ecl

Online Appendix
Here we only provide proofs for main theorems and propositions. Sections, corollaries, and remarks marked with

sk

a can be found in the full version of the paper via https://papers.ssrn.com/abstract=3477339.

EC.1. Proofs for Section 3
Proof of Theorem 1.

We first introduce the Fized Job Scheduling Problem (FJSP) as follows.

DEFINITION EC.1 (FIXED JOB SCHEDULING PROBLEM). Consider D jobs, each of which starts at time sq and ends
at time eq, and N machines, each of which has availabilities from time aj to bi. A schedule is an assignment of jobs to
machines such that for the jobs d assigned to the same machine k, the corresponding intervals [sq,eq) do not overlap
and ax < sq < eq < b, for all these jobs. The task of FJSP is to determine whether a schedule exists.

In Brucker and Nordmann (1994), the authors showed that FJSP is NP-Hard. In the following, to show Problem
(1) is NP-Hard, we construct a polynomial time reduction from FJSP to Problem (1).

Given an instance of the FJSP described above, we first sort all endpoints {sq}, {eq} and {a;}, {b;} in an increasing
manner and delete duplicate values. This can be done in O((D + N)log(D+ N)) time. Set M to be the length of such
sequence minus 1 (note that M < 2(D + N)). Then we can rewrite the sequence as to < --- < tp and the sequence
partitions [to,tar) into M consecutive intervals. We regard each interval [to_1,t¢) as the £ leg and each endpoint
to as the £ stop. We regard each job as a request of itinerary ¢ — j if and only if it occupies legs from i to j. We

also represent each machine by a {0,1}"*™

vector indicating whether it is occupied in each leg, and thus treat each
machine as a seat. Let N be the total number of seats and d;; be the total number of requests of type i — j. Let
C €{0,1}™*M be the capacity matrix consisting of all the seats. Then we have conducted a reduction to our setting
in polynomial time.

With such a reduction, it is easy to see that, given any positive prices {p;;}, there exists a schedule in FJSP if and
only if the optimal value in the reduced problem is Z” pijdi;. Thus, Problem (1) is NP-Hard.

|
Proof of Theorem 2. Before presenting the details, we describe the main ideas and steps. The proof consists of
four steps. In the first step, we show that any strongly NSE matrix can be decomposed into non-overlapping groups
in polynomial time, with the maximal sequences in each group having a specific structure. In the second step, we
show that when the maximal sequences in a capacity matrix satisfy the specific structure, we can solve the aggregate
optimization problem (3) and recover a seat assignment from the solution of (3) in polynomial time. The assignment is
constructed by assigning the accepted requests in a particular order. In the third step, we show the reverse direction.
That is, if C' is not strongly NSE, then there always exists a set of demands {d;;} such that there is no way to assign
the solution of (3). In the last step, we show that given a capacity matrix C that is NSE, we can add a dummy leg
between each pair of consecutive legs, converting the problem to one with a strongly NSE capacity matrix. Thus, we
see that an optimal solution can be found in polynomial time.

Step 1. Strongly NSE matrices could be decomposed into non-overlapping groups.

In this first step, we prove that, for any strongly NSE matrix C, we can decompose its maximal sequences into W
groups such that in the w*™® group, there is a dominating maximal sequence [tw, Vw] ~ C, of which any other [u,v] ~C
in this group satisfy either u = wu, or v = v,. In addition, for each w and the corresponding [uw,vw], there exists
Loy (U < Ly < ) such that Cle,, =1 if and only if [ww, vw] ~ Ck. Furthermore, different groups have no intersection

in stop (not only leg), which means cy,,—1 = Cv,,+1 =0.
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Figure EC.1 gives all possible types of configurations for a single group. In the first configuration, all maximal
sequences start from u2 and l2 = v2. In the second configuration, all maximal sequences end at vs and I3 = us. The
last configuration is the most general one where all maximal sequences either start from us4 or end with vs. 14 is the

fourth leg such that any seat that has l4 available must have entire [u4,v4] unoccupied.

Figure EC.1 Examples of Possible Structures in a Single Group. Black Boxes Indicate Occupied Seats and White

Boxes Indicate Available Seats.

Now we show the maximal sequences of a strongly NSE matrix can be decomposed into such groups. Let C' be a

strongly NSE matrix. Let w=1 and 7 =0. Let

Uy =min{u > 7|30 : [u,v] ~ C} and vy = max{v|[uw,v] ~ C}.
If w,, does not exist, then we terminate. Otherwise, for any [u,v] ~ C with u > 7, because C is strongly NSE, one of
the followings must be true:

1. U <vp<u-—1

2. Uy =U <V < VU

3. U KUKV =1y
We consider the latter two types of maximal sequences. Let

Vi ={v < vw|[tw,v] ~C} and Uy = {u > ww|[u, vw] ~ C}.
Let v, = maxV,, and u,, = minU,. If V,, =0, we let v}, = uyw — 1. If Uy, =0, we let u), = v, + 1. Since C is strongly
NSE, we must have v, + 1 < u,,. Let £y, = vl, + 1, then u, < £y < vy and [, is available in some seat k only if
[Uw,Vw] ~ Ck. We represent group w as (uw,fw,vw). Now we let 7 =v, + 1, w+ w+ 1, and repeat the procedures
above until we terminate. Note that the above procedures consume at most O(M?) time in total.

Step 2. If C is strongly NSE, then any integral optimal solution of (3) could be transformed into an
assignment of (1) in polynomial time.

Suppose we have obtained an optimal integral solution {z};} of (3) and a characterization of C' in Step 2:
{(u1,£1,v1), ..., (uw,fw,vw)}. In the following, we show that {z};} can be turned into a feasible solution {z7 ;;} of
(1) with the same objective value in polynomial time. The detailed algorithm is shown in Algorithm 6.

