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EC.1. Proofs for Section [3
Proof of Lemma By [Watson| (1929) and Stirling’s formula,

z

1<sze‘z<1+2zze‘z<1+ 2
254k T2 3 T2 3voms
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we are able to obtain our bounds.

Since 7 (3,2(8,9)) =v(8,2(8,9)) =4,

4 2 Z(B,0)—z(B,9)

|4 B TE [1 u—l/m] 1

e = 1.
2rz(B,9) | LB

Since 0 < %6(1_1/5) <1 and z(8,9) is decreasing in § for 8> 1, Z(8,d) — z(8, ) is increasing in 4. [J

EC.2. Proofs for Section (4

Proof of Proposition[]] We first claim that G*(b) must be continuous for b > b for a given p*.
Suppose that G*(b+) > G*(b—) at some b. Then, for e sufficiently small, the cost difference for
bidding at b and b+ € is

(1=0)b+c(W(H—¢€|(p"A,G*),2)) —(1—=06)(b+e€) —c(W(b+€|(pA,G*),2)) > 0.

Thus, bidding at b+ € is preferred to bidding at b, and hence G*(-) must be continuous.
Second, if b is the lowest bid allowed, the lowest bid must be b as it would otherwise cost users

more to bid the lowest bid without lowering the queueing latency otherwise. O

Proof of Theorem[]] By Proposition [I} the support of the equilibrium fee distribution G*(-)
includes b and G*(-) is continuous. Thus, @ follows as the users’ cost is the same for any bid
b in the support, i.e., (1—0)b+c¢ (Wq(p*A) + i) =(1-0)b+c (Wq(p*A(l —G*(b))) + i) . Since
the equilibrium joining probability p* <1, p* =1 if the users’ utility R(d,b) — ¢ (Wq(A) + i) > 0.
Otherwise, p* is given by ¢ (Wq (p*A) + ﬁ) = R(6,b) and users’ utility is 0 in equilibrium. Thus, we
have .
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c(Wa(* M)+ 2 ) —e(5F)

Since the highest possible bid is the smallest solution to G*(b) =0 or b+

1-46 ?
@ holds as
py a0 ) —e(557)
O (z) = (1-9) p*Ab—l—/ p*AG*(b)db
b
o(We(p*A)+2) -
=(1 —5)p*Ab+/ w,! (c_l(s) - > ds
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_ (1—5)p*Ab+/ Wt )dc<t+ )
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:p*Amin{R(a,b>,(1_5)b+c(Wq(A) )}—/O Ac<wq(X)+Z)dx

and the expected utility of the users are given by . O

PROPOSITION EC.1. The equilibrium solution given in Theorem[1] has the following properties.
1. p*(2) decreases in z, from 1 if W (7' (R(6,b))) > 1
2. G*(:|z) stochastically increases while p*(z) =1 and then decreases as z increases;

3. For a given z, G*(b|z) is strictly increasing convez in b before it reaches 1.

Proof of Proposition The first statement is clear. To establish the remaining statements,
we first show that Wq(S\) is increasing convex in A By , we can express the queueing latency as

a function of 6 as W,(0) =

u[17(1+K)91K+K0K+1]' Taking the derivate of W, yields that

dW,(0) W'(e)@ _K(K+1) (1—0)> 951
d5\ —q dj\ - NZ [1 _ (1 +K)9K —G—KQKH]?’

K-1
t(10)0

and 0 is increasing in A, W, is increasing in X and it suffices to show tha 7300

n0)=1—(1+ K)0* + K6¥+1 is increasing in . Since

d ((1 —9)39K—1>  (1-6)20%2
dg n3(6) (o)

