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Appendix

A. Proofs

LEMMA 2 (PARTIALLY-HOLDING IS SUBOPTIMAL). It is always suboptimal to hold only part of
consecutive orders in the current pending orders and send others to the 3PL.

Proof of Lemma 2. Denote 7* as the optimal order-holding policy, then the optimal total
expected cost after taking the partially-holding policy in the current period, denoted as Vi, can
be obtained by applying the optimal policy 7* in subsequent periods. To show it is suboptimal, it
suffices to construct another policy whose total expected cost, denoted as V5, is less than V; which
is the least cost that the partially-holding policy can achieve.

Denote the set of orders held and sent according to the partially-holding policy in the current
period as B and A respectively. The constructed policy is to hold the whole pending orders in
the current period, which only triggers cost at h in the current period compared to ¢+ h for the
partially-holding counterpart. The subsequent actions for the constructed policy will hold all orders
in A and B until the beginning of period ¢t when some orders, denoted as B’, in B will be sent to the
3PL according to the optimal policy 7*. Then, the constructed policy at the beginning of period
t is to send all orders in A and B’ to the 3PL and hold the rest of orders if there remains some.
After period t, the subsequent decisions for the constructed policy follow the optimal counterpart
7*. Due to the cost structure, the subsequent actions constructed above after the current period
will lead to the same cost in subsequent periods as the optimal policy 7*, so the elaborated policy,
which leads to less cost in the current period, has less cost than partially-holding counterpart which

completes this proof. O

Proof of Lemma 1. Firstly, we show that the optimal order-holding decision at states
(x;,T,v=1) and (x1,0,v =1) must be to send the current pending orders to the 3PL immedi-
ately. We only provide proof for the states (x;,7,v = 1), and the proof for the state (xr,0,v=1)
is similar, so ignored. To show this phenomenon is true, recall that the only subsequent state of
(x;,w) is (x5, w+ 1) for w > T, so p((x;,w), (x5, w+ 1)) =1 (the consumer has left the market).
Then, problem (3) for w > T will turns to

V(xl,wm = 1) :Zér{l%%}z{h+p((xl7w)7 (xl7w+ 1)) : V(Xl7w+ Lv= 1)} (24)
+ (1 =2){c+p((x,w), (x,w+1)) - V(x;,w+1,v=0)}
zzér{lci]nl}z{h—&—V(xl,w—l—l,U:1)}+(1—2)-0 (25)

where the second equality comes from the fact that p((x;,w), (x;,w+1)) =1 and V(x,,w+1,v=
0) =0 (since (x;,w+ 1,0 =0) indicates that the current pending orders have been sent to the 3PL
and no new order will come). Prove by contradiction. If the optimal decision at state (x;,T,v=1) is
z* =1, then we have V(x;,T,v=1)=h+V(x;,T 4+ 1,v =1) < ¢ which implies that V' (x;, T+ 1,v =
1) < ¢ — h. By (25), the optimal decision at state (x;,7 + 1,v = 1) must be z* =1 otherwise
V(x;,,T + 1,v = 1) = ¢ which contradicts V(x;,7 + 1,0 =1) < ¢ — h. So the optimal decision at
state (x;,7+ 1,0 =1) must be z* =1 which implies that V(x;,,T+1,v=1)=h+V(x,T +2,v=
1) <c¢—h. So we have V(x,T +2,v =1) < ¢ — 2h. Follow the same procedures, we will show that
V(xj,w,v=1)<c¢—(w—T)-h for w>T. Here comes the contradiction because V (x;,w,v =1)
is negative for large enough w. So, the optimal decision at state (x;,T,v=1) is z* =0, that is
V(x;,T,v =1) = c which is exactly (8). So we have proved that the optimal policy at these states



must be to send the current to 3PL immediately, now we turn to characterize their optimal total
expected cost.

By the optimal policy at states (x;,7,v=1) and (xr,0,v =1), it is easy to check their corre-
sponding optimal total expected cost. Firstly, at state (x;,7,v =0), the current pending orders
have been sent to the 3PL and no new order will come, so V (x;,T,v =0) = 0. At states (x;,T,v=1)
and (xz,0,v = 1), since the optimal decision is to send the current pending orders to the 3PL
immediately, by (25), their corresponding optimal cost must equal to ¢. So we complete the proof
of Lemma, 1. O

Proof of Proposition 1. Recall the large scale MDP problem (5) with holding state v =1,
subtract V (x;,w,v=0) from both side of the first equation in (5), we have

V(x,w,v=1) = V(x;,w,v=0)

_ . / !/ V(X/7w/7/U/:1)
o zé?é%}z{h +(x,’ Z p((xi, w), (x', w')) <—V(x’,w’,1/ =Z((x',w') # (x;, w+ 1)))> }

w’)€o((xg,w))
+(1=2){c},Ywe(T-1).
= min}z{h—kp((xt,w), (x,w+1)) (V(x,w+1l,v=1)-V(x,w+1,v=0))}

z€{0,1

+(1-2)-c. (26)

Since subtracting V' (x;,w,v =0) has no effect on the optimal decision of the original optimization
problem in (5), problem (26) must share the same optimal decision as the original problem (5) at
state (x;,w,v=1). Define Ay, (w) =V (x;,w,v=1) = V(x;,w,v=0) ( hence A, (T) =V (x,T,v =
1)—V(x;,,T,u=0)=c by (7) and (8) ), then (26) turns to the following single-dimensional MDP
problem (27):

Ay (w) = g{1(i)111}z{h+p((xt,w),(xl,w—|—1))-Axl(w—&—l)}—i—(l—z)c,VOSwST—1 (27)
Ay, (T)=c, forw=T

whose optimal decision at state w, zg, (w), coincides with the optimal order-holding decision of the
original problem (5) at state (x;,w,v =1), 2*(x;,w,v =1). This completes the proof of Proposition
1. L]

Proof of Theorem 1. By Proposition 1, for each cluster &, = {(x;,w):0 <w < T}, we know
that the optimal order-holding policy at state (x;,w,v=1) with (x;,w) € &, made by the online
retailer can be characterized by the single-dimensional MDP problem as follows:

A, (w) = n{1(i)nl}z{h—|—p((xl,w),(xl,w—|—1))-Axl(w+1)}+(1—z)c,VOﬁwST—l (28)
z€10,
Ay, (T)=c, forw="T.

Firstly, we characterize the optimal decision of the above single-dimensional MDP problem, and
then using their connections stated in Proposition 1 to characterize the optimal policy for the
original MDP problem (5). Denote S(x;) as the first w € (I'— 1) such that h+p((x;,w), (x;,w+1))-
Ay, (w+1) > ¢, that is S(x;) = min{w € (T — 1)|h +p((x;,w), (x;,w+1)) - Ay, (w+1) > c} (set to T
if the set is empty). Then, for any w < S(x;), we must have h+p((x;, w), (x;,w+1)) Ay, (w+1) <c
which implies that the optimal decision is z* = 1. While for w = S(x;), the optimal decision is
z*=0.

With the S(x;) defined above characterizing the optimal decision of problem (28), we are ready
to characterize the structure of optimal policy for the original MDP problem (5). We prove the
structure of the optimal policy by considering the following two cases stated in Theorem 1.

