Incorporating Income Disparity and Utility Heterogeneity in

Resource Allocation: Online Appendices

A. Optimizing the Income-Dependent Menu: Compact Formulation
In this appendix, we drive the simplified constraints in (13) and (14).

Lemma A.1 In the problem (9)-(11), the set of individual rationality constraints in (10) can be

reduced to:
G(si, 1) + F(fi + ma) > F(fi), Viel. (27)

Lemma A.1 states that we only need to ensure the individual rationality constraint for the
consumers with j = 1, the lowest resource utility parameter. The proof shows that the individual
rationality constraints for j > 1 are implied by the first individual rationality constraint and the

incentive compatibility constraints.

Proof of Lemma A.1: First, consider the incentive compatibility constraint (11) for any ¢ and
for j > k=1.
G(sij, g;) + F(fi + mij) = G(sir, g;) + F(fi + ma).

Because G(s, g) is increasing in g, we have G(si1, g5) + F(fi + mi) > G(si1, 1) + F(fi +ma).
Therefore, if the individual rationality constraint for group j = 1 in (27) is satisfied, the

above two inequalities lead to G(s;5,9;) + F(fi + mi;) > F(f;) for j > 1. In other words, the

individual rationality constraint for 5 > 1 is implied by the incentive compatibility constraints and

the individual rationality constraint for j = 1. g

Lemma A.2 In the problem (9)-(11), the set of incentive compatibility constraints in (11) can be

reduced to:
G(sij+1,95) — G(sij, 95) < F(fi +mij) — F(fi + mij1) < G(Sijt1,9541) — G(sij, gj+1), Vi, Vj < J.

Lemma A.2 states that we only need to ensure the incentive compatibility constraints that
prevent adjacent deviations, i.e., a consumer in group j has no incentive to mimic a consumer in

group j + 1 and vice versa.

Proof of Lemma A.2: Consider indices j, x, and k, such that 1 < j < x < k < J. The incentive-
compatibility constraints ensure that consumers within the same income group ¢, but with different

resource utility indices, j, x, and k, have no incentive to mimic each other. In what follows, we
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prove that the incentive-compatibility constraints between groups (i,7) and (i,x), together with
those between groups (7, ) and (7, k), imply the incentive-compatibility constraints between groups
(i,7) and (i, k).

First, if consumer (i, 7) will not mimic being in group (i, x) and consumer (¢, ) will not mimic

being in group (i, k), we must have

G(sij,9;5) + F(fi + mij) > G(siz, 9j) + F(fi + miz), (28)

G(Siz, 9z) + F(fi + miz) > G(Sik, 92) + F(fi + mip). (29)

Second, using the same logic as in the proof of Proposition 1, we can show that the incentive-
compatibility constraints between groups (4, z) and (¢, k) along with the supermodularity of G(s, g)

imply that s;; < s;;. Then, the supermodularity of G(s, g) and g; < g, imply that
G(Siks 92) — G(Siz, 92) > G(Sik, 95) — G(Siz, 95)- (30)
Summing up the three inequalities (28)-(30), we have
G(sij,95) + F(fi +mij) > G(sir, 95) + F(fi +mip).

That is, consumer (i, j) will not mimic being in group (i, k).
Similarly, we can show that if consumer (4, k) will not mimic being in group (¢, x) and consumer
(7, 2) will not mimic being in group (i, j), then consumer (7, k) will not mimic being in group (3, j).
Therefore, the incentive-compatibility constraints between adjacent groups (i,j) and (7,5 + 1)

for all j < J imply the full set of incentive-compatibility constraints in (11). O

B. Proofs

kB

Proof of Lemma 1: We first prove that the first-best monetary allocation m;;

(weakly) decreases
in the income index ¢ for any given utility index j. For an arbitrary feasible solution to (3)-(7) that
does not satisfy this property, i.e., one where m;; < my; with ¢ < k, for some i,k € Z and some
j € J, we will prove that this solution can be strictly improved.

Consider a consumer in group (i, j) and another consumer in group (k, j). Because f; < fi and
m;; < myj, we have f; +m;; < fi +my;. We propose a new allocation for these two consumers.

(Similarly, we can propose new allocations for all consumers in these two groups, and the remainder

of the proof will only require slight modifications to account for §;; and 6;.) We consider two cases.

