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Online Appendix to: Managing Payment Flexibility
in Rent-to-Own Contracts for Off-Grid Energy Products

This online appendix presents auxiliary results that are useful for proving the results in the paper,
as well as the proofs for the results in Section F.4.

G. Auxiliary Results for Proofs of Section 3
The following lemmas are useful in the proof of unimodality of the value function in Lemma 1.

Lemma 3 (Auxiliary Results). The following results hold,

1—
(i) Order-up-to 1 is the optimal policy for state (0,1), hence Eg[V (0,1, B)] = 1 ( v 1).

1-Bg\1-7
(ii) Eg[V (0,2, B)] > f:;q <U—1+511_5qq <1j5 _1>>'

(iii) Bs[V(a,1,B)] > qu (520°) + (125 -1) (1)

(iv) Assume $<1/(1+q), then (/61(1;(1(1))2 <1 for all g €[0,1].
Proof. (i) Since v >1 and a =0, then in state (0,1) it is optimal to make a payment as soon

as the budget allows, hence

- _ _ _v_ _1-q v__
Es[V(0,1,B)] = gBE[V(0,1,B)] + (1 - q) ( 1+51_5) = V0,18 = L (1—5 1),
where the first equality follows the Bellman equation (3) and (4), and the equivalence follows by

simplifying the expression, completing the proof of part (7).

(17) We lower bound Ez[V (0,2, B)] using a feasible order-up-to 1 policy, denoted by IT*,
En[V(0,2,B)) > E} [V (0,2, B)] = BEE [V(0,2,B)] + (1 - q)(v — 1+ BEs[V(0, 1, B))
e _1—gq B 1—g¢ A
<= Eg[V(0,2,B)] >Eg [V(0,2,B)] = T Bq (v 1+51_ﬂq (1—5 1))

where the first inequality follows since order-up-to 1 is feasible for the state (0,2), and the first
equality follows since, from (i), order-up-to 1 is optimal for the state (0,1). The equivalence follows
from simplifying the expression and replacing part (i), completing the proof of part (ii).

(737) The proof is by induction on a. For a = 0, the result follows from part (7). Assume that the
statement is true for a >0, i.e,

Es[V(a,1,B)] > qu (1 ;_(%qq)a> + (1E/3 - 1) (f_’{fq) : (EC.24)

then we show that the statement also holds for a + 1. We lower bound Eg[V (a+ 1,1, B)] using a
feasible policy, denoted by II, which makes a payment in the current period if the budget allows
and follows the optimal policy in future periods. Then,

Es[V(a+1,1,B)] >ER[V(a+1,1, B)] = qu+ BqE5[V(a, 1, B)] + (1 — q) (ﬁ—l)
2o (o (F5E) + (725 -1) (155)) -0 (725 1)
(525 ) + () (50

where the first inequality follows since II is a feasible policy for the state (a+1,1), the first equality
follows by the definition of II, the second inequality follows from the induction assumption (EC.24),
and the second equality follows from simplifying the expression, completing the proof of part (ii7).
(iv) B(1—¢q)/(1—pBg)* <1 and <1/(1+q) is equivalent to 5%¢*> — Bg+ 1 — 3 >0, which we
show now.
First, note that 3 <1/(1+ ¢q) implies that 3%¢®> — 8g+ 1 — 3 is decreasing. Indeed,

2 2 .
057 §5+1 6):2ﬂq2—q—1<o<:>ﬁ<1;q—2q

(EC.25)
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where the inequality holds for all 5 <1/(1+¢) and ¢ € [0, 1], since then f<1/(1+¢
Indeed, the latter inequality is equivalent to ¢* < 2q + 1 which holds for all ¢ € [0,1
1

Therefore, it is enough to verify 3%¢*> — 8¢+ 1 — 3> 0 at the upper bound =
evaluates to

<(14q)/2¢".

)
]/.(1 + ¢), which

2 2

2 2 q q 1 q
— 1-— = - 1— = >0 EC.26
B = Ba+1= B,y 14 1+9q)2 [ e ( )

where the second equality follows since the last three terms on the left hand side add up to 0, and
the inequality holds for all ¢ € [0, 1], concluding the proof of part (iv). O

Lemma 4 (Concavitity of the Value Function in the Number of Installments). Assume
B<1/(14q), then Eg[V(0,0,B)] —Eg[V(0,0+ 1, B)] is decreasing in o for all 0o €{0,...,}.
Proof. Assuming 3 <1/(1+ q), we show the following equivalent statement to the lemma,
Es[V(0,0—1,B)] —Es[V(0,0,B)] > Es[V(0,0,B)] — Es[V(0,0+1, B)]. (EC.27)

for all 0 € {1,...}. We prove (EC.27) by modifying the optimal policy starting from state (0,0),
which we denote by IT*(0), to construct feasible policies starting from states (0,0—1) and (0,0+1),

which we denote by f[(o —1) and fI(o + 1), respectively, and showing that
Es[V (0,0 1,B)] —Eg[V(0,0,B)] > Es[V (0,0, B)] — Es[V™(0,0+ 1, B)]. (EC.28)
Indeed, we can then prove (EC.27) from the following chain of inequalities,

Eg[V(0,0—1,B)] —Ez[V(0,0,B)] > Eg[V®~Y(0,0— 1, B)] - E5[V (0,0, B)]
>Ep[V(0,0,B)] — Es[V©tV (0,041, B)] > Es[V(0,0, B)] — Es[V(0,0+ 1, B)], (EC.29)

where the first and last inequalities follow from the feasibility of the policies II(o—1) and II(0+1),
respectively. While the second inequality is given by (EC.28). We show both of these now.

We first define the feasible policies I1(o—1) and II(0+ 1) as follows. Both II(o— 1) and M(o+1)
mimic IT*(0) except II(0 — 1) does not make the last payment made by II*(0), while II(0+ 1) makes
one additional payment optimally after IT*(0) attains ownership.