Case 1. If no new order is received for S(x;) period. When receiving the order, the current
pending orders are being held, so the initial state is (x;,0,v = 1). By Proposition 1, the optimal
order-holding decision at state (x;,0,v=1) is the same as the counterpart of problem (28) at state



0. So, the optimal order-holding decision at state (x,0,v =1) is to hold the current pending orders
since 0 < S(x;). Since no new order is received for S(x;) period, the state in the next period is
(x7,1,v=1). By the same statement, the pending orders will be held until the beginning of period
S(x;) in which the state is (x;,S(x;),v =1). The optimal decision of problem (28) at state S(x;)
is z* =0, so does the optimal decision for the original MDP problem (5) at state (x;,S(x;),v=1)
by Proposition 1. That is to say the pending orders will be sent to the 3PL after holding S(x;)
period.

Case 2. A new order comes in the first S(x;) period. Similar to the statement in Case 1, the
current pending orders will be held until the period receiving the new order. After receiving the new
consecutive order, the system will enter another cluster with different order features x;,; whose
optimal threshold S(x;,1) can be characterized and begin a new cycle. So we have completed the
proof of Theorem 1. O

Proof of Proposition 2. By the reformulation of g, (x;;0,N) in (44), we have

qw,M(Xl; @,N) = eaqu’]\/[(Xl; @,N),Vw S <T — ].> (29)
According to the Markovian logit model, the probability of making consecutive orders is
Go,n (X150, N) + @1 n (X150, N) + -+ + Gr—1,m (%130, N)
= Go,n (%13 O, N) + € Gonr (x50, N) + - -+ €T 7Gg 1 (x,30, N)
1—eoT
= ﬁ(jo,]\{(xl; O,N)
where the first equality follows (29) and the second equality is by simple calculation. This completes
the proof of Proposition 2. O
Proof of Theorem 2. Before starting the proof, let’s first reformulate the transi-
tion probabilities p((x;,w), (x;,w + 1)) using the choice probabilities of making another
order {G; am(x;;0,N)}rer—1y. Recall the original formulation of p((x;,w),(x,w + 1)) =
P(w+1;%,0,N) /P(w;x;,0,N) in (16) where P (w;x;,©, N) defined in (15) denotes the proba-
bility of the event that no new order by time w. Due to the structure of the choice network NV, it
can be reformulated as P (w;x;,,0,N)=1— Zf:_ol Gr.m(x;;0, N), which leads to the reformulation
of transition probabilities as

1= 0 Grm(x;0,N) 1 Qw1 (X1;0,N)
1_Zf;ol Grm (x50, N) 1—Ziu;01 Grm (x50, N)
After the reformulation of transition probabilities, let’s define an important function which will

play a central role to characterize the close form of personalized thresholds, that is §(w) :=h +
p((x1,w), (x;,w+1)) - ¢ —c. When substituting (30), it becomes

(jw,M(Xl%e,N)

p((xp, w), (), w+1)) = (30)

o(w)=h-— - c. (31)
1- Z.rzol Gr M (Xl§ e, N)
By the reformulation of g, r(x;;0,N) in (29) and (44), we have
Qoo (X150, N) = e Go,n (%430, N),Yw € (T — 1)
_ exp(nx; +b)
X;;0,N)=
Toaa (% ) Drer1y €XP(Br HaT) + 30 p oy € -exp(nx; +b)
_ exp(nx; +b) . (32)

> ezt €XP(B; +a7) + 55 - exp(nx, +b)
With the reformulation (29) of g, 1 (x;;©, N) above, we can finally reformulate the function §(w)

as
e Go,m (%150, N) 1
§(w)=h— o. c=h- - c. 33
(w) 1= 4 Qo (13, N) Do dnaON 4 1 .
e®™-qo, p (%1;0,N) 1—e@




With the reformulation of §(w), we are ready to characterize close form of the personalized
threshold S(x;;©,N) case by case (Case (18a), (18b), (19a), (19b) and (19¢) in Theorem 2) as
follows.

Case (18a) is with conditions that h <c-(1—e®) and Gon(x;;0,N) <1 — e

For this case we will verify that S(x;;0,N) = (] fu(go.m(x1;0,N))] AT) V0 with the nonlinear
function f,,;(-) of the close form defined in (17). It is easy to check that §(w) is increasing in w for w €
R by (33) when noting that gy s (x;; 0, N) < 1—e® under Case (18a). Define f,,;(Go.p (%150, N)) :=
min{w € R:d(w) > 0} as the break point of the sign of §(w), we will first verify that S(x;;0,N) =
([ fri(@o.me (x;©,N))] AT) VO (in Step 1) and then characterize the close form of the nonlinear
function f,;(-) (in Step 2).

Step 1. We verify that S(x;;0,N) = ([ fu(Gom(x1;0,N))] AT) V0 by considering cases as follows
depending on S(x;;0,N) =T (Case A), S(x;;0,N) =0 (Case B) or 1 < S(x;;0,N) <T —1 (Case
).

Case A that S(x;;©,N) =T which implies that (7' — 1) = h+ p((x;,7 — 1),(x;,T)) - c —c =
h+p((x;, T —1),(x;,T)) - Ax,(T) — c < 0 by the characterization of personalized thresholds in (11).
By definition, f.;(go.m(x;;0,N)) > T — 1 which results in ([ fu(Gon(x;;0,N))|AT)V0O=T =
S(x;;0,N). So we have verified that S(x;;0, N) = ([ fu(Go.nm (%10, N))] AT) VO under Case A.

Case B that S(x;;0,N) =0 which implies that h + p((x;,0),(x;,1)) - Ax, (1) — ¢ >0 by the
characterization of personalized thresholds in (11). The recursive definition of Ay, (w) in (10) implies
that

Ay, (w) <e,Yw e (T) (34)

which results in 6(0) = h+p((x,0), (x;,1)) -c—c > h+p((x1,0), (x1,1)) - Ay, (1) — ¢ > 0. By definition
again, f,.(qo.m (%150, N)) <0 which results in ([ fn(Go.n (%0, N))|AT)V0O=0=5(x;;0,N). So
we have verified that S(x;;0,N) = (] fu(Go.m(Xx:;0,N))] AT) V0 under Case B.

Case C that 1 < S(x;;0,N) <T —1 which implies that the following two conditions hold by the
characterization of personalized thresholds in (11):

h+p((x;,5(x;;0,N)), (%, S(x;;0,N) +1)) - Ay, (S(x;0,N)+1) — ¢ >0, (35)
h+p((x;,S(x;;0,N) —1),(%,,5(x;;0,N))) - c— <0, (36)

where the second inequality originates from the fact that A, (S(x;;0,N)) = ¢ by the single dimen-
sional MDP (10) and (35).

To show S(x;;0,N) = ([ fu(Go.m(x;0,N))] AT) vV 0 under Case C, it suffices to show that
S(x;;0,N) < ([ frur(Go.rr(x;0,N))]AT) VO and S(x;;0,N) > ([ fri(Gonr(x1;0,N))] AT) V0 hold
simultaneously as follows.

