LemMMA OS.2. (i) A(N) and A(N) increase in N for N >2N,, N'(N) increases in N for N >
2N, A'(N) increases in N for 2N, f\(N) is convex in N, with the minima attained at 2N; (ii)
AN(N)>A(N), and A'(N), A(N) and A(N) intersect at N =2N; (iii) N'(N) > A(N), and N'(N),
A(N) and A(N) intersect at N =2N.

LEMMA OS.3. (i) A m(N/2) + An(N/2) = A(N) and A, (N) + A, (N — N) = N(N); (ii)
A(N/2) + A, (N/2) A(N); (m) A, (N/2) + A, (N/2) = A(N); (iv) A(A/2) + AN (A/2) =
AYA) and AN (M) + A (A —Ag) =A N (A).

LEMMA OS.4. (i) A,(n) + A (N —n) > A(N ) and A, (n) + A,,(N —n) < AN(N) if
N — N for N >2N; (i) Ay (n )—i—Am(N n) > A(N); (iii) A, (n)+ A, (N —n) ZA(N); (iv)

AT HFATHA =N >N A) if Ag <A< A—Ay for A>2A,.

LEMMA OS.5. (i) If N > 2N and A(N) < A < A'(N), there erists N < n < N/2 such that
A (n) + A (N —n) =A; (ii) If N >2N and A(N) < A < A'(N), there exists Ag < X < A/2 such
that A (A) + A (A=) =

LEMMA OS.6. For any given n, w(\,n) is mazimized at A= A,,(n), for any given X\, w(\,n) is
mazimized at n= A, (\). Moreover, w(A,,(n),n) increases in n, and w(X\,A,'(\)) increases in A.

LEMMA OS.7. (i) 7(A,N) >0 if and only if A > A, (N) and N> N; (ii) 7(A, A (A) >0 if
and only if N> Ao; (iii) Ao <A, (N) if and only if N > N.

0S.2. Auxiliary Lemmas for the Proof of Proposition 2

LEMMA OS.8. Let P be the set contains all Pareto efficient outcomes. A feasible strategy profile
s is Pareto efficient if and only if there doesn’t exist s' € P such that w;(s") > m;(s) for i=1,2, and
mi(s") > mi(s) for some i =1,2.

LEMMA OS.9. Fori,j=1,2 and i#j, let (A\;,n}) be the optimal solution of problem P; ](A* nt)-

(i) When N > 2N and A(N) < A < A'(N), (\i,n5;\5,n5) satisfies the conditions in Lemma
OA.3(i) or (ii). For nj < N/2, it is given in Lemma OA.3(ii) if and only if nj <n, where n
satisfies N <i < N/2 and A,,(7) + A,,(N —7) = A.

(ii) When N > 2N and A(N) < A < A(N), (\;,n};\5,n3) satisfies the conditions in Lemma
OA.3(i) or (iii). For Xt <A/2, it is given in Lemma OA.3(ii) if and only if Xt > X\, where A
satisfies Ng <A< A/2 and A" (N +A (A=) =



LEMMA OS.10. For any strategy profile (X5, n}; N5, n3) that satisfying the conditions in Lemma
OA.3(i1), if (A\j,ni;A\5,ns) € F(t), then P, = ma(A;,n3) is decreasing in t, where P, is optimal
objective value of problem P'. Moreover, we have m(X\f,n}) < P,.

0S.3. Supplementary Results of Section 6
0S.3.1. Supplementary Results of Section 6.2

We define some auxiliary functions as follows:

A ()= (1_ \/E)Nu A, (N)= 1<\/h:f +ANp,; — \/hfi)Q,

A;,IL_(A):(l—F TX)A, IA\mi(N):;) (rN—l—UiN,ui—h—\/(TN—i—viN,ui—h)z—4rviN2,ui).

We define some notations as follows:

N, =h/(Voiti =V7T)?, Ao, = dhrp [ (v — 7).

LEMMA OS.11. Fori,j=1,2 andi#j, if (p;,w]) is the optimal solution of problem Pi’h|(p;,w;f),

7 %

K2

then we have

h
Pl=vim e (08.1)
rn;
Tk: v . 2
w} ¥ (0S.2)

Moreover, problem R-’h\(pj’w].) is defined as follows:

F)i,h’(pj,wj) omax = (pi - w,;))\,

s.t. (pz,wl) < Siw‘(pj,wj)a

where S, = {(plawl;p2aw2)|(01)7(C2h)7(03)}’ Slh|(p2,w2) = {(pvw”(p?w;p%w?) € Sh} and
52h|(p17w1) = {(paw)Kpl?wl;paw) € Sh}
LEMMA OS.12. Fori,j=1,2 and i#j, if (\f,n}) is the optimal solution of problem Pih](A;,n;),

then ny +n; =N, or A + A5 = A, or both hold. Moreover, problem P, |(x, n;) is defined as follows:

h
Palogap s max m= (0= =)= rm,
h N,
s.t. anjzni, A*)\jZ)\“ Vg — ——————— — 20
Nifbi — A; Yy

ProrosiTiON OS.1. Consider the two-sided platform competition where the platforms are het-
erogeneous. Any vNM FSS {s = (\j,ni;\5,n3)} belongs to one of the following three cases.
(i) nr >N, ni+n3=N, X =A,,(n}) and A\j + X5 < A.
(i) nf > N,, n;+ns=N, max{Ami(nf),Ami(nf)} <N <A, (n) and X; + X3 = A. Moreover,
(A1:nT3A5n3) € Uo<icpy Fa(t) with Fa(t) = {(A1,n13 A2, n2)|m1(Ar,ma) =t and (A2, n2) opti-
mizes problem P}}, where

h
p max mi(Ai,n;) = (v o n
s.t (A n)—(v—L))\ —rn;=t
L. T\ Ay 1) = \ U oty — A i =1

and Py, is the optimal objective value of problem P}.



(iii) ny =N, (AF), ni+n <N, A > Ao, and X} + X5 =A.

0S.3.2. Supplementary Results of Section 6.4
We define some auxiliary functions as follows: A,,, () satisfies

. - OW (A, N
v hW(Amw (N)’N) - hAmw (N)é/X)‘A—/_\mw(N) = O,

Al (A) satisfies
OW (A, N)

hA = In=azt, iy +7 =0,

A, (N) satisfies
(v —hW (A, (N),N))A,,, (N)—rN =0.

We define some notations as follows: IV, satisfies
(U - hW(Amw (Mw%ﬂw))‘/_xmw (ﬂw) - Tﬂw = 07

N,, satisfies
(U_hW(Amw(Nw)an))A (Nw)_TNwzoa

—MmMaw

Ao, satisfies

w

('U - hW(AOw7A’;’7}w (Aow)))AOw - TA;’L»lw (Aow) = O

LEmMA OS.13. Fori,j=1,2 andi# j, if (p;,w;) is the optimal solution of problem Py, |(p;,w;),

K3
then we have

pi=v—hW(\,n;), (0S.3)
(0S.4)

*

TN
wF =

[ )\;k

Moreover, problem Pi’w|(pj7wj) 1s defined as follows:

Pi/w |(Pj7wj) ©omax T = (pi - wi)/\i
s.t. (pi,wi) S Siw’(pj,w].),
where S, = {(p17w1;p27w2)|(01)7(C2w)7(63)}; Slw|(p2,w2) = {(p,w)|(p,w;p2,w2) € Sw} and
SQw’(Plywl) - {(p7w)‘(p17w1;paw) S Sw}~
LeMMA OS.14. Fori,j=1,2 andi# j, if (\;,n}) is the optimal solution of problem Piw’(x;,n;),

1'%

then ny +n; =N, or A\ + A3 = A, or both hold. Moreover, problem P;,|(x,n;) is defined as follows:

h
Pi |()\.nv)2 max 71'1-:(1)— ))\i_Tni
w YL A;>0,n;>0 nZ,LL_)\z
st. N—n;>n;, A—X\>\, u-hW(Ai,ni)_%Zo_

ProprosiTiON OS.2. Consider the two-sided platform competition with the waiting time formu-
lated by the form (3). Any vNM FSS {s = (A\},n3;A;,n5)} belongs to one of the following three
cases.

(i) nf >N, ni+n;=N, X =A,,,(n) and \; + X5 < A.

K2



(ZZ) n;k Z Mw: nT + TL; = N7 maX{Amw ('I’Lf),Aan ('I’Lt)} S A;k S Amw (n;k) (md )\Slﬁ + )\; = A More-

over, (A},n3;A5,ns) € Uo<i<py, Fu(t) with F,(t) = {(A1,n1; A9, m2) |71 (A1, 1) =t and (Ag,n2)
optimizes problem P!}, where

P! max To(A2,m2) = (v — AW (A2, n2)) Ag — T2
s.t. 7T1()\1,n1):(v—hW()\l,nl)))\l — TNy :t,

and Py, is the optimal objective value of problem PP.

(iii) ny = A, (M), ni+n3 <N, A; > Ao, and A+ X3 =A.

—MmMw

0S.3.3. Proofs of Proposition 11 and Corollary 6
Proof of Proposition 11. (i) We first show W (AT, n )N + W (A5, ny )AL > W (AT + AJ', n* +

ng"))(AT + A3). Let p1 = A"/ ('), po = A3/ (ng'p) and p = A/(nu). We have W(AY", ni")AT" +

2(n’in+1) m \4 2(nm+1) m m 2(n+1) m ,V2(n+1) m \/27

m o ,,m m __ P A P A ny P nyt p. AT + A (n+1)
WO )N = P+ ot e, 2 T P Tt 2

w =W (AT + A, nT" +nl")) (A" + AL, where the first and last equalities are due to (3), the

first inequality is due to p; <1, ps <1, n* <n, ni* <n, the second inequality is due to Jensen’s
m .