From their definition, [I(0—1) and II(0+1) are feasible and (EC.28) is reduced as follows. Let

t be the period where II(o — 1) reaches ownership, and a; be the advanced payments induced by
IT*(0). Then, (EC.28) reduces to

EB[Vﬁ(Oil) (a£7 0, B)] —Ep [V(a£> 1, B)] >Ep [V((I{, 1, B)] —Ep [Vﬁ(o+1> (a£7 2, B)]
= ﬁ B ]EB[V(O’f’ 1, B)] >Ep [V(afv 1, B)} —Ep [Vﬁ(o+l) (a’f? 2, B)] (EC3O)
We now show (EC.30) by considering two possible cases: (1) Let ©; denote all the sample paths
where there exists a first time after ¢ such that the advanced payments induced by I1*(0) are fully
consumed before its last payment, and (2) Let Qf denote its complement. R
For case (1), we can, without loss of generality, focus on the first time after ¢ such that the
advanced payments induced by II*(o) are fully consumed before its last payment. Then, (EC.30)
reduces to
v

1-p
=1-3 - 5 ~Es[V(0.1,B) | 4] 2E5[V(0,1,B) | ] —Es[Vt (0,2, B) | Q4]

v 1—g¢q v 1—g¢q v 1—¢q 1—¢q v
- —1)> —1) - —1 —-1
-5 1—Bq(1—ﬁ )_1—ﬂq(1—6 ) 1—/3q(” +’61—6q(1—5 ))
B(lfq)) 1=p0-q
(1-Bq?) " -8y =7
where the first equivalence follows from the definition of {2, i.e., since we focus on the first time after
t such that the advanced payments induced by II*(0) are fully consumed before its last payment,

then no payments have been made since t. The second equivalence follows from Lemma 3(i) and
because 1I(o + 1) follows the policy in the lower bound in Lemma 3(éi). The third equivalence

~Es[V(a;,1,B) | ] >Es[V(a;, 1,B) | 1] —Es[V'™ (a;,2,B) | Q]

—

< qu (1—
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follows from simplifying the expression. Finally, the last inequality holds for any 5 <1/(1+¢) from
Lemma 3(iv), completing the proof in case (1).
For case (2), let ¢ be the period when II*(0) makes its last payment. Then, (EC.30) reduces to

5 —EalV(a1,B) | 9] 2 EalV(ar 1, B) | 96~ Ea V™ (0,2, 8) | 2]

=1z BV a1, B) | 0],

where the equivalence follows from the definition of €, i.e., after # the advanced payments induced
by IT* (0) are not fully consumed before its last payment, then no payments have been made from
t to t and one payment is made at t. Further, the latter payment achieves ownership for IT*(o0).
Finally, the inequality holds again from the definition of 2§, and the observation that the additional
payment made optimally by fI(o + 1) is made at a period weakly after £, completing the proof in
case (2) and thus the proof of the lemma. [

Lemma 5 (Structural Property of the Value Function). SEg[V ((y—1)",a+0—y,B)|—Eg[V (y,a+
o—y—1,B)]| is decreasing in y for ally € {a,...,a+0—2},a>0,0>2, a+0<1.

Proof. e show the following equivalent statement to the lemma,
Eg[V(y+1l,a+0—y—2,B)|—Eg[V(y,a+o0o—y—1,B)]
>BEs[V(y,a+o—y—1,B)]-Es[V((y—1)" a+o—y, B)), (EC.31)

for all y € {a,...,a4+0—2}. We prove (EC.31) by modifying the optimal policy starting from state
(y,a +o0—1y— 1), which we denote by II*(y), to construct feasible policies starting from states
(y+1,a+0—y—2) and ((y—1)*,a+0—y), which we denote by II(y+1) and II(y —1), respectively,
and showing that
EB[Vﬁ(y+l)(y+1,a+ofyf2,B)} —EB[V(y,a+o0o—y—1,B)]
>B(Es[V(y,a+o—y—1,B)] —Es[VI¢V((y—1)",a+o—y,B))). (EC.32)
Indeed, we can then prove (EC.31) analogously to (EC.29) in Lemma 4.

We first define the feasible policies II(y + 1) and II(y — 1) in tandem as follows. Both TI(y + 1)
and TI(y — 1) mimic IT*(y) except for at most one deviation each. Let a?~' denote the advanced
payments induced by f[(y — 1) in period t, and z; denote IT*(y)’s optimal payment in period t.
On the one hand, (1) II(y — 1) attempts to makes an additional payment with respect to II*(y) in
the earliest period t’ such that ai’fl =0 and z, = 0; if the budget allows such a payment f[(y -1)
mimics II*(y) forever after, if not then ﬂ(y — 1) acts optimally forever after. Alternatively, if no
such period t' exists (i.e., 7 > 0 in each period ¢ such that ¢! =0, if any), then (2) II(y — 1)
follows the optimal policy to make the last payment starting from the period and state when IT*(y)
attains ownership. On the other hand, (1) II(y + 1) makes one less payment than II*(y) in period
t'+1if 23, , >0 and mimics IT*(y) forever after, if z}, ., =0 then ﬁ(y + 1) acts optimally forever
after. Alternatively, if no such period ¢’ exists, then (2) f[(y — 1) does not make the last payment
made by IT*(y).

Since II(y 4+ 1) and II(y — 1) are feasible by definition, we now conclude the proof by showing
(EC.32) in the two possible cases discussed in their definition: (1) Let denote all the sample paths
such that there a first period ' such that a?, ' =0 and z}, = 0, and (2) Let ¢ denote its complement.

For Case (1), let af and o] denote the advanced and outstanding payments induced by I1I*(y) in

period ¢, respectively. Note that the conditions of case (1) imply that II(y — 1) and II(y + 1) have
not deviated from II*(y) up to periods t —1 and ¢, respectively (hence a}, =1 and o}, > 1). Then,

-
IEB[meH)(erl,aJrofy72,B) | %] —Eg[V(y,a+o0o—y—1,B) | Q]
> BEs[V(y,a+o—y—1,B) | 2] -Es[V'* D ((y— D" a+o-y,B) | %)

= 8" (1 - o)1+ q(v+ BE VIV (0,0Y, — 1, B) | Q1] — BEB[V (0,0}, B) | u]))
> B(8" (1= @)1+ go(v+ BEB[V (0,00, B) | Q1] — BE[V¥~D(0,0Y + 1, B)) | u]))

= Ep[VI@(0,0% —1,B) | 2] —Es[V(0,0%,B) | 0] >Es[V(0,0%,B) | Q] —Es[VI¥ D (0,0% +1,B)) | Qu],

t t

<:>EB[V(07031 7173) ‘ Ql] 7EB[V(O703HB) | Ql] ZEB[V(OaOi/HB) | Ql} 7EB[V(0 oY +1aB)) | Ql}?