, where

a (1 _ 9)29[(—2

[(K —1— (K +2)0)n(6) — 31'(0) (1~ 6)0] ()

h(o),

and h(#) >0 when K <3, it suffices to show that h(#) >0 for 6 € (0,1) and hence h'(#) <0 given
that h(1) =0 for K > 4. We show this by establishing that h’(f) has a unique global maximum
=11in (0,1] at A’(1) = 0. Taking the derivatives, we obtain:
() =—(K+2)+K(K+1)(2K+1)6" "+ (K +1)(—4K* — 4K +2)6" + K(K +2)(2K +1)6* !,
R'(0) =K (K +1)0" ?[(K —1)(2K + 1)+ (—4K* —4K + 2)0 + (K + 2)(2K + 1)6°].
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It can be easily shown that the term in “[]” in h”(0) is quadratic with exactly two roots 6, < 6, in
(0,1). Thus, h'(f) must achieve its global maxima at either #; or 1. Since 6; is a root of h”(0) =0,
it satisfies (K —1)(2K +1)+ (—4K? —4K +2)0, = —(K +2)(2K +1)0% and 1'(6,) can be reduced
to

R'(60))=—(K+2)+2K(2K +1)0f ' — (4K* + 4K —2)07,

K+2 2K242K—1

K-1
which is bounded from above by {4K+2 [(QKH)(K_H} — 1} (K +2). Applying In(1 —z) < —x —

2
%, we have:

d o [4K 2 2K+ 1)K 1) et
dK | K+2 \ 2K?+42K —1
6K? + 18K2 + 9K + 3+ (K +2)(2K +1)(2K> + 2K — 1) In(1 — 5% )
- (K+2)2K +1)(2K? +2K - 1)
2

6K® + 18K + 9K + 3+ (K +2)(2K + 1)(=3K — 552 —)

(K +2)(2K +1)(2K? + 2K — 1)
_ —3AK'+11K°+3K° - K +1)
T (K+2)2K +1)(2K2 + 2K —1)?

for K > 1. Since A2(ZEIVHE-D) K1 <1, B(0) <0 0 €[0,1] for K > 4.

<

<0

Since W, (-) and ¢(-) are both strictly increasing and convex, or equivalently W, '(-) and c¢'(-)
are increasing concave, G*(b|z) is strictly increasing convex in b, i.e., the third statement follows.

Furthermore, when p*(2) = 1, ¢ <Wq((A) + 5) —c (Wq (1= G*(b]2))A) + é) — (1—8)(b—b), imply-

_ —1 _z

ing that G*(-|z) stochastically increases in z. When p*(2) <1, G*(b|z) =1 — _1(( _1((;%((;;)) “Z)) is
Wq b)) =u

increasing in z, i.e., G*(:|2) stochastically decreases in z. Thus, the second statement holds. U

Proof of Proposition[3 When p*(z) =1,

o*(z) = A [(1 —S)b+c <Wq(A) +Z>] —/OAc <Wq(5\) + Z) dA

_ A(l—é)b+/OA [c <Wq(A)+Z> e (Wq(xH/j)] dx,

which increases in z due to the convexity of ¢(-). When p*(z) < 1, we first establish the log-
concavity of ®*(z) for piece-wise linear ¢(-) functions. That is, for 0 =59 < sy <+, k1 < ky <---

and w € [s;_1, S,
d0+2k Sj 1 +k’ ( —Sifl). (ECQ)

Suppose that W,(0) + = € [sp—1, 5m) and Wq( “(2)A) + & € [sn-1,50). By (EC.1),

z

O*(2) = (1-0)bp* (2)A + /O T e (Wq(i) + N)

Wy(p* (2)A) o Wy (p* (2)A) o
=(1- A+Z i1 —k / qu()\)d)\—irkrm/ W (N)dA

j=m SiTn 0
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Since

d1n [®*(2)] _ D' (2) _ —(1-6)b N —kmp*(2)A
dz o*(z)  pWilp*(2)N)®*(z)  p®*(2)
n-1 il (sj - i) — W (al(R —b) - i)
+§n(kj+1 —k;) 119+ (2) <0

by applying p*'(z) = —m from , ®*(z) decreases in z. Furthermore, both the first term

and the summands in the third term are all decreasing in z, by the concavity of W, '(-). Note that