Case 1: Non-binding individual rationality constraint for (k,7): G(skj,9;) + F(fx +muij) > F(fr).



We propose a new monetary allocation, m;; = m;; + €1 and my; = my; — €1, where ¢ > 0 is
small enough so that consumer (k,j)’s individual rationality constraint remains non-binding and

that f; +mi; < fi +msj < fi, + My < fi +my;. Then, the strict concavity of F'(-) implies that
F(fi + mij) + F(fe +mij) > F(fi + mij) + F(fi + mg; ),
which strictly improves the sum of the utilities of these two consumers.

Case 2: Binding individual rationality constraint for (k,j): G(skj,g95) + F(fr +mij) = F(fr).

This binding constraint implies m;; < my; < 0. Furthermore, we have s;; > s;; because

G(sij,95) = F(fi) — F(fi +mij) > F(fx) — F(fe +miz) > F(fx) — F(fi +mu;) = G(sk5,95),

where the first inequality is the individual rationality constraint for (i,j), the second inequality
follows from the strict concavity of F'(-), and the third inequality follows from m;; < my;.
Consider a new monetary allocation, m;; = m;; + €2 and my; = my; — €2, and a new resource
allocation, 5;; = s;; — €3 and 53; = sp; + €3, satisfying the following properties: consumer (k, j)’s
individual rationality constraint remains binding, G(5y;, ;) + F'(fx +mk;) = F(fx), and €2 > 0 and
ez > 0 are small enough such that fi+m;; < fi+my; < fe+my; < fuet+myjand sp; < 5i; < 555 < si5.
Then, the strict concavity of G(-,g;) and F(-) implies that the new allocation changes consumer

(i,7)’s resource and financial utilities respectively by:

G (5i5,95) — G(sij,95) > G(skj, 95) — G(Skj 95)
F(fi +myj) — F(fi +miz) > F(fx +mp;) — F(fx + My ).

Summing the above two inequalities and noting that the sum on the right-side vanishes to zero
because the individual rationality constraint for (k,j) remains binding under the new allocation,
we have G(5i5,g5) + F(fi +mij) — G(sij, 95) — F(fi +m4j) > 0, i.e., the utility of consumer (7, j) is
strictly higher under the new allocation, while the utility of consumer (k, j) does not change.

In both cases, we have found feasible allocations that strictly improve the total utility. Therefore,

k8

the first-best monetary allocation m;;

must (weakly) decrease in the income index i.

Next, we prove that mf? (weakly) decreases in the resource utility index j for any income index
i. For an arbitrary feasible solution to (3)-(7) that does not satisfy this property, i.e., one where
ms; < my, with j <k, for some 7 € Z and j,k € J, we will prove that this solution can be strictly
improved.

Consider a consumer in group (7, j) and another consumer in group (i, k). We propose a new
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allocation for these two consumers.

Case 1: Non-binding individual rationality constraint for (i, k): G(sik,gx) + F(fi + mix) > F(f:).
We propose a new monetary allocation, m;; = m;; + €1 and m;, = m;x — €1, where €; > 0 is
small enough so that consumer (i, k)’s individual rationality constraint remains non-binding and

that m;; < my; < My, < myg. Then, the strict concavity of F(-) implies that
F(fi +mij) + F(fi + mug) > F(fi +maj) + F(fi + ma),
which strictly improves the original allocation.

Case 2: Binding individual rationality constraint for (i, k): G(sik, gx) + F(fi + mix) = F(fi).

This binding constraint implies m;; < my, < 0. Furthermore, we have s;; > s;;, because
G(sij,95) > F(fi) = F(fi +myj) > F(f;) — F(fi +ma) = G(sik, 9x) > G(sik, 95),

where the first inequality is the individual rationality constraint for (i,j), the second inequality
follows from m;; < myg, and the last inequality is because G(s,g) strictly increases in g and
95 < Gk-

Consider a new monetary allocation, m;; = m; + €2 and M, = m;, — €2, and a new resource
allocation, 5;; = s;; — €3 and S, = s;, + €3, satisfying the following properties: consumer (i, k)’s
individual rationality constraint remains binding, G (S;k, gx) + F'(fi + M) = F(f;), and €2 > 0 and
ez > 0 are small enough such that m;; < m;; < My, < mg, and s, < S, < 835 < si;. Then, the

new allocation changes consumer (i, j)’s resource and financial utilities respectively by:

G(5i5,95) — G(8i5,95) > G(Sik, 95) — G(Sir, 95) > G(sik, gr) — G(Sik, 9k
F(fi +mj) — F(fi +miz) > F(fi +max) — F(fi + M),

where the first and last inequalities are due to the strict concavity of G(-,g;) and F(-), and the
second inequality follows from the supermodularity of G(s,g).

