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Online Appendices to
“Offline Feature-Based Pricing under Censored Demand: A Causal Inference
Approach” by Jingwen Tang, Zhengling Qi, Ethan X. Fang, Cong Shi

Appendix A: Summary of Major Notation

Table 2: Summary of Major Notation for Problem Formulation

the price of a product

[p1, p2| the compact space of price values

the amount of inventory available for sales

the set for inventory vales ) C [0, co)

the potential demand of a product if the price P is set to be a (deterministic) value p
number of dimensions of features associated with the product

observed g-dimensional features associated with the product

some feature space X C R¢?

a pricing strategy being a measurable function: (X,)) — P

the class of all pricing strategies

Sl=lE! ><><;QE‘<”<T3“U
)

(m) the potential outcome under a pricing strategy = € II
V() the expected profit of a pricing strategy 7 € IT
c the stockout cost per unit
f(P|X,)Y) conditional probability density of the price, commonly referred to as the generalized propensity score
Sfmin an almost surely positive lower bound for the conditional probability density of the price f(P|X,Y)
Q(X,Y,P) the expected profit of a product given the product features X, inventory amount Y and price P
™ the global optimal pricing strategy which maximizes the expected profit V ()
K(u) a kernel function R — [0, 0o)
h the bandwidth used in kernel approximation
Vi, () approximated expected profit of pricing strategy 7 using kernel approximation with bandwidth h
Cy a constant in Assumption 2(a)
Cy a constant in Assumption 2(b)
Cs a constant in Lemma 2
S the observed sales quantity S = min{D,Y }
A censor indicator A =1(D <Y)

R(X,P,S,A) | the surrogate profit given X, P, S, A of a product

Table 3: Summary of Major Notation for Offline Feature-Based Pricing Strategy

Dinax no-negative constant, upper bound of D in the assumption b

n sample size

D, n independent and identically distributed samples

H(t| X, P) the conditional survival function of the demand D, H (¢t| X, P) =P(D > t| X, P)
H(t|X, P) estimated conditional survival function using random forests method

0 number of unique sales values in the dataset D,

E[D|X,P,S,A=0] | estimated conditional expectation of demand using estimated H (¢t|.X, P)
R(X,P,S,A) estimated potential profit of a product

f(P|X,Y) estimated conditional density function of the price

IIo some pre-specified class of pricing strategies

An a positive tuning parameter possibly depending on the sample size n

Il g norm of the Hilbert space 1o

J(m) some regularization function on the policy 7, set to be ||«[|f,

Bo constant term in the example of linear pricing strategies

B8 parameters of the features in the example of linear pricing strategies, 3 € R¢*!
Q(X,Y,P) estimated expected conditional potential profit Q(X,Y, P) =E[R| X,Y, P]
VPE(r) a doubly robust estimator for estimating V}, ()

T the estimated global optimal pricing policy by solving (16)

Tn the estimated global optimal pricing policy by solving (17)
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B number of survival trees in the random survival forests algorithm
M number of folds in the cross-fitting technique
m index of the fold in the cross-fitting technique, m =1,..., M
m(z) the fold containing the 4-th observation
Q- (X,Y,P) estimated expected conditional potential profit using data excluding fold m

J(PIX,Y)

estimated conditional probability density of the price using data excluding fold m

ISR the other (M — 1) folds data except k

b1 parameters of the neural network for the mean of the distribution of (P | X,Y")

@2 parameters of the neural network for the covariance of the distribution of (P | X,Y")
1 estimated ¢ using MLE

o2 estimated ¢, using MLE

A (X, V)

estimated mean of the the multi-variate Gaussian distribution of (P | X,Y) using ¢1

G=m(X,,Y;)

estimated covariance matrix of the multivariate Gaussian distribution of the price (P | X,Y") using ¢

b3 parameters of the neural network for the pricing policy

b3 estimated ¢3 maximizing the right hand side of (17)
Table 4: Summary of Major Notation for Regret Analysis and Double Robustness

Regret(7,) | the regret of the pricing strategy 7,

C4 a constant in Assumption 4

A a constant in Assumption 5

v a constant in Assumption 5

Q some probability measure on (X,Y")

|1,z the Lo-norm under @ on (X,Y")

F the envelope function of 11,

Cs a constant in Assumption 6(a)

Ce a constant in Assumption 6(b)

a, 8 constants in Assumption 6(b)

w the smoothness coefficient of the true QQ

i the estimated optimal pricing policy by maximizing V, ()

Appendix B: Technical Proofs

Proof of Lemma 1.
V(m)=E{nm(X,Y) x min{D(n),Y} —cx (D(m)=Y)"},

where the third equality is by Assumption 1(c) and the fourth equality is by Assumption 1(a).

—E{E{n(X,Y)x min{D(r),Y} —cx (D(r) - Y)" | X,Y}},
—E{E{n(X,Y)xmin{D(r),Y} —cx (D(r) - Y)" | X,Y,P=n(X,Y)}},

E{/P2]E{p><min{D,Y}c>< (D-Y)*|X,Y,P=p}1(x(X,Y)=p)dp

P1

By definition, we have

=E{Q(X,Y,n(X,Y))},

b

Q.E.D.