)y Ul

(
)
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where the first equivalence follows since, for the right hand side of the inequality, by definition
II(y — 1) makes a payment in period ¢’ with probability 1 — ¢ incurring in an additional cost of 1
with respect to II*(y) and mimics the latter attaining the same outcomes forever after. While with
probability ¢ no budget is available for f[(y — 1) to make a payment in period ', hence f[(y —1) loses
a value v with respect to IT*(y) in period ¢’, and from period ¢’ 4+ 1 on acts optimally. Analogously,
for the left hand side, since by assumption ay, =1 and z;, =0, then a},, , =0 and II*(y) makes at
least one payment in period ¢ + 1, if the budget allows. Hence, by definition, fI(y + 1) makes one
less payment in period ¢ with probability 1 — ¢ incurring in a saving of 1 with respect to IT*(y) and
mimics the latter attaining the same outcomes forever after. While with probability ¢ no budget is
available for IT*(y) to make a payment in period ¢’ + 1, hence II(y + 1) wins a value v with respect
to IT*(y) in period ', and from period ¢’ + 1 on acts optimally. The second equivalence follows by
simplifying the inequality. The third equivalence follows since, by definition, both II(y — 1) and
f[(y + 1) act optimally in these continuation paths. Finally, the last inequality holds from the
concavity of the value function in the number of installments, shown in Lemma 4.

Case (2) is analogous to Case (2) in Lemma 4, and thus omitted, completing the proof. [

The following proposition and Lemma are useful in the proof of Theorem 2.
Proposition 5 (Ordered Thresholds). Yk €{2,....] —1} and 5 < ?1(17
if Blim;_,o0 (B[V(k—1,1—k,B)|—E[V(k—2,] —k+1,B)]) <1 then

1> lim (EV(k—1,I -k B)]-E[V(k—2,1—k+1,B)])>p*¢"E[V(k,0,B)].
Proof. We show that the optimal objective value of the minimization problem below is non-

negative to conclude the proof. The inequality in the statement then follows by multiplying the
optimal objective value by f¥~1¢*=1 >0.

lms oo (E[V(k—1,1—k,B)]—E[V(k—2,]—k+1,B)))

min G2 — BqE [V (k,0, B)] (EC.33)
st. B lim (E[V(k—1,1—k B)-E[V(k-2T-k+1,B)])<1 (EC.34)
0<g <1 (EC.35)
0<p<l. (EC.36)

First, we show that (i) at optimality (EC.34) is tight if and only if (EC.35) is tight. Next, we
show that (i7) (EC.33) is decreasing in ¢, which combined with (i) implies constraints (EC.34)
and (EC.35) must be tight at optimality. Finally we conclude the proof by showing that (iii) the
optimal value of the objective function (EC.33) is non-negative when § < ﬁq.

(7) First, we show that if Slim; . (E[V(k—1,1—k,B)|—E[V(k—2,I —k+1,B)]) =1 then
g=1 at optimality. If Slim; . (E[V(k—1,1—k,B)|—-E[V(k—2,I—k+1,B)]) =1 then the
objective function in (EC.33) becomes Obj, = 1/(8*'¢"~') — Bqu/(1 — ), where the first term
follows from the assumption and the second term follows since E [V (k,0, B )f =v/(1—/3), which the
latter follows from (4). We now take the first order derivative of Obj; w.r.t ¢ to get

a0bj, —(k—1) Bv

9 — BFlgh 1-p

where the inequality follows since ¢, 5 € [0,1] and k € {2,...,I —1}. Therefore, the objective function

in (EC.33) is decreasing in ¢ when Slim; . (E[V(k—1,I—-k,B)|-E[V(k—2,1—k+1,B)]) =

1, thus at optimality we must have ¢ = 1. Namely, at optimality if (EC.34) is tight then

(EC.35) must be tight. To complete the proof of part (i), we show that if ¢ = 1 then

Blim; o (E[V(k—1,1—k,B)|—-E[V(k—2,1—k—+ 1,B)p =1 at optimality. If ¢ = 1, then the con-

sumer’s future income will be zero and she only gets the value for her advanced payments. Therefore,
for all 5 €10,1) we get

<0,

I—o00 17/3

Thus, for all g € [0,1), we have lim; . (E[V(k—1,I-k,B)|-E[V(k—2,]—-k+1,B)]) =
v(1—=p61)/(1—-8) —v(l—pB"2)(1—-8) =vB"? and the objective function in (EC.33) becomes

k-2 . 1— ﬁk*l
lim B[V(k—1,1 -k B)]=Y Bv= v, (EC.37)
=0



e-companion to Guajardo et al.: Managing Payment Flexibility in Rent-to-Own Contracts ec21

Obj, = (1 — B/(1—pB))v. We take the first order derivative of Obj, wrt [ to get

6%;” :—§;f5§u<0. For g =1,
k—2 ) k—3 )
Jim (E[V (k=11 —k,B) ~E[V(k—2] —k+1,B)]) = > Bv=> pv=nv, (EC.38)
1=0 1=0

where the first equality is given by ¢ =1 (see the first equality in EC.37), the second equality follows
from 8 = 1. Thus, the objective function in (EC.33) becomes Objs = (1/8%72 — 3/(1 — 3))v when
=1 and this function is decreasing in 3 since d0bjs/08 = —((k—2)/B* 1 +1/(1 - 3)?)v <O0.