Summing the above inequalities and noting that the sum on the right-side vanishes to zero
because the individual rationality constraint for (i, k) remains binding under the new allocation,
we have G(5i5, 95) + F(fi + mij) — G(si5,95) — F(fi +myj) > 0, i.e., the utility of consumer (3, j) is
strictly higher under the new allocation, while the utility of consumer (i, k) does not change.

In both cases, we have found feasible allocations that strictly improve the total utility. Therefore,
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the first-best monetary allocation m;; must (weakly) decrease in j. O



Proof of Lemma 2: (i) We prove the first statement of the lemma by contradiction. Suppose the

first-best solution to (3)-(7) satisfies the following: for some i € Z and j < k,
G(sif,95) + F(fi+mij) > F(fi) and  G(sif, g) + F(fi +mi) = F(fi). (31)

We will prove that such a solution can be strictly improved, contradicting to the fact that it is the
first-best.

Consider a consumer in group (7, j) and another consumer in group (i, k). We propose a new
allocation for these two consumers. Since j < k, Lemma 1 leads to mgf > mt7. Thus, we consider

the following two cases.

Case 1: mi? = mg;. In this case, we must have G(s}7, g;) > G(sjz, gx) in view of (31). This implies

si; > sip because g; < gy. Therefore,

G(sij) < Gj(sik) < Gilsig) (32)

where the first inequality is due to the strict concavity of G;(s) = G(s, g;) and the second inequality
follows from the supermodularity of G(s, g).

We propose a new resource allocation, 8;; = s;7 — € and 8j; = sii + €, where € is small so that
consumer (,7)’s individual rationality constraint remains non-binding and the order of marginal
resource utilities in (32) remains unchanged. This new allocation shifts a small amount of resource
from consumer (i, j) with a lower marginal utility to consumer (7, k) with a higher marginal utility,

thereby strictly improving the original allocation.
Case 2: mi3; > mip, which leads to
F/(fi—kmgf) < F'(f; +mi}). (33)

In this case, the order of marginal utilities G;(s?) and G} (sif) gives three subcases:

Case 2a: G'(s7?) < G)(sip). In this case, the same improvement strategy as in Case 1 applies.

Case 2b: G';(s?) > G (sig). In this case, consumer (7, j) has a higher marginal resource utility
but a lower marginal financial utility than consumer (i, k). Thus, we propose a new allocation,
Sij = Sij T€1, Sik = Sip — €1, Mij = my; — €g, and My, = miy, + €2, satisfying the following properties:
(31) continues to hold, and €; > 0 and ez > 0 are small enough such that mZF]B > My > Mg, > Mg
and G(sf?) > G'i(5;5) > G.(5ik) > Gi(sig). Then, the new allocation strictly improves both the
sum of financial utilities and the sum of resource utilities.

Case 2c: G(si7) = Gy(sig). In this case, we propose the same improvement strategy as in



Case 2b, which leads to a resource utility loss of order o(e1) due to G(sf?) = G (si;). Recall
that €; and ey are chosen such that consumer (i, k)’s individual rationality constraint remains
binding, implying that €; and ey are of the same order of magnitude. On the other hand, the
improvement strategy improves the financial utilities by an amount of order O(ez2) in view of (33),
which dominates the loss of order o(e1) for small enough €; and e3. Hence, there exist €; and €

such that the new allocation strictly improves the original allocation.