Proof of Lemma 2. We first consider the unbounded support of P. As seen from Lemma 1, V(r) =
E[Q(X,Y,n(X,Y))]. By a similar derivation, we can show that

Q(X,Y,P)K (£==&1)

Vi(m) =

hf(P|

X,Y)
) (2o

E /Q(X,Y,p

]E{/Q(X,Y,th+7r(X, Y))K(t)dt},

h

dp
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where the last equality is based on the change of variables. Then it can be seen that
i) - vl =[e{ [ ey see vy - [ viar)} |
<2{ 1Yotk 4 7(X.7)) ~ QUEY.r(X. 1)) 0ot

QX, Yp)/ C}2)(*’(73/“”')’/Itth(t)dt}

<]E{ sup

p1<p<p’<p2

ghC’Q/\ﬂK(t)dt
S CBha

where the second inequality is given by Assumption 2(b). When P has a bounded support, we need to normalize the

kernel by
f((p—ﬂ'ELX,Y)):K(p—ﬂgLX,Y))// K(p_WELX’Y))dp-

Then by a similar proof as in the unbounded case, we can show that |V}, () — V(7)| < Csh, which completes our
proof. Q.E.D.

Proof of Lemma 3. Consider the following quantity:
E[(PxS—cx(D-Y)")|X,PS,Y]
=E[(PxS—cx(D-Y))|X,P,S, Y, A=1]1(A=1)
+E[(PxS—cx(D-Y)"|X,P,S,Y,A=0]1(A=0)
=1(A=1)PS+1(A=0)E[(PxS—cx(D-Y)")|X,P,S,Y,A=0]
=1(A=1)PS+1(A=0)E[(PxS—cx(D-Y))|X,P,S,D>S5,Y =5]
=1(A=1)PS+(P+¢)S1(A=0)—c1(A=0)E[D|X,P,S,D > 5]
=PS+cS1(A=0)—cl(A=0)E[D|X,P,S,D>S]=R
where the last but two equality is based on Assumption 3(a). In addition, we can rewrite V() as
V() ]E{/M]E[(P xS —cx(D=Y)")|X,Y,P=p|L(x(X,Y) p)dp}
p1
—e{ [ BIRX Y= U x) = iy}
:]E{RT)I(,Y,P:w(X,Y)},
which concludes our proof. Q.E.D.

Proof of Lemma 4. 'We show this lemma by interchanging the order of integration. Let h(w | X, P) as the condi-

tional probability density of survival function H. Note that

Dmax Dmax Dmax
/ Ht|XPd_/ / hw|XPddt
. HSIX,P H(SX,P)
Do (1% p(w|X, P) Do h(w|X, P)
/ {/ H(S|X.P) }dw‘/s =8 e,

Pmaxp(w|X, P)

which concludes the proof. Q.E.D.
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Proof of Theorem 1. Since by the assumption our estimator R and either @ or fare consistent in terms of sup-

norm, without loss of generality, we assume R = R and consider either Q= @ or f= ]7 IfQ= @, we have

VnDR hZ/ Q(X:,Y:,p (<hX“Y’)) dp

— PZ—W(X“Y;) o ‘ ' '
Z hf P|X“ 1)K ( h > (RZ Q(X“Y“PZ)).

By the law of large numbers, we can show that VnD R(7) converges in probability to

[ o (52

where the equation is given by E[R — Q(X,Y,P) | X,Y,P]=0.1If f = £, then by the law of large numbers again, we

1 K(P—W(X,Y)

TRIET XD (r-qex.v.p)

= Vh(7T>7

can show that V,” (1) converges in probability to

flLE[/:@X,Y,p)K@“m)dp]HELL( ok () - arp)

h fPIX.Y h
1 P2 p—7(X,Y) 1 P—7n(X,Y)\ ~
= - XY pK|——F- — K XY, P
Vh(7r>+hE|:/pl Q(X,Y.p) ( Y )dp} E[hf(PXy) < 7 Q(X,Y,P)
= Vh(ﬂ').
The proof is complete by noticing that |V}, (7) — V()| < Csh given by Lemma 2. Q.E.D.

Proof of Theorem 2. For notational simplicity, let Z = (X,Y) and Z = X x ). We further let U(r) = —V (7),
U, () = =V, (7). By Lemma 2, we can show that
V(") =V(7,) =U(r,) - U(r")
< Uy (7n) + Csh — Up(7*) + Csh + Uy (m3") + Ao J (1027) + A () — {UR(m07) + An I (727) }
SUn(mpm) + A (m37) = U (73;) 4 Un(Fn)) + A () = {Un(m0") + A J (m37) } + 2C5h

=AN) +Un(Fn) + A J (Fn) — {Un(mn™) + A J () } +2C5h,
)

where 7," € argmin, .y {U,(7) + A, J(7)}. In the following, we apply the empirical process theory to bound Term
(I) on the right hand side of the inequality above. Let