The idea of Algorithm 6 is to assign the requests sequentially according to a particular order of the legs. More
concretely, in each group w, we divide all requests ¢ — j into 3 cases: (i) ¢ < £y < j, (i) lw <@ < j, (iii) 1 < J < Lo.
Note that in all these cases we always have u.,, <i < j < vy,. We first start from leg £,,. We allocate the requests in
case (i) with an arbitrary order. Each request ¢ — j occupies leg ¢, and thus is located on different seats. Then we
continue with other legs by gradually moving from leg £, to two endpoints u, or v,. For case (ii), we allocate the

requests according to the ascending order of i =4, + 1, ...,v,. For case (iii), we allocate the requests according to the
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Algorithm 6: Assignment Algorithm

1 forw=1,..W do

/* Carry out Assignment in the w*™ group. */
2 for (i,j):i< /¢, <j do
/* Assign the x;; requests that occupy leg Ly . */
3 Retrieve KC;; as a subset of M., (C), such that |K;;| = xj;;
4 Assign x7; requests of type i — j to seats in Kj;. Let x ,, =1,Vk € K5
6 if u, <i then Muw(ifl)(C) — Muw(ifl)(C) UK 5
7 if v, >j then M 1, (C)«+ M (i+1) v (CYUK,; ;
8 end
9 fori=/¢,+1,...,v, do
/* Assign the ) . . 1z} requests that start with leg i. */
10 for j:j7>ido
11 for z=1,...,z}; do
12 Retrieve an element k from Uy, ;M (C). Suppose [u, v,] ~ Cy, then u < i;
13 Assign a request i — j to seat k. Let z} ,, =1;
14 Muvw (C) <~ Muvw (C) \ {k}’
15 if u < then Mu(7_1)<0) — Mu(q;_l)(C) U {k},
16 if Vw >j then M(j—i—l)vw(c) — M(j-i-l)vu; (C) U {k},
17 end
18 end
19 end
20 for j=¢,-1,...,u, do
/* Assign the Em.gj xj; requests that end with leg j. x/
21 for i:1<j do
22 for z=1,...,z}; do
23 Retrieve an element k from U;.j>o M, ;(C). Suppose [u,,v] ~ Cj, then v > j;
24 Assign a request i — j to seat k. Let zj ,, =1;
25 M“w”(c) «— MUwU(C) \ {k}7
26 if u, <ithen M, i—1)(C) < My, -1(C)U{k};
27 if v> ] then M(j+1)v(0) — M(jJrl)v(C) U {k} ;
28 end
29 end
30 end
31 end

descending order of j = £, — 1,...,uyw. In Algorithm 6, the seemingly complex operation on { M. (C)} is to track the

dynamics of maximal sequences in C.
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In the following, we demonstrate that each time we assign requests that include leg ¢, there are enough seats to
assign those requests, or in other words, the procedure in Algorithm 6 is valid. Since different groups are disjoint in
stop, there will be no requests that cross two groups. Hence we only need to show within each group, we can assign
all requests.
xj;

For the w'® group, we first assign Z(i requests that occupy leg £, to different seats (Line 2-9 in

,3)18<lw <J
Algorithm 6). Since cy,,—1 = v, +1 = 0, any request of type i — j with ¢ < £, < 7 must satisfy u, <7< Jj < vy. Since
Z(i,j):igew < x;; < ce,,, and by the construction in Step 1 in the proof, any seat with leg ., unoccupied must contain
[tw,vw] ~ C, thus this step is valid.

For i > £,, and any seat k, if the ¢*" leg is not occupied before the corresponding iteration, then Cy; = --- = Cluv, =1
and Ch(v,+1) = Cv,+1 = 0. Any request of type ¢ — j must satisfy j < vy and thus could be assigned to seat k.
Therefore, we only need to verify that each time when we move to leg ¢ (Line 9-18 in Algorithm 6), the number
of requests that start with leg ¢ is no more than the number of seats that still have leg ¢ unoccupied at that

iteration. Note that the number of requests that start with ¢ is > x7;, and the number of seats that still have

Jij=i
leg i unoccupied is ¢i — ;s j).1ic; ®7r;- By the second group of constraints in (3), we have ¢i >3/ i i @iy =
2 juimi Tij T 2o jyar<icj Tirj- Therefore, all requests that start with leg ¢ can be assigned.

For j < £, and any seat k, if the j* leg is not occupied before the corresponding iteration, then Crj=-=
Cruy, =1 and Ci(uy, —1) = Cuy—1 = 0. Any request of type i — j must satisfy ¢ > u, and thus could be assigned to
seat k. Therefore, we only need to verify that each time when we move to leg j (Line 21-29 in Algorithm 6), the
number of requests that end with leg j is no more than the number of seats that still have j unoccupied at that

iteration. Note that the number of requests that end with j is > x7;, and the number of seats that still have leg

AN
j unoccupied is ¢; — 32, 1y.;<;<j Tiy- By the second group of constraints in (3), we have ¢; =37, iy icjc Tijr =
Dinicj Tig + 2,50y icj<jr Tijr- Therefore, all requests that end with leg j can be assigned.

Hence, when C' is strongly NSE, for any integral optimal solution of (3) we can construct a feasible solution of (1)
with the same objective value. Meanwhile, it is easy to see that the optimal value of (3) offers an upper bound to that
of (1). Thus, when C is strongly NSE, (1) and (3) have the same optimal value, and (1) can be solved in polynomial
time.

Step 3. For any fixed positive {p;;}, if (1) and (3) have the same optimal value for any nonnegative
integers {d;;}, then C must be strongly NSE.

Suppose the number of [u,v] ~ C is Myy = My (C)|. We construct {d;; }i<; as follows.

mij + L, if (ZaJ) = (Ul,’UQ) or (u27vl)
dij: mij—l, if (i,j):(ul,m) or (’LLQ,UQ)
mij, otherwise.

