e-companion to Pun, Wang, and Yan: Distributionally Robust Portfolio Optimization under Regime-Switching ecl

Online Appendix to
“Data-Driven Distributionally Robust CVaR Portfolio
Optimization under Regime-Switching Ambiguity Set”

EC.1. Proof in Section 3 3
We first make the following notation. For any given (7,a,n,k) ~ Pt € U,,(0), we use II:PT to
represent the distribution of that 7. And we use I1:U,(6) to represent the ambiguity set of # where
(7, a,n, k) €U,.,(0) for some (@,n, k).

Proof of Proposition 1. We first consider our ambiguity set under each regime k € [K] below
with each ball center ]@’k.

Tor) <U|n €[N = (EC.1)

E]P’
P V € [IVi]

First we show that II:U,.,(0) C U, (Zke[K] w0y ). That is to say, fix any P € U,,(0) and we write
its projection over 7 as ;P =3~ o WPy = 37, ) Wi Zne[Nk] ~- Pk, where Py, € IL:U” (6},) is the
conditional distribution of # under regime k and ]P’n;€ is the conditional distribution of 7 given the
outcome of random scenario is n under that regime. We can then construct a joint distribution by
the }rllatural couplingrv=>", CIK] ]“\’TZ Zne[ Ny P @0y, , . Recall the definition of Wasserstein distance,
we have:

Wm(Hf]P),I@)) S Z Wi, Z TNPnk ’l" ’I"nk Z kak

ke[K] nE[Nk] ke[K]

To show the other side, we argue by contradiction. We can construct one IP such that W,,(P, I@’) =
> wiby, but for that ¥ ~ P, there is no associated (@, 7, k) such that (¥,u,n,k) € U,;(0). Below is
a simple counterexample when I =1.

When I =1, computing Wasserstein distance with any m € [1,4o00] would lead to the same
result. For simplicity, we take the case when m =1, K =2 and w;, = %,Nk =1 Vk € [K]. We let
P= %57"11 +14,.,, and P+ = %5,:11 + %5;12, where we choose 0,0, such that ¥, =r;; — (0; + %2) and
T =Tip+ 3 with 71, <7y <7y 4601 <7 <712. By moving the mass of 71; to r1; and 71 to 719,
the total transportation costs are %p(fn,?“u) + %p(’f'12,’r12) = @. Therefore, Wm(IP’JF,I@’) < W.
However, P[p(¥,711) < 61] = 0,VF € PT, which implies P* Z II;U4,,(0). Therefore, we show that
IT:U,+(0) is a true subset of Uw(ZkE[K] wpby). O

As a by-product of this proposition, we also obtain a simple ambiguity set representation of
I17(0) from Wasserstein distance. This result is a regime-based extension of Theorem 2 in Chen
et al. (2020). We would use this to prove the measure concentration result later.

LEmMA EC.1. For all 8 = (6,,...,0k), we have:

ilhy(0) =S PP = > wyPp, W, (Pi, ) <0 p (EC.2)

ke[K]

where P}, = Nk ZnG[Nk] O, .-
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Proof of Lemma EC.1. 1In fact by definition of U* (6;) and U, (), we have:

;lhys(0) = PIP:= > wilPy, Py € TLUL (61), VE € [K]

ke[K]

=PP:= Y wiPy, W, (Pi, Py) <6,V € [K] 5,

ke[K]

where the second equality follows by IL:U¥, (8),) = {Py|r ~ Py, W, (Py, P),) < 6, } from Theorem 2 in
Chen et al. (2020). 0O
Proof of Theorem 1. We first consider the same problem:

sup E°[G(z,7)] = sup. Zke{K] ZnG[Nk] %E@nk [G(z,7)]

Peu’rs (9) (T,uk)wpnk 5
s.t. Zne[Nk] %Epnk [Uk] < wkﬁk,Vk € [K],
Pk [r €RY, p(r,ror) <up] =1,Yn € [Ny, k € [K].

Denote the dual variables of each constraint as 8 Vk € [K] and &, Vn € [Ny], k € [K], respectively.
We derive the dual problem under the proposed regime-switching ambiguity set as follows:

153,1[5 Zke[K] E”E[Nk] Qg + ZkE[K] Brwi. O,
s-b. G+ B = FEG(,7),VE € [K],n € [Ni], 7 € R, p(r, ) < g,
B, >0,Vk € [K].
- }xnﬁf"l Zke[m Z“E[Nk] %a”k + Zke[K] Brwy, O

s.t. Qng +ukﬁk Z G(w’r)’Vk € [K]an € [Nk]ar 6RI7P(T7rnk) S Uk,
Br > 0,Vk € [K],

where o), = g—:éx”k,Vn € [Ny], k € [K]. By the definition of G(x,r), we have

Lng 2 okelK) Loneln) %ia"k + 2 ke ix) Brwib

St Qg + Brug > —x'r —v,Vk € [K],n € [Ni],r € R p(r,71) <y, (EC.3)
Qi+ Prug, > 0,Vk € [K],n € [Ni],7 € RL p(r, 71) < uy,

There are infinite constraints in this problem. To get a tractable reformulation, we take the first
set of infinity constraints as an example to illustrate how to reformulate it into finite constraints.

The constraint is equivalent to Z* := . inf —'r + Brur > —app — v,V € [Ni], k € [K],
reR p(r,rpg) <ug

where Z7'" can be reformulated as a set of linear constraints. We first show a technical lemma in
Boyd and Vandenberghe (2004) for conic optimization.