2 [ [ ((p—ma" (2)/h) 1 P—m(2)
gw_{/pl Q(Z’p) h dp+hf(p‘Z)K( 3 Y(R—Q(Z,P))+ N, J(m)

" oo K= m(Z)/h) L Po2)
- [T ez ST A gy K

)R Q2. P)) = M (7)) | I(7) S A 7 €T .
Based on the definition of G, we use g, to denote any generic element in G.. Recall that J(7) = ||7||;, . We consider

a constraint class on 7 by the following argument. By Assumptions 4 and 6(b), all nuisance functions in (17) are
bounded. Then according to the optimization property, we can show that

L [ Aemen g p=mn(Zi) 1y 1 P=mlZ)y & _6(z. P, 7
nh;/p1 @ (Zi, ) K h )dp+nhz‘]/f\(—m(i))(P.|Zi)K( h )R = Q2 B) + A (7n)

i n P2 N (=m(2)) ) ; 5 5 =2, o
- h;/m © (Z.p)K ( Jdp+ hzﬂ m(z))(p|Z)K(h)(Rz Q(Z:, P)),
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which implies that A, J(7,,) < 1. Based on this, we can further show that for any g, € G,
19elloo S 1/R+ Il /S Ax ® /,

since K is Lipschitz with respect to || e ||, and A, — 0 with A, < 1. The remaining proof consists of two steps. In
the first step, we show E, (gz, ) < &, for some &; > 0 with a high probability. In the second step, we aim to show
that sup, g_|E.(9-) —E(g-)| < &2, with a high probability for some €. Then combining two, we are able to show
(I) <&, + &, with some high probability.

Step 1: We first notice that

E.(g7.)
-5, { [ o =T O gy PR -z ) 0
-E, {/:2Q(Z,p>K“p‘%g(Z”/h>dp+ K DR = QUP) - AT
e { [ @tz MmO gy k(PR gz, )
_E, { [ @y MmN T )><E@<m<f>>><z,P>>}
B { / Bemin va)m(pfwgl(z))/h) d“hﬁ—mul»(mz) K(pw;nu)) (ﬁ@(mw(z,p))} )
_E”{/j @,mm)(z’p)K((p—%}ZL(Z))/h)dp+ hf(T,L;)(PM)K(P_?(Z))(E—@(’""'”(Z,P))}HnJ(ﬁn)
+E, { [ @y HER I gy i (P R @<-m<i>><z,P>>}
e { [ o KORI L PR g )
o, { [ oun KGN L O Py 0oz p)
E{ [ @y HE D gy (O R m<’>>><ZP>>}
+E, { [ e oz K((”"(Z,Z e KRz, P))}
-5 { [ ez TG gy e (BB 0(z.P) .

where the last inequality is given by the optimization property in (17). In the following, we bound right hand side of
the above inequality. It suffices to focus on the first two terms on the right hand side while the other two terms can be
bounded similarly.

Specifically, we consider bounding the following term, defined as

a " K((m,"(Z2) —p)/h) 1 T (Z)— P
_En{/m Q(Z,p) 3 dp+hf(P|Z)K( h )(R_Q(Zp))}

" Gomin (7, p) KU (2) =p)/1) 1 ML) P\ 5 s
_En{/pl QU™ (Z,p) A derhf(*m(i))(HZ)K( h )R- Q" (>>(Z,P))}
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‘We remark that we can write

[ e M D= gy L O r gz, )
- Q(Z,p>K“”””(h)‘p)/h>+h(f(p|Zp))K< 22y r -z,

E1(p)

where 1(P = p) is indeed a Dirac measure. For a fix p, it can be seen that

B = o7 (1]W)(@m“)(zi,mQ(zi,p»K(“Zhi’p)
SR D LB gz, (A=)

nh = froplz)  f0lZ)
Tn(Z;) —p

15 MP=p) LP=p) m(i) o P
+nh;(f m“(p'Z) (p|Z))(R Q "(Z,, P,) = (Ri — Q(Z:, P.))) K (

hz fp\Z R; Ri)K(T)
2 Ex(p) + Es(p) + Ea(p) + Es(p).

In the following, we bound each of the above four terms. For E3(p), consider

L AP=p) WP=p) o RZ) =P
g_{/ ooz Te7 R QEPIKESD 0@ < eno}.

By the sample splitting, we can show that E [R— Q(Z, P)|Z, P, f~™((p|Z)] = 0. Therefore we can observe

that E[g,] = 0 for any g, € G, .. In addition, the envelop function of G;, defined as G, is proportional to

/ ; ° fﬂg(:pﬁ)z) - ]lf((}; ‘ Z”)) |R—-Q(Z, P)|)\7% /hdp by the Lipschitz boundness on K in Assumption 2(a). Therefore

IGilla.p SnPA0 3 /h by the error bound condition on f (m)(p|Z) given in Assumption 6(b). By the entropy condi-

tion in Assumption 5 and Lipschitz property of K in Assumption 2(a), we can further show that
~ 1\"
wp NG QelCll) £ (1)
Q

which implies that

1
I(1.G10.G1) 2 [ sup\l0g N(G1.. @Gl )= 5 V.
0 Q@
By leveraging the maximal inequality in the empirical process theory, we can show that

E sup |Eng|§ﬁn’%n’ﬁ)\;%/h.