It is easy to verify that x7; = d; is an integral optimal solution of (3), which means that, without the assign-to-seat
restriction, we can accept all the requests, and the optimal objective value of (3) is >, pijdi;-

Now we show that if C' is not strongly NSE, then the optimal value of (1) is different from >, ; pijds;. To show
this, suppose C is not strongly NSE, then by definition, there must exist [u1,v1] ~ C and [uz,v2] ~ C such that one
of the following holds (the three cases are illustrated in Figure EC.2):

1. i <vi=us—1<v2—1

2. ur <uz <v1 <2

3. ur <uz<v2 <vp

Now we consider each of the three cases. For the first and second cases, consider

§ § Lk,ijs

ko (4,5)<ur <v2<j
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Uy U1 Uy U1

Uz V2 Uz | V2

Figure EC.2 lllustrations of the Three Cases When C' is not Strongly NSE.

which is the total possible number of accepted requests that occupy leg u1 to v2. Such requests can only be assigned
to seats with leg w1 to w2 unoccupied, and each seat could only be assigned at most one request of these types.
Therefore,
XY mut ¥ omim X el
ko (i) G  Gha)
iSuy <v2s] iSuy <v2sj iSuy <v2<j
where the last inequality follows from d;; = m;; + 1 when (4,5) = (u1,v2). Therefore, we could not accept all the
requests, and thus (1) has strictly smaller optimal value than that of (3).
For the third case, we consider
> > wea
ko ()
iSuy <v2<j
i<u20<rv1<j
which is the total possible number of accepted requests that occupy leg u1 to vz or leg us to vi. Such requests can

only be assigned to seats with leg u1 to v2 or leg uz to v1 unoccupied, and since [u1,v2] N [uz,v1] # 0, each seat could

only be assigned at most one request of these types. Therefore,

Z Z Thyij < Z mi; = Z dij — 1,

k (4,3): (4:9): (4:9):

i<u <va<j i<uy <va<J i<uy <ve <y
. or . . or . . or .
i<ug <v1<J 1Su2 <v1<J 1Su2 <v1<J

where the last inequality follows from d;; = m;; + 1 when (4,7) = (u1,v2) or (u2,v1), and d;; = m;; — 1 when (4,5) =
(u1,v1). Therefore, we could not accept all the requests, and thus again, (1) has strictly smaller objective value than
that of (3).

Therefore, we showed that if C is not strongly NSE, then for any positive prices {p;;}, there exist a set of
nonnegative integers {d;;} such that (1) and (3) have different optimal objective values.

Step 4. If C is NSE, then problem (1) can be solved in polynomial time.

Given a capacity matrix C that is NSE, we construct a new capacity matrix c together with new requests and
prices. The idea of the construction is to add a dummy leg between each pair of neighboring legs in the original

PVXEM=D Cwhere the

problem and to keep the maximal sequence structure. More precisely, we construct Ce {0,1
number of seats is NV but the number of legs is 2M — 1. For any [u, v] ~ C, we let C’M =1for2u—1<¢<2v—1. For
the rest of Cie, we let them be zero. Then for any request of type i — j, we construct a new request of type i — j
with ¢ =2i —1 and j = 2j — 1. This means that in C, there are only requests that both start and end with an odd leg.

We claim that if C is NSE, then C must be strongly NSE. To prove the claim, for any two disjoint [t1,D1] ~ C
and [l2, V2] ~ C’, we have all of 41, @2, 01, and D2 are odd numbers, thus if 42 > 91 (41 > U2, resp.), then it must be
that @z > 01 +1 (41 > 024 1, resp.). Also, a request of type ¢ — j can be assigned to a [u,v] ~ Cy if and only if i
can be assigned to a [, 7] ~ Cj.

For all (z,7):1<%<j<2M —1, if both 7 and j are odd numbers, then we let

Pij =Pig1) i 1)7% =d<;+1>(3+1)»M53(é) =M iy i1, (O)-

2 2 2
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Otherwise, we let p;z =1, d}; =0 and /\;155 (C) =0. To construct an assignment, we first solve

maximize E D35 %35

j
subject to 0 < i3 < d=~

and obtain an integral optimal solution {ic%} We then can obtain an assignment {Z} ;;} using Step 1 and Algorithm 6

with {Z3;} and {Ma5(C)}. During the process, we update )5 and T, ;5 simultaneously so that x;(;#)(;%l) =I5
As a result, we get an integral optimal solution of (1) in polynomial time.

Combining the four steps, we have shown that if C' is NSE, then (1) can be solved in polynomial time. Furthermore,
for any fixed positive prices {p;;}, (1) and (3) have the same optimal value for any nonnegative integers {d;;} if and
only if C' is strongly NSE. Thus Theorem 2 is proved.

O

Proof of Corollary 1.*

EC.2. Equivalent Formulations and Approximation Algorithms*
EC.3. Booking Limit Control Policy*
EC.4. Appendix for Section 4
EC.4.1. Appendix for Section 4.1*
DP based on the capacity matrix.* Derivation of (12).*
Proof of Theorem 3. Fix any capacity matrix C. For simplicity, we abuse some notations. We let (6) represent the
objective value of (6). We also let (12) represent the objective value of (12) when A= f(C).

We first testify that {8]%} defined in (13) together with {zjj} ={zi;} in (12) satisfy the constraints in (12). That
is, the objective value of (12) is no larger than that of (6). It is easy to see that 3% is nonnegative. For fixed uo < vo,
we let ko € [N] be an integer such that

v vo
t . t
Z Broe = k{gl[g]{ Z Brre}

l=ug L=ug

Then

Tt Tt Tt
uovo ﬂuo(ifl) o B(J'+1)Uo

=D Bhoe = min {37 Bieek = min { 3 Bhoe}
L=ug

& E[N K E[N
(=g €l €N S
Vo i—1 V0
t t t
> E Brot — E Brot — E Broe

L=uq L=uq L=j+1
J
_ E t i
- ﬁko[ 2 Dij — Zij’
=i

Thus, (13) is feasible. Moreover, from (13) we can infer that the objective value of (6) is no less than that of (12).
We then point out that {zJ]} together with {3{%} form an optimal solution of (12). To prove this, we prove a
stronger result: the objective value of (6) is no larger than that of (12). This is done by constructing a feasible solution
of (6) from an optimal solution of (12). Let {zj]} and {B]%} be an optimal solution of (12) such that ¢ = #{(u,v):
u< v, Bl < Bgi+1)v)} achieves its minimum. We will show that ¢ =0. Otherwise, let (ug,vo) € argmin,{(u,v) : u <