We now show the total proﬁt of any merged system is dominated by a monopoly system. That

is (P —wi") AT + (p5' — wi') Ay < (v — hW (AT, ny" ))/\’” -rny' + (0= hW(AZ, ny"))As" —rny < (v —
hW()\ n))/\ rn, where the first inequality is due to 2Ll wl ’\2 w2 > and v— Py —hW (AT, n) =
v —pyt — hW (A, ny") > 0, and the second mequahty is due to A=A+ A0, n=n"+nl, and
W (AT, n)AT + VV()\Z‘,n2 NAZ > W (AP + A5, n +nl)) (AT + AD). Let v —p— hW (A, n) =0 and
% =r, then (p —w)A = (v—hW (A, n))\—rn is the profit of a monopoly with price p and wage w.

(ii) With the (\,n) (because the proof
doesn’t depend on the scheme of the expected waiting time), we get Proposition 11(ii). The Table
4 is obtained by replacing A,,(N), A,,(N), Ap(N), N, N, Ay in Table 3 with A, (N), A, (N),
A, (N), N, Ny, A, , respectively. [

ny'p1 + n2 P2
n

inequality (we can verify 2 is convex about p) and

Maw

Proof of Corollary 6. To establish the proof, we consider the three cases for the competition
case as in Proposition OS.2. Then, for each case, we further discuss the three possible equilibria

for the merging case.
We first prove W( »(n),n) is decreasing in n. Let a(n) = y/2(n+1) and p = )\/(nu), then
WA n)= nu<(1> 5 —l— by (3). Consequently, (v —hW (A,n))A =nup(v — h/p) —

maximized at p = p(n ) A, (n)/(nu). Furthermore, the FOC is 2 i 1[2((71” p((‘;(;;) Vel — ppu/h—1,

where the leaf hand of it is decreasing in n and mcreasmg in p(n). Then, we get p(n) is increasing in

n. Plugging the FOC into W (\,n) = pa(? 5 + , we get W(A,,, (n),n)= % + i, which is
1—p(n)

decreasing in n because a(n) = \/2(n + 1) is increasing in n and we can also prove p(n) is increasing

n . .
7/) , Which is

in n by some algebra.
We then prove W(A, A" (\)) is decreasing in A. The FOC of (v —hW (A, n))A — rn with respect

to m is h,u,on#((l) pl (a(n) + is— Zz’l;’) = r. Plugging the FOC into W (\,n) = nZ(T pl) + 1 o
get WA\ A, ()= ) - + 4, where p(A) = /(A L) We have

_ Al (M) Inp(x
o) (o8t (12555~ 22 g )

W (A, AL (V) is decreasing in A because we can prove a(A,.! (A)) and p()) are increasing in A by
some algebra.



CaseL: n} > N, ni+nj=N, X\ =A,,, (n}). From Proposition 0S.2(i), a symmetric farsightedly
stable outcome satisfies n; = N/2 and \; = A,,,,(N/2), i=1,2. Based on (0S.3) and (0S.4), the
price and wage are p; =v—hW (A,,, (N/2), N/2), and w} = #&3/2) Thus, the total profit from the
two platforms is 77 + 75 = (p] — w) AT + (p3 —w3)A; =p; (A} + A3) —7(nf +n3) =p; (AT +A3) —7N.

Regarding the merged system, three possible cases are all possible. Hence, we derive the optimal
solutions and the profit for the merging case in three subcases, and then conduct the comparison.

Subcase (a): Ample demand and limited supply. By Table 4, n}, = N =n}+n} and A}, = A,,,, (N).
Moreover, p¥, =v — hW(A,,,(N),N), and w, = Amiu]\EN)' Then, p;, =v — hW(A,,, (N),N) > v —
hW (A, (N/2),N/2) = p! because we have proved W (A,,,(n),n) is decreasing in n in former
analysis. Moreover, \; =n}up(n;) = Nup(N/2)/2 < Nup(N)/2 due to p(n) is increasing in n. We
get \X, = Npup(N) > A\; + X5 immediately. Thus, 7, = (pi, — wi )A5, =pi A — 1N >pr(AT+A5) —
rN =} + 3, where the inequality holds from p}, > p* and \;, > A7 + A5.

Subcase(b): Balanced demand and supply. By Table 4, n}, = N =n} +n} and Aj + A\; < A} =
A <A, (N). Moreover, p:, =v—hW (A, N) >v—hW(A,,, (N),N)>v—hW(A,,, (N/2),N/2) =
p;, where the first inequality is due to W(A,n) is increasing in A and A < Amw( ), the second

. . . A . . . * r N 2 *
inequality is due to W(A,,,(n),n) is decreasing in n. And, w}, = T;;:L =N N2 =Wy,

where the inequality holds because A > 2\ and N = 2n}. Thus, 7}, = (p}, — wm)/\fn = pm)\;;— rN >
pi( AT+ Ay) —rN =7 + 75, where the inequality holds from p?, > p¥ and A%, > A7 + Aj.

Subcase(c): Limited demand and ample supply. By Table 4, n, = A, (A) < n1 +njy =N and
AL = A > \; + A5, Moreover, pf, =v—hW(A,A,} (A)) >v—hW(A mw(N/Q) o (A, (N/2))) >
v —hW(A,,,(N/2),N/2) = p*, where the first inequality is due to W (X, A} ()\)) is decreasing in
Aand A\ = A, (N/2) < A, the second inequality is due to W(A,n) is decreasmg in n, A,,,(n)>
A, (n)forn>N, and N/2=n; > N,. And, w}, = m << ;"/I\\i = T; *, where the inequal-
ity is due to A > A} + A\ = 2Af. Thus, 7, = (pF, — m))\fn =P A — ;'n;‘n > p;‘()\’{ +Ay)—rN =
m; + 75, where the inequality is due to p;, > pf, n, <N and A, > A7 + A,

Case II. n; > N, ni +nj =N, maX{Amw(nf),Amw(n;‘)} <A <A, (n) and A7+ A5 = A.
From Proposition OS. 2(ii), a symmetric solution satisfies nf = N/2 and A\ = A/2, i =1,2. Based

n (0S.3) and (0S.4), p; =v—hW(Af,n;) =v—hW(A/2,N/2), wi = T;f = =% Consequently,

T+ m = (Pl —wi)AT + (pz w3)A; =p; (A} +A3) —r(n] +n3) =p;A—rN. 1

Regarding the merged system, three possible cases are all possible. Hence, we derive the optimal

solutions and the profit for the merging case in three subcases, and then conduct the comparison.

Subcase (a): Ample demand and limited supply under merging case. By Table 4, n* = N and
X =A,,,(N) <A. Note that in this case we have A = \f + X5 < 2A,,,(N/2), and we can prove
A, (N)>2A,,,(N/2) by some algebra. This is a contradiction.

Subcase (b): Balanced demand and supply. By Table 4, n*, = N =n} +nj and \*, = A=A} +

5 f= - W/ N)VPNED oA/ (Np)VENTED
A3 Moreover, pj, = v — hW(A, N) = v — BERG2ymr — > v = WSty — = = v =

hW(A/2,N/2) =p;, due to A < Ny, and w}, = "X = w;. Thus, w}, = (p}, — w) AL, =P, A" —rN >
piN—rN =77 +m7;}.

Subcase (c): Limited demand and ample supply. By Table 4, nf, = A, (A) < n} + n} =
N and A, = A = A} + A;. Moreover, p, = v — h(W(\5,n5) = v — hW(A AL (A)) > v —
AW (A/2,A,} (A/2)) >v—hW(A/2,N/2) = p, where the first inequality is due to W (X, A, (V) is
decreasing in A, the second inequality is due to W(A,n) is decreasing in n, Ay > A, (n]), A} =A/2




« Al
and n; = N/2. And w?, = T;,Z" = Am&”(A) <™ = w; due to A <A, (N) from Table 4. Thus,

o= (pk, —wi)ANL, =pi A—rnk > piA—rN =mxf+m5, due to p;, >p; and n}, < N.

Case IIL nf = A} (X)), nj +nb < N Af > Ay, and A7 + A5 = A. From Proposition OS.2(iii), a

symmetric solution shall satisfy ny = A,' (A/2) and A} = A/2,i=1,2. Based on (0S.3) and (0S.4),
* 1
pi=v—hW(A,n)=v—hW(A/2, Amw(A/Q)), == M%(A/) Consequently, 7} + 75 =

(py — WA+ (05 — wh)A; =p; (N +A5) —r(nf +n3) =pi A —r(n] +n3).

Regarding the merging setting, we first show that in this case the merging platform will reach
limited demand and ample supply. By Table 4, it is equivalent to show N > N, and Ay, <A<
Amw(N) First, it is easy to see A > Af > Ay,,. Second, N > nj +n2 =200 ., (A/2). We can show
Al (A) <2A.} (A/2) by some algebra. Thus, we have N > A} (A), which 1mphes A<A, (N).
Last, Agw <A, (N) 1mphes N > N,.

Then we have nf, = Al (A\:) =A.! (A) and A%, = A = \; + X5 by Table 4. Moreover, p, =

v—hW(A:,n:)=v— hW(A A, (A)) > v — hW(A/2 A (A/2)) =p; due to W(A A, (X)) is
decreasmg in . Because A} (A) <2A," (A/2), n;, =A,) (A) <2A. (A/2) =n}+n}. And wk, =
m m 2m =w}. Thus, 7}, = (pf, —wi N5, =pi, A—rn}, > pi A —r(nf +nk) =7 + 75, where

Al
the inequahty is due to p}, > p; and n;, <nj+nj. U

0OS.4. Proofs in Online Appendix
Proof of Lemma OA.1. We first prove Lemma OA.1(ii). Similar to the proof of Lemma OA.4,
we first construct a problem by relaxing the “binding” constraints in problem P/ |(p].,wj) as follows:

pil‘(pj,’wj) ©oInax T = (pi —wi)Ai (0S.5)
)\1’UJ1 _ )\QwQ Z r,
T No
h >0
V—p—————=0—py— ———— >0,
' nip— A 2 Ngft — Az

ni+ne <N, A+ <A,

Then, it suffices to show that the optimal solutions of the problem P/ |(p; w;) satisfy Lemma OA.1.