First, we will show that S(x;;0,N) < ([ fu(Gon(x5;0,N))] AT) V 0 which is equivalent to
S(x1;0,N) <[ frulGon(x1;0,N))| VO since S(x;;0,N) <T'. Prove by contradiction. Assuming that
S(x;;0,N) > [ fr(dom(x;;0,N))] VO which is equivalent to S(x;;0,N) > [ fr(dom(x1;0,N))]
due to S(x;;0,N) > 0 under Case C. Since S(x;;0,N) is an integer, we must have S(x;;0,N) —
1> [fu(Gor(x;0,N))] > fui(Gorr(x;0,N)). By the definition of f,;(-) and monotonicity
of 6(w) (increasing in w under Case (18a)), d(S(x;;0,N) — 1) = h + p((x;,5(x;;0,N) —
1), (x4, 5(%;;0,N))) - ¢ —c >0 which is contradict with (36). So, we have shown that S(x;;©,N) <
(T

Jr1 Qo0 (x530,N)) ] AT) V0.

Second, we will show that S(x;;0,N) > ([ fu(Go,nm(x:©,N))]| AT) V 0 which is equivalent
to S(x;;0,N) > [ fru(Gom(x;;0,N))] AT since S(x;;0,N) > 0. Prove by contradiction again.
Assuming that S(x;;0,N) < [fu(Gom(x;0,N))] AT which is equivalent to S(x;;0,N) <
[ fri(Go.(x1;0,N))] since S(x;;0,N) <T under Case C. Since S(x;;0,N) is an integer, we must
have S(x;;0, N) < fu(Go.n(x1;0,N)). By the definition of f,;(-) and monotonicity of (w) (increas-
ing in w under Case (18a)) again, 0 > §(S(x;;0,N)) = h + p((x;, S(x1;0,N)), (x;,S(x;;0,N) +



1)) -c—c>h+p((x,5(x;30,N)), (x;,S(x;;0,N) + 1)) - Ay, (S(x;;0,N) 4 1) — ¢ which is contra-
dict with (35), where the last inequality comes from (34). So, we have shown that S(x;;©,N) >
([fui(Gorr(x1;©,N))] AT) v 0. Combine the two steps above together, we have shown that
S(x1;0,N) = ([ fu(Gom(x1;0,N))] AT) V0 under Case C.

Combine Case A, B and C together, we have shown that S(x;0,N) =
([ far(@o,m (x50, N))| AT) V0.
Step 2. To characterize the close form of the personalized threshold S(x;;0,N) =
([ fri(@o,m (x;©,N))] AT) VO under Case (18a), it remains to characterize the close form of the

nonlinear function f,;(-).
Recall the reformulation of §(w) in (33), we have

d(w)>0<h (1— ~qo,m (%130, N) + “Go,m (%130, N)) —c e qom(x;0,N) >0

1-

1 h
<h (1 1= QO m(x;0,N) ) <1 ) e o m(x;0,N) >0

1 1 1
Sw> a{ln(h)ln <c 1_ea)}ln Jo.n (X150, N)) + aln (11_61507A4(Xl;@,N))

h 1 1
1—6‘1)} aln(Qo NI(X[,@ N))‘i‘ghl (1— 1—eaqO’M(Xl;@’N))

Jni(Go,n (%050, N) = é {ln(h) —1In (c—

h
last equality comes from the definition of fnl(cjo,M(xl;b,eN)) := min{w € R: d(w) > 0}. So, we
have characterize the close of the nonlinear function f,;(Go(x;;0,N), so does the personalized
threshold S(x;;0, N) under Case (18a).

Next, we turn to Case (18b).

Case (18b) is with conditions that h < c¢- (1 —e®) and go p(x;;0,N) >1—e”.

In this case we wish to verify that S(x;;0,N)=T. Actually, §(0) =h — Go,m(x;;0,N) - ¢ <
h—(1—e")-c<0 where the two inequalities originate from conditions in Case (18b). It is easy
to check that 6(w) is decreasing in w for w € [0,T — 1] by the reformulation of §(w) in (33) when
noting that go s (%;;0,N) > 1 —e® under Case (18b). So, é(w) <§(0) <0 for w € (T — 1), which
results in

h+p((x,w), (x;,w+1)) - Ay (w+1) —c < h+p((x,w), (x,w+1))-c—c=0(w) <0,YVw e (T — 1),

where the first inequality comes from the fact that Ay (w) < c for w € (T') in (34). The conditions
above actually imply that S(x;;©, N) =T by its characterization in (11). So, we have shown that
S(x;;0,N) =T under Case (18b).

Now we begin to consider the remaining cases when h > c- (1 —e®).
Case (19a) is with conditions that h>c- (1 —e®) and Go (x50, N) <1 — e

We wish to verify that S(x;;0,N) =0 in this case. By the reformulation (33) and the fact that
Jo.mr(x;0,N) <1—e% §(w) is increasing in w for w € [0,7 — 1] which implies that §(w) >6(0) >0
for w € [0, T — 1], where the last inequality comes from the fact that §(0) = h— o a (%10, N)-c > h—
(I1—e*)-¢>0under Case (19a). Prove by contradiction to show that S(x;;©, N) =0 in this case.
If S(x;;0,N) >0, we must have §(S(x;;0,N) —1) =h+ p((x;,S(x;;0,N) — 1), (x;,5(x;;0,N))) -
c¢—c <0 by (36). Here comes the contradiction since we have shown that §(w) > 0 for w € [0, T —1].
So, we have verified that S(x;;©, N) =0 under Case (19a).

Case (19b) is with conditions that h >c- (1 —e”) and 1 —e® < go . (%1;0,N) < h/c.

First, we will verify that the personalized threshold S(x;; 0, N) is either 0 or T in this case, and
then characterize the conditions under which it will be one of them. Prove by contradiction to show
that S(x;;©, N) is either 0 or 7. Assuming that 1 < .S(x;;0,N) <T —1 under Case (19b). By the
reformulation (33) and the fact that g s (x;;0,N) > 1—e?, §(w) is decreasing in w for w € [0,7 — 1]
under Case (19b). To derive the contradiction, define w; := [max{w € (T'— 1) : §(w) > 0}] (w; >0



since §(0) =h — Gom(x1;0,N) - ¢ >0 under Case (19b)). We will derive the contradiction of 1 <
S(x;;0,N) <T —1 by considering different cases depending on w; =T —1 (Case A) or wy <T —1
(Case B) as follows.

Case A that w; =T — 1 which implies that é(w) >0 for w € (I'— 2) by the definition of w; and
decreasing of §(w). It follows that 6(S(x;;0,N)—1) =h+p((x;,5(x;;0,N) —1), (x4, 5(x;;0,N))) -
c—c>0 since S(x,;0,N)—1¢€ (T —2) (since 1 <S(x;;0,N)<T —1 by assumption), which
contradicts (36).

Case B that w; <T — 1. We consider two additional cases as follows to derive contradiction of
1<S(x;;0,N)<T—1 depending on S(x;;0,N) >w; (Case B.1) or S(x;;0,N) <w, (Case B.2).

Case B.1 that S(x;;0,N) > w;. By definition of w;, we must have 0 > 6(S(x;;0,N)) > h +
p((x,5(x;0,N)), (%, 5(x;0,N)+1)) - Ay, (S(x;;0,N) + 1) — ¢ which contradicts (35), where the
last inequality comes from (34).