9€G1, 7

Then by Talagrand’s inequality, we can show with probability 1 —e™7,

P2 1 4 —3-B)\-1/p2 98Y_1/p2 ;%
/ Es(p)dp < — < E sup |Eng|+2\/5\/ Vo TN /I 4 Con A /B2 | 32

h 9EG1 n n nh

1 _1
Smax{1l,z}v/on"2n "\, % /h>.

Similarly, we can show
P2
/ E2(p)dpf,HlaX{l,;U}\ﬁn*%n*a)\;%/hz7
p1
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with probability at least 1 — e~*. In addition, we can bound fppf E,(p)dp term by Cauchy-Schwarz inequality, i.e.,

with probability at least 1 — 2e™7,

N[

1
2

1 1

P 2 - ’ n_O-m@ _(p— ? -3
/pl Ey(p)dp <1/h (En L?(W)(PZ) P17 ) x(En [R Q"(Z,P)— (R Q(Z,P))D An
1 1

<1/h? (En [f—(m)(PZ) ~ D) ) ) X { <]En [@*m@(z, P)-Q(Z, P)} 2>é +n6} An

Smax{1l,z} (n~ ) + n~"n?) )\;%/hQ.

Nf=

The last inequality is due to Bernstein’s inequality, i.e.,

2

1 1 <2 +n_%_6‘/21‘+3£,
n

B [f<k)(p|Z) f(nlZ)

and
o~ . 2
E, [Q (2, P) = Q(Z,P)] Sn ¥ +n b Var+
n

by the uniformly bounded assumption in Assumptions 4 and 6(b) and the error bound condition on nuisance function
estimation in Assumption 6(b).

For the last term f:l * E5(p)dp, we can show that with probability at least 1 — e® — &,

/pEs(P)dp—mZm(Ri Ri)K(T)
1 i=1
1 & )
505(6)m;]1(Ai:O)n A2
n=OA-1/2 x
< __n — =
<Oy (IP(A 0)+ n)

Combining the results above together, we can show that with probability at least 1 —5e™" —¢,

p2
/ By (p)dp < max{1,z}y/on~dn~mn@e\ 7 /p2

p1
—5\—1/2
n°A,

+max{1,x}n’(°‘+6>)\;%/h2+C5(5) max{1,z} i

P(A=0).
Similar results can be obtained if we replace 7,, by ;" in E;. Then we have

. _1
E,(g,) S max{l,a}y/on~2n=mn@e)\ 2 /2
nfé)\—l/2

+max{1,x}n’(a+5>)\;%/h2+Cg,(€) max{1,z} 72

P(A =0),

with probability 1 — 10exp(—z) — 2e.
Step 2: Again by applying Talagrand’s inequality and maximal inequality, we can similarly show that with proba-

bility at least 1 —e™7,

sup |E,(g-) —E(g:)| < max{l,x}ﬁ)\;%n_%/lf.

Irn€Gn



Tang et al.: Offline Feature-Based Pricing under Censored Demand: A Causal Inference Approach
40 Article submitted to Manufacturing & Service Operations Management

Summarizing Steps 1 and 2, we can show that with probability 1 —e™® —¢,
Regret(7,) =V (") - V(7,)
S A +2Csh +max{1,a}v/ods *n~ 3 /R

. 1
+max{1,z}v/on 2n MG \TE /2
n—&)\—l/z
h2
which concludes our proof. Q.E.D.

+max{1, av}n_(‘“’m)\;%/h2 + Cs(e) max{1,z} P(A =0).

Proof of Theorem 3 For any 0 < ¢ < 1, with probability at least 1 — ¢, we have
Regret(7)) = V(") = V() = Exy [Q (X, Y, 7 (X,Y)) - Q (XY, 7 (X,Y))]
<Eyxy {@ (XY, 7" (X,Y) + U (X,Y,7(X,Y),8) - Q (X,Y,7(X,Y)) + U (X, Y, 7 (X,Y), 5)} (29)
<Eyxy [@ (X,Y, 7 (X,Y)) + U (X,Y,7(X,Y),8) — Q (X,V,7"(X,Y)) + U (X,Y, 7" (X,Y), 5)] (30)
=2Exy [U (X, Y,7"(X,Y),8)],
where (29) is due to Assumption 7 and (30) is from the definition of 7,,. Now we define for any § € (0,1),

U(X>Y;P75)K (M)

h

hf(P|X,Y) ’

W(W*) :EX,Y [U (XaKW*(va)vé)]v Wh (7(*) =E

where E means the expectation over (X, Y, P). Then we have

U dK ()] /U<X7Kp,6>K(P‘”15X*Y>
X.,Y -

FFPIX.Y) eIXy) eI XY

W, (r*) =E

U(X,Y,p,0)K (=020)
= EX,Y / dp
P

h

By letting % =t, we obtain W), (1) =Ex vy [ [ U (X,Y,7*(X,Y) +th,0) K (t)dt] . Therefore,