Without loss of generality, we consider the case with p, and ws given and show the optimal
solution of problem P, ., satisfy the conditions in Lemma OA.1. It is sufficient to show that
the first-order necessary condition of problem P|(,, w,) satisfy the conditions in Lemma OA.1. We
define the Lagrangian function for the problem P{|,, .,) as follows:

Arwy A2Ws

L) ()

)+772(p1+ m -

Ly :(pl_wl))‘1+n1( " s m

_p2_

+774(U_ —p1) +05(N —n1 —n2) +n6(A — Ay — A2) +17(p1 —w1),

niu— )\1

where 13 >0, 74 >0, 75 >0, 7 > 0, 7 > 0. The optimal solution of problem ]51’\(1,271”2), denoted as
(py,wy), shall satisfy the first-order conditions of the Lagrangian function, i.e.,
OLyg4
Op:

=A+n—ns+n7 =0,

p1=p],wi=wj



0L, Al
Owy lpy=pt wi=wt ! (1 15) ny n
0Ly Ajw; hu
—_— = — +13)——— — — — = — N5 = O,
on, p1=p} wi=wj (771 773) nTQ (172 774) (nfﬂ - )‘T)Q 1
0Lg4 AW hu
= - = O,
an; p1=p] wi=w] n TL;Q " (ngﬂ - )‘3)2 T
aLd U)T h
N =pr— Wit (ot ns) o (=) s 1 =0,
O lpr=ptwi=w? ! v ) L (12 =m1) (nip—A7)? G
aLd _ Wy . L . . 0
02 p1=p},wi=wj h n; G (n;‘,u - AS)Q G .

Note that in the above equations, n} and A! are the corresponding values given p; and wj. Solving
the above equation set, we obtain the Lagrangian multipliers satisfying the following equations.

*2
USW s
=———(— + 1), 0S.6
" oz e ) (050
ny(nip — AS AS
mo= AN ) 2 (057
ny
A1+ n7)ng
= QI (059
1
ni=A1+mn2+1n7 20, (08.9)
. wy hy
- _ 1 > 1
wy h

nG:p*l‘—wf—i-()\I—i-???)(?—m) >0. (0S.11)
1 1 1

Besides the first-order necessary conditions, the following complementary slackness conditions shall
Afwi

also be satisfied. 173( — 7“) =0, (v — n*%,\* —p’{) = 0. Thus, to establish the proof, it is
1 1

equivalent to show thatlng >0 and n4 > 0.

We first consider 73. In (0S.8), the Lagrangian multiplier 7; > 0, and an optimal solution requires
A7 >0 and nj > 0. Thus, we have 13 > 0 if 7, <0, which is valid from (OS.6), where 75 >0, 15 > 0,
and nip > A;. We then consider n,. In (0S.9), the Lagrangian multiplier n; > 0, and an optimal
solution requires A} > 0. Thus, we have n, > 0 if 7 > 0, which is valid from (0S.7), where ns >0,
ne > 0, and niu > A3.

We then prove Lemma OA.1(i). For a feasible strategy profile s = (py,w;;ps,ws), it suffices to
show that if (p;,w;) is not the optimal solution of problem P, ;) for i,j=1,2 and i # j, then
s cannot be Pareto efficient, i.e., dominated by some strategy profile s’ € S. Suppose that s is not
optimal of problem P;&Pj, then from Lemma OA.1(ii), we have neither (1) nor (2) holds, or both
(1) and (2) hold but there exists a i € {1,2} such that (p;,w;) is not an optimal solution of problem
Pi’](,,j71uj), where j # i. We then construct an alternative strategy profile s’ € S which dominates s
for the three cases, respectively. For ease of presentation, in this proof we denote m;(z), i =1,2, as
platform ¢’s profit given that the strategy profile is x.

Case I: A;—Tl = ’\i% > r. In this case, we let s’ = (p1, w}; p2, w)) which satisfies A;—?i = )\%’/2 =r. It
is easy to check that w} < w; and w) < wy. Then, we have m;(s") = (p; — w))\; > (pi — wi) A = mi(s)
for ¢ =1,2. Thus, the strategy profile s is dominated by s’.



Case II: v — p; — vV — Py — > 0. In this case, we let s’ = (p},ws;ph,ws) which
h
ngpu—Ag

we have m;(s") = (p} — w;)A\; > (p; — wi)\i = m;(s). Thus, the strategy profile s is dominated by s’.
Case III: ’\}l—il”l = ’\3112”2 =7, v—p;— nmthl =v—py— =0, and there exists a i € {1,2} such

that (p;, w;) is not optimal solution of problem P/ ](,,jyu,]), where j # i. Without loss of generality, we

ngpu—Ag

= 0. It is easy to check that p| > p; and pj, > ps. Then,

hmu*)\l -
satisfies v —p} — "5 =0 —py —

nop— )\

assume (p;,w ) is not optimal solution of problem P|(,, w,)- Denote (p;,w;) as the optimal solution
to problem P{|(p, wy)- We let s = (p},w};pa, w2). Then, m1(s") = (p7 —wi)A; > (p1 — w1) A1 =1 (s),
and ma(s") = (pa — wa2) A2 = m2(s). Thus, the strategy profile s is dominated by s'. O

Proof of Lemma OA.2. We establish the proof by contradiction. First recall the Lagrangian
function in the proof of Lemma OA.1, the complementary slackness conditions require

7’]5(N—Tl1 —ng) :0, (0812)
n6(A— A1 —A9) =0. (0S.13)
Suppose nj +ns < N and A\ + A5 < A. Then, from (OS 12) and (0S.13), we must have 15 =0 and
ne = 0. Substituting 75 =0 to (0S.10), we obtain “il = W Substituting ns =0 to (OS.11)

(n
and using the above equation, we get pj = wj — ()\1 +17) [A* - m] =w; — (A} +m7) (,Ti -
1 1 1 1

wi) = wi — M(n*{u — \}) < wj, where the last inequality holds from n}u — Af > 0. This is a
nip AInip

contradiction. Therefore, we get nj +n5=N or A+ \;=A. [

Proof of Lemma OA.3. We apply the results in Proposition 4 to establish the proof.

Case I: nj +n5 =N and A\] + A3 <A, ie., n;y =N —nj and A\ <A — ;. This case corresponds to
Case I in the proof of Proposition 4. Then, from Case I in the proof of Proposition 4, we have the
following results: A; = A,,(N —n?) = A, (n}), and

n;=N-n;>N, (0S.14)
A=X> Ay (N —nl)=An(n)) =X (0S.15)

Furthermore, we verify the above inequalities lead to N > 2N and A > A(N). Regarding N, from
(0S.14), we have N =n} +n} > 2N. Regarding A, from (0S.15), we have A > X\t + X3 = A, (n}) +
A, (n3) = A, (n3) + A (N —n3). By Lemma OS.4(i), A,,(n?) + A,,(N —n}) > A(N). Therefore, if
N >2N and A > A(N), then n} +n3 =N, n} > N, A\ = A,,(n}).

Case II: nj +n5 =N and A\] +A;=A, i.e.,, nj =N —n} and A\ = A — A}. This case corresponds
to Case II in the proof of Proposition 4. Then, from Case II in the proof of Proposition 4, we have

either
N<ni=N-n;<N, (08S.16)
Ap(n}) =AM (N =) SN = A= N <AL (N —n)) = A (n)), (0S.17)
or
ni=N-n;>N, (0S.18)

M) =A (N=n?) <X =A-X <A, (N-n’

7

Y= An(n)). (0S.19)

Furthermore,

By Lemma OS.1, (0S.17) and (0S.19) imply max{A,,(n m(nd).
08S.18) and (0S.19)

<
we verify (0S.16) and (0S.17) lead to 2N < N < 2N, A(N) <A< N(N),

>@*
>
3
S
Sk



). From (08S.16), we have 2N =2N < N =nj +nj <2N. From

lead to N >2N, A(N) <A ]\(
m(N=n7) <A <A, (n)+ A, (N —n?). Hence, A(N) <A< A'(N) by

(08.17), we have A,,(n?) + A
Lemma OS.4(i) and (ii).

Now we show (0S.18) and (0S.19) lead to N >2N, A(N) <A < A/(N). From (0S.18), we have
N =n} +nj3 > 2N. From (0S.19), we have A, (n}) + A, (N —n}) <A <A, (n}) + A, (N —n).
Hence, A(N) <A< A'(N) by Lemma 0S.4(i) and (iii).

Case III: n +n5 <N and A} +A;=A, i.e., nf <N —nj and A\; = A — )j. This case corresponds
to Case III in the proof of Proposition 4. Then, from Case III in the proof of Proposition 4, we
have the following results:

ny=A (A=) =4 (), (08.20)
n; >N, (0S.21)

and
Apg<Xi=A—X <A, (N—n)). (0S.22)

Furthermore, we verify the above inequalities lead to N > 2N and 2A, < A < A’(N). Regarding
N, from (0S.21), we have N > n} +n} > 2N. From the first inequality in (0S.22), we have A =
N5 > 2A0. By (0S.20), we have nt +nj = A, (A +A,, (A=) > A’ (A), where the inequality
is due to Lemma 08S.4(iv). Hence, we get N > A’ '(A), i.e., A<A'(N). O

Proof of Lemma OA.4. In problem P/, the requirements “at least one inequality binding” are

not typical for constraint-optimization problems. To tackle this issue, we first relax such constraints
by constructing the following problem.