Case B.2 that S(x;;0,N) <w;. By the definition of w;, we must have 0 <§(S(x;;0,N)—1) =
h+p((x;,5(x,;0,N) —1),(x;,5(x;;0,N))) - ¢ — ¢ which contradicts (36).

So, we have verified that the personalized threshold S(x;;©,N) is either 0 or 7' under Case
(19b). It remains to characterize the necessary and sufficient conditions under which S(x;;0,N) =
T which are exactly the conditions stated in (19b) by the characterization of personalized thresholds
n (11).

Case (19c) is with conditions that h>c- (1 —e*) and Goa(x,;0,N) > h/c.

We wish to verify S(x;;0,N) =T in this case. By the reformulation (33) and the fact that
Go.m (x50, N) >1—e”, §(w) is decreasing in w for w € [0,7 — 1] which implies that é(w) <§(0) <0
for w € [0,T — 1], where the last inequality comes from the fact that 6(0) =h—Go m(x;0,N)-c¢ <0
under Case (19c). It follows that for any w e (T'— 1)

h+p((x,w), (x;,w+1)) - Ay (w+1) —c < h+p((x,w), (x,w+1))-c—c=6(w) <0,

which implies that S(x;;©,N) =T by its characterization in (11), where the first inequality is due
to Ay, (w) < c for w e (T) by (34). So, we have verified that S(x;;©, N) =T under Case (19c).
That completes the proof of Theorem 2. O
In the remaining part, we will first present Proposition 4 and its proof, based on which Theorem
3 can be proved.

PROPOSITION 4 (PIECEWISE LINEAR APPROXIMATION OF PERSONALIZED THRESHOLDS).
Under the Markovian logit model shown in (13) with network N and parameters © = (n,3,a,b),
denote X (€) as the region of features x; such that their corresponding probability of making
another consecutive orders is bounded by €, that is X(€) ={x; € X[>_ 7 1) @rm(x;0,N) <€}
If in addition h < c-(1—e®) and e <1 — e, then for any x, € X (€) the personalized threshold
S(x;;0,N) can be bounded by a piecewise-linear function as:

0< S(x::0,N) = ([fi(xi:0)| AT) V0 < {1+iln <1+€/\€[])+iln (1— hey )J (37)

1—€eANey 1—eoT
where the linear function fi(-) and scalar ey are defined in (20) and (21).

Proof of Proposition 4. Firstly, we will verify that the personalized threshold S(x;;0,N)
shares the close form in 18a2 with conditions of Proposition 4. For any x; € X(¢), we have
ZT€<T 1>qTM(xl,® N) = ﬁqo m(x;0,N) <e<1—e"" which implies that o (x;;0,N) <
1—e?, where the equality is obtained by substituting (29). Together with the assumption that h < ¢-
(1—e"), the personalized threshold share the close form S(x;;0, N) = ([ fui(Go.a (%10, N))| AT)VO
for any x; € X (€) by Theorem 2. So, to approximate the personalized threshold S(x;; 0, N), it suf-
fices to approximate the nonlinear function f,;(go s (x:;©, N)). We will firstly bound the nonlinear
function f,;(Go.n (x1; 0, N)) with a linear counterpart f;(x;;©) (in Step 1) and then show that this
will result in the piecewise-linear approximation (37) of the personalized threshold (in Step 2).



Step 1. BOUl’ld fnl(607]y1(xl; @,N)) Wlth fl(xl; @)
Recall the reformulation of gy p(x;; 0, N) in (32) and the definition of f,;(Gonm (%x,;0,N)) in (17),
we can reformulate the nonlinear function as

1 h 1 1
fnl(q07]w(xl;@7N)) :g {ln(h) —ln (C— 1_ ea) } + E 'hl (1 — ]-_eaqO’]w(Xl;@,N)>

1 = 1—eoT
——qmxi+b—In exp(B, +a7) + 5 —— - exp(n'x +b)
=0

- {ln<h> ~In (C‘ i hea) } g (1 - 1111%*“"“@’”)
) -1 S exp(nxi +0)
- {Tlxl +b—1In (TZO exp(B- ‘H”)) —In <1+ P eXp(ﬁT +ar) ) }

— -exp(nx; +b)
:fl(xl;®)+lln 1+ 1; T bl l In (1
a > iso exp(ﬁf—i—aT a

fl(Xz;@)Jriln(lJrl_(e/)((l;fg)) 71 ( W (Xz,®)>

where the first equality is obtained by substituting the reformulation of gy s (%;;0,N) in (32) into
the definition of f,,;(Go a(x1;0,N)) in (17), the second and third equality are by simple calculation,
and the finally equality originates from the the definition of ¢ (x;;0) := =< i “Go.m(x;0,N) <e.

1—e@
Define the function g(€') = = + <In (1 —aTe€ ) for € € [0,¢], then
frr(Got (x1;0,N)) = fi(x1;0) 4+ g(€'(x4;0)) by the reformulatlon above. The function can be refor-

mulated as g(¢') = < In ﬁ (11— fi, ) which implies that it is increasing in €’'. This will result
in the bound 0 = ¢g(0) < g(€¢/(x;;0)) < g(e) which implies the bound for the nonlinear function

Fni(Go.rr(x,;0,N)) for any x; € X (e):

QOM Xla® N))

Oanz(Cfo,M(Xh@,N)) _fl(Xh@) Sg(ﬁ) = 211’1 <1+ 1i6) +£ln (1 — 1_1611T€> . (38)

With the bound in (38) between f,;(-) and f;(-), we are ready to characterize the piecewise-linear
approximation (37) of the personalized threshold in Step 2.

Step 2. Piecewise linear approximation for the personalized threshold S(x;; 0, V).
Divide the set X (¢) into two disjoint subsets: X (€) = X;(e) U X»(€), where

T-1

Xi(e):= {Q:EX ZqTM X;; 0, N)>EU}
=0
T-1

XQ(E) {IEX Zq.,-M X“@ N)<EU}
=0

To show the bound (37) holds for any x; € X (e), it suffices to show the bound holds for any
x; € Xi(€) and x; € X5(€) respectively.
For any x; € X5(e), we must have
0<5(x;0,N) = ([fi(x;;0)] AT) VO
= ([fn1(Go.0 (x1:0, N)) ] AT) VO = ([ fi(x;;0) ] AT) VO
<1+ fr(Go,m (x50, N)) — fi(x1;0)]

1 1
1+ 14+ —Av ) Ly (o A
l—eANey a 1—eoT

which is exactly the bound (37), where the second inequality comes from Lemma 3 and the last
inequality originates form the bound (38) when noting that Xs(e) C X (e Aey).




It remains to verify the bound for any x; € X;(¢€). Denote the deterministic utility of purchasing
another order as u(x;) = 1'%, +b, then both gy s (x;;0, N) and f;(x;;0) can be written as functions
of u(x;) by their definitions in (32) and (20) as follows:

exp(u(x;))
ST exp (B +ar) + L= exp(u(x)))

Fiux): ©) =~ ~u(x) + Co, (10)

‘TO,M(U(XZ); O,N)=

: (39)

both of which are strictly increasing in u(x;). Then, for any x; € X;(¢), we must have 1ff:j .