Therefore, when g =1 the objective function in (EC.33) is decreasing in 3, thus at optimality
we must have that at least one of (EC.34) or (EC.36) is tight. If (EC.34) is tight that would
suffice. Therefore, assume that (EC.36) is tight, i.e., 8 =1, then we show that constraint (EC.34)
is violated, a contradiction. Specifically, from (EC.38) we have lim; ,.(E[V(k—1,1 —k,B)] —
E[V(k—2,1—Fk+1,B)])=v> 1, where the inequality follows from v > 1. The former implies that
constraint (EC.34) is violated when (EC.36) is tight. Therefore, at optimality if (EC.35) is tight
then (EC.34) must be tight, completing the proof of (7).

(79) We now show that the objective function in (EC.33) is decreasing in ¢. Indeed, both terms
in (EC.33) are decreasing in q.

Note that the second term in the objective function is equal to —fq
is decreasing in ¢. For the first term, note that

8 limy oo (E[V(k—1,1 —k,B)] —E[V(k—2,1—k+1,B)])

v

1-8

following from (4), which

dq Br—2gk—1
Olim; 0 (E[V(E—1,I —k,B)|—E[V(k—2,I —k+1,B)])
_ 9q
- ﬂk—2qk—l
85k72qk71
lim/oo (E[V(K—1,I—k,B)]—-E[V(k—2,] —k+1,B)]) T
- (BE—2¢k—1)2
8ﬁk72qk71v 5k—2qk—1vaﬁk72qk71
< dq _ dq _(kfl)v_(kfl)'u_o
= Bk—2gk—1 (BF—2¢k—1)2 - q q -

where all the equalities follow from differentiation rules and elemental algebra. The inequality
follows from two related observations:

(1) lim o (E[V(k=1,I—k,B)|—E[V(k—2,] —k+1,B)]) > *2¢" v since ¥ 2v is the
value of the left hand side of the inequality along the coupled sample path where no positive budget

is realized in the first & — 1 periods, which occurs with probability ¢*~!, and
() Qi BV (k=11 =k B ~E[V(k=21-k+1B)) _ 08" *¢" tv

0

sample path attains the largest pr%duct of the realized difference in tlge left hand side of the
inequality times the marginal effect of ¢ on the probability the sample path. Indeed, from the
optimality of an order-up-to a(a + o) policy in Theorem 1, the same order-up-to policy is followed
in both states (k—1,1 —k) and (k—2,1 — k+1) since both satisfy a4+ o=k — 1. It follows that the
only other possible realized difference in the left hand side of the inequality corresponds to saving
a payment instead, which, since the budget has a geometric distribution, occurs with probability
proportional to P(B >b) = (1 — q)" for some budget value b. The latter is decreasing in ¢, thus the
product of the realized difference in the left hand side of the inequality times the marginal effect of
q on the probability the sample path is upper bounded by 93%72¢*~'v/9q > 0 in this case as well,
completing the proof of (ii).

(ii7) To complete the proof, we show that if 5 < %Jrq then the optimal value of the objective
function (EC.33) (Obj*) is non-negative. Specifically, from (i), (i7) and (EC.37) it follows that we
can replace ¢* = 1 and $*lim;_,o (E[V(k—1,I —k,B)] —E[V(k—2,] —k+1,B)]))=8*"""v=11n
the objective function (EC.33) to get

since this coupled

I S A S T
ﬁ*kfl 1 _ﬂ* ﬁ*kfl (1 _B*)B*k717




ec22 e-companion to Guajardo et al.: Managing Payment Flexibility in Rent-to-Own Contracts

where the firs equality follows by replacing v =1/ B£*"! and the second equality follows from
simplifying the expression.

Furthermore, since 5* € [0,1] then Obj* > 0 if and only if 1 —23* > 0. The latter inequality follows
from the unimodality condition 5 < qu = % when ¢ = 1. Thus, we conclude that 1 —25* > 0 for all
ke{2,...,1—1}, or equivalently the optimal value of the objective function Obj* > 0, completing
the proof. [

Lemma 6 (Necessary and Sufficient Conditions for Optimality). For alla+o=1€{2,...,I},
(I) The policy from Theorem 2(A) is optimal if and only if Vi €{2,...,I}
B(Ep[V(1,l—2,B)—Ep[V(0,l—1,B)]) <1, (EC.39)

(II) The policy from Theorem 2(B) is optimal if and only if
(i) Vi {2,....k)

1<B(Ep[V(I—1,0,B) —Ep[V(i—2,1,B))) (EC.40)

(ii) Ve {k+1,...,i}
1<BEs[V(k—1,1—k B)—Ep[V(k—2,l—k+1,B)]) and (BEC.41)
B(Es[V(k,l—k—1,B)—Eg[V(k—1,1—k,B)]) 1y <1, (BEC.42)

(iii) Vi€ {i+1,...,1}
1<B(Ep[V(k—2,1—k+1,B)—Ep[V(k—3,l—k+2,B)]) and (EC.43)
BEs[V(k—1,1—k B)—Eg[V(k—21—k+1,B)])1uen < 1. (EC.44)

Proof. We prove (I), (II).(i), (II).(it) and (II).(ii7) separately. In each case, we use the uni-
modality of the reformulated value function (5) in y (see Lemma 1) and the optimal order-up-to

policy as a function of @+ o only (see Theorem 1) to derive the equivalences in the lemma.

(I) For all [ € {2,...,I}, we show that the optimal order-up-to policy is a =1 if and only if
(EC.39) holds. Given the unimodality of the value function (5) (see Lemma 1), it is necessary and
sufficient to compare order-up-to 1 with no-ordering and order-up-to 2. The former always holds
as in the first part of the proof of Lemma 1. Thus, it is necessary and sufficient to consider the
latter. Given the optimal order-up-to policy as a function of a + o (see Theorem 1), then, without
loss of generality, it is sufficient to show that order-up-to a =1 is optimal at state a =0 and o =1,
to conclude about all other states where a + o =[. Hence, order-up-to 1 is optimal if and only if

v—2+4BEp[V(1,l—2,B)] <v—1+BEg[V(0,l—1,B)] < B(Es[V(1,l—2,B)—Es[V(0,l—1,B)]) <1, (EC.45)

concluding the proof of part (I).