P = - A
mio Max T = (P = Win) A
AWy,
st. ——2>r,
Nm
h
V—ppy— —— >0,

Problem P’ differs from problem P’ only in relaxing the constraints on being binding of the

equalities. Thus, the optimal solution to problem P/ can be obtained by refining the optimal

solutions to P’,. Then it suffices to show the optimal solution to problem P’, satisfies Lemma OA.4.
Consider the necessary conditions to problem P/, . Define the Lagrangian function by

’ AW,

T, Ny b — A

where 1, >0, 10 >0, 3 >0, n4 > 0 and 75 > 0 are the Lagrangian parameters. Then, the optimal
solution of problem P’ , denoted as (p*,w*), with the corresponding effective arrival rate \*, and
the participating number of workers n, , shall satisfy the first-order necessary conditions and the
complementary slackness conditions, given as follows:

oL’

m =\ - =0, 08.23
3pm Pm =D, Wm=w, m =T s ( )
oL, A

UL =\ + 771 = — 15 =0, (0S.24)
ow,, P =P Wm=w, ny,
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m ()‘:ﬁ; —7) =0, (0S.25)
m* L

In the above conditions, (OS.23)-(0S.24) are the first-order necessary conditions, and (0OS.25)-
(0S.26) are the complementary slackness conditions.
We then establish the proof by contradiction. Suppose that there exists an optimal solution that
’\*n* Ym S poor v —ph - ey /\* > 0. If 2z wm >, then (0S.25) implies that 171 0, applying which
(OS 24) derives ns = —)\* 0. This contradlcts ‘ns >0". If v—pi — m > 0, then (0S.26)
implies that 7, = 0, applying which to (0S.23) derives 15 = —\* < 0, which contradicts “ns; > 0”.
Lemma OA.4 is thus proved. 0O

Proof of Lemma OA.5. From Lemma OA.4, we can rewrite P/ by using (OA.2) and (OA.3) to
replace p,, and w,,. We obtain problem F,,. We then establish the proof by contradiction. Suppose
that there exists an optimal solution that n}, <N and A, < A. We then investigate the necessary

conditions of problem P,,. Define L,, as the Lagrangian function. We have

_h
N b — Ao

h rnm)
Nonfb— Am Am
where n; > 0, 72 > 0 and 73 > 0 are the Lagrangian parameters. Then, the optimal solution of

Lm:(v— ))\m—nmr+n1(N—nm)+n2(A—)\m)+773(U—

problem P,,, denoted as (n*,,A* ), shall satisfy the conditions as follows:

oL, hA: 1 r hu
Ot lrmerimrs, = AT T G (0520
oL,, hn? w rn’ h
— m _ m _ =0 0S.28
N N (N7 o5 R : S N Afn)z] ’ ( )
m(N —n;)=0, (0S.29)
(A= A,) = (08.30)
h rny,
ns(v— T T T )=0. (0S.31)

The conditions (OS.27)-(0S.28) are the first-order necessary conditions, and (0S.29)-(0S.31) are
the complementary slackness conditions.

Recall that we assume there exists an optimal solution with n’, < N and A, < A. Then from
(0S.29) and (0S.30), we have n; =0 and 7, = 0, respectively. By using 7, = 0, we can rewrite

(0S.27) as (1+ &)r = Wf;%, which implies r = % Substituting the above equa-
: " o — _ hnnp 23T o h —
th;l *tO (0828) and usmg 7 = 0 hWe* get v = m + YR [W . )\7;‘,? — m] =
T H h m/‘ mH h 3
iy (n%#f\m ( - 1) ey ("%u—T%)A%' By using the above two expressions for
r and v, together with (OA.2) and (OA.3), we have p!, —w! =v— n*u%/\* - T;’*’" = % -
iy n hnf:np, B h77 h m m . m' m
AR T e T i — T e — waeas < 0, where the last inequality holds

from X\, <n’ p and n3 > 0. The inequality p}, —w}, <0 is a contradiction to the optimal solution.
Lemma OA.5 is thus proved. 0O

Proof of Lemma OA.6. Case I: A < A°. Lemma OA.6 requires the following constraints:
h

i=1,2, (08.32)
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h
Aggu—,/%‘, i=1,2. (0S.33)

A+ A= A, (08.34)

We establish the proof by contradiction. We first show that any feasible strategy profile satisfying
(0S.32)-(08.34) is Pareto efficient. Suppose (p{;p3) satisfies (0S.32)-(0S.34), and the correspond-
ing effective arrival rates are (A{;A3) and the profits for the two service platforms are (7{;n9).
Consider any feasible solution (p/;p,) € S° with (A}; \;) and (7];75) as the effective arrival rates
and the profits. Suppose that (p$;p3) is dominated by (p;ph), then 79 < 7} and 7§ < 7}. Note that
(py;ph) € S° implies that v —p, — ﬁ >0,i=1,2. It is easy to see that the strategy profile (p;p5),

where v — p;/ =0, with the effective arrival rate A}, i =1,2, dominates the strategy profile

h
PRV
(p};p5)- Thus, it suffices to consider those (p;ph) € S° such that v —p, — v =0, i=1,2. Note

that the function f(z) = z(p— -£-) is concave and decreasing in z for z > v — /%”. By (0S.32) and

(0S.33), we have 7¢ > v — , /h—“ Thus, 7r° < 7r’ implies that P <pf, where ¢ = 1,2. This, together
with (OS.34), implies that A =2 — p, =\ + A <A, where the first

equality holds from (0S.34), the second 1nequahty is Vahd because P <p?,i=1,2, and the last
— 7 — O
)\

equality holds because we restrict our attention to those (p};p5) € S° such that v — pi =
i=1,2. We reach a contradiction.

We then prove that any Pareto efficient outcomes must satisfy (0S.32)-(0S.34), or equivalently,
any feasible strategy profile s° = (p%;p3) which does not satisfy one of (OS. 32) (0S.34) cannot be

Pareto efficient. (i) Suppose (p$;p3) does not satisfy (0S.32), i.e., v —pJ — = /\o >0, ¢=1,2. Then,

the strategy profile (p/;p}), where v —p; m h/\o =0, with the effective arrlval rate ¢, 1 =1,2,
dominates the strategy profile (p%; p3). This is a contradiction. (i) If (p¢; p3) satisfies (0S.32), then
the profit ¢ = ( ") A2, which is concave in A? and maximized at A =y — %“ Under this
condition, we further COHSldeI' either (0S.33) or (0S.34) is not satisfied by (p{;p3). If (0S.33) is

not satisfied, i.e., Ay > p— \/%‘L or Ay > p— \/%. It is easy to see that the strategy profile (p};p3),
h

hu

where p/1 =v— ( = 0, dominates the strategy profile (p$;p3). It is a contradiction. If
p—\p—
(OS 34) is not satisfied, i.e., A+ A3 < A. It is easy to see that the strategy profile (p};p3), where
h
pl ,u (A— )\0

Case II: A > A°. In this case, by theorem 1 of Chen and Wan (2003), p¢ = v —

=0, dormnates the strategy profile (p{;p3). This is also a contradiction.

h
rAg7 where
A= — \/hv—“, 1 =1,2, is the unique Nash equilibrium, where customer’s utility is zero and the
each service platform can earn the same profit as the monopoly. Therefore, pf =v — M_—’I/\Q, where

A= — %, 1=1,2, is also the unique Pareto efficient outcome. [J

0S.5. Proofs in Online Supplement
Proof of Lemma OS.1. (i) Taking derivatives of A, (N) and A,,(N) with respect to N respec-

tively, we have
p(y/ 2+ ANp — /) (
dN N

(08.35)
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and dA;"J\(]N (1 — 51/ 3 NH)M It is easy to check that both of the two derivatives are increasing in
N. Thus, A,,(N) and A,.(N) are convex in N.

Regarding A,,(N), it is easy to see from (0S.35) that *’” > 0. Regarding A,,(N), solving the
zero root of dA;"]\([N) =0 derives ﬁ Since A,,(N) is convex, we have A,,(N) increases in N over
the interval [— +00). From the definition of Ny, it is easy to check that Ny > ~. Thus, A,,(N)
also increases in NV for N > Nj.

From the definition of A, (N) and A,,(N), we have A (N) — A, (N) = %7" +

%\/@4/}%4_4]\[% where 12 4 /BNE > and \/ﬁw/h“+4N,u > 0. Thus, to show that

A (N)—A,(N)<O0, it is equlvalent to show that (1’“‘ + /) w/h“\/h“—i—éLNu <0.

Note that (1242 4 /8Ne)" (1, fhue, [l 4N ;) _i T hNu+hu /hzzu_ihTu(hTmrleM)_

’”Z—“ + %1 [N h“N h’“ﬁ [,/ \/N(,u — ;)], the sign of which is determined by the term

v

(V)

in the bracket. It is easy to see that the term in the bracket decreases in N, and the zero root of
which is attained at N = hop/ (v —r)2. Thus, we have A, (N) — A,,,(N) <0 if and only if N > N,
from the definition of N.

(il) We verify A ( ) = Am(ﬂ ) directly. Recall that N = h/(\/ou — /r)*. First consider
_ . /7 _ [(Jom—vr)? ha h

we consider A,, ﬂ e have A,, =L(rN +vNpu —h — /(rN+oNp—h)?2—4roN2p) =
2% H n—=
L( (vp+r)h . h _ \/( (vu-i—r)h _ h)2 __Advprh? ) _ ((vu+r) (y/or— Vr)? h
20 \(om—vr)? Vo) (or—vr) 20\ (o)
((vqur)f(\/W*ﬁ)Q h>2 o ) _ 1 ( _oyuprh \/( 2 /oprh )2 _ doprh? ) _ AT
(Vo 7)? (Jor—v/n)A (Vo) or—vn?) T vt N
(\/Whﬁ Comparing the above two expressions, we have A,,(N) = A, (N).