v, BlE < BEHM}. Then for any uo + 1 < i< j <wvo, we have
gt gt t
Zij +B(u(ﬁrl)vo 2 Pij Jr'B(qurl)(ifl) +ﬁ(J'Jrl)v(J’

t gt e ft ft t
Zi5 + Bugvo Z Pig + Bugim1y T Blis1yve 2 Pid T Blug+1yi—1) T Blj+1)v0
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Now we decrease 5250 +1)we O Bffovo, then the constraints are still not violated, but the objective value will not
increase. This is a contradiction.
We let {z;;} = {z -} and construct {5M} as follows,
g f BB, >0, u <0<, 0] ~ Ci

400, otherwise.
Then for any k € [N] and ¢ < j, if there is some ¢ € [i, j] such that Cyx, =0, then we must have

zij+ > Bre=pij

0:1<U<g
Else, there must exist a [u,v] ~ C) such that u <¢ < j <v, and we have
ZU+ Z ﬁke—zzg+ﬁjlf B(]+1)v>pij'
0:4<0<g

In addition,

Zkljz” + Z Z CreBre

i< N]ee[M]
7ZA1JZ'LJ + Z Z Z Bre
i<J kE[N] (u,v): L:u<l<y
[u,v]~C
=> Mzl + BlL
[u,v]~C
_Z)\’LJ 2]+Zf uv u'u—(12)
1<y uLv

Thus we’ve completed the proof.

EC.4.2. Appendix for Section 4.2
On (14) may not imply (15).*
Proof of Lemma 1. (14) is actually the dual of (12). From Theorem 3, (2) > (14). Therefore, we only need to prove
that (2) < (14) 4 (15), which in turn implies our results.
Step 1. In our first step, we show that the optimal objective value of (1), the IP version of (2), is no more than

that of (EC.1), the IP version of (14)+(15).

maximize., Z Pij Z VYuijv | » (EC.1)

i<J (u,v):
USISISU
subject to Z Yuijo < dij, Vi <7,

(u,v):

u<i<j<v
Z Vuijo < Z Yu(v+1)ke + Z Ver(u—1)0 + Auv, Vu < v,
(4,5): (k,0): (k,€):

ULILI<U v4+1<k<t L<k<u—1

Vuit jto < Auv, Vu <it <j' <,

Yuijo € N, Vu<i<j<o.

For any optimal solution {z} ;;} of (1), we impose an index on all the allocated requests. Here we put the smallest
indexes on all i* — j*. Now we consider to take out all requests and assign the requests again, but in a sequential
manner, i.e., we allocate the requests one by one according to the index. During this procedure, we will arrange a

tuple (-,,-,-) to each ticket and track the dynamics.
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Suppose we have allocated ¢ — 1 requests and we are allocating the t*® request ¢ — j into seat k, then seat k must

" seat is g(t) = (u,1,,v).

own a unique mazimal sequence [u,v] such that u <4< j <wv. Then the tuple given to the
In fact, the middle two numbers indicate the type of this request (i — j), and the other two numbers represent the
“environment” when it is allocated (mazimal sequence [u,v]). When we’ve finished allocating the t*" ticket  — j into
[u,v] ~ Ck, we track the dynamics as in (8).

Since we first allocate all i* — 5% into C, we must have

-t t

Vuitj‘vgf(c)u’w Vu < <J <w.

For any given u <1 < j < v, denote ;v as the total number of requests that are arranged with the tuple (u, 1, j,v),

ie.,

d
ryz.ijv = Z]l {g(t) = (U,’i,j7 ’U)}

Now let’s examine the procedures stated above and explore some necessary conditions for {vy;;,}. First, the total
number of allocated request i — j is clearly
Z 'Yﬂjijv :Zmz,ij7
(u,v): k
USISISU
which should be no larger than d;;.
Second, during the above process, the number of times that [u,v] splits is
*
Z ’Yuijv-
(i,4):
USILI <Y

The number of times that [u,v] initially exists or is generated by other mazimal sequences is

Z Va(oryke | Z Ver(u-1yo | +F(Cuv.

(k,0): (k,2):
vF1<k<l (<k<u—1
Thus {7;;;,} must satisfy
Z Yasigo < dij, Vi < 4,
(u,v):
UKISISV
Z Yaigo S Z Yu(otiykt | + Z Yik-1yo | +F(C)uv, Vu < v, (EC.2)
(4,5): (k,0): (k,1):
U<I<I <Y v41<k<l I<k<u—1
’Vuitjtvgf(c)uvv VuéitSthU,
Yuuijo €N, Vu<i<j<u,

which is exactly the constraints of (EC.1). Thus the optimal value of (EC.1) is at least as large as the optimal value
of (1).

Step 2. Now we prove the relationship between (2) and (14)4(15). We will prove that the optimal objective value
of (2) is no more than that of (14)+(15). Since the coefficients of (2) are all rational, there exists an optimal solution
{z},:;} such that all the variables are rational. Let 61 be a positive integer such that 6:x ;; € N. We consider to copy
the capacity matrix C' by 0 times as C(61). Now for given k € [N], {012}, ,; }i<; satisfy

011
Z Or25,i; <O1Cke = Z Cursnye, Ve e€[N] Le[M],
s=0

(4,5):
i<l<j
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which is the constraint at an aggregation level. Note that for any k, the matrix formed by {Ckysn}s is a strongly

NSE matrix. Therefore, by Theorem 2, there exists {Zx,i; } such that
011

Z Trysn,ig = 012,05, Vk € [N],7 < 4,
s=0

> Fiy < OOk, Vk € [0.N], £ € [M],
(,9):

i<i<)

Tr,i; €{0,1}, Vk € [61N],i < J.