(II) (i) For all l € {2,...,k}, we show that the optimal order-up-to policy is a = min(l,k) =1
if and only if (EC.40) holds. The unimodality of the value function (5) from Lemma 1 implies it
is necessary and sufficient to compare order-up-to [ with order-up-to [ —1 and [+ 1 to conclude
about its optimality. Since a+ o0 =1 < k, then no more than [ payments are left and the comparison
with order-up-to [+ 1 is redundant in this case. Furthermore, since from Theorem 1 the optimal
order-up-to policy is a function of a + o, it is sufficient to show that order-up-to a =1[ policy is
optimal at state a =0 and o =1 to conclude about all other states where a +o0=1.

Hence, order-up-to a =1 is optimal if and only if

v—(1—-1)4BEB[V(I—2,1,B)]<v—1+4BEp[V(I—1,0,B)] «— 1<3(Eg[V(-1,0,B)—Eg[V(-2,1,B))),

(EC.46)
concluding the proof of part (I7).(7).

(17) For all l e {k+1,...,i}, we show that the optimal order-up-to policy is @ =min(l, k) =k if
and only if the conditions in part (ii) are met. Analogous to the argument in part (17).(7), given
Lemma 1 and Theorem 1, it is sufficient to compare order-up-to k with order-up-to K —1 and k+1

at state a =0 and o =1 to conclude about all other states where a +o0=1.
Then, analogous to (EC.46), order-up-to k is optimal if and only if

1<BEp[V(k—1,1—k B)—Ep[V(k—2,1—k+1,B)])
and B(Eg[V(k,l—k—1,B) —Eg[V(k—1,1—k B)]) <1,
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concluding the proof of part (I7).(ii).
(7i7) For all l € {i+1,..., I}, we show that the optimal order-up-to policy is a = k — 1 if and only
if the conditions in part (i7i) are met. Analogous to the proof of previous parts, order-up-to k — 1
is optimal if and only if
1<BEs[V(k—2,1—k+1,B)—Ep[V(k—3,1—k+2, B)])
and B(E[V(k—1,1—k,B)—Eg[V(k—2,1—k+1,B)]) <1,

concluding the proof of part (II).(iii), and thus the lemma. [
Proposition 6 (Threshold Equivalence). Condition 8 (Eg[V(k—1,0,B) —Eg[V(k—2,1,B)]) >1
from Theorem 2[B] is equivalent to 8**¢"'Eg[V(k—1,0,B)] >1 for allk€{2,...,I}.

Proof. We proceed by induction. Note that the equivalence holds for the base case k =2 as
shown in the proof of Theorem 2(A), ie., S(Eg[V(1,0,B)]—Eg[V(0,1,B)]) > 1 if and only if
BqER[V(1,0,B)] > 1.

For the induction step, assume that 8 (Eg[V(I—1,0,B) —Eg[V(l—2,1,B)]) > 1 is equivalent
to B¢ 'ER[V(I — 1,0,B)] > 1 for all [ € {2,...,k}, where k < I — 1. Then, we show that
B(Eg[V(k,0,B) —Eg[V(k—1,1,B)]) > 1 is equivalent to S¥¢*Ex[V (k,0, B)] > 1.

We split the analysis into two cases: ¥ '¢"'Eg[V(k — 1,0,B)] > 1 and g '¢" 'Eg[V(k —
1,0, B)] < 1. First assume 8" 1¢* 'Ep[V(k —1,0,B)] > 1, then

B(Ep[V(k,0,B)]—Eg[V(k—1,1,B)]) >1

s BE5[V(K,0,B)] — 1 — (ﬂ> Bav—SU=D @y k0, B)—1) > 0

1-pq 1-5q
— (B"d"EslV(k,0,B)] - 1) (1 - Lﬁ;?) >0, (EC.47)

where the first equivalence follows since B '¢" 'Eg[V(k — 1,0,B)] > 1, Ep[V(k,0,B)] =
v/(1 - B) from (4), and the induction hypothesis imply Eg[V(k — 1,1,B)] =
%qv + 11:;(1 (Eg[V(k,0,B)] — 1), ie., the inequality in Lemma 3(iii) becomes
tight. Indeed, since fS3,q,€[0,1], then A" '¢* 'Ep[V(k — 1,0,B)] > 1 implies
B¢ E[V(I—-1,0,B)] >1 for all 1€{2,...,k}. From the induction hypothesis, we then
have B(Eg[V(I—1,0,B)—Ep[V(I—2,1,B)]) > 1 for all [ € {2,...,k}, which in turns implies
that making at least one payment in each period starting from state (k — 1,1) is optimal. As
a result, if B*1¢* 1Ep[V(k — 1,0,B)] > 1 then the feasible policy from the proof of Lemma
3(ii7) becomes optimal. The second equivalence follows since v = E[V(k — 1,0, B)](1 — /) from
(4) and simplifying the expression. Finally, note that the second term in (EC.47) is non-
negative for all §8,q € [0,1]. Hence, we conclude that if B* 1¢* 'Ex[V(k — 1,0,B)] > 1 then
B(Eg[V(k,0,B)]—Eg[V(k—1,1,B)]) > 1 is equivalent to X ¢*Ep[V (k,0, B)] > 1.
Now assume ¥~ 1¢*'Ex[V(k — 1,0, B)] < 1. Note that then we have,

B(Es[V(k,0,B)]—Ep[V(k—1,1,B)]) —1

<BEp[V(k,0,B)] -1 — (ﬂ) Bqv — M(IEB[V(k,OﬂB)] -1)