Go.ar(u(x1);0,N) > ey = % G (—a(T —1—C4);©,N) (the “=" here is by definition of €y)
which implies that u(x;) > —a(T' —1— C)) by the increasing of g ,,(u; ©, N) in u. This will lead to
fl(u(x);0) > fl(—a(T—1—-C);©) =T —1 since f](u;0) is also strictly increasing in w. It follows
that 0 < S(x;;0,N)— ([ fi(x;0)] AT)V0O=S(x;;0,N)— ([ f/(u(x;); O)| A\ T)VO=S(x;;0,N)—T
(the “<” comes from (38)), which implies that S(x;; 0, N) =T and S(x;;0,N) — ([ fi(x;;0)| AT)V
0=0. So we have verified that the bound (37) also holds for any x; € X;(¢), which completes the
proof of Proposition 4. O

Proof of Theorem 3. By Proposition 4, the bound in Theorem 3 holds for any features x; €
X (€) with any € <1 — €. It remains to show it still holds for any x; € X¢, where the set X¢ is

defined as
X = {Xz cX

l_ean aT
=ix;€X T Goot (X;O,N)>1—e

Z (?T,I\J(Xl;®7N) >1 —e }

Te(T—-1)

where the second equality is obtained by substituting (29). Then, we have gy (%;;0,N)>1—e®
for any x; € X¢ by definition and h < c- (1 —e®) by the assumption that h <c-(1—e*)/(1+e%),
which implies that S(x;;©,N) =T by (18b) in Theorem 2. To verify the bound in Theorem 3, it
suffices to show that the piecewise-linear function f,(x;) = ([fi(x;;©)] AT) V0 equals T for any
x; € X¢ as follows.

Recall that both g (x;;0,N) and fi(x;;©) can be equivalently written as ¢ ,,(x;;0,N) (in
(39)) and f/(x;;0) (in (40)) respectively, which are strictly increasing functions of u(x;) =0’z +b.
By definition of the set x; € X, it holds that 1ff:: o0 (u(x);©,N) > 1 —e*". By simple calcula-
tion, it is easy to verify that 1 —e®? > e under the imposed assumption that h < c-(1—e®)/(1+€%),
which implies that %%M(u(xl); O,N)>ey= % Qo (—a(T —1—-Cy);0,N) (the “=" here
is by definition of €;). This will result in u(x;) > —a(T — 1 — Cj) by increasing of the function
Go.0r(w;©, N) in w. It follows that f}(u(x;);0) > f/(—a(T —1—Cy);0©) =T —1 by increasing of the
function f/(u;0) in w, which implies that f,(x;) = ([ fi(x;; )| AT)VO= (] f/(u(x,);O)|AT)VO=
T =S(x;;0,N). So we have completed the proof of Theorem 3. O

LEMMA 3. For any scalars A and B with A> B, it holds that 0 < ([A]AT)VO—(|B]AT)V0 <
|A—B+1].

Proof of Lemma 3. To prove Lemma 3, it suffices to prove the bound that ([A]AT) V0 —
([B]AT)V0<A— B+1 when noting that both ([A]AT)V0 and ([B]AT) V0 are integers. The
bound will be verified by considering different cases depending on A <0 (Case 1), A>T (Case
B),or 0< A<T (Case C).

Case A that A <0 which implies that B < A <0. This will lead to ([A]AT)VO—([B]|AT)V0=
0-0<A-B+1.

Case B that A > T which implies that

0<A-B+1,it B>T-1,

T—[B]VO<A—B+1, if B<T—1. (41)

([A]/\T)\/O([B}/\T)\/OT([B]/\T)\/O{



Case C that 0 < A <T which implies that B < A <T. This will lead to

[A]—[B]<A—B+1, if B>0,

[A]<A+1<A-B+1,if B<O. (42)

(JATAT)VO—([B|AT)VO=[A] - [B] \/():{

This completes the proof of Lemma 3. O

Proof of Proposition 3. To prove Proposition 3, it suffices to show that each term

In(Pr(x}, DT};©)) in (23) is concave in parameters © = (1,3, a,b) for any k € [K] and [ € [L;]. By
(13), we have

DTF -2
Pf(Xf,Dle,@) = H ﬁw,w+1(xf;eaN) 'ﬁDTl"—l,y{C (Xllkv@vN)
w=0
k_
T oot a6 0.N)) Tk =) explPong ) + Tlyk = M) explxt +1)
o exp(gu (x4 0,N)) exp(gpry—1(x;; 0, N))

_ I(y; =A)-exp(Bprp 1 +a(DTF = 1))+ L(y; = M) - exp(n'x; +b+a(DT —1)) (43)
- exp(go(x}:©, N)) '

It follows that In(Pr(xF, DT};0)) =Z(y; = A) - (Bpre—1 + a(DTF — 1))+ Z(yf = M) - (0'xF +
b+ a(DT} — 1)) — go(xF;0©,N), where the first term is linear in ©. Hence, it suffices to show
that go(xF;0,N) is convex in ©. By Lemma 5, go(x};©, N) can be reformulated as go(x;0,N) =
In (Zf;ol exp (B, +at) +exp(nx + b+a7')>, whose convexity in © is confirmed by the following
Lemma 4. This completes the proof. U

LEMMA 4 (CONVEXITY OF LOG EXPONENTIAL FUNCTIONS). The function g(x) =
In(>"7 | piexp(bix +¢;)) with p; >0 fori=1,2,...,n is a convex function in X.

Proof of Lemma 4. The convexity of function g(x) in x is equivalent to the fact that
the epigraph, epig(x) = {(x,9)|g(x) <y}, is a convex set. Noting that epig(x) can be equivalent
reformulated as epig(x) = {(x,y)| >, piexp(b/x+¢; —y) <0} which is a convex set since f(x,y) =
S piexp(bijx+ ¢; —y) is jointly convex in (x,y). This completes the proof of Lemma 4. O

LEMMA 5 (REFORMULATE ¢o(x;0) ). The function g, (x;0,N) defined in (13) can be reformu-
lated as

T=w

Jw(x;0,N)=In (Zexp(,&—i—a(r—w))+exp(nx+b+a(7—w))> ,Vw e (T —1).

Proof of Lemvma 5. Prove by induction on w € (I'—1). By (13), we have gr_1(x;;0,N) =
In(exp(Br-1) + exp (nx; +0b)) which is exactly the form of gr_i(x;;0,N) we want to prove.
Now assume that g,.1(x;;0,N) shares the form in Lemma 5, it remains to show that so does
Juw(x1;0,N). By (13) again, we have

9w (%10, N) =1In(exp(B.,) + exp(nx; + b) + exp (a + guwi1(x;0, N)))

T-1

=In <exp(6w) +exp(nx; +b) + exp(a) - ( Z exp (B, +a(t—w—1))+exp(nx; +b+a(t —w—1))

T=w+1

~In @exp (B, +a(7 — w)) +exp(mxi +b+a(r —w>>> ,

where the second equality is obtained by substituting the induction assumption of g, 1(x;;0,N)
into the first equality. So we have completed the induction proof of Lemma 5. n

)
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LeEMMA 6 (EQUIVALENCE OF MLE AND THE MNL CHOICE MODEL). There exists an MNL
model with choice alternatives in the set L and the deterministic utility terms being linear in the
order features x, where L= {(0,A),(0,M),(1,A),(1,M),--- (T —1,A),(T—1,M)} is defined as
a set that includes all the arcs to the terminal node A or M in network N. Under this MNL model,
the choice probability of each alternative is the same as that of the corresponding arc in network
N under MLM.