LEMmA EC.2 (Example 5.12 in Boyd and Vandenberghe (2004)). We consider the fol-
lowing conic optimization problem,

min —&'p,;. + SByur, — 72, s.t. G <p"k> =f, <p"k> €K, (EC.4)

Pk, Uk U, Uy,

where K C R is a proper cone and G € R™*", f € R for some t. Its duality problem is as follows:

max f'y—r,x, s.t. (—;3) ~-G'vyeK, (EC.5)

~yeR?t k
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where K* ={y | y'x >0,V € K} denote the dual cone of K. Furthermore, if there exists (an> i
k

0 with G <p"k) = f, then strong duality holds.

Uk
If u, =0, Z* reduces to —r! b, > —a,, —v. Otherwise, we introduce the auxiliary variable
Pnk =T — Tpi. And the left-hand side of Z"* can be reformulated as:

min —x'p,;. + Beur, — 7, St |Pokllm < us. (EC.6)
Pnk Uk

When we consider K = { (Z"’“) R | |pnk)lm < uk}. (EC.6) is a special case of the conic opti-
k

_ _ Pnk
mization problem in Lemma EC.2 as <€L"k> € K. For <€L”k> € K, we have <u2 ) =i 0. Then
k k k

xr

B

Using Lemma EC.2, Z"* > —q,,;, — v can be reformulated as the following constraints:

strong duality holds. It is clear to show K* = { ( e RIY|| ||y < B p-

=7 > —, — 0,0 € [Ni], k € [K],
B = ||z[m=, VE € [K],
Following a similar approach, we can convert the remaining constraints into a sequence of finite

constraints. Zyk := inf i + Brur > 0 can be reformulated as:
reRl,p(r,rpp) <ug

Qi > 0,Yn € [Ny], k € [K].
Combining all the reformulated constraint in (EC.3), we obtain the following LP:

min v+ G | Xk Lneiny N Ok T 2keqr) Brwnd

v,xz,o0
8.t T > —an, —v,Vn € [Ny], k € [K],
Br > ||| m=, Vk € [K], (EC.7T)
i, > 0,0 € [N, | € [K],
reX.

Note that in (EC.7), if there exists §; # ; for some i,j € [K] in the optimal solution, then we
can always reduce both 3;, 8; := min(3;, 8;) and keeping other variables the same to obtain a new
feasible solution while reducing its objective value since w6y > 0,Vk € [K]. Therefore, we have
an implicit constraint §, = ,Vk € [K]|. Combining it with the current constraint, we obtain the
reformulation, i.e. (12).

Then we show its computational tractability in some cases (i.e. m =1 and m =2). When m =1,
the second set of constraints in (12) is equivalent to:

52%‘7W€ [I]v

When m =2, the second set of constraints in (12) is equivalent to:
(ﬁa iL') € Qsoc' 0
Proof of Proposition EC.1. We have observed that the dual formula of the objective function
can be eventually formulated as a linear program. We apply the same technique to handle the
target constraint for the worst-case expected return. Consider

inf Ef[r'z]= inf Wk Bk [p/
Pl s (0) [ ] e I Eke[K] EneENk] Ny, [ ]
s.t. Zne[Nk] %:EP"’“ [’U,k] < wkﬁk,Vk S [K],

P [r eRY p(r,rn) <uy) =1,Vn € [Ny, k € [K].
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Denote the dual variables of each constraint as vy, Vk € [K] and 7, Vn € [N, k € [K] respectively.
We derive the dual problem under the proposed regime-switching ambiguity set as follow:

b ZkE[K] ZnE[Nk] Tk = ZkE[K] Vw0
v
8.6 Tk — FEuVe < JEr'®,Vn € [N k € [K],r € RY p(r,rpn) <,
v, > 0,Vk € [K]
= Sup ZRE[K] Zné[Nk] %’Znnk - ZkE[K] kakek
v.n

St M — uptk < 7',V € [N,], k € [K],7 € R, p(r, 1) < up,
Ve >0,k € [K].

where 1, = g—:ﬁnk. There are infinite constraints. Following a similar analysis in Theorem 1, for
m € [1,+o0],

infpey, () E' [r'z] = sup > kelK] Zne[Nk.] Ju\}/*',znnk — VD reix) WrOk
v,n

s.b. 7T > Nk, Vn € [Ni), k € [K],
v |®|m
v>0.

We can change the second constraint above similarly to reformulate as a set of linear and second
order cone constraint(s) when m =1 and m = 2 respectively. [

Proof of Proposition 2. The proof is similar to what has been shown in Pflug et al. (2012), where
they prove the case when K = 1. Denote the center of Wasserstein ambiguity set as Peu,, (0).
We rewrite the objective of our function (11) to be mingecx Suppey, , (o) CVaR]S(a:) as CVaR metric
implicitly minimize v € R. Given the final objective of Theorem 1, for any fixed portfolio weight
z°, we have:

sup CVaR](z°) = CVaR, (z") + Hm [ Z WO, (EC.8)

Pelrs(0) ke[K]

where m* is the conjugate norm of our proposed /,,-norm used in the Wasserstein distance.