Thus we have ZZL]\{ Tpij = chvzl 012% ;; < 61di;. From Step 1, there exist {7uij»} such that

01N
Z ’%ijvzzfl@,ijgeldu, Vi<i<j<M,
(u,v): k=1
Ui <Y
Z ;}'/uijv < Z ’?u('u+1)kl + Z ;ylk(ufl)’v + elf(c)uv, Yu < v,
(4,5): (k,0): (k,1):
uLi<j<v v+1<k<l I<k<u—1
Fuitjto < O1F(C)uv, vu<i' <j' <,
Fuijo €N, Vu<i<j<o

Set Vaijo = %'}uijv completes our Step 2. Thus, the proof is completed.
d

To proceed with our discussions and proof, we need some new notations. We consider the following variant of (14).

maximize,, Z Pij Z Yuijo | (EC.3)
1< (u,v):
uLi<j<v
subject to Z Yuijo + Yoijo = dij, Vi < 7,
(u,v):
ULI<I<v
Z Yuijv < Z Yu(v+1)ke + Z Yek(u—1)v + AU’U7 Vu < v,
(4,5): (k,£): (k,£):
ULI<I<U v41<k<l L<k<u—1
Yuijo = Yuijv, YULI<F<K, Yoijo = Yoijo, Vi< J.

Note that comparing to (14), we impose a set of constraints Yu:ju = Yuije for all u < i < j < v. We denote OPT(A,d, %)
as the problem instance/objective value of (EC.3), where A= {Au.}, d={di;}, and ¥ = {§uijv } are non-negative. It

is clear that (14) equals OPT(A,d,0).
Fix a sample w. In the following, we adopt %[21]752] = %[filjﬁﬁl) to represent the number of requests ¢ — j that are

put into [u,v] during the time interval [t1,¢2] by the RDP policy. To be precise,
Vl[filj’?] = Z 1 {(utvitvjtvvt) = (u,i,j,v)} .
t1<t<ty
We define dl**) =~[tY =0 for all ¢ > 1. We also let A* = F(C") be the state of the maximal sequences at time ¢, where
f is defined in (7). To avoid confusion, we note that any variable with a time stamp on the upper right corner is

associated with the realized sample path.
The following lemma, Lemma EC.1, shows an important property of (EC.3).

LEMMA EC.1. Fiz any nonnegative d = {cflj} For any 1 <t1 <t2<T+1, we have

OPT(A! dt d2) ) =3 [y 30 At | +OPT(A% a2 502,

i<J (u,v):
USISISU
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Proof of Lemma EC.1. The proof is based on the following equalities. For any ¢ > 1, we have

1, 1 o
d'E] g = Z ’Y’l[L’L . +’70’L]0)7 Vi < e

(u,0):
u<i<j<v
t 1 [1,t) [1,6)
Avy — Auw = Z 'Yu(u+1)ke + Z Wk(u 1) Z Vuijor VUK.
(k,0): (k,0): (4,5):
vF1<k<l t<k<u—1 ui<i<v

Then for any optimal solution v* of OPT(A",d + d(t1:t2) lt1:t2)) 4+ 4 418 g g feasible solution of OPT(A',d +

dt2) 4[12)) - Also, for any optimal solution v* of OPT(AY,d + d**2) ~[1t2))  4* — ~[L11) g 4 feasible solution of
OPT(A", d+ dltv12) lt1t2)) hecause v* —y1111) > 4[Lt2) _ yILt) — ~[0:t2) The proof is completed.

d

Fix a sample path w. From Lemma 1, the Hindsight Optimum under w is OPT (Al,d[l’T],O). From Lemma EC.1,

by setting d=0and ti =t, =T+ 1, we can see that the total revenue collected under w is OPT (Al,d[l’T],'y[l’T]).

Therefore, the loss incurred by RDP for w can be written as

OPT (4,d™™,0) —OPT (4",d™"),41 7))
T
- 1T 1LY L,T] _[1,t4+1)
=3 [opr (at ) 0P (4t g w0

(EC.4) shows that the loss between RDP and HO can be decomposed into T increments, with each increment
characterized by the gap between two “adjacent” OPTs. Lemma EC.2 shows that such gap can be uniformly bounded

from above.
LEMMA EC.2. There exists some I >0 only dependent on {pi;} such that
OPT(AI [1 T) ’Y [1, t)) OPT(AI [1 T] ,y[l,t-‘—l)) < 21
for any A*, d*TV and t € [1,T).

Proof of Lemma EC.2. The left-hand side is trivial, since 'y[l’t'H) > 7[1’” leads to a smaller feasible region of
OPT(A!,dM T 414D than that of OPT(AI dT1 AD) In the following we consider the right-hand side.

Step 1. We first prove that OPT(A*,dM71 419 is equivalent to solving (EC.5),
+

maXimizew Z Dij Z Yuijo | — Zﬂuv Z Yuijo — Z Yu(v+1)ke — Z Yek(u—1)v — Auv )

i<y (u,v): usv (2,9): (k,0): (k,0):

u<i<g<v u<i<I<U v+1<k<t L<k<u—1
(EC.5)
subject to Z Yuijv +'VO7,]O - d[ Tl ) Vi < j7
(u,v):
UKI<I <Y
Vuijo = ’Yl[}z'}i)ﬂ Vu<i<j<v; Y0ij0 = ’Y&}t& Vi<yj

with fixed and appropriately chosen 8 such that
Buv > Bui—1) +Pij + BG+1e, Yu<Li<j< 0.
Here, such 8 can be obtained by setting
Bii = pii, Vi,
and inductively setting

Buv = max {ﬁu(i—l) +pij + ﬁ(j-s—l)v} +e VYu<w

(4,4)u<i<j<v
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for some € > 0. We denote (EC.5) as ﬁf(Al,dll’T],v[l’t))‘ We only need to prove that the optimal solution of
OPT(A1 dT A0) must satisfy the second group of constraints of OPT(AY, dMT) 411,