P*(2)
p*(2)A

is the expected fee paid by a user who joins the system and G*(:|z) is the fee distribution
in equilibrium. Since G*(-|z) is stochastically decreasing in z, the second term is also decreasing in
z. Thus, In [®*(2)] is concave and, by the Weierstrass’ approximation, remains concave for general

increasing convex c(+) functions. O

Proof of Proposition[3 When p*(z) =1, v (8*(z), z) is decreasing. Thus, it suffices to show that
the function is quasi-convex when p*(2) < 1, or equivalently, that In ((2*)~'(z)) —In(3*(2)) is quasi-

convex. Since —In(f8*(z)) is convex by Proposition 2| and

o1y (B(log(B) —1)+1)*
[ln((z) (Z))] - B(ﬁ_l)

(EC.3)

decreases in 8 and hence increases in z, In ((2*)7!(2)) — In(8*(2)) is quasi-convex. O

Proof of Proposition[]] As shown in the proof of Proposition 3| In ((2*)~!(z)) is increasing con-
vex while In (5*(2)) is increasing concave. Thus, {z":n=0,1,...} is a decreasing sequence when
2t € (z},25) and an increasing sequence when 2! < 2§ or z' > 25, and hence must converge in both
cases. The sequence can only converge to zj when z' € (27,25) and to oo when 2! > z;. When
2! <z}, by a simple induction, 8" = 3*(2") > 3} by the monotonicity of 8*(z). Hence, 2" < 2} for

all n and the sequence converges to z;. O
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EC.3. Proofs for Section [5
Proof of Lemma[d Note that

o (e o s s (o () + )] )

sz

/Omln{AW_l(_l(R(50) | 7 m) } [R ( ( ‘ U Km) Zi?)]d)"

fwgl(cfl(R(é,o))—zﬁm | 7 Km) [R((; 0)—c (W (A‘ﬁj{,& + ZKT"L>] d\ is the total fee

=

0

as if A = oo and 1is decreasing and log-concave in z by Proposition Since
* |: ( 1 ( n zK + :
15} 1 Km, 15 [R((S, 0)— c( p (A’m,Km> + T’")] , and hence, the left-hand side of

is quasi-convex in z by a similar argument as in the proof of Proposition [3] Thus, to establish

)—FZKT’”” dX is also decreasing and log-concave in z, so is

Lemma [2| it suffices to show that, for a given z, there exists (u, K,b) such that (z,u,K,b) is
feasible if and only if

7<5* (Z I?melié [R((SO ( < ‘ ) Z?)T) ,z) <5 (EC.4)

To show the “if” part, assume that (EC.4]) holds. Since QEan(ﬁv( ( ’— K, b) ) =1 and

. . . . z +
(5* ( K, b) ) is continuous in b, there exists b> [R(é, 0)—c (Wq (A’ﬁ,[(m) + %)}
such that v (ﬂ* (z m,Km,Q) ,z) =9, i.e., ( z, K ,Km,b) is a feasible solution. To show the “only
if” part, assume that (z,u, K,b) is a feasible solution. Then, v (z|u, K,b) = § and

B (el K.b) < B <Z uvK’ﬁ [R(5,0)+C<Wq(A|M,K)+Iu>:|+)

< 5 ( e Hop o R0+ (Wq(A’“’K”z)D

< (o o [ms e (, (a2 ) 252 )

where the first inequality follows as

I

IS

0B (2|, K,b) al >0, if

ob B ON* (21, K,b)
2 ab=—5es <0, if

5 [R,0) — ¢ (W (Al K) + i)r’
s (s +£)]”

+
Le., B*(z|p, K,b) is maximized at b= 1 [R((S,O) —c (Wq(A|,u,K) + i)} for any fixed (z,pu, K),

the second inequality follows as

B* (z mKa% [R(&O)_c(Wq(A'M’K)JF;>]+>
:/ (2|5 125 [R50 (W (Al )+ 2 )]*)[

<
(EC.5)
>

IS

> ‘

R(5,0) — ¢ <Wq(5\|u,K) + Zﬂ X,
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which increases in p since both the upper limit and integrand are non-negative and increasing in

i, and the last inequality follows if W, (A‘%,K ) is increasing in K, which is shown below. Thus,

o (e kg o (o) 22)] ) ) s -

i.e., (EC.4) holds.