Equation (EC.8) can be obtained by letting the set of portfolio weight to have only one element,
i.e., X ={x°} in Theorem 1. Then §* = ||2°|,,~ and «, = (=7, ,x" —v)" in the optimal solution
of (12) and by definition of CVaR under P, we have:

CVaRH;(:B )—v—i—i Z Z wk -7l x°—v)T,

ke [K] n€[Nyg]

which matches the right-hand side of (EC.8).
Then for the EW portfolio * = (},...,7)’, we would obtain a sufficient condition for the opti-
mality of the EW portfolio (i.e. suppey,. (o) CVaR]:(:c“) < SUPpeyy, , (o) CVaR]S(zc),Va: € X) by some

arithmetic manipulations:

> wiby > w”w__w ik EX[||7|,n], Ve € X

Therefore, as ), K] w0 — 00, this sufficient condition would finally hold. Especially like (Pflug
et al. 2012, Proposition 3), the solution of our DRO problem would converge to EW portfolio under
G-norm if 37, e wiby > (I = DE[|r[h]. O

EC.2. Proof in Section 4

Before showing the proof, we first state the following several lemmas and definitions.
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EC.2.1. Additional Definitions of Markov Chain
We follow the same definition in Assumption 1 and denote some other definitions extracted
from Wolfer and Kontorovich (2021). Suppose the underlying true transition matrix of this Markov
Chain is A*.

DEFINITION EC.1 (SPECTRAL GAP). The reversible transition matrix A* satisfies detailed bal-
ance, i.e. m A7 ; =m; A% Vi, j € [K] with 7 being the stationary distribution. Then for the eigen-

7,10

values of A*: 1=X; > Ay > ... > A, the spectral gap is defined by:
Ys = 1-— )\Q(A*)
DEFINITION EC.2 (PSEUDO-SPECTRAL GAP). Pseudo-spectral gap is defined by:

{%((Aﬂm(fl*)m) } ’

m

Vps = MAax

where A* is the time reversal of A, given by A, := %,Vi,j € [K].

EC.2.2. Technical Lemmas
LEmMA EC.3 (Estimation Error of Transition Matrix of Markov Chain). Under
Assumption 1, with probability 1 — &, as long as the window size N s large enough (N >

vpscm og(%, /i), the output of the frequency-based approach w; satisfies:
CKlog(K/é
w; —w?| < ]‘ifgﬂ(/),w K], (EC.9)

where C' is the same constant in Theorem 3.1 in Wolfer and Kontorovich (2021).

Proof of Lemma EC.3. Recall 7, = min;c|x) m; in Assumption 1, this result is a variant of The-
orem 3.1 in Wolfer and Kontorovich (2021). The empirical estimator used in the proof of Theo-
rem 3.1 in Wolfer and Kontorovich (2021) is exactly the estimation procedure of the probability
transition matrix A shown in Section 4.1.1 as well as Step 3(a) in Algorithm 1. Therefore, com-
pared with the underlying true transition matrix A* = {a}, };re(x] of regime (state) sequences in

Assumption 1, since the sample size N > vpgr* log(%1 /i)7 then whenever N > C %ffﬂs), we have

Ny
under large N with probability at least 1 —¢. Finally, by definition of matrix norm, ||A— A*||. =

max; > i a0 — aj ;| and w; = a;» ; for the last observed regime ¢*, we can obtain the bound
in (EC.9). O

LemmA EC.4 (Empirical State Frequency Concentration). Let {s;},>1 be a reversible
Markov chain with stationary distribution m and spectral gap vs > 0. Then denote Ny = Zf\il Iis,=k3s

we have: N
Pr < Wk — Ty,

where ¢ is the same as defined in Proposition 3.

with probability at least 1 — 6, ||[A — A*||o < &, which implies that ||A — A*||o < V/Cy/E8ED

> s> < 2exp(—2¢,N¢e?), (EC.10)

Proof of Lemma EC.4. This result is a direct application from Theorem 2.1 in Fan et al.
(2021) by letting the bounded function f;(s) =1Ij,=s},Vi € [N] in their condition. Then E™[f;(s)] =
Nm,,¥i € [N]; 35N, fi(s;) = Ny so that we first obtain from Theorem 2.1 in Fan et al. (2021),
Ve' > 0:

, 2cpe"
Pr(|Ny, — Nm| >€') <2exp | — N (EC.11)

Letting € = N¢’, we would obtain the result of (EC.10). O
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LEmMA EC.5 (Some Properties of Wasserstein Distance). We need the following proper-
ties of Wasserstein Distance in our analysis:
e (a): Convexity (Lemma 2.10 in Pflug and Pichler (2014)):

Wi (P, (1= NPy + APy) < (1 — \) Wi (P, Bo) + AW, (P, 1), VA € [0, 1].

e (b): Measure Concentration (Theorem 3.4 in Esfahani and Kuhn (2018)): if P € P(R%)(d > 2)
is a light-tailed distribution (i.e. satisfying Assumption 3), & i.i.d. each sampling from P and

Pr(W,.(P, I@’n) > 1) < ¢, exp(—cont?),

where c1,cy are positive constants only depending on P.
e (c): Variational Representation (Theorem 3.2 in Esfahani and Kuhn (2018)): for any distri-
bution P, P, € P(R?),
Wm(]PhIP)Q) = fsuﬁp (EPI [f(g)] - ]EPZ [f(é‘)]) )
€Lm
where L, denotes the space of all Lipschitz functions with |f(&1) — f(&)] < ||& — &allm, V&1, & € RY.

LEMMmA EC.6 (Feasibility of Transportation Problem). The following linear systems with

*

variables {fti, }icin keir) s feasible if {w} }icin and {wy}reix) are all nonnegative and Ziem w;i =
Zke[K] Wi+
Z i =wy, Vie [I];
ke[K]
ka =wy, Vk € [K];
€[]

pa, >0, Vie [I],k e [K].

This lemma follows directly from Chapter 6 in Luenberger et al. (1984) since it can be regarded as
the feasible region of one balanced transportation problem.