Proof of Lemma 6. Recall that the MLM model with network N and parameters © =
(n,8,a,b) assumes that the deterministic utility term is a linear function of features x;, and random
error terms follow i.i.d. Gumbel distributions. Now we are going to construct a MNL model with
alternatives in £ such that it shares the same unconditional choice probability of each arc in £ as

the MLM model.

We construct the MNL model by further reformulating the unconditional choice probability
Gu,y(x1;0,N) of arc (w,y) € £ in the MLM model as follows. Firstly, by the close from of choice
probabilities for the MLM model in (13), we have

w—1
(jw,y(xl; G)aN) = H ﬁ-r,-r—}-l(xl; ®7N) 'ﬁw,y(xl;®7N)
=0
- H exp(atgr1(x;0,N)) I(y=24)-exp(Bu) +Z(y = M) -exp(mx, +b)

exp g.,-(Xl,@ N)) exp(gw(xl;G’N))
_ Tly= ) explBu -+ aw) + Ty = M) -explos, + b+ aw)
B exp(go(x1;0, N)) '

By substituting the reformulation of exp(go(x;;0,/N)) in Lemma 5, above expression of
Ju,y(x1;0,N) turns to

Z(y=2A) exp(Bu +aw)+Z(y=M)-exp(nx; + b+ aw)
ST é exp (B, +a7) +exp(nx; + b+ ar)

which is exactly the expression of choice probabilities for the MNL model that we are familiar

with. The MNL model we are trying to construct is clear by setting the deterministic utility

term of the alternative (w,y) in labels set £ as the linear function Z(y = A) - (B, + aw) +I(y =

M) - (nx;+ b+ aw). The construction here confirms that the MLM and MNL model share the same

choice probabilities of arcs in the label set £, which completes the proof of Lemma 6. g

(jw,y(xl;evN): ; (44)

LEMMA 7. There exists a logistic regression model that is equivalent to the MLE method of MLM.

Proof of Lemma 7. Note that the logistic regression model is an MLE method of a multi-
nomial logit (MNL) choice model. Hence, it is sufficient to show the equivalence between MLM
and the MNL choice model. Hence Lemma 7 is a straightforward result from Lemma 6. n

Proof of Proposition 5. Denote the denominator of (45) as P(x,w), the estimator in (45)
can be rewritten as
Ki(w,w's 1) - [I Ki(wi, 275 ;)
]f”(T|w;x) = Z =5 det? Ko (1,75 (o),

x w7l (w! T ) eT, 0, x' eX

where the kernel function for the categorical variable is defined as
/. . 1—(2, ifT:T/,
K:2(7—77- aC2) - { €2/7v7 if T#T’.

With the above reformulation of the estimator ]@’(T\w;x), we have

T ,Cl(wvw/;C1) T H ’Ci(xn»ﬁ%@) T
Z T|w; x) Z ZETDB """ dat? '{ZICQ(TaT/;CQ)}

x/w! (w7 )ET, X €X (,w) =0
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K1(waw,§C1)' X H QICi(Iivx;;Ci) ¢
_ Z i=3,...ds+ . B G2
B P(x,w) {1 @ T T}.

x',w! 7 (w! T ) €T X €X

= 1,
where the second equality follows the definition of the kernel function KCs(, -; (2) and the last equality
is by the definition of P(x,w). The non-negativity of P(7|w;x) follows from the non-negativity of

kernel functions which completes the proof of Proposition 5. n

B. The KCDE and RF Methods
B.1. Using KCDE to Estimate The Transition Probabilities and The Probability of Placing
Consecutive Orders

According to Section 6, we obtain a set of transaction paths from the data. However, to train the
KCDE method we need a sequence of observed transitions. This requires us to first translate the
transaction paths to the transitions among states with no new orders. Note that each entry in
path® = {(x}, DT}) }ier,) corresponds to a sequence of transitions in a set of single-dimensional
MDP problems. Specifically, each entry (x¥, DT}), | € [L;, — 1], means that upon receiving an order
featured by xF, a new order arrives after DT} periods. This corresponds to a set of transitions:
{(xF,w), (xF,w+ 1))}w€<Dle72> U{((x}, DT} —1),(x},,,0))}. For | = Ly, the consumer has made
the maximum number of consecutive orders and she will not place any order within 71" periods.
This corresponds to the transitions: {((x},w), (x},w+1))}we(r—1). Let T denote a set of observed
transitions in the single-dimensional MDP problem defined in the cluster identified by x. Let X
denote a set of observed order features. The sets Ty, x € X, serve as standard training data for the
KCDE method.

Our goal is to estimate the transition probabilities of the MDP problem defined by (5) to (9).
According to Theorem 1, it suffices to estimate p((x;,w), (x;,w+1)), w € (T — 1), for each single-
dimensional MDP. By definition, the conditional probability p((x;,w), (x;,w + 1)) is equal to the
probability that no new order arrives for w + 1 periods divided by the probability that no new
order arrives for w periods after receiving an order featured by x;.

We represent the probability of each event using kernel functions. Note that for each order fea-
tured by x;, the number of periods without new order arrivals is a categorical variable. According to
the KCDE method (Hall et al. 2004), for any two values w and 7, the probability that the categori-
cal variable equals w and 7 before and after a transition, respectively, in a single-dimensional MDP
featured by x; is ﬁ > Ki(w,w'; ¢ )Ka(1,7'5(2), where (; represents the bandwidth for

w! ot (wl ) ETx
i=1,2. Here |7,| denotes the carainality of T,, which equals the number of joint observations of
(w',7") before and after a transition in a single-dimensional MDP featured by x;.

The kernel function for categorical variables with a total of T+ 1 categories is defined as
K (w,w'; &) = (G/T)F@'#0) (1 — ;) 1-Tw'#w) =12 (see Equation (4) in Hall et al. (2004)). Bow-
man (1980) shows that this kernel type of probability density function with bandwidths estimated
from an MLE method converges (in probability) to the true density function. By definition, the
conditional probability for a single-dimensional MDP to transit from w to 7 can be calculated as

Z ,Cl(w7w/;<1)'lc2(777-/;c2) / Z Kl(waw/;cl)'
w’, ' i(w!,7)ETx, w’:(w’,7)ETx,

The data includes various single-dimensional MDPs. Thus, the observed (w’,7’) may be asso-
ciated with different single-dimensional MDPs. We weight each observation by the kernel density
function of its associated single-dimensional MDP featured by x. In particular, we define the con-
ditional probability of a single-dimensional MDP featured by x to transit from w to 7 as follows:

Ki(w,w's¢1) - Ko, 75C2) - [I Ki(ws, 235 ¢)

x’,’w’,T’i(’w/,T/)ETx/,X’EX i=3,...,dy+2

’C1(waw'§C1)' H K1($17$;7C1)

x'w’ (w7 ET, 0, x' €X i=3,..., dy+2

P(r]w;x) =

(45)
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Note that the weight defined by the product of kernel functions [],_; , , Ki(x;,};(;) represents
the similarity of the two single-dimensional MDPs featured by x and x’. We assume that the
more similar the two order features, the more similar the evolutions of the corresponding single-
dimensional MDPs.