It remains to show that W, (A’ i K) is increasing in K. Letting 6 € (0,1) be the unique solution

g_pK+1
1-6

W, (Aln,1) < W, (A]Z,

to

= K2, we have W, (A| £,K) = K = 2 . It is clear that
n

nI—(1+K)6E+KoET1] — (1—-6)[A(1+K)—(n+AK)6]

2) and it suffices to show that diKWq (A’%,K) >0 for K € [2,00), which is

equivalent to

(n+2AK+A)6 —nfK+11n () 1
NI+ R -+ AR~ AR(—=0) K (EC.6)
0[A(1-0)+n0" 1 n(0)
o % - [[A(1+K)n (n+AK)0] Since 1+ AK =0" ¢ < > IS <W+AK’ n— j\\fAK> and hence,
(n+2AK + A7)0 K (n+2AK + A)
A1+EK)—(n+AK)6> ~ (1+K)n+AK
2A _i+1
T A2+ K- (n—-A)? K
S0 1
AK(1-6) K’

K
where the last inequality holds as 6% < ( AK ) < = 200K E and —lff? < 5. Thus, (EC.6)

—A+AK [K—(n—A
holds and hence, W, (A’%,K ) is increasing in K. O

Proof of Proposition[5 Denote the throughput rate as A\*(z|u, K,b) = p*(z|u, K,b)A. Suppose
that (z,u, K,b) is an optimal solution. Note that

K <Z WK, ﬁ [3(57 0)—c <Wq(A|u,K) + 5)} +> — min {W;l (cfl(R(a, 0)) — %'u K) ,A}
K <Z %Kﬁ {R(a,()) e (Wq (A| . K)+ Zf)T)

«f | n 1 _ K \1H\ -
<A <z Km,Km, - [R(é,()) c(Wq(Am,K)—F ; >} ) =A (z
<

A*(Z|I”L? K?b)’

IN

A" (z|p, K, b)

IN

i,Km,o) (BEC.7)

+
where the first inequality follows as A\* is maximized at b= 5 | R(6,0) — ¢ (Wq(A\,u,K) + 3)}

g B
W,(Ap, K) is decreasing in g for

for given (u,K,z) by (f]), the second inequality follows as
a given (A, K), the third inequality follows as W, ()\’%,K) is increasing in K for a given

— 6 n

A, shown in the proof of Lemma [2] and the last inequality follows from the optimality of
+
(st BB Ths, X (el 8) = A (o] s o [R06.0) = (W, (4] 2 10,) o+ 250 3

A* <z‘ﬁ,Km,0> implying that either (u, K,b) = yoond Km,O) or \*(z|p, K,b) = A. Furthermore,
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since (* <z ﬂ,f(,é) is minimized at <ﬂ,[§',é) = K”—m,Km,O) when A\* <z /],f(,é) = A by @,

8" (2] Kons0) < B (21, K, B) and hence, 5 (87 (2|52, K, 0),2) 25 (8" (2lps, K1), 2) = 6 and
the throughput optimization problem can be reduced to the one that determines the confirmation

latency z as

max \* (z i,Km,()) (EC.8)
by (5 (22 Ko | RG,0)— e (W, (A= Ko ) + 25 . <6 (EC.9)

sty sz, ™15 , c p i Km " ,z2 | <6, .
ol (ﬁ* (z KL7Km70>»Z) > 0. (EC.10)

Since the left-hand sides of both and are quasi-convex by the proof of Lemma
and Proposition [3| respectively, if the feasible region defined by and is non-empty,
there exist z =z, and Z > z, such that is binding and the structure of optimal solutions
can be summarized as follows.