The following lemma serves as a building block to show Theorem 2, which decomposes P* with
a mixture of “proper distributions” Pj with their regime frequencies by {wy}re(x] instead of the
true {wj }re(k-

LEmMA EC.7 (Probability l}econstruAction). We can represent the underlying true distri-
bution P* to be P* =3, 1y wilPy, where Py =371 aulP;,VEk € [K]| with a set of nonnegative
{airtikeix) and 32, i = 1,Vk € [K]. And Vk € [K],

1, if wp < wj
D LA (EC.12)
Fia wak>wl:

Proof of Lemma EC.7. Since P* = ZkE[K] wilP; from Assumption 2, if we want P*x =

> ke[K] w,P;, we need to show that we can represent w) =35
to say that a;;, need to satisfy the following constraints:

ie (i) kWi, Yk € [K]. It is equivalent

Z ipwy, = w;, Vi€ [K];

ke[K]
Z a =1, Vk € [K]; (EC.13)
i€[K]

x>0, Vi k € [K].



e-companion to Pun, Wang, and Yan: Distributionally Robust Portfolio Optimization under Regime-Switching ec’?

where the second and third set of constraints is to guarantee that the new constructed Py :=
> icir) @iy is a distribution. We need to show (EC.13) is feasible for {av}irex) satisfy-
ing (EC.12). That is to say, we need to find a set of feasible solution of {c}sreix) in (EC.13)
satisfying (EC.12). 3 B

Denote K = {k|w; =0,k € [K]}. If K # (), for those variables {aitticry e, We assign oy =

1, ifi=k

0, otherwise
the constraints they appear. Then we need to find one feasible {cr } ¢k re(xp\ & t0 satisfy (EC.12)
and (EC.13) under the value assignments of {cix };c(x) reit-

Since wy, > 0 for k € [K]\f(, if we define p;, = wray, Vi k € [K]\f(, then the feasibility of
{irbic ik re i 0 (EC.13) is equivalent to that of {11k }ic(r) xe(xp & due to one to one correspon-
dence with the following constraints:

Z ik = w;, Vi€ [K];
ke[K\K
i€[K]
pir >0, Vie [K], ke [K)\K.
Based on the discussion above, it is equivalent to showing that there is a set of feasible solution
{tin }icrr) ke & Where g, = min{wy, wi}, vk € [K]\K in (EC.14). i
Define Iy = {i € [K]:w; > w}}, Ky ={k € [K]: 0 <wy, <wj}. Then UK, = [K]\K, I, N K; ={.
Since i, = min{wy, wi},Vk € [K]\K, by (EC.14) we have:
o Ific Iy, then pu; =w!;py =0,Vk #i,k € [K]\K;
o If ke K, then Mk = Wi Wik =0,V2 %k,l S [K]
Then by computation, the remaining unassigned { i }ic i, i ker, Would need to satisfy following
constraints under our assignments of other variables above:

Zuik:w;‘fwi, Vie K, U.f(;
kel
Z Pir = Wi — wy, Vk € I; (EC.15)

i€EK1UK

such that the assigned {aix };c(x) re i satisfy (EC.12) and feasible in (EC.13) for

pir >0, Vie KUK, kel,.
And the region (EC.15) is feasible for {1 };e k)0 ke, SINCE D i (W —wi) =,y (Wi —wy)) >

0 by definition of K, I, K; from Lemma EC.6. Take one feasible solution {j};c KUk ker, and
by previous assignments, we find a feasible solution for {si}cx) re)\ & Satisfying (EC.14) with
poer = min{wy, wi},Vk € [K]\K.

Then for any feasible {fit}ic(x) ke & above, it corresponds to one feasible {cvix }ic(x) ke &
under our assignment for {a;; }.c k) ze i Therefore, we obtain a set of feasible solution of {c }i ke
in (EC.13) satisfying (EC.12) and show P* =3, /1 wk(3;c(x) @inlPy) for some {ovr}ire(r) satis-
fying (EC.12). 0O

EC.2.3. Proof of Main Results . .
Proof of Theorem 2. By Lemma EC.7, we can represent P* = Zke[K] wiP; where P; =
Y ic K] a;, P, VE € [K] with the same requirement for {a}: reix-
Then for each regime occurring with probability wy, by the representation of our ambiguity set
in Lemma EC.1, we only need to consider 6, > W,, (P, P;) to cover the true distribution. And by
triangle inequality, we have:

W (P2, Pp) < Wi (P, L) + W, (PL, PE) (EC.16)
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We aim to bound the two terms of right-hand side with high probability.
For the first term of right-hand side in (EC.16), we leverage on the result of the measure con-

centration of Wasserstein distance (i.e. Lemma EC.5 (b)). Specially, P, is the empirical distribution
from P} and we have:

Pr(W,,,(P5, Py) > t) < é; exp(—éNit!), (EC.17)
where ¢;,¢, are positive constants only depending on P;. Then equating the right-hand side
1

. . o é I . o
of (EC.17) to ﬁ and solving for ¢ yields t = <W> . Then letting ¢4 1 = é,Ck,Q =log(2¢),

1
we would have: Wm(]P’Z,I@’k) < (W) " with probability at least 1 — 5%. Therefore, denote

N

1
the event A, = {Wm(]P)Za]pk) < (M> }, we have Pr(A4;) >1— %, Vk € [K].