Wi () =W (x°)

=Exy /U(X,an*(X,Y)+th,5)K(t)dt} —Exy [U(X,Y,7m*(X,Y),0)]

—Eyy /U(X,Y,ﬂ*(X,Y)+th76)K(t)dt—U(X,Y,w*(X,Y)JS)}

=Exy -/U(X,Y,W*(X,Y)+th,5)—U(X,Y,w*(X,Y)ﬁ)K(t)dt}

S]EX,Y sup U(X,Y,p,(;)*U(X,Y;p ’6)‘/|thK(t)dt:|

/
Lp,<p<p’<p2 p—p

<Cy(0)h / 1K (£)dt = Ca(5), 31)

where Cy(0) := C,Cg(9). The first inequality is by Assumption 9 and the second inequality is by Assumption 2a.

Therefore, we have with probability at least 1 — 9,

h

hf(P|X,Y)

U(X,Y,P,6)K (M)
Regret(7,,) <2W (1) <2Cy(0)h 4 2W,, (7*) <2Cy(d)h + 2

2
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h
x|
2
where the first inequality is due to (31), the second inequality is by definition and the last inequality is by Holder’s

K <7r*(x,y)—P)
<2Cy(0)h+2||U(X,Y, P,0)

inequality. By Assumption 8, for any £,

Regret(7,,) <2Cy(0) h

So we have

2 XY P,
Regret(%n)ﬁil}if{QCg(é)h—i- GlOEY, "5)”2}:cm(a)\/w(x,xp,a)u%
where the constant Cy(0) :=41/Co(6)C-. Q.E.D.

Appendix C: Dependent Data Scenario and Its Analysis

In this section, we consider the scenario where {(X;,Y;, P;, S;, A;)}, .., are not i.i.d. copies. Instead, we assume our
data come from M centers, where data collected at each center are dependent and cross the center are independent.
Specifically, for center 1 < m < M, our offline data consist of {(Xf"”, y,™, pim gim) Aim))} . Since data

1<t<n
across different centers are independent, we can apply the previously proposed method (17) to learn the optimal pricing

strategy that
1 nM P2 . p_ﬂ'(X Y)
7, € argmaxy — o mO)(X,, Y, K<m)d 3
ol {thz_;/p QUMY (X, Y p) - » a2
nM
Ly ! P (X, i>> S
Tt f K( RZ_Q( i) Xl7)/l?Pl _AnJ ™ )
nM & pfemi)(PX,,Y)) h ( ( )) = A ()

where m (i) denotes the center containing the i-th observation.

In the following, we provide a theoretical guarantee for our approach under the non-i.i.d. case. For any two o-fields
Aand B C F, we define 3(A, B) :=sup § S ijl |P (A, NB;)— P (A;) P(B,)| where the supremum is taken
over all pairs of (finite) partitions {A;,..., A;} and {By,..., B;} of Q such that A; € A for each i and B; € B for each
j. We also define the o-field for the sequence of random variables X := (X, k € Z). For each n > 1, the dependence

coefficient (3-mixing coefficient) is defined as 3(n) := sup, ., (.7-'1 cos F2

; +n). Then the random sequence X is said

to be B-mixing if 5(n) — 0 as n — co. We now make the following assumption to characterize the dependency among

observations in each center.

ASSUMPTION 10. For each 1 < m < M, the stochastic process {(Xt(m), y, ™, pim g Aﬁm))} is a sta-

t>1
tionary and exponential 3-mixing process with 3-mixing coefficient B(t) < Sy exp(—/pit) for some By > 0 and 3, > 0.

Assumption 10 characterizes the dependence among observations in each center. An exponential 5-mixing process is
a type of stochastic process that satisfies certain conditions regarding the dependence structure of its random variables.
Specifically, a process is S-mixing if the correlation between two variables decreases exponentially fast as the time
separation between them increases. The 5-mixing coefficient is a measure of the rate at which the correlation between
two variables decays as the time separation between them increases. A smaller S-mixing coefficient indicates a faster
decay of correlation and hence a weaker dependence structure. In particular, the upper bound on the S-mixing coef-
ficient at the time lag ¢ basically means that the dependence decays to 0 at the slowest possible exponential rate with
respect to t. See Bradley (2005) for more details. Without loss of generality, we assume M = 2. Then we have the

following regret guarantee for our estimated optimal pricing strategy given in (32).
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THEOREM 4. Suppose that Assumptions 1-10 hold. If \,, <1 and o+ > 1/2, then for any ¢ € (0, 1) with prob-
ability at least 1 — 1/n — ¢, Algorithm 1 admits the following regret upper bound

—5\—1/2
Regret(7,) SA(N,) +2C5h + log(n)\ﬂ/\;%n_%/h2 + Cs(e)log(n) %

where the regret is defined in (19). Furthermore, if (21) holds, then with probability at least 1 —1/n — e

P(A =0), (33)

C!nin(%,é)

Regret(7,) Slog(n)n~ st . (34)

Under Assumption 10, one can obtain a similar regret result as that in Theorem 2.