1. If R(4,0)<c (Wq ( ﬁ,Km> + %), (z,p, K,b) = (z,\, ﬁ,Km,O) is the unique optimal
solution and the optimal \* (ZA‘%,Km, 0) <A.

2. Otherwise, the optimal solution is not unique and the optimal throughput \* (z|u, K,b) = A.
Let 25 = 7= [c—l (R(8,0)) — W, (A’KLme)} .
(a) If there exist 2’ and z’, 2/ < Z’, such that is binding, then the set of optimal z is
[zx, min {zg, 2'}].
(b) Otherwise, the set of optimal z is [z, min{zg, Z}].

Thus, Proposition [5] holds. O

Proof of Proposition[f] Suppose that (z,u, K,b) is an optimal solution. Then,

o o= (i (o)« 5] ) s (o) )

by the proof  of  Proposition and hence, there exists  b*(2) €
[O, i [R(é,o) —c(Wq (A‘KLM,KW) + %)r} such that (z‘;—m,[(m,b*(z)> =0 and ®*(z|u, K,b) =

z| 5 Ko, E(z)) Furthermore, users’ expected total utility
) d\

i) )

U (2|, K,b) = AR(&O)—‘I’*(Z\M,K,I))—/OA ( (/\|M= K)+
< AR(5,0) — &* <z [gn,f(m,b*(z)> <
= U <z [?m,Km,b*(z)> .

Thus, we must have (u,K) = (ﬁ,Km and the problem to optimize users’ total utility
can be reduced to max {U* (z)K%Z”,Km,Q*(zD} if (EC.10) can be binding and to

z€[zx,min{zg,z’}]

/\\7;\1\2
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- Km,b*(z))} otherwise. Furthermore, by equations @ at p*(z) =1 and ,

max {U* (2 =
z€[zx,min{zR,Zx}] m

U* (z ;—M,Km,b*(z)> can be written as a function of * = a®* as

* A
v (5 =ARG.0) -~ [ e[ w, (i|[§’,Km) PR ) i (EC.11)
@ Jo m 2 [1- & —m(p")]
Note that
dU*(87) _ 1 1n(29) () -#* ./AC, . <>\‘77 1>+ln(25) 1 o
B e R im w3 )

which decreases from oo to —é as 0" increases from 1 to oo, i.e., there exists a unique maximizer 3*.

Furthermore, since U* (6* (ZA ﬁ,[(m’())) =0, dU;ﬁ(f*)

<0 and hence z*(5*) >

2= (22| s om0

zx. Thus, there is a unique optimal z = min{zR,g’,z* <B*)} if (EC.10)) can be binding and z =
min {zR, zZ,z* (B*)} otherwise. ]

EC.4. Proofs for Section

Proof of Proposition[] The constraints of the reduced optimization problem analogous to

(EC.8)-(EC.10) can be written as

. n 1 n zK,, *
L - _ L < .
0% (aBO +ad (z 7 S Ko, 13 [R((S, 0)—c (Wq <A’K ,Km> + ” )] ),z) 0, (EC.12)

5 (aBo 1 ad® (z Ki K,, 0) : z) > 5. (EC.13)
Proposition[7]can be established by the same procedures for solving the corresponding optimization

problems under the basic model. ]

Proof of Proposition[§ Following a similar argument as that provided in the proof of Theorem/I],
we can show that G* is continuous for any given p*. Next, we show that b increases in C. Suppose

that ¢; < cp but by > by. As a result, it is more costly for users with ¢; to bid at b, than at by, i.e.,
(1—=0)by +c W, (1 —=G*(b1)p*A)) < (1 —6)bay + 1 W, ((1 — G*(ba)p™A))

or

W, (L= G ()™ ) = W, (1= G (b)) > L= =)

C1

Hence, it is more costly for users with ¢, to bid at b, than at b, as

[(1 = 8)b2 + 2 Wy (1 — G (b2))p* A)] = [(1 = 8)b1 + c2Wo (1 — G*(b1))p" A)] > (1= 8) |ba — by + = (by — b2) | >0,