1-Bq 1-Bq
= (5qu1EB[V(k,o,B)] - 1) (1 - Bl(l__ﬁz)) <0, (EC.48)

where the first inequality follows from Lemma 3(iii) and replacing Eg[V(k,0,B)] = v/(1 — j).
The equality follows from simplifying the expression. The second inequality follows since the
second term on the left-hand side is non-negative for all 3,q € [0,1] and B*¢"*Ez[V (k,0, B)] <
B 1" "Eg[V(k — 1,0,B)] < 1, where the first inequality holds for all 3,q € [0,1] since
Eg[V (k,0,B)]=v/(1— ) for all k. Hence, we conclude that if 3*~1¢* 'Eg[V(k—1,0, B)] <1 then
B(Eg[V(k,0,B)] —Eg[V(k—1,1,B)]) <1 and B*¢*Ep[V (k,0, B)] < 1, concluding the proof. [J
Lemma 7. (Ordered Thresholds in Number of Installments) For all k € {2,...,I — 1}, if
B(Ep[V(k—1,i—k B)—Ep[V(k—2,i—k+1,B)]) <1 then
BEs[V(E—1,i—k+1,B)—Eg[V(k—2,i—k+2 B)])
<BEBV(k—1,i—k B)—Eg[V(k—2,i—k+1,B))). (EC.49)
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Proof. Let II° be a feasible policy starting from state (k — 2,7 — k+2), which makes no payment
in the current period and follows the optimal policy in future periods. Then, we get

Es[V(k—1,i—k+1,B) —Eg[V(k—2,i—k+2,B)]
<Ep[V(k—1,i—k+1,B) —EX [V(k—2,i—k+2,B)]
=(v+ BEp[V(k—2,i—k+1,B)]) — (v+ BEs[V (k- 3,i — k+2,B)])
=BEs[V(k—2,i—k+1,B)] —Es[V(k—3,i—k+2,B)))
<Ep[V(k—1,i—k B)]—Eg[V(k—2,i—k+1,B)], (EC.50)

where the first inequality follows from the feasibility of II°, the first equality follows from the
definition of II° and noticing that 8 (Eg[V (k—1,i—k, B) —Eg[V(k—2,i—k+1,B)]) <1 implies
that it is optimal not to order in the first period starting from state (k — 1,7 — k + 1) since the
order-up-to level a satisfies a < k— 1, see (the reverse of) (EC.41) in Lemma 6. The second equality
follows from simplifying. The last inequality follows from Lemma 5, concluding the proof. [
Lemma 8. For any a € (0,1), € >0, and non-negative sequences {x;}2, and {y;}°, such that
To>yo e S omi > o for allt €{0,1,...} if and only if 320 atx; > 3.0 aly;.

Proof. We show that the following infinite-dimensional linear program is infeasible.

min 0

TisYi

t t
s.t. le > z:yZ Vte{0,1,...} (d)
=0 i=0
ZO/%‘ < Zoﬁyi ()
i=0 =0

To = Yo+ € (n)

Indeed, its dual is

max €n
8¢,7,m

s.t. Zdt—7+n20

>0
Zét—ai'y:OVie{l,...}
t>i

5, >0Vte{0,1,...}, v>0, n>0.

Further, for any v > 0, the following is a dual feasible solution, &y = 0, §; = a’y — o’y for all
ie€{l,...}, n=7(1—«), whose objective function is unbounded as v grows without limit. Hence,
by standard weak duality arguments in infinite dimensional linear optimization (Romeijn et al.
1992), the primal problem is infeasible, completing the proof. [

H. Auxiliary Results for Proofs of Section 4
Denote the Bellman equation when the firm sets a repayment frequency where bundled payments
are restricted under each repayment frequency F' as follows.

V/F(a707b): max {Ul{a+z>1}717+,8EB[V/F((CL+$71)+707(L'73)]}, (ECSI)
IG{O,{"““(?’O’L)JF} =

with a terminal value of V'¥(0,0,b) =v/(1 — ). The feasibility set in (EC.51) restricts the consumer

to not make a payment or make a payment of I if it is needed and the budget allows. In the next

proposition, we derive the expected time to ownership for each F' € {2,4} to be used in the proof

of Propositions 2, 3 and 8. Note that the expected time to ownership for F' =1 follows the same
expression as in Proposition 1(A).
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Proposition 7. For all I > 4, the expected time to ownership under the order-up-to F policy for

problem (EC.51) is
I
- 2x] _ I _ — 2 =
(i) E[r ]—2(17(])2—4—(2 2)(1—q)* when F=2.
I
.. 4* _ —
(i1) E[r ]—74(1_@4 when F=4.
Proof. We prove by using induction on I as follows.
(i) Base case: First set I=4. Then we show that E[r?*] =2/(1 —¢)?. Let 7(4,,) be the random

time to ownership at state a and o. Then, we have

E[r0.9] =(¢+4¢(1—9)) (Elro,0]+1) + (1 —q)* [E[rq,2] +1]
=1+ (q+q(1—9q)) (E[r0,0]) + (1 —q) [Q‘HI(l— ))(E[T(O,Q)]+1)+(1—9)2(E[T(2,0)]+1)]
)+

—q)*[1+ (g +q(1—q))( +E[r1,0)]) + (1 — 9)* (Elr2,0)))]

=1+ (q+q(1—q)) (E[ro,0]) + 1 —q)* +1—(1—q)?,

1
71+ lH—q 1— (ET(04) W

where the first equality follows from B ~ Geo(q) and following the order-up-to 2 policy when F' = 2.
The second and third equality follows from expanding E[7(; 2)] and E[r(o )] given the order-up-to 2
policy, respectively, and simplifying the expression to get the fourth equality. Since E[7(,,)] =0 for
all a >0, then the last equahty implies E[7( 4 ] =2/(1-¢q)? concluding the proof of the base case.