For the second term of right-hand side in (EC.16), if w;, = 0, then P; = P; by (EC.12) and the
second term would disappear. Otherwise for w;, # 0, we have:

w*
Won(PLLP0) = Won (P, > 0aP) < 3 Wi (P PY) < (1= min min{ %, 1}) max W (P, ),
1€[K] 1€[K],i#k
(EC.18)
where the first inequality follows from Lemma EC.5(a). Specially by repeating using convexity
property, we have:

* a;p P}
]P)k, Z asz (Pk,alkP + (1 — alk) Z 1_7%
i€[K] i>1
* * * alkp:
Salka(Pkapl)+(1_a1k)Wm(PkaZ1 5 )
i>1 0 ik

< Wi (B ) + 0o Wi (B B) + (1= g — ) Wi | PR Do
2 — Q1 — Qg

S auWa (PP = ) an W (BB,

i€[K] 1€[K]i#k
And the second inequality follows by noticing;:
Y W B Y aiwgg%wmam B
i1€[K],i#k i€[K], ik

<(1-

) max IV, (P By,

1€[K]

where the last inequality follows by observing Zle[K ik Qi =1 — g =1 — mm{ 1} <1-

minge g mln{w—k, 1}.
Furthermore, we have:

. fwy o fwg —wy
min min{ —&,1 =14 min min{ ———=,0
ke[K] Wy kE[K] Wi
Wi — Wy maXge(g| Wk — W;,
Zl—max’ k |Zl— : [}’ il
ke[K] Wy MmN e[K],w;#0 W

From Lemma EC.3, if the sample size N > — Wsﬂ* log(2§< 1/ ) then with probability at least
1— 2, |Jw, —wj| < Co«/%ifmﬂk € [K], which implies that: mingex min{w—:,l} >1 -
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— -1/ KIO%QK/‘S). Therefore, denote the event B = {|w;C —wi| < coy/ W,Vk € [K]}
mlnie[K],wi¢0 wy Tx Tx

Then Pr(B) > 1 — £, and under the event B, we have: minke[K]min{Z—E,l} > 1 -

co | Klog(2K/4)
minie[K],wi;&O w; Ny ‘

Finally, under the event ([, <4 Ar) N B, following the decomposition in (EC.16) and (EC.18),
we have:

W, (P%,P*),VE € [K].
K],w;#0 Wi Nﬂ_* Igéakx ( 4§ 1) [ ]
(EC.19)

Therefore, if each component 0 in @ is larger than the right-hand side of (EC.19) for each k €
[K], then 6 > Wm(]la);;,lf”k) And due to P* = ZkE[K] wk]@,ﬁ and the representation IT;U,. (@) in
Lemma EC.1, the true distribution would lie in the ambiguity set, i.e. P* € II;:U,.,(9).

And we only need to show the event (ﬂke[ K] Aj) N B happen with probability at least 1 — 4 to
reach our conclusion. This is given by:

cralog(K/0) + e\ 1, o K log(2K /0)
min;e|

Pr(( (| A)nB)=1-Pr( | ) A UB")

ke[K] ke[K]
>1- Y Pr(Af)—Pr(B)
ke[K]
5 0
>1-KX———-=1-46.
= “9K 2 g

O
Proof of Proposition 3. We follow the proof notation in Theorem 2.

For any 6 > 0, under the event B = {|w,C —wj| < cm/%if(/‘s)ﬁk € [K]}, if N> e (i (7 0

then we have: |w;, — wj| < min;exw; < wj, Vk € [K]. And min;epxw; < 2minex w;.

We also denote the event Cy = {| 5k — 7| < , /128EE/0)
Q

s close to the stationary distribution. Pr(Cx) >1— % by applying Lemma EC.4 and equating the

right-hand of (EC.10) to be %. Then if m;, > logQ(E,Ijv/‘s), ie. N> logﬁiﬁ/‘s), then \% — 7| <7 such
0 Coﬂ'k

that N, < 2N, under event Cy.

Therefore, combining the argument under ((,¢;x; 4x) N BN (k) Cr) and the condition of N
we have:

2K log(2K/5)
9_‘)2 )
k2

} such that the empirical state frequency

1
log(K/6) + cra\ " Klog(2K/$
> (Crlosl T a) T, OBCE/0) e W, (B )
N MINGe (K], w;#0 Wi N, ik
1
cralog(K/0)+cra\ ! Co Klog(2K/6)
=\ : P:,P?).
_< 2N, +2minie[K]w;k N, Iggchm( i P7)

And Pr((Mye Ar) N B N (MNyeix) Ck)) = 1 — 26 by the same argument before. Then replacing 6
with £ above would obtain the result in (15). O

Proof 0f~Theorem 3. Denote G((x,v),r) = v + 1%716’(:6,7“) in (6), then CVaRIf;(w) =
min,er E°[G(x,v),7]. Suppose (z*,v*) € argmin, ,E* [G((x,v),r)], then E* [G((z*,v"),r)] =

CVaRi* (z*) by definition. Similarly, we define:

(&,0) cargmin sup EF[G((x,v),r)].
x,v ]PEUTS(@)
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Notice that Va € X', v € R, we have:

2|
1—n

G(w,0).71) = Gl 0).72)| < [ = )] <

|r1 — 7r2l|m, Ym > 1.

To prove the first inequality, we note that |G((x,v),71) — G((x,v),75)| = \ﬁG(az,rl) —
T 1nG(:1: r3)|. Recall from the definition of G(x,r;) = (—a'r; —v)™, we can prove the inequality by
considering the following three cases:

(i) if —2'ry —v >0 and —x'ry —v < 0: |G(x,r) — G(x,72)| = —x'ry —v < —&'r) + 2'ry <
|z’ (71 — 72)].

(i) if —&'r1 —v <0 and —x'ry —v > 0: |G(z, 1) — G(x,72)| = 'y —v < —&'ry + X' <
|z’ (71 — 72)].