C1
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which contradicts with the definition of an equilibrium.
The monotonicity of b depending on C' implies that users with a waiting cost C'(gp*) bid at b(q)
in equilibrium, i.e., b(¢) is a minimizer of the total cost (1 — )b+ C (gp*) W,((1 — G*(b))p*A). By

the first-order optimality condition, we have:

(1-9) 2D — ¢ ) Wy(1 - oA

Solving the above differential equation with the boundary condition b(0) = b, we obtain the desired

result for b(q). O

Proof of Proposition[§ Again we can show that G* is continuous for any given p*. We first show
that b increases in ¢. Suppose that d; > d, but b; < by. Then, it is more costly for users with z, to

bid at b; than at by, i.e.,
(1 —=062)by+cW, (1 =G (b2)p™A)) < (1 —62)by +cW,((1 —G*(b1)p*A))

or

W, (1= G (b)p* ) — W, (1= G (b)p*A)) > (1 — 8) (bs — by).

Then,

[(1=01)by + eWo (1 = G (b1))p" A)] = [(1 = 61)by + Wy (1 = G"(b1))p"A)]

> (1= 8,)(by — by) + (1 — 8:)(bs — by) = (81 — 6)(by — by) > 0,

i.e., it is more costly for users with z; to bid at b; than at by, which contradicts with the definition
of an equilibrium.

Suppose that all users join the system. The monotonicity of b depending on ¢ implies that users
with a security requirement 6(q) bid at b(q) in equilibrium, i.e., b(g) is a minimizer of the total

cost (1—48(q))b+c (Wq((l —G*(b))p*A) + m) By the first-order optimality condition,
we have:

(1-5a) 2~ amy(1 - g a),

Solving the above differential equation with the boundary condition b(0) = b, we obtain the desired

result for b(q). O
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Proof of Lemma[d Let N(t) be the difference in length between the longest chain and the fork
after B has survived for ¢t amount of time after it is mined. Note that N(¢) is a continuous time
Markov Chain with transition rates ¢; ;+1 = p and ¢; ;1 = % for all integer i. Let S,, be its embedded
chain. Then, by Theorem 11 of |Alm/ (2002), for any integer i > 0,

P (r>t|N(0)=1) :P(N( )20, 0< s <UN(0) =)

(1+6Mt 1—|—ﬁut z—l—l iy
=1- 57+1 +Z BEL! zk: Sn = =150 =1)
0o (1+B)ut ne
1e 1 t
=3 D ps, = 11s,=9) (0 Bt o]
BFE!
n=0 k=0

and P (7> t|N(0) =1i) =0 for ¢ < 0. Furthermore, since the fork starts to grow once the immediate

predecessor of B has been mined, we have P(N(0) =1) = for 4 <1. Thus,

R
P(T>t):P(T>t|N(0):1)ﬁi1+P(T>t|]\7(0):0)(ﬁfl)z
iolly 20 U RS (14 )t
:+Z< —1>{2n(ﬁ+1)2"+1kz_0 B*R! }

(B+1)pt on—2

-1 (21 Bre [(1+ B)t]
(6+1)2+;<n—1>{(2n—1)(ﬁ+1)2n+1; BrE! }

Bl pel & (3+ (1)) B2le” =5 T (B4 1)ut]?
B +(,8+1 Z}(n/ﬂ—l){ 2n (B + 1)2In/2141 Z BFk! '

k=0

0

Proof of Proposition A system equilibrium is a solution (Z*, 3*) to the two equations g* =
a®*(Z*) and Z* = Z(B*,9), or equivalently, In (Z~'(Z*|6)) = In (a®*(Z*)). The assumption implies

that [In(Z1(Z*(0))] = 5= (Z*|6)Z}(Z*1(Z*|5)) is negative and increases in Z*, i.e., In(Z71(Z*|9))

is convex decreasing. By Proposition 2 there can be at most two solutions to In(Z~!(z*|6)) =

In (a®*(z*)). O