We follow the convention to define a kernel function KC;(z;,x};(;) for numerical variables as
Ki(zi, x5 ¢;) =K((@; — 2})/¢), where K() : R — R, satisfies [ K(s)ds < co. The following proposi-
tion ensures that the proposed conditional probability in (45) is well defined.

PROPOSITION 5. The conditional probability defined in (45) satisfies S P(r|lw;x)=1 and
T

7=0,...,

I@’(T|w;x)20forT:O,...,T.

We apply the likelihood cross-validation method (Li and Racine 2007) to select bandwidths for
mixed data types (containing both categorical and numerical features). Specifically, the bandwidths

are selected to maximize the log-likelihood function > Zxew,r 10g I@Ll(ﬂw; x)) , where
x,w,7:(w,7)ETx,xEX
Zxw,- 15 an indicator variable that equals 1 if we observe a transition from w to 7 with the order

features x in the data, and 0 otherwise. Here, instead of using I@’(T]w; x), we adapt the leave-one-out
estimation method by Li and Racine (2007) (see page 161 in Li and Racine (2007)) to define the
likelihood function. Specifically, we apply I@’,l(ﬂw;x) in the likelihood function, which is in the
same form as (45) but with 7y replaced by 7 \ {(w,7)}. That is, the kernel probability density
function for a sample labeled by w, 7, and x should exclude the sample itself in the summation.
This method is available in the class “npcdensbw” of the R package “np”. By carefully setting the
input parameters in “npcdensbw”, we obtain the bandwidths for mixed data types and obtain the
estimated transition probabilities under KCDE.
With the estimated I@’(T|w;x), we can calculate the probability that a new order arrives in
w—1
period w since receiving the latest order as [[ P(7+ 1|7;x) - P(0|w;x). The probability of making

7=0
T—1w—1

consecutive orders can be calculated as S [] P(r + 1|7;x) - P(0]w; x).

w=0 =0

B.2. Using RF To Estimate The Transition Probabilities and The Probability of Placing
Consecutive Orders

RF is an ensemble learning method that builds a set of decision trees guiding classification results,
which is available in many machine learning packages. We apply the class “RandomForestClassifier”
in the python package “Scikit-learn” by Pedregosa et al. (2011) to predict probabilities. Recall that
L={(0,4),(0,M),(1,A),(1,M),--- (T —1,A),(T—1,M)} is a set that includes all the arcs to
the terminal node A or M in network N. Let ¢/’ (x}'), j € {2, M}, denote the predicted probability
of the arc (¢, j) € L. Given an order x}, the predicted probability g/ (x;’) of each class t e< T —1>
and j € {A, M} is the average of each single tree’s probability of the class in the forest. A single
tree’s probability of a class is the fraction of training samples of the class over all the samples in
the leaf where x locates (cf. Pedregosa et al. (2011)).

C. Introduction to AUC, Brier Score, and Calibration Curve

AUC is a popular performance metric to assess classifiers. The standard AUC is designed only
for binary classification problems. Specifically, for a given feature-response samples {(x",y*)}rex]
where y* € {—1,1} is either -1 or 1, the AUC of a binary predictor p: X — [0, 1] is defined as (Hand
and Till 2001)

. Z(x,y)GD*l Z(x’,y/)G'Dl I[p(X/) > p(X)]

(46)
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where p(x) represents the probability that the response is 1 conditioned on the feature is x, D" =
{(x*,y*)|y* =i,k € [K]} denotes the subsets of samples with their response as i for i € {—1,1}.
From the definition, we can interpret AUC as the probability that a randomly selected positive
sample shares higher predicted probability than a randomly selected negative sample. We call AUC
for binary classification as AUC-binary.

Since predicting the choice probabilities in the consumer’s sequential decision process is a multi-
class classification problem, we need to discuss how to design AUC for a classification problem
over multiple classes. We follow Hand and Till (2001) to generalize the AUC for the binary
classification to the AUC for the multi-class classification. Specifically, for a I-class predictor p(x) =
(p1(x),p2(x), -+, pr(x)) : X = {(p1,p2, -+, 1) 2,y pi = 1} where p;(x) denotes the probability
that the response is of i-th class conditioned on the feature is x for any i € [I], its AUC, denoted
as AUC(p(+)), is defined as

ATCH() = =5 2 X AUC(L), (47)
i=1 j=1,j#i
J x/,y’ EDiI X, X

AUC(, j) = D (xy)eD Z(DJJ|) B [p(x’) > p( )]’ (48)

where D' = {(x*,y*)|y* = i,k € [K]} denotes the subset of samples with their response as i for
i € [I]. We call this version of AUC for multi-class classification as AUC-Hand-Till.

The Brier Score of a multi-class predictor p(x) = (p1(x),p2(x), - ,pr(x)) : X —
{(p1, 02, 1) Zie[[]pi =1} is defined as

K I
o>l — €3 (49)
k=1 =1
where e* = (e¥,--- ) and ef =1 if the kth sample is of the ith class, otherwise e} =0 for i =
1,---,1.

As we have mentioned in Appendix B.2, both RF and MLE are predictors of the multi-class clas-
sification problem with label set as £ = {(0,A),(0,M),(1,A),(1,M),--- , (T —1,A),(T —1,M)},
the above AUC-Hand-Till and Brier score can be used to assess their performance.

To plot a calibration curve under MLE or RF, we first sort all the orders according to their
predicted probabilities of placing consecutive orders. Then, we divide the sorted orders into five
even clusters. For each cluster, we compute its orders’ average predicted probability of placing
consecutive orders and the empirical percentage of the orders in the cluster that have a consecu-
tive order. Each cluster corresponds to a point with its x coordinate equals the cluster’s average
predicted probability of placing consecutive orders, and its y coordinate equals the empirical per-
centage of the orders in the cluster that have a consecutive order. The calibration curve is formed
by linking the points. Note that the nearer the calibration curve is to the diagonal line, the nearer
the predictions are to their empirical counterparts.

D. Comparing Out-of-Sample Costs

We further compare the out-of-sample costs of MLE, KCDE, and RF. Table 7 reports the total
out-of-sample costs of MLE and KCDE over the same 20 experiments described in Section 7.1.1.
Again, we randomly sample 500 transaction paths for each experiment to reduce the computation
time. The table shows that MLE outperforms KCDE based on their out-of-sample costs, which is
consistent with the comparison results based on other performance metrics in Section 7.1.1. Table
8 shows that the out-of-sample costs under MLE and RF are still close to each other, with the

relative cost gap (defined as W x 100%) ranges from -0.056% to -0.011%.

c
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Table 7: Out-of-sample costs of MLE and KCDE  Table 8: Out-of-sample costs of MLE and RF

h(x1073) Cost of KCDE Cost of MLE GAPxkcpr(%) h(x1073) Cost of RF Cost of MLE GAPrr(%)
0.262 10,174 10,164 0.098 0.262 298,120 298,152 -0.011
0.861 10,169 10,155 0.138 0.861 299,120 299,288 -0.056
1.775 10,145 10,117 0.277 1.775 299,674 299,786 -0.038
2.788 10,109 10,065 0.437 2.788 299,964 300,085 -0.040

E. Static Policy

The basic idea to get the optimal static threshold follows the idea of the Sample Average Approxi-
mation (SAA). Specifically, given a set of training samples {path*},c7; (7; is the index of training
samples), the static threshold denoted by ST* can be obtained by minimizing the empirical holding
and order arrangement cost f(ST';h, {path*}ycr, ), which is defined as follows.