We prove by contradiction. Suppose this is not the case, then there exists an optimal solution A*f of
OPT(A!,d™! 4110) such that

~x,t ~*,t ~x,t 1
ryu ijo’ T Z ’yu’(v’-ﬁ-l)klf Z ryﬁk(u —1)v’ AUIU' >0

(4,5): (k,£): (k,2):
u’' i<’ v <k<t e<k<u

holds for some (u’,v’). Then we have

~ %, ~x,t ~*,t 1
,Yu Tijv’ > Z FYu/(v’+1)kZ+ Z ﬂylk(ulfl)v’_FA“/U/

(i,9): (k,0): (k,0):
u’éigjgv/ U'<Ic<2 (<k<u’
b)
Z S AL 1 S A
,yu (v +1)ke + ’Yék(u’—l)v’ + A“/”/ > ,yu’ijv’ .
(k,0): (k,0): (%,4):
v <k<t 1<k <u’ u/ <igG<o’

(a) holds from the second group of constraints in (EC.5). (b) holds because up to any time period ¢, the number of

[u’,v'] ~ C generated is no less than those depleted. Therefore, there exists some (7', ') such that

'7////>'Y[//)//

u’i’jv u’i' j'v

Now we show the contradiction. Let f(7;A', ) denote the objective function in WT(Al,d[l’T], N ), then f is

uniformly Lipschitz continuous in v under the L; norm with Lipschitz constant

= max {ﬁu(z 1) +p7«J + /8(]+1)v7 ﬂuv} )

u<i<I<v

regardless of the value of A'. Note that [ depends only on {p;;}. Since df/05", ., , < Bur -1y +pirjr + Br+1ye —

u’i! j'v

Burer < 0 by the choice of 8, we can decrease 7}, ., , and increase 77017, by an identical small constant such that f

u’i’j'v 3’0

strictly increases while the constraints of OPT(Al7 a1l fy[l’t)) are still satisfied. This contradicts with the optimality
of v*. Thus, OPT and OPT have the same optimal value.
Step 2. Now we construct a feasible solution 4+ of 6f”/I‘(A1 dBT ALY from the optimal solution 4%t of

OPT(A",d"™) 4119 such that |7 —5**||, < 2. Notice that /") and ~["*+1) differs at exactly one component

with
[1, t+1) ’77[“]1)"'1 if (U,Z,j, )_( taltajtafut) EC.6
uijv [1,t) ( . )
wijvs otherwise.
We let
- 1,641 . . .. .
’yuégv + maX{’yL”tJ ) uzéw 0} if (U,Z,j,v) = (utv Ztv]tv 'Ut)
~fea,t+1 ~ %t [1,t) SN et ot t ot
’Y“'UU - ’Y’u,”'u (’yumv ’yuijv)e? if (7’7]) - (7‘ »J )7 (u7v) 7& (u U )a
'ymzv ) otherwise,
where

[1,t+1) *,t
maX{’Yutltjtvt 'Yurzfjtvtvo}

SRl
> oyt oty Tategin = Vot )

€=

fea,t+1
uiju

(i,5) # (i*,5"), we have

Now we show that {¥ } satisfies the constraints in (EC.5). First, we show the first group of constraints. When

~fea,t+1 ~fea t+1 ~ %t ~ %t [1,7]
E ’Yuw’u +’YOZ]O E ’Yuuv +’YOZ]0 dzg .
(u,v): (u,v):
u<i<y<v USILI <Y
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When (i, ) = (i*,5), if 77550 <35k, 400 we have

utitjto itjtot
~fea,t+1 ~fea,t4+1 __ ~*,t ~x,t (1,7
E Yuijo  TVoijo = E Vuijo T Yoijo = dij :
(u,v): (u,v):
ULISJSY (ESA/ AN
[1,t+1) ~ %,
It Vutitjtot > Vutitjtotr WE have
2 : ~fea,t+1 | ~fea,t+1 __ ~ %t ~o*,t [1,t4+1) ~ %t ~ %t [1,t)
fyuitjt,v +70it]‘t0 - ’yuitjtv +ryutit]‘tvt +Fyutitjtvt - ’yutit]‘tvt - (’yuitjtv - ryuit]’tv)e
(u,v): (u,v) (uw,v)#(ut,vt)

u<it<it<w
_ T 1,t41) ot 1,t41) gt _ T
= dv[;j ) + ('Yintjtvt _’Y::titjtvt) - (’Yititjtvt - ’Yutitjtut) = dv[;j s
Then, we show the second group of constraints. As an intermediate step, we show that e < 1. This is because

[1,t4+1) ~*,t [1,t4+1) ~ %t

fyu‘itjt'ut - ryuti‘j‘vt @ ryutit]‘tvt - ’Yutitjtvt
~ %t [1,t) TS T] axt [1,t)
Z(u,v)#(ut,vt) (Fyui‘jt'u - ryuitjt'u) ditjt - ’yutitjt'ut - Z(uv"f’)?s(utvvt) Fintth
[Le+]) ot
(b) Tutitjtor ~ Vytitjtyt
gLl gt 1,t+1)

itit — Vutitjtet — Z(u,v);é(ut’vt,) Vuitjto
[1,t41) [1,t41)  ~x,t
@ ditjt - Z(uﬂ»#(utﬂ}t) ’Yuitjtv - 7utitjtvt

LT —rit [LerD)
dit]-t 7’yutit]'tvt - Z(u,v);ﬁ(uf,ut) 'VM-tjtv

<1

(a) follows because by the constraints in (EC.5),

f;] = 'S/Zlctitjtvt + Z iz;ttjtv-
(uw,v)#(ut,vt)
(b) follows from (EC.6). (c) follows from the definition of [+,

> 77[}2;3 :%[}i,;:n for all (u,i,,v) # (u',i’, 5%, v"). As a result, 7> is a feasible

solution of 6—13'/I‘(A1,d[1’T],'y[1’t+1)). Therefore,

Now, € <1 ensures that ~

OPT(A17d[1,T]"_y[1,t)) _ OPT(Al7d[l,T]7’y[1,t+l))
:WI‘(AI,d[LT],’V[Lﬂ) 761\)7/1\(A17d[1,T]7’y[1,t+1))
<fOTHALB) — FEEL AL B)

< l”’y*,t _ ;}-/fea,t«l»l ”1

_ ~feat+1 ~*t ~*,t _ gfeat+1
=1 wtitjtot — Vutitjtet + E (’yuitjtv Vuitjto )
(u,v)#(utvt)

(a) 5 *, 2% »
; l max{’yilt::;iif - 7uttitjtvt ) 0} + Z (’yuiijiv - anlitt;tv) €

(u,0)#(uto?)