Induction step: Assume E[r2*] =1/(2(1 — ) )+ (1/2— 2)(1 q)? is true for all T € {4,6,8,...,n—
2}, where n is an even number. Then, we show E[7?*] =1/(2 (1 —q)*)+ (I/2—2)(1—¢)? holds for
I=mn,ie., we show E[1o,)] =n/(2 (1 —q)?)+ (n/2 —2)(1 — ¢)*. Given the order-up-to 2 optimal
policy we have

E[r(0,m)] =(q+ q(1 = q)) (El[r0,m] + 1) + (1 = ¢)? [E[r(1,n—2)] + 1]
=1+ (¢+q(1—q)) (Elrom]) + (1 —a)* [1+ (¢+ (1 — @) (E[ro,n-2] +1) + (1 — a)*(Elrz,n-2)] +1)]
=14 (¢+q(1—q)) (E[rom]) + 1 —0)*[2+ (¢4 (1 = 0)) (El[ro.n-2))) + (1 = ) (Elr1,n-)] + 1)]
=1+ (q+q(1—q)) Elrom]) +(1—a)*[3+ (¢ + 1—q))(1E[T<0n )+ (1 =)’ ((g+q(1 = 9)Elr(0,n—1)
+ (1= Elan-o] + )] = = 5 + (5 =20

where the equalities follow from B ~ Geo(q) and and following the order-up-to 2 policy when F' =2,
concluding the proof part (i) of the proposition.

(74) The proof of this part is analogous to the proof of part (i). We first prove for that the base
case where I =4, we have E[77*] =1/(1 — q)*. We next assume that E[7**] = I/(4(1 —q)*) holds
for all I € {4,8,16,...,n—4}, where n is a multiple of 4. Then, we show that E[r**] = I/(4(1 — ¢)*)
also holds for I =n, concluding the proof of part (ii). O

The next proposition is useful for the proof of Proposition 3.

Proposition 8. For the setup without bundling, model EC.51, there exists three thresholds q/, q//
and ¢ such that

’

(i) E[r] <E[r?| <E[r'] Vqe[0,q),
(i) E[r?] <E[ri) <Elr'] Vaeld,q).
(iti) E[r[ <E[r] <Elr'] Vqeld’.q),

(iv) E['] <E[r?] <E[r*] Vq¢€]g1].

Proof. In Proposition 2 we showed that when ¢ is sufficiently low E[r%] < E[7?] < E[r!]. There-
fore, we first show that when bundled payments are restricted, i.e., model (EC.51), the expected
time to ownership under F' =4 intersects with the expected time to ownership under F' =2 at a
lower ¢ than it intersects F'=1, i.e., ¢’ < q". We next show that each F' have unique intersections,
thus we have q// < . To complete the proof we use the result shown in Proposition 2 for large

enough ¢ to show the four regions above.
We first derive the expected time to ownership under the three designs; F=1, F=2, and F=4.
For F' =1 the expected time to ownership follows Proposition 1(A), i.e.,

E[r'] = —. (EC.52)
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For F = 2 the expected time to ownership follows Proposition 7(i) when ¢ is low, i.e.,
E[m?] =1/(2(1—¢)*)+ (£ —2)(1—q)*. As ¢ increases, bundling payments occur, which reduces the
expected time to ownership (see Proposition 1). Therefore,

2 1 2
With a similar argument, for F'=4 the expected time to ownership follows Proposition 7(ii), and
I
4

We next show ¢’ < q" by contradiction, where ¢’ is the intersection of expected time to ownership

under F'=4 and F =2 designs and q” is the intersection of expected time to ownership under
F=4 and F =1 designs, i.e.,

1 1

nw_ 4 4 4 _'\3 l
Elr']= 7 =E[r] < =g = (l-q) <7 (EC.55)
Assume that ¢’ > ¢, then we replace ¢ into (EC.53) to get
2 1 1,2 _a 1y N S
Bl < g gy (2HDF +20 - 0(]?) < gy =Bl (BC.56)

where the first equality follows from replacing ¢ and (EC.55) into into (EC.53). The inequality
follows from the fact that 27(1)% +2(7 —4)(1)? < I. The second inequality in (EC.56) implies that
q < q”, contradicting the assumption. Therefore, ¢’ < qH holds.

We conclude the proof by showing that ¢ € [0, 1] is the unique intersection of expected time to
ownership under FF'=2 and F =1, and thus given the result of Proposition 2 we have the four
regions stated in the proposition. We equalize (EC.52) and (EC.53) to get ¢. Thus,

Bl = 125 =Elr') < ﬁﬂé S 2)(1— @) = T+ (T - 4)(1—§)* —20(1-§) >0, (BC.57)
where (EC.57) is a polynomial function of (1 —¢) in degree 4 . Since (EC.57) is negative at ¢ =0,
positive at ¢ =1, and increasing in ¢ (or first decreasing and then increasing), then ¢ € (0, 1] is the
smallest unique root of I+ (I —4)(1—§)* —2I(1 — ¢) =0, concluding the proof. [

Lemma 9. If ff” <1, then at optimality no bundled payments happen under all F € {1,2,4}.

Proof. We first show that bundled payments happen at lower values of ¢ under F' =1 than
F =2 than F' =4. From Theorem 2(A), we know that bundled payments under F' =1 design
don’t happen (i.e., order-up-to policy 1 or less) if and only if SgEz[V (1,0, B)] < 1. With a similar
argument as in (EC.5), we find that bundled payments under F' =2 and F' = 4 designs don’t happen
if and only if S(1—(1—¢q)?)Ep[V(3,0,B)] <2 and S(1—(1—¢)*)E[V(7,0, B)] < 4, respectively. If
BqEg[V(1,0,B)] < 1, then it implies that ff; (2—¢q) < 2—q <2, which implies no bundled payment
under F'=2. If 3(1 — (1 —¢)*)Eg[V(3,0,B)] < 2, then it implies that 167”5(1 -1-¢HA+(1 -
q)?) <2(1+ (1 —¢)?) <4, which implies no bundled payment condition under F' = 4. Therefore,
BqE5[V(1,0,B)] < 1, which is equivalent to 292 < 1 implies no bundled payments under all F,

1-8
concluding the proof. [
I. Proofs for Results in Section F.4

Lemma 10. Let E[77] be the expected time to ownership under the optimal repayment policy for the
repayment term I for the Bellman equation (EC.22). In addition, let I'=1/2 and ¢’ =2, I" =1/3
and ¢ =3, and I =1/4 and ¢=4. Then, as ¢— 0, E[r'] <E[r""]| <E[r"] < E[r]. Conversely, as
q—1, E[r7] > E[+""] > E[r"] > E[7].