LEMMA 5. Suppose that a stochastic process {Z;},>, is a stationary and exponential 3-mixing process with [3-
mixing coefficient 5(q) < By exp(—[51q) for some By > 0 and 3, > 0. Let G be a class of measurable functions that
take Z, as input. For any g € G, assume Elg(Z,)] = 0 for any t > 0. Suppose that the envelop function of G is
uniformly bounded by some constant C > 0. In addition, if G belongs to the class of VC-typed functions such that
supg N (G, Q€| lg.2) S (1/€) for a constant o > 0. Then with a probability at least 1 —1/T,

Q
su )| Slog( .
w7 Zg IS los(T/ 7

If 0® =sup,.g Elg*(Z,)] for 1 <t <T, then with probability at least 1 —1/T,

sup | = Zg ) log(T)(\/IOg(iT)O;IlG||2+\/T702+1).

geg

Proof of Lemma 5.  To prove the case (i) of the lemma, we focus on bounding sup,, | S, 9(Z,)|. Specifically,
we apply Berbee’s coupling lemma (Berbee 1979) and follow the remark below Lemma 4.1 of Dedecker and Louhichi

(2002). Let g be some positive integer. One can always construct a sequence {Z}Ql such that with probability at least

1—(T'5(q))/q-
T T _
sup| 320 =supl 3 o(Z)|
9€9 T geg
In the same time, the block sequence X, (g) = {g(Z, (k—1)q+j) }1<j<q are identically distributed for k& > 1. In addition,
the sequence {X(g) | k = 2w,w > 1} are independent and so are the sequence {X,(g) | k = 2w + 1,w > 0}. Let

I.={|T/qlq+1,---,T} with Card(I,) < ¢. Then we can show that with probability at least 1 — (T'53(q))/q,

qlT/a]

buplzg Z) |<wp| Z (Z) \+bl€1p|Zg Z,)|
g

tel,
In the following, we always assume that the above inequality holds. Then it is sufficient to bound each of the above

two terms separately. First without loss of generality, we assume |7"/q| is an even number. For the first term, we have

qlT/q] 2q \T/al/2
sup| > 9(Z,) |<Zsup\ Z (Z)1.
9€9 | = 1 9€9

By the previous construction, sup, | ZLT/ al/2 g(Z-)| is a suprema empirical process of i.i.d. sequences. Then by
conditions in Lemma 5 and Mcdiarmid’s inequality, we have with probability at least 1 — ¢,
[T/ql/2 [T/al/2

sup| Y g(Z)ISE[Sglelgl > 9(Z)]

9€9 Ty k=1

Tlog(1/e) .
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Given the condition that sups N (G, Q.cllells 5.2) S (1/€)*. By a standard maximal inequality using uniform entropy
integral (e.g., Van Der Vaart and Wellner 2011), we can show that with probability at least 1 — ¢,
[T/q)/2

suwp| > g(Z)]

989 ko

of
-

<

~

E

By letting ¢ = 1/T, we can show that with probability at least 1 — 1/7,

I.T/QJ/2 aT Tlog
sup| > 9(Z)] S
geg
g(T

Next, we can bound sup,cg [D_,c; 9 (Zt)| by Cq. By letting ¢ < log(T'), with probability at least 1 — 1/7,

oT Tlog(T)
Z)| <1 —— +log(T) | ———== +1og(T) Slog(T)VTa.
Sup‘zg t Og ) log(T) + Og( ) log(T) + Og( )(\/ Og( ) «Q
This concludes our proof of case (i) by dividing both sides by T'.
In the second part of our proof, we have 0 = sup, s E[g°(Z;)] for 1 <t < T'. Then by conditions in Lemma 5 and

Talagrand’s inequality, we have with probability at least 1 — ¢,

[T/al/2 _ [T/al/2 _
sup| Y g(Zi)ISElsupl > 9(Z)|] +/2n,log(1/e) + Clog(1/e),
9€9 k=1 9€9 k=1

where n,, = 2T /qE [sup g | ZLT/ al/2 (Z) |} + T /qo?. We can deploy another maximal inequality to show that

\T/a)/2
E[supl > 9 Z)| £I(1,6.6)C]. S VallGl..

9€9 ko

by letting e = 1/T', we can show that with probability at least 1 — 1/7,

|T/q]/2
~ T
supl > 9(Z)| S ValGl+ ¢ (\/a|G||2 + qa2> log(T) + Clog(T).
S k=1

By letting ¢ < log(T"), we can show that with probability at least 1 — 1/7,

suPIZg (Z)] Slog(T )\/a||G|z+log(T)\/<\/a||G||2+1m§T)02) log(T") +log(T)

9€9

Slog(T)(V1og(T)al|Gll2 + VTo? +1)

The result follows by dividing both sides by 7. Q.E.D.