(iii) if —2'r; —v and —a'r; — v are of the same sign: |G(z,r1) — G(x,73)| = [z’ (1, — 7r2)|.
The second inequality is from the definition of dual norm. Therefore, G((x,v),r) is Lipschitz
continuous with respect to r with constant upper bounded by = “m”m . Based on Lemma EC.5(c), w
have:

EH G ((2,v),r)] — E[G((2,v),7)] < ”1"”'””;7* W, (Py,P}), Vk € [K],Vz € X, v €R,

Now we can decompose the generalization error of our DRO model as follows:

CVaR; (&) — CVaR; (z*) = (CVaR}, (&) — suppey,. e CVaR. (&) *
+(5UPpeyy,. o) CVaR, ( ) = SUDzey, , () CVaR, (®%)) + (suPreyy, , (o) CVaR, (x7) — CVaR, (z*))
< SUPpeyy, (o) cquﬂ;( z*) — CVaR, (")

< SUPpeyy,, () B [G (27, 0%),m)] = E7 [G((z7,0%),7)]

= ket Wk (5P, eust, (o) B G (27, 07), 7)] = B [G((27, v7), ).

< Hm ”m > keli] Wk SUPp, ek, (6,) W (P, ;)

< Hm ”m D kelx] Wk <SUPPkeuk (0x) Wi (B, By) + W, (PMP*)) = M > werr) Wbk

The first inequality follows from the fact that P* € U,..(@) with probability 1 — 0 and the optimum
of &, which reduces the first two terms to non-positive. And the second equality follows from the
contained distributiqn in the ambiguity set U.o(0) ={P: P = 3", . wilPs, Py €U (01), VE € [K]}
and P* = Zkg[K] wiP;. The fourth inequality is from the triangle inequality. The fifth inequality
follows from P; e U (6;). O

EC.3. Distributionally Robust Mean-CVar Model

In the robust Mean-CVaR model, the target is on the worst-case expected return of a portfolio; see
Kang et al. (2019). In our application, a distributionally robust mean-CVaR portfolio optimization
under regime-switching ambiguity set solves the constrained problem (11) with an additional first-
moment constraint:

min {v—i—l sup EP[G(.’L‘,T)]} st. inf E'[r'z]>R. (EC.20)

rEX,vER 1—n PEly5(0) Peltrs(0)

The following proposition shows that even with worst-case mean constraint, the robust portfolio
optimization problem is still tractable. The additional worst-case mean constraint brings an extra
set of constraints to the problem (11).
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ProrosiTION EC.1. Vm € [1,+00], the problem (EC.20) can be formulated to be the problem
(12) with some additional constraints, given as follows:

Zke[K Zne [Ng) Nk Mk — VZke[K] wid 2 R,

ok 2 Tk, V0 € [Ni] k€ [K], (EC.21)
v 2 |12, '
v >0,

where v, Nux Y0 € [Ny], k € [K] are additional dual variables introduced.

In particular, when m =1 and m =2, (EC.21) is a set of linear and second-order conic con-
straints, respectively, which is tractable.

Similarly, if we use the Wasserstein metric with f;-norm, the corresponding reformulation is a
second-conic program. In our experiments, we will numerically examine both (robust) CVaR and
Mean-CVaR portfolios in #;-norm.

EC.4. Detailed Cross validation algorithm

Algorithm 4 Specify the ambiguity set size through cross-validation

Input: Return sequences R:, set of candidate aversion level ©, number of folds m (assume % € Z), associated
observed regime sequences S; :={s¢,...,st+n—1} (frequency-based) or O¢ ={o,..., 04 nv-1} (HMM).

1: Partition R: into m equally sized subsets with R;; = {TH_ N(Gi—1) 5., Tt+%71}77, 6 [m}

2: fori=2,...,m do " /

3: for 6 € © do

4: for j=0,...,% —1do

5: Obtain {wg, {Tnk}ne[n, trex) following the modified Algorithm 2 (input with D\ Ry i, S:\St,:) or Algo-
rithm 3 (input with R¢\R¢,i, O:\Or,;), where the only modification is to set the last regime j* to

5, NGy in Step 2 of Algorithm 2 or 3.

Solve the optlmlzatlon problem in (12) and obtain z*(6; R:\ Ry, S, N(i—1)+j71).
end for "
end for
Find the best parameter 8 € © that yields the highest out-of-sample Sharpe ratio (define in Appendix EC.5)

on the validation dataset Ry ;:

* . * N/m-—1
0~ ¢ argen(laax SharpeRatio ({7':£+ NGy (0; Re\Ret,s, §y 4 NG=1) +j71)}] /0 )
10: end for

Output: optimal 8* = - >"" 6.

EC.5. Performance Metrics

We set M =T as the time span in the entire dataset and use N = 120 and 36 for the DeMiguel
et al. (2009)’s datasets and our own dataset, respectively in Algorithm 1. Given the out-of-sample
returns, we compute four performance metrics for each portfolio as follows. First, we calculate
the out-of-sample Sharpe ratio, defined as the sample mean of the out-of-sample excess returns
over the risk-free asset , i = Zt]\izN gnit, then divided by their sample standard deviation,

1
M—-N

R M—N - A
0= \/ija Dot (GNge— )%

SH \:>

Sharpe ratio =
Second, we measure the certainty equivalent (CEQ) return, defined as the risk-free rate that an
investor is willing to take compared to using a particular risky strategy. The formula is defined as:

CEQ=/i—

Lo
20’.
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Third, we use the maximum drawdown to measure the downside risk of a portfolio over a spe-
cific time period. This metric is computed as the maximum observed relative loss from a peak
to a trough before attaining a new peak for a given portfolio. Specifically, we use {Vj kM: BN

to denote the accumulated wealth series of the portfolio from the beginning with unit 1, i.e.,
[Ti (1 gnee), i k21,
1, if k=0
max{V;_1,V;;1}} and denote the element in N, as {N,},en;+1) With Ny = +oo. Then, the
maximum drawdown is given by:

Vi = . We define the return peak indices to be N, = {j > 1|V, >

MIN N, <i<max{Np41,M—N} Vi

Maximum Drawdown =1 — min
PE[IN, ] Vn

p

Fourth, we compute the portfolio turnover to estimate the amount of trading necessary to
rebalance each portfolio over time, defined by the average of the £;-norm of the trades across the
I assets:

M—-N-1
1 Z *
Turnover = m HxNthJrl _xN+t+H17
t=1

where a3, is the optimal portfolio weight vector at time N + ¢+ 1 and @y, ,+ € R’ is the
portfolio weight vector right before rebalancing at time N +t+ 1, i.e. for each component i € [I]

o (@N+)i A+ (rNt)i)
of Ty, (Tyyet)ii= e N0y (L s 2)))

EC.6. Additional Empirical Results.

EC.6.1. Empirical Results of DeMiguel et al. (2009)’s Datasets from 1997 to 2019
Since the studies in DeMiguel et al. (2009) are up to 2004, it is interesting to continue the study
from 1997 to the first quarter of 2019 such that it covers 2008 financial crisis. We still consider the
same assets in those six datasets and conduct a similar study. The only difference is that the data
used are recent. Table EC.1 presents the empirical results.

Similarly, the RSDR CVaR (HMM) still uniformly outperforms the EW portfolio in all datasets
in terms of Sharpe ratio and CEQ. The maximum drawdowns are comparable among all three
portfolios. Again, the EW portfolio contains the least turnover but for some datasets, the turnover
rates of the EW and RSDR CVaR (HMM) portfolios are comparable. It is noteworthy that from
Table EC.1, RS CVaR (HMM) and DR CVaR (Wasserstein) perform well in some datasets but
perform badly in others. RSDR CVaR (HMM) merges their merits to perform generally well in all
datasets across different metrics.

The DR and RSDR CVaR portfolios in Tables 2 and EC.1 are obtained using the Wassterstein
metric with ¢;-norm. In Appendix EC.6.2, we present another set of results of RSDR CVaR (HMM)
using the Wassterstein distance with £;-norm. One can observe that the choice of norms does not
make a significant difference to the results and our interpretation. Thus, we will stick with ¢;-norm.

In summary, our proposed RSDR CVaR (HMM) beats the EW portfolio in terms of Sharpe
ratio and CEQ. It also manifests the key feature of regime-switching model when the regime of the
market obviously switches, while enjoying the robustness brought from the DRO framework. To
better visualize how the wealth changes over time, we report the time series plots of the portfolio
wealth with an initial wealth of unit 1 for the three portfolios in Appendix EC.6.3.

The performance results between regime-switching and non-regime-switching case for CVaR
models are similar because all assets in each dataset in DeMiguel et al. (2009) are from the same
class. Moreover, assets within one class tend to perform more similarly under the state evolution
compared with assets between classes. In the next part, we will show that our HMM models would
outperform when the given dataset contains assets from different classes.
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S&P  Industry  Inter’l Mkt/ FF FF
sectors  sectors portfolios SMB/HML 1-factor 4-factor
Strategy I=11 I=11 I1=9 I1=3 =21 I1=24
1. Sharpe ratio
EW 0.1374 0.1802 (0.0873) 0.0730 0.1485 0.1462
RS CVaR (HMM) 0.1637 0.2642 (0.0845) (0.0644)  0.1689 (0.0409)

DR CVaR (Wasserstein) | 0.1413 0.1959  (0.0873) 0.0730 0.1544  0.1555
RSDR CVaR (HMM) | 0.1464 0.1989  (0.0873) 0.0730 0.1557 0.1630

2. CEQ
EW 0.0047  0.0068  (0.0056)  0.0014  0.0064 0.0057
RS CVaR (HMM) 0.0044 0.0085 (0.0043)  (0.0015)  0.0064 (0.0009)

DR CVaR (Wasserstein) | 0.0048 0.0069  (0.0056) 0.0014 0.0067  0.0055
RSDR CVaR (HMM) | 0.0049 0.0072  (0.0056) 0.0014 0.0067 0.0057

3. Maximum drawdown
EW 0.4986 0.4848 0.0873 0.2862 0.5380  0.4860
RS CVaR (HMM) 0.4034 0.3455 0.0846 0.2091 0.5249 0.1951
DR CVaR (Wasserstein) 0.5010 0.4438 0.0873 0.2868 0.5214  0.4345
RSDR CVaR (HMM) | 0.4929 0.4488 0.0873 0.2859 0.5216  0.4268

4. Turnover
EW 0.0291 0.0261 0.0253 0.0247 0.0207 0.0246
RS CVaR (HMM) 0.2511 0.3650 0.3446 0.0821 0.3259 0.1902
DR CVaR (Wasserstein) | 0.0783 0.0564 0.0253 0.0247 0.0814 0.1781
RSDR CVaR (HMM) | 0.1055 0.0894 0.0253 0.0247 0.1794 0.1951

Table EC.1 Empirical Results of DeMiguel et al. (2009)’s datasets from 1997 to 2019 Q1.