=12 maX{’YLIz’::J—-B)t - fy;;,tl'tjtvt ) O}
<l-2 max{'yilt’it:;}lt — 'y?[llt‘itt)jtvt ,0} <21,
Here, (a) follows from the definition of {5°°%/"1}. The last inequality follows from (EC.6). Thus, the lemma is proved.
uttjtv

a

Before proceeding to the formal proof of Theorem 4, we introduce Lemma EC.3, which is a special case of Theorem

2.4 in Mangasarian and Shiau (1987). It indicates the sensitivity of optimal solutions when the right-hand side of
(14) changes.

LEMMA EC.3. There erxists some § > 0 that only depends on the constraint matriz of (14), and independent of A,
d >0, such that for any optimal solution v** of OPT(A",d,0), there exists an optimal solution ¥ of OPT(At,cz, 0)

with ||y = 5| oo < 6]|d — d]| .-
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Proof of Theorem 4.
Let T;; =sup {t <T:A}; >0}. Without loss of generality, we assume that Ti; > 1 (Vi <j). As a preliminary step,

we demonstrate that

inf i ©)
ty2,] eTij —t
e[0T ;]
is lower bounded by some positive constant
T .
A7
Amin 2 inf —2—
i<y Lij

irrelevant to 0, where we let % =12 Anin. In fact, when ¢ <0(T3; — 1),

When §(T;; — 1) <t < 0Ty,

- T
)‘ij (0) (0T — 1) A;;”

> lnf Y 2 )\min .

Therefore, we have

inf L > Apin > 0. (EC.7)

Now we analyze the loss of RDP. Let § be defined as that in Lemma EC.3. Let 6 > 2[%] be any scaling

parameter. The loss can be upper bounded by

E[OPT(A%,d" "7 51")] — & [OPT(A!,dl" "7, 50T

0T
_ ZE [OPT(A17d[1,9T]77[1,t)) . OPT(A17d[l,@T]7fy[1,t+l))]

t=1

@ o7
< QZZIP’ (OPT(A17d[1’€T],'y[1’t)) o OPT(Al’d[l,GT]7ry[l,t+1)) > 0)

t=1
b T
Yuy e (OPT(At, d071 0) — OPT(A?,dlt0T] 41ty 5 o) . (EC.8)
t=1
(a) follows from Lemma EC.2. Here, OPT(A',d*T) ~[1:9) can be interpreted as the total reward obtained under a
virtual “policy” where we first follow the RDP policy during [1,t¢) and then from time ¢ we follow the optimal solution
assuming that we know the future demands. (b) follows from Lemma EC.1. To be more concrete, let t1 =t2 =t and

d= d**T1 we have by Lemma EC.1,

OPT(Al,d[t‘GT] _i_d[l,t)’,y[l,t)) _ Z Pij Z ,yLli,jtl)) +OPT(At7d[t,9T] —&—d[t’t),'y[t’”). (EC.9)
A Lk

Let t1 =t, ta=1t+1, and a?:d[tH’QT], we have

OPT(A17d[t+1,9T]+d[1,t+1)7’y[l,t+l)):Z i) Z ,y[l,t) +OPT(At7d[t+1,9T]+d[t,t+1)7,_y[t,t+l)). (EC.10)

uijvu
i<g (u,v):
ULI<ILU

Subtracting (EC.9) from (EC.10) yields (b).
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For each t, consider OPT(A*,d,0). In the RDP policy, d = ABOT] wwhile in the sample path HO, d = attorl, By
Lemma EC.3, we can choose v** be an optimal solution of OPT(At,d[t’QT],O) such that

ot RDP,t

[y =y PP oo < 8]|d0TT = AW o = 6| 0T — E[d ]| oo (EC.11)

Now we show that (EC.8) can be further upper bounded as

oT
23 (OPT(At’ d0T] () OPT(AL, iteT D) 0) <2 ZIP (ywﬁvt < 1) . (EC.12)
t=1 t=1

The reason is as follows. If 'y;’ttitjtvt > 1, then v*" is still feasible for OPT (A", d ditoT] 7“’“’1)), so OPT(A',d dit-oT] O)
and OPT(AY, d[t’gT],fy[t’tH)) in (EC.8) must be equal. Therefore, if the two OPTs are not equal, then we must have
’y t ittt < 1

itjtoy
Now we analyze P (%wgtuf < 1) In time period ¢, after realization of (i%, "), based on the maximum choice of
(u*,v") in RDP, we have

RDP,t [t,67T) [t,6T]
RDP,t RDP,t Z(u,v) Vit jto /\itjf )‘itjt

=max?y ... = = 0 '
v, tlt]tvt (1) ’Y'u,zt]tv Z(u,v):ugi‘gjt@ll ’Lt(M-f' 1 —]t) (M+ 1)2/4

Therefore,
P (’Yutztjtvt < 1)

ALLOT]
P (’Yutztjtvt < ,th]ZZ)tF;ttvt +1- e )

N

(M+1)2/4

E[d“’T] (M +1)%/4
(M+1)2/4

RDP,t *,t
P ('Vutztjtvt '7ut,btjtvt >

[t 9T]
(z) P [ max t 0T ] . d[t,OT]‘ E[d |- M+ 1)2/4
SO\ 5 5(M+ 1)?/4
[t,6T)
e GT]] Jl07) E[d; ] — (M +1)*/4
(M +1)%/4

[t,0T] 2
Z P \E [dtem) - gleetl| 5 Eldyiye 1= (M +1)7/4
v v (M +1)2/4

dt ,0T]
(b) Z ZP (’E tGT t0T ‘ < E| 6(]\]4_}_(1\)4-/5-41) /4‘( y ) (z,j)) ]P’((it,jt) :(Z,]))

i/ <Gl i<y

E[d?*"] — (M +1)%/4
[t, GT] [t,0T] ij oty < -
}:}:POM —dt? ]> ST ‘(z,;) (i,5) | 1{t < 0T}

i< /<G’
Eld" ") — (14 6) (M +1)2/4
(t, GT (t GT i . .