Now we verify A (N)=A,,(N). Recall that N = 2h(vp+ r)/(vp — )2 First consider A, (N).
/h /h /h Shu(vp+r)  [hu\2 _ h 8(vp+r)r
We h&VeA (N) 4( #+4NN #) _4( M+ g;t It) TM) _4(\/ #(1+ (’U:L r)2 )_
M) _ ;( hy (vp—r)24+8(vutr)r hi) o 7( hp  v2p246vpr+9r2 hi)2 o l( hp | (vp43r)2
r T4 r (vpu—r)2 r T4 r (vp—r)2 r T4 r (vu—r)2

\/%7)2 = l(\/E (Lptr 1))2 = 1. L6r® ) = 2 Next, we consider A,,(N).

4 r vp—r r (vp—r)2 (vp—r)
We have A,,(N) = L(rN + vNp — h — /(rN+vNp—h)>—4ruN?p) = 5-(2h ZZJr:;Q
(v,u+r - 2 - 16vprh?(vp+r)2y _ 1 (v#+r)2+4v,wr‘ - \/ (vp+r)2+dopr 1\ 2 - 16v#rh2(vu+r) -
h — \/ 2h G2 (vp—r) ) (vp—r)4 ) - 21)( (vpu—r)2 h ( (vp—r)2 h) (vp—r)4 ) -
(vp+r +4v r (v +7) 2 4v r 2 1 ((v +r) +4vur 1 Svur _ dhpr .
2v( #(’L)[L )2 =h— \/ . T (op—r)2 . ) ) - 2v( H(v,u r)2 “h— h) 20 (vp H7“)2 h= (v,ufr)2 : Comparlng
the above two expressions, we have A_(N) = A,,(N).
(iii) Taking the first- and second-order derivatives of A (N)
: dAm, (N) _ r+ou _ (rN+uvNp—h)(r+vu)—4rvNp
with respect to N, we have N =k 2o N N droNg]

[(Tw\;—vNu—h)(T+vu)—4TvNu]2
dzf\m(]\]) (rN+uvNp—h)2—4roN2p
and dN?2 Qv[(rNJrvN,u, h)2—4rvNZ2p]
_ [(rN+vNp—h)2—aro N2 u)[(r+op)® —4rop] —[(rN+vNp—h) (r+op) —4roN p]? > O, where the last inequality holds
20[(rN+vNp—h)2—4rvN2p] \/(TN+UN;L—h,)2—4rvN2/L
because the numerator satisfies [(rN +vNu — h)? — 4roN2p][(r + vp)? — drop] — [(rN + vNp —
h)(r +wvu) —4roNp)? = [(r —op)?N? — 2(r + o) AN + h2|(r —op)? — [(r —vp)* N — (r + vp)h)? =
(r —op)*N? —2(r —op)?(r + vpu)AN + (r —op)?h? — [(r —op)*N? = 2(r —op)?(r + vpu) AN + (r +
vp)?h?) = (r —op)?h? — (r 4+ vp)?h? = —4vprh? < 0. Thus, A,,(N) is convex in N.

\/('r‘NJrva,fh)2 —4roN2p[(r+vp)? —drop)—
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Next, we show that the minima of Am(N ) is attained at N = N. It is sufficient to show that

N N 2(1),u+7‘) h— h} ( 4 2(vp+r)h
dAm (N . G dAm (N - [ rop)—drop 2
mN) attains zero at N. We have 2AmiX) - S
N=N 2 [Mh h] _47”1,#%
vp—r)?2 (vp—r)
rop [2(v/¢+r)27(vp,7r)2:| h—8rvuh _ rfup _ rtop [(vu+r) +4v#r] h—8rvuh _ rfop
2v 2 2w 2v 2 2w
[2(vu+r)2—(vu—r)2] h2—16rvu(vu+r)2h? [(vu+r)2+4vm'] h2—16rvu(vp+r)2h?
R T T (o A
2v - 2w 2v 2 - Y
[(v/_t+r)4787‘vu(vy,+r)2+16(vur)2] h2 [(up+r)274v/u’j| h?2

Last, recall that A,,(N) is convex in N and the minima is attained at N, A, (N) increases
in N for N> N > Ny, and A, (N) = A, (N). Thus, to show A,,(N) <A, (N) if and only if
N > N, it suffices to show that A,,(N) <A, (N) for N> N. From the definition of A,,(N) and

A(N), we have A, (N) — A, (N)=L(rN + vNu—h — \/(rN +vNu—h)2 —4roN2p) — 10—

m 2 r
YLy /M M AN \/T”w/ by +4N,u——\/(7“]\7—|—vN,u—h)2 —4roN?p— 5 (h+ 22 4+ (vp—
r)N), where we can check the last term 2= (h+22 4 (vp—7)N) > 0 from v > r/p. The fact v >r/p
is due to r < M’ <M =wp <pu<ovp. Thus if the sum of the first two terms is non-positive, i.e.,

\/E hu +4NM**\/ (rN+vNp—h)?—4roN?p <0, then Am( )—A,, (N)<0. Otherwise, to

show that An(N)—A, (N) <0, it is equivalent to show that

—m

h h 2 1 2
\/ a H+4N ——\/TN—i—vN,u h)? 47“UN2,M> —R[a;+%+(vu—r)y}

1 h,u (h,u +4N ) 412 [(rN—i—vNu h)? 4rvN2}

[hiw [h hvp 2
A fu+4N,u\/ (rN+ouvNp—h)?2—4roN?p— 1 2[h+7+(vu—7‘)]\7}
2@[ hN(vp—1r) — Mh2 ”hu h—u+4N,u\/(rN—l—vN,u—h)2—47“UN2,u}

oy o <o, 050

For N > N, we can check that /2(N(vp — r) — h) > 0 from v > r/u, and

\/%7\/ Mt 4 ANp\/(rN+vNp—h)? —4rvN2p > 0. Thus, to have the validity of (0S.36), it is
equivalent to show (N (vu—r)—h)? — (22 +4ANp)[(rN+vNp—h)? —4roN?p) = 22 [N? (vp—1)? +
h? —2(vp—r)hN] — (2 + AN p) [N?(vpp — 7)? + h? = 2(vp 4+ 7)hN] = 4h* Ny — AN p[N? (vp — 1) +
h? —2(vpu+7r)hN] =4ANp2(vp+7)hN — N*(vop —1)?] = AN?pu2(vp+7r)h — N (v —1)?] < 0. Note
that the term in the bracket decreases in N and the zero root is attained at 2h(vu+17)/ (v —1)3,
i.e., N. Thus, if N > N, then the inequality (0S.36) is valid, and A,,(N) <A, (N). O

Proof of Lemma 0S.2. (i) Recall that A(N), A(N) and A(N) can be obtained by replacing “h”
with “2h” in the A,,,(N), A, (N) and A,,(N), respectively. Thus, we can get the announced results

for the three functions by similar analysis in the proof of Lemma OS.1.

We take derivative of A'(N) and A'(N) with respect to N. We have d’Ad,J(VN) =

hy 2hp(vptr) [ hu u _ Ve :
(/e 4 ) )wH(NH’;ﬁ;“it”) ( WH(NH?:‘:UF:;”))
is increasing in N. Then A’(N ) is convex and increasing in N. We also have

dA'(N) _
dN
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hu dA (N) _ h h 2h _
NG = , which is increasing in N. Let =0, N= v + < v =
(VoE—/7)20v

2N. Thus A’(N) is increasing in N for N >2N.
(i) First, we verify A'(N) > A(N). From the definition of A'(N) and A(N), we have
AI(N) B A(N) _ i(\/%—l—ll(N,U,— 2hu(vu+7-)) . /%)2 + dhrp i( /2?#+4N/14 . /Q;LT#)Z _

(op—r)? (vp—r)2

i[thp + 4<NM o 2hu(vu+r) _ 9 /h,u\/h,u_’_4 N,U/ 2hu(vu+r))] + 4hr,u2 - i(4};# + 4y/14 .

r ) (on—r) (on—r)

2\/2’1—“\/%—“ FANp) = B[22 g — i (N )] (e 2
L[/ 2\ 2 4 ANy — \/ ’LW B A(Np - He))] - Bt where (/2 [ AN

\/ \/h”+4 NM 2h“(”‘“’r>>0 and M0 0 To show A'(N) — A(N) >0, it is equiva-

(vp—r)2 2r(vp—r)

lent to show [y/ 2’”‘\/ 2t L AN — \/ \/h“ +4(N 2'(’55”“55))] — % > 0. Note that
2 2 2
/2hu /Qhu + 4]/# /hu hu + 4 2](1551;/?’;;) )] 2 _h T;g(iz/it?;g) = Elzi:juip [U2M2 _ 611,[““ _ 37"2 +

3TN(v,u )2] _ QC}L;L\/Q}%_‘_ZINM\/}LTH_'_ZL(N#_ 2hu(vu+r)) _ 2\/§hu[ VZhu [U 42 — 6upr — 3r2 +

(vp—1)2 r r(vp—r)2
2 (op—1)?] — 2M4—4]\[/1\/%“—i—él(]\fu— %)], where v?p? — 6upr — 3r? + 22 (v — 1)? >
v2u? —6vpur —3r* +12r(vp+1) > v u? —6vur —3r? +12r2 = (v —3r)? > 0, where the first inequality
is due to N > 2N = ) and 292 [2hue 4 4N,u,\/ hy 4<Nu - M) > 0. Thus, it is equiv-

(op—r)?

alent to show 72(}?&7«)4 [v? 2—61)/17"—37'2—1—%(1)/;—7’)2]2— (22 ANp) (M2 +4(Np— Zhplvptr) ”“”))) >

wn—n? )) =

0. We can check that W[ viu? — 6vur — 3r? + M(v,u—r)ﬂ2 — (2 —|—4Nu)(h“ +4(Np —

2?5}5’1’;;;))) — r2(£bjf~)4 [(v?p? — 6vpr — 3r?)? 4+ SN (v — 1) (v?p? — 6vpr — 3r?) + 9’“ N (vp —r)*] —
2h2u2 . 112u2—10vm"—77"2 _ 4}LNM2 . 3v2u2—14v/w—5r _ 2.2 3212 o (uu+r) _ 16hNH (vMJrr 2,2 _
r2 i (E)u;r); T (vp—r)2 16V - (vp—r)t (vp—r)2 +t2N
n(op+r
2[Np— st ] > 0.