(ii) The Lagrangian for the first-best allocation problem in (3)-(7) is:

L=N Z i (si7) +F(fz+mzj))913+)‘(5 N Z Sij U>+ Z HijSij

i€L,jeg icL,jedJ i€L,jedg
+ Z §Z]< SU +F(f$+mz]) (fz)) +77<M_N Z m’ijeij>7
i€Z,jeJ i€L,jeJ

where G;(s) = G(s, gj)-

Because the constraints in (4)-(7) define a non-empty (when M is not too negative, as discussed
after (7)), convex, and bounded feasible region, and the objective in (3) is strictly concave, the first-
best solution exists and is unique. The first-best solution must satisfy the Karush—-Kuhn—Tucker
(KKT) conditions. We leverage a subset of the KKT conditions for the purpose of this proof.

If at the first-best solution, the individual rationality constraint is non-binding for consumer

group (i,7), then &; = 0 and the first-best resource allocation s}> must satisfy the following subset

ij
of KKT conditions:

N0 (G)(s55) = A) + pij = 0, 34

(34)
Hij 'z:jB =0, (35)
pij 2 0, (36)
stz > 0. (37)

If A < G'(0), then si? cannot be 0, as zero allocation would violate either (34) or (36). Therefore,
in this case, we must have sf¥ > 0, which implies y;; = 0 due to (35). Hence, s;7 must satisfy
A = G'(sF) due to (34).

If A > G’(0), then A > G’(s) for all s > 0, because G’(s) strictly decreasing in s. In this case,

J

si? cannot be positive, because sf? > 0 implies A > G’(sf?), which requires ;; > 0 to satisfy (34),

which then violates (35). Hence, in this case, s;7 =0 and p;; = N; (A - G’(0 ).
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To summarize, the solution for S;; 1s:

—1 .
G, i A < G5(0),
0, if A > G/(0),

7-
which is exactly (8).

Clearly, sgf depends only on j. To see that si7 increases in j, note the following properties.
First, if j is small such that A > G’(0), then sf? = 0. Second, G';(s) decreases in s (convexity) and
increases in j (supermodularity of G(s,g)). Thus, its inverse G’;_l()\) decreases in A and increases

in j. ]

Proof of Proposition 1: We prove a stronger result that any feasible solution to (9)-(11) satisfies
the conditions in the proposition.

(i) The incentive compatibility constraints in (11) ensure that consumers within the same income
group 4, but with different resource utility parameters g; and g;, have no incentive to mimic each

other. That is, Vi € Z, Vj, k € J, a feasible solution must satisfy:
G (siky 95) — G(8i5,95) < F(fi +miz) — F(fi + mig) < G(sik, gi) — G(8i5, i) (38)

Consider j < k and thus g; < gx. We aim to prove s;; < s;; by contradiction. Suppose s;; > s;1,

holds. Then, the strict supermodularity of G(s,g) (Assumption 1) implies that
G(sik, 95) — G(8i5,95) > G(sik» gr) — G(8i5, 9r),

which contradicts (38). Therefore, s;; < s, for j < k.
(ii) From part (i), for j < k, we have s;; < s;;, and thus G(si;, g;) — G(Sij,9;) > 0. Then, (38)
implies that F'(f; +m;j) — F(fi +mi;) > 0, which holds only if m;; > m;j. Thus, we conclude that
m;; decreases in j for any feasible solution.
(iii) If s45 < si, we have G(sik, gj) — G(sij,9;) > 0, because G(s, g) strictly increases in s. Then,
(38) implies that F'(f; + mi;) — F(fi +mix) > 0, which holds only if m;; > myy.

Conversely, if m;; > myi, we have F'(fi+m;;)—F(fi+m;;) > 0, since F(-) is a strictly increasing

function. Then, the second inequality in (38) implies that G(six, gx) — G(sij, gx) > 0, which holds

only if Sij < Sik- O



Proof of Proposition 2: For a given income group i € Z and a feasible resource allocation

{sij,j € T}, we define
Lj = G(siji1,95) = G(sijr95),  Uj = G(sijer,9501) = G(sijr9511), 5 € T\{J}

The proof of Proposition 1 shows that the feasible s;; must be (weakly) increasing in j. This, along
with the supermodularity of G(s, g), implies 0 < L; < Uj.

Given {s;;,j € J} and the corresponding L;’s and U;’s, we optimize the monetary allocation
{myj,j € J}. Equivalently, we change decision variables and optimize w; = F(f; + m;;).

The incentive compatibility constraints (14) for the given i can be written as
Li < wj—wjy1 < Uj, Vie J\{J} (39)
The structural property we aim to prove can be restated as: There exists /]\ € J U {0}, such that
(i) Vi >4, w; —wjyy = Ly;
(ii) Vj <J, wi —wi, =Uj.