P(|E 1{t<0T;;
ZJZ (\ [dlt™) = d | > SR .5 = (.4) | 1{t <05}
i<y i/ <’

(t,6T) 2
@ (t 0Ty _ (t07] E[d;;" ] = (1+6) (M +1)°/4 <OT..
;;IP’(. [0 — ™| > e 1{t<0T;}. (EC.13)
i i/ <j
(a) follows from Lemma EC.3 and (EC.11). (b) follows from Bayes formula. (c) follows because
[l di)| <

(d) follows because of the arrival independence between different time periods.

Let To = (M] < 2. From (EC.7), we have

2Amin

(t,0T;5]

JE[dE?GT]} =\ > Amin (0735 — t).
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Then for t < 0T;; — To,

E[d"] = (14 8) (M +1)%/4 _ Ain(0T3; — ) — AminT0/2 — - Awnin (0T35 — 1)
(M +1)2/4 - (M +1)2/4 T S(M +1)2

Thus, combining (EC.8), (EC.12), (EC.13) yields

E [OPT(Al’d[l,GT],ry[l,l))} _E [OPT(A17d[l,OT]7,y[l,0T])]

<35 5 p ([eutym) - agn| > B O LD V)

t=1 i<y i/ <5’

N ([t - dm| 22 1)

i<y t=1 z’<J

Amin (0755
Cuy 3 Zzexp( <M+(1))( >+zzz S

i<y t=1 i/l i<j t=0T;; —To+14/ <5’
_ )‘?mn (eTl] - t)2
QZZ Z ZZeXp( BEOLLDT 0T +0(1)
1<y ’<]
el A2 (0T —t)?
min . i
I(M +1) ; Z Zexp< FOLLT 0T )+0(1). (EC.14)

(a) holds from Hoeffding’s inequality. We can further upper bound (EC.14) b

AﬁnntQ

1<j t=Tp
(M+14 *i’ ( < A2 ) t2)
2 exp S |- —= | +0(1)
=, S2(M+1)T ) 6
=0(V0),

where the last equality is because for given A >0, >/ exp ( A%) =0(V0).
When the NEE property is satisfied, T;; =T for all i < j. (EC.14) can be alternatively bounded by

A?nmt?

1<y t=To
M+14+§ ( ( A2, ) )
2exp §—min___).¢) 4 0(1)
= 52(M + 1)
=0(1),

where the last equality is because for given A >0, 3, /% exp (—At) = O(1). The theorem is proved.

Proof of Proposition 1.

Hindsight Optimum (HO): Let val(z,d1,d2) be the objective value of the following problem:

maximize, pi1z1 -+ p2z2
subject to 21+ 22 <z
0< 21 < ds,

0<22<d2.
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This is the hindsight optimum when the realized demand for ticket k is d and the number of unoccupied seats is
xz. We note that dj ~ Ber(20,1/2) (k € {1,2}). Here, we use Ber(n,p) to denote a Bernoulli random variable with

parameters n and p. It’s easy to obtain that
val(z,d1,d2) = p1 min{dy,x — min{dz, z}} + p2 min{ds, z}.
Then the hindsight optimum for the 8" problem is
Va'©(Zo) = Eay a, [p1 min{d1, 0 — min{da, 0}} + po min{dz,0}] .

Dynamic Programming (DP): Now we investigate DP. For the 6" problem, instead of considering the problem in
260 times, we consider a relaxed two-stage process: At time 6, we receive all requests for ticket 1, and accept a subset
of them. At time 26, we receive all requests for ticket 2, and accept a subset of them. This is exactly Littlewood’s
two-class model, and an optimal policy is to set a threshold yg such that the number of requests 1 we accept is exactly

min{yg,d1} (see, e.g., Talluri and van Ryzin 2006). Therefore, the revenue collected for the 6th problem is
vy (Zo) =E4, 4, [p1 min{ye,d1 } + p2 min {d2,0 — min {yg,d1}}] .

Bounding the gap between HO and DP: Let 6 > 4. We discuss about the value of ys.
Case 1: If yg > V0, let A be the event such that

A={d, >0,ds >0},
and we have
E[V§0(Zo) - Vi (Z0)] > E [V (o) - ViP¥ (20) 4] P(4)
> E [p26 — (prye + p2(0 — ye)) | A] i
= Elys = (VD).
Case 2: If yg < /0, let A be the event such that
A={d1>0,d> <6 -2V},

and from central limit theorem,

P(A) > %]P’ (2 <0-2v0) = %]P’ (Ber(20,1/2) <0 - 2v8) = ip < Ber(20,1/2) =6 _ —4>

2 Var(Ber(20,1/2))

is lower bounded by a constant irrelevant with 6. Then
E[Vi°(Zo) - VP (T0)] > B [Vi© (Zo) - Vi (Z0)| 4] P(4)
=E [prmin{di,0 — do} +pad2 — (p1ye +p2min{dz,0 — ye}) | A] P(A)
=E [p1(6 — d2 — yo)|A] P(A)
> p1VOP(A) = Q(V6).
In conclusion,

E [VGHO(IO) - VQDP(IO)] =Q(V0).

EC.4.3. A Probabilistic Allocation Policy with A Uniformly Bounded Loss*
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