Next, we verify A'(2N) = A(2N) = A(2N). From the definition N = 2h(vpu+7)/(vp—1)2, we have
h 2hp(vptr) hu\2 dhrp h 4hp(vp+r) 2hp(vp+r)
NN) = (/54— ) — )" it = (e - ) -
hp 4hrp _ 1 hu 8r(vp+r) . hy 2 4hrup _ 1 M'v2u2+6v,ur+9r2 .
\/T) + (vp—m)2 T 4(\/ (1+ (vp—r)2 ) \/ 7') + (vp—r)2 4<\/ r (vpu—r)2
i

hp,) 4 _dhru h (vqudr _ 1)2 4 Ay hlL( 4r )2 4 Ahrp o _Shrp A(QN) =

— lhp — lhp
(vp—m)2 — 4 r vu r (vp—m)2 — 4 r \wvp—r (vp—r)2 (vp—r)27 =

/2h /2h 2h 16hu(vp+r) [2npN\2 1 2h 87’(U/L+’I"
H + 4N,LL M \/TM + (vp—r)2 B Tu) - 1 (\/ r# ( (vp— 7)2 ) -

2h#) o ( 2hp w2 2+6wr+9r2 2h#)2 _ 1hp(vu+3r 1)2 _ 1hn( 4r )2 _ 8hru d
U =) = 5\ — = 37 = 7, ol
T 4 r (vp—r) T 2 r \op—r 2 r \ovpu—r (vp—r)

AeN) = LN + vNp = 20 — /N +oNp—2h)7 —4roN?p) = & (4netd — o —
(vp+r o 64vprh?(vp+r)2\ 1 (vp+r)2+dour o \/ (vp+r)2+dopr 2 _ 6dvprh?(vp+r)2\
\/( h(v,u ) 2h) (vp—r)4 ) 2 (2h (vp—r)2 ( h (vpu—r)2 ) (vp—r)4 ) -
1 (vu+r) +dvpr (vp4r)2—dvpr\2\ vu+r)2+4v,ur _ 1 16hvur __ 8hru
2v (2h (vpu—r)2 \/(2h (vp—r)2 ) ) - (2h (vp—r)2 2h) - 20 (vp—r)2 — (vp—r)Z"

Comparing the above three expressions, we have A (2N)=A(2N) = A(2N).
Thus, we get the announced results
(iii) First, we verify A’(N . From the definition of A’(N) and A(N), we have A’(N) —

_ B hp (\/W VT)2N - h] 2h _\/M hvi
A(N)—N“_<rff \/ (Vo2 _(1_ vNM>N'u_ N AN SN
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7 va—/T)2N—h 7 Vi—+/T)2N—
\/hl [((\7:7_\/\;;))211 h], where \/thv“ (Fh‘(ﬂ >0 for N > 2N and \/hl [((\gj_\@)g]: h] > 0. To

e X VU—A/T 2 —
show A/(N) — A(N) >0, it is equivalent to show (/2 — h\/ﬁ)ﬁ)Q e [vom—viy JZ d > 0.

[ <\]/Wfﬁ (Vor—/r)?

2hNp z\/1 2 hu (VoE—/T)2N—h It VIV . B
We can check that (/247 — =0 ) oV [QN o T ]
hp [N —

) = H N+ i — 2R = (VN - 22 7) 20

Next, we Verlfy A’(2N) A(2N) = A(2N). From N = h/(,/ — /)2, we have A'(2N) =
N \/hu[(F VOAN—h] _  2hu hy/li _ hp(2h—h)  _ _ 2hp

B <r ff Vor—vnZv . E—v? | oRvove Vor—vNZv ~ (Jor—r)?
hyE _ 2hpu—2hyp(\Op—VT) T 2hp A — _ —
e e = e = v e ACN) = (1 - /R Nu

(VoE—/1)? 2h _ T 2h A - 1
w ) e = Vm G ad ARN) = 5 (PN + oNp — 2h -

(1
V(rN +vNp —2h)2 — 4roN2 ) L((\/(U—”i\}}; - 2h — \/((\2/@L+\Tf _2h) %)

( pr—
L(Qh(”l“rr —(VoE—V7)? _ \/ oy Lontr) = (/o= W)Q) _ 16vurh? ) _ 1( 4. /oph
( Vis

2 (o) (Vor—/r)? (Vor—/r)? 20 \(Vor— /)2
4\/vurh 2 _ 16vurh? _ : :

l/ o= \/@2) - \/;)4) = Comparing the above three expressions, we have

AN (2N)=A(2N) = A(2N).

Thus, we get the announced results. [

Proof of Lemma 0S.3. (i) We can check that A,,(N/2) + A,,(N/2) = (1 — /22 )5+

vNp/ 2

(1= /3) 5= (1 /) Nu=AN) and Ay (N) + An(N = N) = (1 —/o5) Ny + (1 -
o(N— N)u)(N N)p=N(N).
(ii) We can check that A, (N/2)+ A, (N/2) = A (N/2) + A, (N/2) = 2A,,(N/2) = A(N) by the
definitions of A,,(N) and A(N).
(iii) We can check that A, ,(N/2) + A, (N/2) =2A,,(N/2) = A(N) by the definitions of A, (V)
and A(N).
(iv) We can check that A, (Ag) + A, (A —Ag) = (1 + )/;0 + (1+ /ﬁ)/\;’\o = % +

hAO + h(A—Ap) :A/fl(A). 0
V I —

Proof of Lemma OS.4. (i) We first show A,,(n) +A,,(N —n) > A(N). We have A,,(n) + A, (N —

n)= (1_1/%“)”/”'(1 \ e n)u)(N n)u. Taking the first-order derivative of A,,(n)+A,, (

d(Am (n)+Am(N—n)) __ 1 h
- (]‘ T2 ) (1 \/ 1J(N n)u m onp 'u’

dn 2 o

which is increasing in n. This implies that A,,(n) + A, (N —n) attains minimum at the first order
condition, i.e., n.=N/2. Lemma OS.3(i), (A (n) + A (N —n)) | 1= A(N).
We next show A,,(n) + A, (N —n) <A(N) if N<n<N-—N for N>2N. From the former

d(Am (n)+Am (N—n))
dn

n = N/2, which implies A,,(n) + A,,,(N —n) is convex in n, decreasing in n < N/2 and increasing
in n > N/2. Note N > 2N, then N < N/2< N — N. Thus the maximum of A,,(n)+A,,(N —n) can
be attainted at n =N or n=N — N because N <n < N — N. By Lemma 0S.3, A,,(n) + A,,(N —
)|,y = M) + A (N =n)| _ . = A(N).

(i) Taking the first-order derivative of A, (n) + An(N — n) over n, we have
d(Apm (n)+Am (N—n)) _ rdop (rntvnpu—h)(r+op)—4ronp  r4op + (r(N—n)+v(N—n)p—h)(r+op)—4rv(N—nm)p __

<

2h
o o

n) over n, we get

paragraph, we have is increasing in n and A,,(n) + A,,(N — n) is minimized at

dn 2v 2v\/(rn+vn,ufh)274rvn2,u 2v 2v\/(r(N7n)+v(N7n),u7h)274rv(N7n)2;L
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(r(N—n)+v(N—n)pu—h)(r+op)—4rv(N—n)u _ (rntvnp—h)(r+vp)—4rong d(Ap (n)+Am (N—n))
2v\/(r(N7n)+v(NfrAL),ufh)2747"1)(N7n)2,u 2v\/(rn+vn,u7h)274rvn2,uA A dn

n = N/2. Since A,,(N) is convex (see Lemma OS.1(iii)), A,,(n) + A (N —n) is convex in n. This
implies that A,,(n) 4+ A,,(N —n) attains minimum at the first order condition, i.e., n = N/2. By
Lemma 0S.3(ii), (A (n) + A (N —n)) neN/2 = A(N).

(iii) We take first-order derivative of A, (n)+ A,,(N —n) over n, d(A"‘(")Z%m(N_n)) =p(l-

1+\}m) — u(l — 71+\/4<1NW) = M( /1+\/4(1N;n)T - H\}m), which is increasing in n, thus

A, (n)+A,, (N —mn)is convex in n. Let d(Am(n)Z%m(an)) =0, we have n = N/2. This implies that
A, (n)+ A, (N —n) attains minimum at the first order condition, i.e., n = N/2. Lemma OS.3,
(A

. Solving =0, we have

m() A, (N =n))| ., =AN).
1 1
(iv) Taking first-order derivative of A7'(A) + A (A — \), we have “&m (’\)+A (A-2)) =(1+
l\/':—f\‘) -(1-1 T(A A) = 2u \/% — 1/ j\”‘/\ which is decreasing in . Thus AN +
ALN(A —)\) is concave. Solvmg Ay, A)J;/A\ (A=A) — 0, we obtain A= A/2. Since A > 2A,, we have

Ay < A/2 <A — Ay Thus, the minimum of A'(A) + A '(A — \) can be attainted at A = Ay or
A=A — Ay. By Lemma 0S.3(iv), (A,'(\) + A (A — )\))‘A:AO = (A N+ A (A=)
NN, O

Proof of Lemma OS.5. (i) On the one hand, from the proof of Lemma OS.4(i), A,,(n) + A, (N —
n) is decreasing in N <n < N/2. On the other hand, by Lemma OS.3(i), A,,(N/2) + A,,,(N/2) =
A(N) and A,,(N) + A,,,(N — N) = A’(N). Because A(N) < A < A/(N), we thus have there exists
N <n< N/2 such that A,,(n)+ A, (N —n)=A.