Proof of Theorem 4. For notational simplicity, let Z; = (X;,Y;) for 1 <t <nand Z =X x ). We further let
U(n)=-V(n), U,(n) = =V, (x). By similar derivation, we can show that

V(7*) =V (@n) <A 4 Un (@) + M\ J(7) = {Un (727) 4+ Mo J (107} 4205,
(1)

where m," € argmin_ . {U,(7) + A,J(m)}. In the following, we apply Lemma 5 to bound Term (I) on the right
hand side of the inequality above. Let

gﬁA{/plsz(va) (p— wz (z ))/h)dp+ hf(;Z)K(PW,fn(z))(RQ(Z,P))HnJ(w)

- [" oyt - Lk P r iz ) - A )

h hf(P|Z) h J(W)ﬁkgl,weﬂo}.
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Recall that J(7) = ||7||7, . We consider a constraint class on 7 based on the same argument in Theorem 2. In the
first step, we show E,, (gz,) < &, for some £, > 0 with a high probability. In the second step, we aim to show that
sup, cg, |En(9x) —E(gx)| < €2, with a high probability for some ¢,. Then combining two, we are able to show
(I) <&, + &, with some high probability.

Step 1: We can similarly derive that

En gﬂ'n

5(-mii K((my"(Z) —p)/h) 1 ™" (Z)— P
]E”{/ Q(Zp) h P+ hﬁ—m(i»(mz)[(( h

L\E, {/m @(*m(i))(z’p) K((%n(Zh) —p)/h) dp + h]/c\(’”(i)(P|Z)K(%n(Zf3 - P)(E— Cj(fm(i))(z7 P))}

" g o K(Gal2)=)/h) L @)y
5 [ @ MG 4 k(O

In the following, we bound the right-hand side of the above inequality. It suffices to focus on the first two terms on the

right-hand side while the other two terms can be bounded similarly.

Specifically, we consider bounding the following term, defined as

ElﬁEn{/”Qw,p)K((”” IDP— K(W’Ln(Z)P)(RQ(ZP))}

h hf(P|Z) h
5 { / Q- 7, KD D)) dp+hﬁ_m<i><p|Z)K<W?P)(EQ o~ P)}
We again notice that
/pl Quzp MDD gy (D= gz, p)
-/ ‘0z p)K((w (?_p)/h)+];lz(f]?pTZ]?K(ﬂzn(?_p)(R‘Q(Z’pWPv

E1(p)
where 1(P = p) is indeed a Dirac measure. For a fix p, it can be seen that
_ly (1— 1(P=p) m(Zi) —p
nh — f(plZ:)
1~ IPi=p) 1L(Pi=p) T(Z:) —p
=3 (R, - Q(z, P K (L
nhi T O(pl Zs) (plZ:)

o f
1§~ IPi=p) 1P =p) B _O-"0(7 PY_(R — P T\%i) — P
G iz R @R - (R QUL P

LN I(P=p) 5 FulZ) b
tn 2 iz B RIS

2 E,(p) + Es(p) + Es(p) + Es(p).

)(Qim(i)(zi, P,) - Q(Zi,p))K(

In the following, we bound each of the above four terms. For E5(p),consider

L[ Aw=p) _1(P=p) "Z)-P
g—{/ Gooiy Je7 R QE PRSI < eHo}.
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By the problem setting and the independence across centers, we can show that E [R — Q(Z, P)|Z, P, f =) (p| Z)| =

0. Therefore we can observe that E[g,| = 0 for any g, € G, .. In addition, the envelop function of G,, defined as G4, is
_1

proportional to f:f | L=p) __1P=p)||R _ (Z, P)| A\ /hdp by the Lipschitz boundness on K in Assumption2(a).

7= (p|2) , e
Therefore ||G1]|a,p S n ?An?/h by the error bound condition on f~(™)(p|Z) given in Assumption 6(b). By the

entropy condition in Assumption 5 and Lipschitz property of K in Assumption 2(a), we can further show that
~ 1\
wp NG el Call) £ (1)
Q

which implies that

1
J0,612:G) 2 [ sup\ o N Gr.r. Q.G ) S v
Q

0

By leveraging the result in Lemma 5, we can show that with probability at least 1 — 1/n,

p2
/ By(p)dp S log(n)y/in~tn—2A7% /h.

p1

Similarly, we can show

P2 1
/ Ey(p)dp < log(n)v/ontn-x.? /2,
P1

with probability at least 1 — 1/n. In addition, we can bound fppl * E,(p)dp term by Cauchy-Schwarz inequality, i.c.,

with probability at least 1 — 1/n,

Nl

1
2

L 2) X(En [E_@m(f>(z,P)—(R—Q(z,P))r> A

P2 2 1 —
/pl Ey(p)dp<1/h (E" [f(m)(pz) f(P|2)

, 11
<1/h (E l Toplz) FPI2)

Slog(n) (n= @t 4 n=Fp=°%) A;%/hz.