Proof. According to Bellman equation (EC.22), B,’ follows a geometric distribution with param-
eter Z;;é q(1—q)?. Therefore, the budget for repayment terms I, I’, I”, and I follow a geometric
distribution with parameters ¢, ¢ = Z;ZOq(l —q), ¢ = Z?:oqﬂ —q)! and ¢ = Zj:o q(1 —q)7,
respectively. Moreover, given Proposition 1 of the paper and the appropriate geometric distribution
parameter, we can derive the expected time to ownership for each repayment term.

First, as ¢ — 0, then ¢’ — 0, ¢” — 0 and ¢ — 0, thus, we are in the case (A) of Proposition 1 for all

repayment terms. Then, the expected time to ownerships are E[+/] =1/(1—q), E[r']=1"/(1—¢'),
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E[r"] = I"/( ¢"), and E[r'] =1/(1 — §) implying that E[r/|=T=TI/4 <E[r!"|=1"=1/3 <
E[r"]=1'=1/2<E[r!] =1, completing the proof of the first part of the lemma.

Next, as ¢ — 1, the expected time to ownership will stay same or decrease to minimum, where the
minimum is when the payment policy is order-up-to ownership with expected time of ¢//(1—q)+1
as in case (B) of Proposition 1. In any case, as ¢ — 1, then E[r/] =I/(1—q) > E[+""|=1"/(1—¢") >
E[r"]=1'/(1—¢)>E[r']=1/(1 - q), where the inequalities follows from 4(1 — §) = 4(1 — ¢)* <
31—q¢")=31-¢qP*<2(1-¢)=2(1-¢q)*<1—q as q— 1, completing the proof of the second
part of the lemma and concluding the proof. [

Lemma 11. If £ 5q” <1, then at optimality no bundled payments happen under repayment terms,
I,I'=1/2,I"= I/3 and I =1/4.

Proof. We first derive the condition for no bundled payments for different repayment terms.
For the base case of I and ¢ =1, the condition is exactly the same as in Theorem 2 (A), i.e.,
Bqu/(1 — B) < 1. For I' =1/2 and ¢ = 2, the updated condition is f¢'v/(1 — ) < 2 where ¢ =
q+q(1—q)=q(2—q). For I"=1/3 and ¢" =3, the updated condition is 3¢"v/(1 — ) < 3 where
¢"=q+q(1—q¢)+q(1—¢q)?*=q(1+(1—q)(2—q)). For I =I/4 and ¢ =4, the updated condition
is Bqu/(1 —B) <4 where §=q+q(1—q)+q(1 —¢)*+q(1 -9¢)’=q(2—q) +q(1 - q)*’2—q) =
q2-q)(1+(1—-q)%).

We now show that if Bqv/(1— ) < 1 then all the above conditions hold, i.e., no bundled payments
occur under repayment terms I, I', I"” and I. If Bquv/(1 — ) < 1, then we have B¢'v/(1 — ) =
Bq(2—q)v/(1—B)<2Bqu/(1—B) <2, where the equality follows by the definition of ¢/, the first
inequality follows from ¢(2 — ¢) < 2¢, and the second inequality follows from Squ/(1— ) < 1. With
a similar argument, if Sqv/(1— ) < 1 then, we have 8¢"v/(1— ) =Bq(1+(1—q)(2—q))v/(1-p) <
38qv/(1—B) < 3 and Bqv/(1—B) = Ba(2 - q) (1 + (1 —q)*)v/(1 - B) < 48qu/(1— ) < 4. Therefore,

. . .

Proof of Proposition 4: First we show part (i). If lg—f >1, then fq; < ﬁ” <1 for all g€
[0,1], where from Lemma 11 inequality fq% <1 implies that no bundled payments happen under
all repayment terms. Therefore, the expected time to OWHel:,Shlp f(l)lllows Pr0p081t10n 1(A) of the
paper, thus we have E[7/] = 1£q, E[r"] = Ty = saeg Elr' ] = i1 = satys, and E[r] = 1L =
4(11 . Given the ordering of expected time to ownerships in Lemma 10, it sufficient to compare
the expected time to ownerships under each repayment term W1th its closest smaller and larger
repayment terms. Thus, we have E[r'"]| <E[r!] and E[r"] < E[r! ] if and only if 1 — q <3 and
1-— , which is equ1valent to g 6 [%,%). In addition, we have E[r' 1<E[+""] and E[s"] < E[ g
if and only ifl—g< g and 1 —gq > , which is equlvalent toge [% %) concluding the proof of part

Next we show part (i7). We start with the case (a), i.e., if 1 — 1%’ — 3 <0 then there exists
aq € [i,g] such that E[r"] < min{E[7],E[r"],E[r']} for all ¢ € [£,q). If 1 — 12 — 2 <0 then
3 < Bv , which from Lemma 9 implies that no bundled payrnent happen for all q € [O ) Then,
for all > 1 we have 1 —¢g—3 < 0 which is equwalent to E[r1"] = 3 _q)g <E[r]]= W
we define the intersection of E[ "] and min{E[r’ 'l,E[+']} as ¢ (can include bundled payment since
g> 7). Thus, E[r’ "1 < min{E[r"],E[+"],E[r']} for all ¢ [i,q), concluding the proof of first case
of (it).

We now show the case (b) of part (ii), i.e., if 1 — 5 -2 < 0 then there exists a q €3 3)
such that E[r7] < min{E[TI],E[TI”],E[TI]} for all qe [3 (ﬂ If 1 -2 - 5 <0 then } <2, which

Finally,

3
from Lemma 2 implies that no bundled payments happen for all ¢ € [O ) Then, for all ¢ > > we

have 1 — g — 2 <0, which is equivalent to E[r'] = S < E[+""] = 3_g Finally, we deﬁne the
intersection of E[r!'] and min{E[r'], E[r M as § (can include bundled payment since g > 3). Thus,
E[r"] < min{E[r],E[r""],E[r]} for all ¢ € [£,7), concluding the proof of the second case of (i),

thus completing the proof. [
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