(ii) On the one hand, from the proof of Lemma OS.4(iv), A, '(\) + A, (A — \) is increasing in
Ao <A < A/2. On the other hand, by Lemma 0S.3(iv), A, '(Ao) + A (A — Ag) = A~1(A). and
AN(A/2)+ AN (A/2) = A7H(A). Because A(N) < A < A'(N), ie., A1(A) < N <A™ '(A), we thus
have there exists Ag < A <A/2 such that A, '(A)+A ' (A—X)=N. O

}A:AfAO =

Proof of Lemma OS.6. Take the derivatives of w(A,n) with respect to A and n, respectively. We
on(Amn) __ h hA hnu 5 and 8271'()\,77,) - 2hnu
Y

o TV R T o2 =V G AT = T < 0. Thus, for any given n,

m(A,n) is concave in A, and the maximum value is uniquely attained at A= (1—,/ mﬂ)n,u A, (n).

have

or(A,n) __ huX
on  ~ (np—X\)?2

d 92 T(An) —2h;t2>\
on2 T (np—N)3

We also have — 7 an < 0. Thus, for any given A, m(\,n) is concave

in n, and the maximum value is uniquely attained at n = (14 (/2£)2 = A_'()). From (OA.1),

I —m

we have W(Am(n),n):(v—mml—,/vzu)nu—rn—(v— ) (1= ) gr)npp—rn =

rom

[(1—\/Z)Qv,u—r]n,andw()\,A;(/\)):[v—\/; (1+ )u]/\ (U—7—2 BN Tt is easy

to see that 7(A,,(n),n) increases in n, and (A, A;,' (X)) increases in A. O

Proof of Lemma OS.7. (i) Denote f(A) =vA?*—(rN+vuN —h)A+rN?p. It is easy to check that
7(A,N) >0 if and only if f(A) <0. Based on Lemma OS.1(i), A, (N) <A,,(N) if and only if N >
Ny. Since we have proved A, (N) <A < A,,(N) in this case, we just need to consider N > N,. By
checking the discriminant of f(A), we obtain f(A) >0 if Ny <N < N. Thus, we only need to show
that f(A) <0 if and only if A > A,,(N) over A € (0,A,,(N)]. Note f(A)=v(A— L (rN +wvuN —
h+ /(rN+uvNp—h)>—4roN?p)) - (A — 5= (rN + opN — h — \/(rN + vNp— h)? — 4roN?p)),
and we will show L(rN + vuN — h 4+ /(rN+uvNp—h)2—4roN?p) < A, (N). We
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have & (rN + vuN — h 4+ /(rN+vNp—h)?2 —4roN?p) — A, (N L(rN — vuN — h +
2/NE + /N +oNp—h)? —droN?y) = \/(\/m—\/?)zzv—h\/(\ﬁ F VTN —h -
WoNE = VR 4+ rN = \J(oli= VPPN = by (Vo VPPN = b = (Vo = VN~
Vh)((yoE + vr)VN — Vh) > 0, where the inequality holds because \/(\ﬁ VT)2N —h =
T VIVE Vi (- IVN VR > (i~ VR - VR and

WA VRN —h= (i + VOVE = Vi (o + VOVE + VR > (VT + VIVN = V).
Thus, we have f(A) <0 if and only if A > A, (N).
(i) By (OA.1) and A,'(A) = (1+ \/@)g we have m(A, A,' (V) = (v — = =2, /2 ) A, Thus,

m(A, AL (A) >0 if and only if v — Lz 2\/7 or equivalently, A > 20T — A

(on— r>2 =

(iii) Recall N = 2h(vu + r)/(vu — 7)%, we have A, (/™ +4Np — \/%)2 =
( hu N Sh,u 'U,qur) /hu \/h#(w r)248hur(vutr) /LM) _ 7(\/@( p26uur+9r2) /;M)z _
(vp—r) (vp—r)2r r 4 (vpu—r)2r r

vu+3r ’UL r 2 r \2 r .
(\ "emir — W iy s -] :i(\/h;uvfffr) = Gou-rpe = ho- By Lemma 08.1(),

N) is increasing for N > Ny. Since N > Ny, we have Ag <A,,(N) if and only if N>N. O

\> Bl e

Proof of Lemma OS.8. To show Lemma OS.8 is equivalent to show: a feasible strategy profile
s is not Pareto efficient if and only if there exists s’ € P such that m;(s") > m;(s) for i =1,2 and
mi(s") > m;(s) for some i =1,2. The “sufficiency” is obvious by the definition of Pareto efficient.
Next, we will show the “necessity”. In other words, for a feasible strategy profile s is not Pareto
efficient, we find s’ € P such that m;(s") > m;(s) for i =1,2 and m;(s") > m;(s) for some i =1,2.

Denote B = {5|m;(5) > m;(s) for i=1,2 and m;(5) > m;(s) for some ¢ =1,2}. Consider s’ € B that
satisfies m;(s") > m(5), for any s € B, and my(s’) > mo(5) for any s € {5 € B|m(8) =m(s')}. Thus,
s’ must be Pareto efficient. Otherwise, we can find s”, which satisfies 7r1(3”) >m(s") and 7r2(s//) >
mo(s'), and (s ) > m(s') or ma(s ) > ma(s') holds. It is easy to see s € B. If m(s ) > m(s'),
which contradicts to m;(s') > m(5) for any 5€ B. If my(s ) = m(s), then my(s") > m(s'), which
contradicts to ma(s’) > ma(S) for any s € {5€ B|m(5)=m(s")}. O

Proof of Lemma 0OS.9. (i) By Lemma OS.5(i), n exists. If a strategy profile (A},n}; A5, n3)
satisfies the conditions in Lemma OA.3(ii) and n} < N/2, we must have nj < n. Otherwise, we
suppose nt >n. Then, A,,(n?) + A, (n3) = A, (n?) + A (N —nl) <A, () + A, (N —n) = A, where
the inequality is due to A,,(n) + A,,(N —n) is decreasing in N < n < N/2 from the proof of Lemma
08S.4(i). This contradicts to A,,(n%) + A, (n}) > X+ X5 = A.

(ii) By Lemma OS.5(ii), A exists. If a strategy profile (A}, n¥;\5,n3) satisfies the conditions
in Lemma OA.3(ii) and A} < A/2, we must have A} > \. Otherwise, we suppose A\; < . Then,
AT+ A3 = A + A (A= X)) <AL (V) + AL (A= X) = N, where the inequality is
due to A,"(A) + A (A —\) is increasing in Ay < X < A/2 from the proof of Lemma OS.4(iv). This
contradicts to A, (AY) + A, () >nt+nj = N, where the inequality comes from A, (n) <\,
e, nf <A\, O

Proof of Lemma OS.10. We define problem Pf, as follows:

/ h
Pt . )\ — ( _ ))\ _
! max o (A2, n2) v i 90— TTo

s.t. 7'('1()\1,%1) >t and (Al,nl;)\g,ng) S S’
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For any strategy profile (A}, n; As,n3) that satisfying the conditions in Lemma OA.3(ii), if it is the
optimal solution of problem P, we show m; (\f,n}) =t by contradiction. Suppose 7 (A7, n}) > t.
Recall A} > max{A,,(n?),A,,(n7)} > A, (n?) from Lemma OA.3(ii) and m (A,,(n}),n7) = 0. We
thus have At > A, (n?) because m,(A\i,n?) >t > 0. We have A\; < A,,(n}) from Lemma OA.3(ii).
Then we must have \; = A,,(n3). If A < A,,(n}), we can always increase my(\5,n3) by increasing
A5 and decreasing A} because (N3, n3) is increasing in A} if A5 < A,,(n}). Furthermore, We have
ny <N — N from Lemma OA.3(ii). Then we must have nj = N — N. If nj < N — N, we can
always increase my (A5, n}) by increasing A5 and nj, and decreasing A¥ and n}. Hence, A = A} + A} >
A (n?) 4+ A (n3) = A (N) + A (N = N) = A, (N) + A,,(N — N) = N'(N), where the inequality is
due to A} > f\m(n’{), the second equality is due to nj = N —nj = N, and the third equality is due
to Ap(N) = A (N) (Lemma OS.1(ii)), the last equality is due to A’/(N) = A, (N) 4+ A (N — N)
from Lemma OS.3(i). However, A < A’(N) from Lemma OA.3(ii). This a contradiction.