Note that part (iii) of the property in Proposition 2 is implied by (i) and (ii).
If a feasible monetary allocation does not have the above structure, it must have the following

property: There exist k and [ with 1 < k < < J, such that
W — Wit1 < Uy, and w; — W41 > L. (40)

In what follows, we show that such a solution can be strictly improved.

We construct another feasible solution as follows:

w; = wj, for j=1,...,k, (41)
@]:w]—i—&l, fOrj:k+1a7l7 <42)
wj =wj+06,, forj=101+1,...,J, (43)

where 6,, < 0 and 9, > 0 are chosen so that the solution remains feasible, as detailed below.
First, the individual rationality constraint (13) is satisfied, because w; remains unchanged by (41).
Second, to verify that w;’s satisfy the incentive compatibility constraints (14) or (39), note that

Wi — Wjp1 = w; — wjqq for j # k, 1, so we only need to check (39) for j = k,I. Because of (40), we

can choose 6, < 0 and J,, > 0 small enough so that (39) remains satisfied:

W — Wit = W — Wit1 — Op < Uy,

Wy —’I:Dl+1 = W] — W41 +6n—5,, > L.



Finally, satisfying the budget constraint (5) by changing {m;,j € J} for the given i requires
keeping > ;. 7 mi;0;; constant. Since w; = F(f; +my;), we equivalently keep .. (H (w;) — f;)0i;
constant, where H(w) = F~!(w), or equivalently, we must ensure
> H(w))0i =Y H(w;)0j. (44)
JjeT JjeT
Assumption 1 ensures sufficient differentiability for applying Taylor’s expansion: H(w;) = H(w;)+
5 H'(wj) + O(02),¥j = k+1,...,1, and H(w;) = H(wj) + 6,H'(w;) + O(62),Vj = 1+1,...,J.

Substituting the expanded expressions into (44), canceling terms on both sides, we have

On Z "(w;)0;j + O Z H'(w;)8;; = O(82).
j=k+1 j=l+1
Therefore, we can choose a small value of 6, > 0 and set
5 > H' (w;)0
n = "0p
Stk HY (w;)0

so that the values {w; : j € J} in (41)-(43) correspond to a feasible monetary allocation.

It remains to be shown that {w; : j € J} strictly improves the objective (12) under {w; : j € J}.
Note that this perturbation affects the objective only through Zje 7 w;0;; for the given i. The
perturbed value of this term is:

J
> @it = Zwﬂm—l- Z (wj + by ew+2 (wj + 6,)0:j = Zwﬂ”—l—cs Z 0 + 0, Z 0.
j=1

j=k+1 j=l+1 j=k+1 j=l+1

Thus, the change in the objective value is

J
S Z 0i; + 6y Z 0,5 = ? 11 )0 Z 0 + 0, Z 0;; +0(62).  (45)

Jj=k+1 j=l+1 J k+1H(wJ) 4 j=k+1 j=l+1

Because H(w) = F~1(w) is strictly convex and increasing in w, and w; is (weakly) decreasing
in j (wj —wjqy1 > Lj > 0 in (39)), we have H'(w;) > H'(w;41) for all j < J. Furthermore, the
strict inequality holds at j = [, i.e., H'(w;) > H'(wy1), because w; — wyy1 > L; is the assumed
property of the feasible allocation and L; > 0. Therefore,

Z}leﬂ H'(w;)0y < H' (wi41) Z}'Jzzﬂ 0ij < Z}']:lﬂ 0ij
S H(w))0s — H'(w) Y105 Y O
Inequality (46) implies that the value in (45) is positive when ¢, is small enough. Therefore,

(46)

{w; : j € J} satisfying wy, — w41 < Uy and w; — wyyq > Ly with k£ < [ cannot be optimal. This

completes the proof of the properties (i)-(iii) stated in the proposition.