1

2) ’ X {(]En {@*m@)(Z?p) Q(Z,P)r>é +n6} -

N

The last inequality is due to Bernstein’s inequality in the dependent case using the uniformly bounded assumption
in Assumptions 4 and 6(b) and the error bound condition on nuisance function estimation in Assumption 6(b). See
theorem 8 of Fu et al. (2022) for more details.
For the last term f:l ? F5(p)dp, we can show that with probability at least 1 — ¢,
P2 1 & 1 ~ T(Z:)—p
Es(p)dp=— —— (R, — R) K(———
[ B = 5 3 i (R R (D)
1 i=1
1 n
SCs(e)—5 Y LA =0)n 2\

nh? 4
i=1

< 05(5)%;71/2 (]P’(A —0)+ \/D .

Combining the results above together, we can show that with probability at least 1 —5/n — &,

P2 )
/ E(p)dp < 10g(n)ﬁn*%n* miﬂ(ﬁa})\;a//f
P1

n—é)\;l/Q

+log(n)n 03 /2 + Co(e) log (n)

P(A =0).
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Similar results can be obtained if we replace 7,, by 7r2" in F;. Then we have

E,(g7.) < log(n)y/on~dn=minte) \ % /p2
n—&/\—1/2

+log(n)n= TN, 2 /h? + Cs(g) log(n) s

P(A =0),
with probability 1 — 10/n — 2e.
Step 2: Again by applying Lemma 5, we can similarly show that with probability at least 1 — 1/n,

sup [En(gx) —E(g-)| S log(m)voA. ' n 4 /e,
Summarizing Steps 1 and 2, wéq:::nglﬂshow that with probability 1 —1/n — ¢,
Regret(7,) =V (r*) -V (7,.)
< A\ +2Csh + log(n)v/ors n~ % /02

A _1
+log(n)y/on~2n mnEe) \ 12 /p2

—(@tB) \TF /]2 n A
+log(n)n™ "X, 2 /h® + Cs(e) log(n)T]P’(A =0).
which proves the first statement. The second statement holds the same argument as in Corollary 1. Q.E.D.

Appendix D: Numerical Experiment Supplementary

D.1. Robustness Experiments

Figures 4 — 7 are the results of the experiments in Table 1.

D.2. Sensitivity Analysis

The neural network parameters’ sensitivity will be instance-dependent. For the instance we use, after experiments
with various neural network parameters for the neural networks generating @ (X,Y,P), f (P|X,Y), and 7,,, we find
the outputs are not too sensitive to the parameters. For example, Figures 8 — 11 are the results of the same instance
obtained using four sets of parameters, where the numbers in the parentheses denote the number of neurons in each

hidden layer and the number of scalars denotes the number of hidden layers used for the neural network for estimating

each variable:

Set | Q(X,Y,P)| f(PIX,Y)]| 7,
1 | (100,100) 48) [(12)
2| (100,100) @8) | (2%
3| (100,100) 24 |12
4 | (200,100) @8) | (12)

Table 5 Neural Network Parameters

D.3. Running Time

The main time-consuming part of the algorithm lies in 1) in each fold, the training of the neural networks used to
estimate @(‘m“))(Xi, Y, p), @(‘m<i))(Xi7K, P;) and f(‘m“))(PAXi,Yi); 2) the training of the neural network used
to estimate 7,,. Note that the number of folds used in cross-validation is usually not too large. In our case, we choose
K = 3. Below we report the running time to train the neural network for each statistic, averaged over 100 instances of
sample size 2000 and also 3 folds if in the inner loop, with the value in the parenthesis being the standard deviation.

In general, it takes around 457.28 seconds to run our algorithm for an instance with a sample size of 2000.
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Average Running Time (s)

33.95(13.00)

30.26(12.35)

22.34(1.96)

197.73(16.29)

Table 6

D.4. Random Survival Forests Description

Running Time

We briefly describe the random survival forests method (Ishwaran et al. 2008). Define the censoring indicator to be 0

if the data is right-censored and otherwise 1. Given a data set with each record comprising the individual’s survival

time and the O — 1 censoring indicator, the random survival forests algorithm consists of the following steps:

1. First, we draw B bootstrap samples from the original data where B is a given parameter. Note that each bootstrap

sample excludes on average 37% of the data, called out-of-bag data (OOB data).

2. For each bootstrap sample, grow a survival tree, where p candidate variables randomly selected are used at each

node. Then the node is split using the candidate variable that maximizes survival difference between daughter

nodes to separate the dissimilar cases, by searching over all possible x variables and split values ¢, and choosing
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that z* and c* that maximizes survival difference. The tree is grown to a full size such that a terminal node should

have at least dy > 0 unique deaths, where d, is also a specified parameter.
3. Calculate a cumulative hazard function (CHF) for each tree. Average to obtain the ensemble CHF.

4. Calculate prediction error for the ensemble CHF using OOB data.
Using the non-parametric random survival forests method above, we can obtain the estimated CHF h(t | X, P) for each

record (X, P) and thus the survival function H (¢ | X, P) in (10) via H(t| X, P) = e Mt1X.P),