For any strategy profile (A\f,ni;\5,n3) that satisfying the conditions in Lemma OA.3(ii), if
(A1,nt;A5,n5) € F(t), then (Af,n%;\5,n3) is also the optimal solution of problem Pf from the
analysis in the first paragraph. In other words, the optimal objective value of problem Pf/ is equal
to that of problem P?’. It is easy to see the optimal objective value of problem Pf/ is decreasing in
t, that is P, = mo(A\5,n3) is decreasing in ¢. Consequently, we get mo (A5, n3) < Fy. By the symmetry
of m1(A1,n1) and ma(Ag,ny), we also have w1 (A],n}) < F. O

Proof of Lemma OS.11. The proof is as same as that of Lemma OA.1 just by replacing v, p
with v;, u;, respectively. [

Proof of Lemma 0OS.12. The proof is as same as that of Lemma OA.2 just by replacing v, u
with v;, u;, respectively. O

Proof of Proposition OS.1. From the proof of Proposition 8, for any feasible strategy profile
profile (py,wq;p2, wz) € Sp, if (p1,w1;p2,ws) is Pareto efficient, then (p;, w;) must be the optimal
solution of problem P |, w;) for i,j =1,2 and i # j. By substituting (OS.1) and (0S.2) into
problem Pi’h\(pj,wj), the problem can be rewritten as problem P, |( A;n;)- Then, we should identify
Pareto-efficient strategy profiles from the optimal solution of problem P, | Ajng)-

The proof is very similar to Lemma OA.3 and Proposition 2, just by replacing v, p with v;,
wi, respectively. Hence, we get Proposition OS.1 by replacing A, (N), A, (A), f&m(N ), IV, Ay in
Proposition 2 with A,,,(N), A;i (A), Ami(N), N,, Ay,, respectively. [

Proof of Lemma OS.13. Similar to the proof of Lemma OA.1, we first construct a problem by
relaxing the “binding” constraints in problem P/ [, ;) as follows:

Pi/w |(ijwj) ©omax = (p—wi)\

Pi,w;

A w AqW
11:22>T

- )
ny o

v—p1 —hW (A, ny) =v—ps — hW (A, n2) >0,
ni+ng <N, A+ <A,
TLZ>O, )\Z>0, pz>07 ’U)i>0, pl—wlzo, 221,2

Then, it suffices to show that the optimal solutions of the problem P/ |¢,. . satisfy (0S.3) and
(0S.4).
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Without loss of generality, we consider the case with p, and w, given and show the optimal
solution of problem P, |(,..,) satisfies (0S.3) and (OS.4). It is sufficient to show that the first-order
necessary condition of problem P[ |y, ., satisfies (0S.3) and (0S.4). We define the Lagrangian
function for the problem P{_|(y,.u,) as follows:

Aw AW
Lqg :(pl—wl))\l‘H?l( 711 - =2 2) —|—772(p1—|—hW()\1,n1) _h‘W()\QanQ)) +773(
1

+ (v =AW (A, 1) — i) +775(N — 11 —n2) +16(A = Ar = A2) + 07 (p1 — wn),

)\1'[1)1 _ 7")

1

where 13 >0, 7, >0, 75 > 0, ng > 0, 7 > 0. The optimal solution of problem 151 |(py,uws), denoted as

(py,wy), shall satisfy the first-order conditions of the Lagrangian function, i.e.,
oL
8—‘1 =\ 412 — s+ 17 =0, (08.37)

D1 Ip1=p],wi=w]

0L, ¥
Z7d =N+ (m+n) = —n,=0, 08S.38
ow, p1=p],wi=w] ! (771 773)”? n ( )
OLd )\}‘w}‘ 8W()\1, nl)
OLa - _ —n  h——0 —n5=0 0S.39
8n1 plzp*l‘,wlzw;‘ (Tll + TIS) 'I’LT2 + (772 TI4) anl Alz)\f,nlznf 5 ’ ( )
aLd /\;’LUQ 6W(>\2, TLQ)
Zd - —noh —15=0, 0S.40
ang p1=p],w1=w] ! n;2 ? 6n2 Ag=Aj ,no=nj T ( )
0L, w; OW (A1,n1)
Z-d =pf —w' + + + — h————= —ng =0, 0S.41
8)\1 p1=p],w1=w] b1 ! (771 ?73) TLT (772 774) 8)\1 A1=AT.n1=n] s ( )
oL OW (g,
T 2 g P D2) — 16 =0. (08.42)
8)\2 p1=p],w1=wj Ny 8)\2 A2=A5,no=n3

Note that in the above equations, n} and A} are the corresponding values given p; and w;. Besides
the first-order necessary conditions, the following complementary slackness conditions shall also be
satisfied. 73 (# — 7") =0, 774( m
show that n3 >0 and 1, > 0. By (0S.38), we have n3 = % —mn; > 0. Thus, we have n3 > 0 if
71 <0 because 17 >0, A} >0 and n} > 0. By (0S.37), we have ny = A} + 72 + 17 > 0. Thus, we have
N4 > 0 if ny > 0 because n; > 0 and A} > 0.

Now we will show 7; <0 and 7, > 0 to complete the proof. Based on (3), we get

pl) =0. Thus, to establish the proof, it is equivalent to

OW (Az,12) _ (30— 25) (v/2(n5 +1) = 1) /A5 + 1A/ (nzp)) V"D
Ohx Iaa=nsma=n; (n3p —A3)? ’
OW (A2, m2)
8712 Ao=A5,no=n3

(3= X) (= (v2(n3 + 1) = 1) /n* +In(A3/ (n3)) /v/2(n + 1)) — p] (A3 / () V205D
(nzp—A3)? '

Denote a(A\,n) = (nu— A)(\/2(n+1) —1)/A+1 and b(A\,n) = (nu — A)(—=(y/2(n+1) = 1)/n +
In(A/(nw))/v/2(n+1)) — p, then

W (A2, 15) _ a(Xg,m3) A3/ (nap)) VD (05.43)
02 Ag=A%,no=n} B (n;llj/ - )‘3)2 7 ‘

OW (Ao, m5) ~ b(A3,n5) (A5 / (nap)) A (0S.44)
Oons Ao=A},no=n} B (ng,u - )‘;)2 ' ‘
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Plugging (0S.43) and (0S.44) into (0S.40) and (0S.42), we obtain the following equations.

Asa(A3, nd v e W
(#32)%(&,%)) *3771 = ans — b, (0S.45)
ni n;
h(A3/(n3)) V270 Aa(Xg, n3) h¥
b(A3,m3))n2 = — —1). 08S.46
(n;M_)\;)Q ( n; + ( 27n2))7]2 (775+n;776) ( )

By the definitions of a and b, we get
Asa(A3,n3)

*

2

=(nap =) (V2(ng +1) = 1) /n5 + X5 /n5 + (o = A5) (= (v/2(n3 +1) = 1)/,
+In(As/(nap)) /v 2(ng +1)) —
=A3/ny — A (ngp = A3) In(As /(nap))/+/2(nz +1) <0,
where the inequality is due to nipu — A5 >0 and n} > 0. It is easy to check a(A;,n3) >0 and

b(As,n3) <0 for niu— N5 > 0. Together with 15 > 0 and 7s > 0, we have 1, <0 and 7, > 0 by
(0S.45) and (0S.46). O

+b(A3,n3)

Proof of Lemma 0OS.14. We establish the proof by contradiction. Suppose n; + nj < N and
A} + A5 < A. Then, from the complementary slackness conditions 75(N —n; —ny) =0 and 7s(A —
A1 — A2) =0 in proof of Lemma OS.13, we must have n; =0 and ng = 0. Substituting 75 =0 to
(0S.45), we obtain 1; =0 because ’\Ea(+§"2) +b(A\5,n3) <0, wy >0 and nj > 0. Substituting 7 =0
to (0S.46), we obtain 7; = 0 because M +b(A\5,n3) < 0. Substituting 7, =0, 7, =0 and 75 =0
to (0S.39), we get ’

Ajwy OW (A
A L B p V) ~0. (0S.47)
ny (9711 A1=AT,n1=nj
Substituting 7, =0, 7, =0 and 75 =0 to (0S.41), we get
U)ik 8W()\1,n1)
1 —wj — —mh————= =0. 085.48
P ! + s 77/1‘ M 8)\1 A1=AT,m1=n] ( )

Similarly to (0S.43) and (0S.44), we get

OW (A1) _aAn e/ () V2D (05.49)

o\ A=A}, n1=n} B (nik'u - )‘T)Q ’ '
OW (A1, 1) O )N/ (i) VD (08.50)

ony A=A}, ny=n} B (nfﬂ - AI)Q ‘ '

Plugging (0S.49) and (0S.50) into (0S.47) and (0S.48), we obtain
WAL/ (nip) VDT Aa(Af ng)

F_wl = +b(A5,nE)) s 08.51
b 1 (i — A2 ( nt (A1 1))774 ( )

On the one hand, we can prove M + b(Aj,n}) < 0 (the analysis is as same as proving
* * * 1
w + b(A5,n3) <0 in the former analysis). On the other hand, we have shown 7, > 0 in the
2
former analysis. We thus have p} —w} <0 from (OS.51). This is a contradiction. Therefore, we get

the announced results. [
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Proof of Proposition OS.2. From the proof of Proposition 10, for any feasible strategy profile
(p1, w1 pa, wa) € Sy, if (p1, w1 pa, ws) is Pareto efficient, then (p;,w;) must be the optimal solution
of problem P; |, w;) for i,j =1,2 and i # j. By substituting (0S.3) and (OS.4) into problem
Pi’w\(pj,wj), the problem can be rewritten as problem P, | »;n;)- Then, we should identify Pareto-
efficient strategy profiles from the optimal solution of problem P, | Ajng)-

The proof is very similar to Lemma OA.3 and Proposition 2, just by replacing Wl_ 5 with W (A, n).
We can check that A,,(N) satisfies

v— _ — hA, (N) - et =0,
Nup— A, (N) (o7 S PN
A N(A) satisfies
1
hA - —2ih +r=0,
ON |y Ant(a)
A, (N) satisfies
(U— }} )Am(N)—rN:O,
NM - Am(N)

N satisfies

Ay satisfies

h
— ) Ay — 1A, (Ay) =0.
(v Aml(Ao)u—Ao> o—1A, (Ag)
Hence, we get Proposition 0S.2 by replacing A,,(N), A, (A), A, (N), N, Ay into Lemma OA.3

and Proposition 2 with A, (N), A" (A), A, (N), N, Ao, , respectively. [
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