F(ST;h,{path*}rer,) = Z { i I{DT} < STH DT} - h) + Z{ DT} > ST}(ST~h—|—c)}

keTy =1

+{ST-h+c}, (50)

where the first term accounts for the total cost for the first L, — 1 consecutive orders whose
subsequent choice is to make another order. For each order at position | < L, DT} < ST indicates
that a new order arrives by the holding threshold ST'. According to the static policy, it only incurs
a holding cost DT} - h for the current order. In contrast, if DT}" > ST, a new order arrives after
the holding threshold ST, in which case the current order has been sent to the 3PL. Therefore,
not only the holding cost ST - h but also the order arrangement cost is incurred. The last term
represents the cost incurred by the order at position Lj. By definition, no orders arrive for the
maximal dwell time hence both holding and order arrangement cost is incurred.

With the optimal threshold ST™* obtained from the training samples, we can evaluate its perfor-
mance on the testing samples {path*},c7, where T is the indices of testing samples. The static
policy is easy to implement and computationally efficient.

F. Estimating The Holding Cost Per Period h

We estimate the holding cost per period h as follows: (i) The retailer sets a target order arrangement
fee reduction R. (ii) We determine the minimum threshold (number of periods) 7(R) to achieve the
target. (iii) We find the maximum holding cost per period h such that the optimal static threshold
is at least 7(R).

First, we can formulate a linear program to determine the threshold 7(R) to achieve the target
of order arrange fee reduction.

7(R) =minT

s.t. f(0;0,{path*}icixy) — f(7:0,{path* } rex)) > RF(0;0, {path*}icxy) (51)
T € (30),

where R denotes the target order-arrangement cost reduction level and 0 < R < Ry =
F(0;0,{path®} e 1)~ F(30;0, {path*} e
£(0;0,{path®} ;e k1)
order arrangement cost by holding the order for 7, which is decreasing in 7. Therefore, the problem
can be solved via bisection search efficiently.
Given a threshold 7, we intend to find the maximal h such that the threshold is the optimal
static threshold leading to the smallest total holding and order-arrangement cost, which serves as

) By setting h to 0, f(7;0,{path*},c(x)) represents the empirical
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a soft constraint to ensure the timely delivery. Specifically, h*(7) can be estimated by solving the
following linear program:

h*(r) € argr}}%ch (52)
s.t. f(T;h,{path’“}ke[K]) < f(ST;h,{pathk}ke[K]),VSTE (T),ST #,

where the cost function f(ST;h, {path*}ie(x)) defined in (50) is linear in h. We start by setting 7
to 7(R). If problem (52) with 7 =7(R) is feasible, we set the holding cost per period to h*(7(R))
for a given target R. If problem (52) with 7 = 7(R) becomes infeasible, we set h to h*(7*) where
7* is the smallest 7 > 7(R) such that the problem (52) is feasible. It is worthwhile to point out
that we can always find such a 7" as when 7* =T, h =0 is feasible. With the estimation above,
the optimal static policy of the system with the estimated h as the holding cost per period can
achieve the target of order-arrangement reduction level R.

For the numerical experiments in Section 7, we use transaction paths with 7" = 30 minutes.
We set R=0.85Ry,0.65Ry,0.45R;, and 0.25R;, where Ry =1.72%, which results in h = 0.262 X
1073,0.861 x 1073,1.775 x 1073, and 2.788 x 103 respectively.

G. Tables
Table 9 Description of the “SKUs” table
Field Data type Description Sample value
sku_ID string Unique identifier of a product b4822497a5
type int 1P or 3P SKU 1
brand_ID string Brand unique identification code c840ce7809
attributel int First key attribute of the category 3
attribute2 int Second key attribute of the category 60
activate_date string The date at which the SKU is first introduced 2018/3/1
deactivate_date string The date at which the SKU is terminated 2018/3/1
Table 10 Description of the “users” table
Field Data type Description Sample value
user_I1D string User unique identification code 000000f736
user_level int User leve 10

First month in which the customer placed an 2017-07

first_order_month string order on JD.com (format: yyyy-mm

plus int If user is with a PLUS membership 0
gender string User gender (estimated) F
age string User age range (estimated) 26-35
marital_status string User marital status (estimated) M
education int User education level (estimated) 3
purchase_power int User purchase power (estimated) 2
city_level int City level of user address 1
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Table 11 Description of the “orders” table
Field Data type Description Sample value
order_ID string Order unique identification code 3b76bfcd3b
user_ID string User unique identification code 3cde601074
sku_1D string SKU unique identification code 443£{d601{0
order_date string Order date (format: yyyy-mm-dd) 2018/3/1
order_time string Specific time at which the order gets placed %(1)1186%0' 01
quantity int Number of units ordered 1
type int 1P or 3P orders 1
promise int Expected delivery time (in days) 2
original_unit_price float Original list price 99.9
final_unit_price float Final purchase price 53.9
direct_discount_per_unit float Discount due to SKU direct discount 5
quantity_discount_per_unit float Discount due to Eurchase quantity 41
bundle_discount_per_unit float Discount due to bundle promotion 0
coupon_discount_per_unit  float Discount due to customer coupon 0
ift_item int If the SKU is with %ift promotion 0
c_ori int Distribution center ID where the order is shipged from 29
ded int Destination address where the order is shipped to 29
c-des m (represented by the closest distribution center)
Table 12 Description of the “clicks” table
Field Data type Description Sample Value
sku_ID string SKU unique identification code b4822497a5
user_ID string User unique identification code 94800585
request_time string The time at which the customer clicks the SKU item page 331587'05%—01
channel string The click channel wechart
Table 13 Summary of consecutive orders for each user level
proportion number of number of empirical percentage of average predicted
user level of orders for non-consecutive consecutive the orders that have probability of placing
each user level orders orders a consecutive order consecutive orders
1 (Individual 28.05% 120,227 809 0.72% 0.72%
2 (Individual 30.87% 131,948 1,273 0.90% 0.90%
3 (Individual 21.01% 89,654 1,014 1.08% 1.07%
4 (Individual 18.96% 79,718 2,083 2.50% 2.49%
10 (Enterprise) 1.07% 3,347 1,291 27.84% 27.80%
Table 14  Summary of consecutive orders for each position

position

1 2 3 4

empirical percentage of the orders that have a consecutive order (%) 1.16 12.29 51.89 83.40
average predicted probability of placing consecutive orders (%) 1.16 12.22 51.42 82.74
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