EC.6.2. Empirical Results with /,-norm in Wasserstein Distance

For the cost function p(p,q) = ||p — 4|l in (2), we apply ¢>-norm (i.e. m =2) to allow generaliza-
tions of our regime-switching DRO model. The results of ¢>-norm for two time periods are shown
in Tables EC.2 and EC.3, compared with Tables 2 and EC.1, respectively. Generally, when we
consider the same hyperparameter selection for the radius of the ambiguity set 8, we find that the
performance of ¢,-norm is similar to that of £;-norm but requires much more computation in each
oracle.

S&P  Industry Inter’l Mkt/ FF FF
sectors sectors portfolios SMB/HML 1-factor 4-factor
Metric I=11 I=11 I=9 I=3 =21 I=24
Sharpe Ratio 0.1838  0.1375 0.1270 0.2259 0.1664  0.1869
CEQ 0.0067  0.0050 0.0046 0.0039 0.0074  0.0072
Maximum drawdown | 0.3195  0.4459 0.3907 0.1711 0.4349  0.2729
Turnover 0.0424  0.0287 0.0380 0.0265 0.0268  0.0346

Table EC.2  Empirical Results of DeMiguel et al. (2009)’s datasets during the same time with ¢;-norm.

S&P  Industry  Inter’l Mkt/ FF FF
sectors sectors portfolios SMB/HML 1-factor 4-factor
Metric I=11 I=11 I1=9 I1=3 I1=21 I=24
Sharpe Ratio 0.1449  0.1892  -0.0870 0.0690 0.1515  0.1539
CEQ 0.0049  0.0069  -0.0054 0.0013 0.0065  0.0049
Maximum Drawdown | 0.4891  0.4556 0.6193 0.2574 0.5282  0.3661
Turnover 0.0523  0.0470 0.0402 0.0256 0.0603  0.0950

Table EC.3  Empirical Results of DeMiguel et al. (2009)’s datasets from 1997 to 2019 Q1 with ¢;-norm.



ecl4 e-companion to Pun, Wang, and Yan: Distributionally Robust Portfolio Optimization under Regime-Switching

EC.6.3. Time Series Plots of the Portfolio Wealth for the Empirical Studies

Figures below show how an initial wealth of unit one varies over time with different portfolios
and in different time periods. Figure EC.1 corresponds to the empirical results in Section 5.2 and
Figure EC.2 corresponds to the empirical results in Appendix EC.6.1. Note that in some cases,
RSDR CVaR (HMM) models is the same as EW portfolio across time and the blue dotted line
coincides with the green solid line. We find that our proposed RSDR CVaR (HMM) models can
achieve the most portfolio wealth across time periods under most cases.

(a) S&P sectors (I =11)

(d) Mkt/SMB/HM (I = 3) (e) FF 1-factor (I =21) (f) FF 1-factor (I =24)
Figure EC.1 Portfolio values of DeMiguel et al. (2009)’s datasets during the same time

(a) S&P sectors (I =11) (b) Industry sectors (I =11)

(I=21) (f) FF 1-factor (I =24)
Figure EC.2  Portfolio values of DeMiguel et al. (2009)’s datasets from 1997 to 2019

(&) Mkt JSMB /HM (I _ 3)

Figures below show how an initial wealth of unit one varies over time corresponding to the
empirical results in Section 5.3. Figure EC.3 corresponds to the empirical results of the Weathers
and the Bull & Bear Approach.
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(a) CVaR (Weathers) (b) Mean-CVaR (Weathers) (c) CVaR (Bull & Bear) (d) Mean-CVaR (Bull & Bear)
Figure EC.3 Comparison of different Weathers and Bull & Bear models.

EC.6.4. Asset Allocation for Different Models during the 2008-2009 Great
Recession

To investigate the effects of parameter sensitivity and regime determination across RSDR CVaR

models, we compare different ambiguity set sizes 6 for DR-CVaR (Wasserstein), RSDR-CVaR

(HMM), RSDR-CVaR (Bull&Bear), and RSDR-CVaR (Weathers) during the 2008-2009 recession

in Figures EC.4 (y=0), EC.5 (v =0.005), EC.6 (v=0.01),and EC.7 (v =0.025). In particular,

when v =0, the distributionally robust models reduce to the non-robust counterpart.

(b) RS CVaR (HMM) (c) RS CVaR (Weathers) (d) RS CVaR (Bull&Bear)
Figure EC.4  Asset Allocation for different models during the 2008-2009 great recession when v =0

FEEHE

(a) DR (b) RSDR (HMM) (c) RSDR (Weathers) (d) RSDR (Bull&Bear)
Figure EC.5  Asset Allocation for different models during the 2008-2009 great recession when = 0.005

(a) DR (b) RSDR (HMM) (c) RSDR (Weathers) (d) RSDR (Bull&Bear)
Figure EC.6  Asset Allocation for different models during the 2008-2009 great recession when v =0.01
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(a) bR (b) RSDR (HMM) (c) RSDR (Weathers) (d) RSDR (Bull&Bear)

Figure EC.7 Asset Allocation for different models during the 2008-2009 great recession when v =0.05

One can see that when we increase the tuning parameter m to 0.025, the asset allocation would
have little variation across time periods (and thus increasing m is somehow practically meaningless).
For each fixed m (or equivalently ), we can observe that the RSDR-CVaR models are generally
more volatile than the DR-CVaR model over time, which indicates that regime-switching model
considers different mixtures of underlying distributions for asset returns over time and thus can
capture the time-varying uncertainties. The comparison between DR and RSDR models is subtle,
which can be ascribed to the small window size we chose. When m is not large (i.e., the proposed
RSDR models do not converge to EW portfolio), our RSDR models can identify regime-switching
behavior based on the negative returns of equities and excess positive returns of bond.