The final statement in the proposition is that if the individual rationality constraint is not
binding for a given i € Z, then property (i) holds for the given i and Vj € J. We prove this
statement by contradiction. Suppose the optimal solution is such that F(fl—i—mfj) —F(fi—l—m;jﬂ) >

G(s741:95) — G(s};,9;) for some j € J\{J}. Then, we can construct a solution such that

TAﬁZ‘j/ = m;kj/

— €1, for j' <3, and Mijr = mfj/ + €9, for j' > 3,

where €1 > 0 and €3 > 0 are small enough so that this new solution satisfies the individual rationality
constraint in (13) and the incentive compatibility constraints in (14). In addition, €; and ey are
such that the budget constraint in (5) is satisfied: ;¢ 7 mij0i5 = >_ e 7 miy0;5. Then, by the
Karamata’s inequality and the strict concavity of the financial utility function, we can conclude
that

Z F(fi +mgj)0i; > Z F(fi +mi;)0i5.

Jeg j'eJ
Note that the original Karamata’s inequality applies to cases with equal weights, but its general-
ization to unequal weights is intuitive. This can be seen by refining the unequal weights into many
small, equal weights. A formal proof can follow the structure of the original proof of Karamata’s

inequality. (|

Proof of Lemma 3: Consider any two different pairs (S, M®) and (S°, M?) for which the problem
(15)-(20) is feasible. Because the problem is a convex optimization on a compact convex set, the
o wiy b and {vm,
Next, we show that the problem (15)-(20) with (S, M) = (M, M) is feasible and a

a4l
mt = {@, u} It is immediate to see that {v]}, w]}} satisfy the

optimal solution exists, which is denoted as {v¢ i-’j}, respectively.

w

feasible solution is {v}, wy]

linear constraints (18)-(20). It remains to verify the nonlinear constraints (16) and (17):

N Y GHGhH)/9)05 <N D> 3G /g5) + G (w}/95) 05 = S,
i€Z,jeT 1€L,jeT
N Y (FT Gt wl) — fi)6i <N Y S(FETNw) — fi - FNwl) — fi)0 = M,
i€Z,jed i€Z,jeg

where the inequalities follow from the convexity of G~!(-) and F~!(-), and the equalities are due

to the optimality of {vf;, wy;} and {o? fj}. Therefore, we have

70’ J?

a b a b a a
W (555, M) > NS Lo + of + wiy + wly) i = 3 (Wa(S% M®) + W (S, M),
i€L,jeT

where the inequality follows from the feasibility of {v!" ZL} and the equality is due to the optimality

ij
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of {vf;, wf;} and {vg’j,w% . O

Proof of Lemma 4: In the lower-level problem, we allocate S; and M; within income group ¢ that
has a population of N#6;, which is a special case of (15)-(20) with one income group. Therefore,
the optimal aggregate welfare of income group i, Wy, (S, M;), is concave in (S;, M;) according to

Lemma 3. Hence, the objective function in (21) is concave in (S;, M; : i € ). O

Proof of Proposition 3: (i) The resource allocation problem is:
max Z G(si,gj)0ij, subject to: stﬁi =S.
{s:20} i€ jeg i€l
Consider a feasible solution in which allocation are not equal, i.e., s; < s; for some i, k € Z. Define

5 = 5i0i+5K0n
0;+0, -

Replacing s; and si by s clearly respects the resource constraint Zz‘ez s;0;, = S.

Because 5 is a convex combination of s; and sy, the strict concavity of G(-, g;) implies

G(?, gj) > G(Si,gj) G(Sk,gj) \V/j eJ. (47)

0 _ Ok
91-+0k 9i+9k7

By the proposition’s assumption, we have that 6;;/6y; = 0;/6;. Thus, (47) implies
G(@, gj) (Hij + ij) > G(si,gj) 9,‘]‘ + G(Sk, gj) ij, VieJ.

Summing over j, we conclude that the solution with s; < s can be strictly improved because
Z G(s, gj) 0ij + Z G(5, gj) Orj > Z G(si,95) bi5 + Z G(Sk,gj) Orj-
JET JjET JjeET JjET

Therefore, the optimal allocation are equal.
(ii) The cost allocation problem is:

max F(fi+m;)0;, subject to: N E m;0; = M.
{m; >0} “ 5
€L €T

The proof is parallel to part (i) and abbreviated. If a feasible solution has m; < my, for i < k, then
increasing m; and decreasing my while maintaining the budget constraint will strictly improve the
objective value due to the strict concavity of the financial utility function F'(-). Thus, at optimality,

m; must decrease in 1. O
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